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NOTATIONS

The following symbols are used in this thesis and are defined where they first appear

in the text. Some symbols have been assigned more than one meaning, but it will be

clear from the context.

iy i
li, Io
k. ey
K, ko

area of pipe cross-section, change of area of pipe cross-section, mm?

shell bending stiffness, N.mm

outside diameter, mm

Young’s modulus, N/mm?

Second moment are of cross-section, mm*

Equivalent length of a straight pipe, mm

length of straight tangent pipe, mm

bending stress resultants, N.mm

applied bending moment, applied torsion moment, N.mm
in-plane bending, out-of-plane bending, N.mm

stretching stress resultants, N/mm

pipe bend radius, mm

strain energy due to deformation of pipe cross-section

pressure reduction on ovalisation, flexibility, and stress-intensification
a coefficient represents the dependence of k and yon radius ratio
a coefficient represents the dependence of k and yon radius ratio
distance from central axis of a pipe cross-section, mm

inside diameter

Stress-int factor without internal pressure, with internal pressure
in-plane, out-of-plane, stress-intensification factor

Flexibility factor without internal pressure, with internal pressure

in-plane flexibility factor, out-of-plane flexibility factor
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pipe cross-section radius, mm

thickness of pipe, mm

axial displacement

tangential displacement

radial displacement

bend angle, changes of bend angle, deg

rotation of end section of a curved pipe (pipe bend)

rotation of end section of a straight pipe

vertical bulging (contraction of in-plane diameter), mm
horizontal flattening of the pipe cross-section, mm

mid-surface stretching strain

stress-intensification factor

in-plane stress-intensification, out-of-plane stress-intensification
rotation of end-section of a pipe bend

rotation of section connection a pipe bend with loaded tangent
rotation of section connection a pipe bend with fixed tangent
pipe bend paramater, pipe factor

circumferential (hoop) direction for a toroidal coordinate system
longitudinal (axial) direction for a toroidal coordinate system
rotation of the end section of a loaded tangent about X, Y, and Z-axis
radius ratio

stress, maximum stress, N/mm?

nominal bending stress in a straight pipe, N/mm’

axial stress, radial stress, N/mm?

hoop stress, longitudinal stress, N/mm?

Shear stress, N/mm?

Poisson’s ratio

Curvature of the mid-surface

ovalisation factor, nominal ovalisation

ovalisation factor with internal pressure

Pressure parameter
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ABSTRACT

The behaviour of piping elbows under bending and internal pressure is more
complicated than expected. The main problem is that the coupling of bending and
internal pressure is non-linear; stress and displacement cannot be added according to
the principle of superposition. In addition, internal pressure tends to act against the
effect caused by the bending moment. If bending moment ovalises the elbow cross-
section, with internal pressure acting against this deformation, then the deformed
cross-section tries to deform back to the original circular shape. It is then introduced
the term “pressure reduction effect”. Current design piping code treats the pressure
reduction effect equally for in-plane (closing and opening) moment and out-of-plane

moment.

In this thesis, the pressure reduction effect is reassessed for in-plane closing moment
through parametric study by performing detailed large deformation finite element
analysis. The study is then extended to assess the pressure reduction effect for in-
plane opening moment and out-of-plane moment. Approximate formulae for
ovalisation, flexibility, and stress-intensification factor are developed through a
systematic analysis of the finite element generated data. Comparison of results
presented in this thesis and the current ASME piping code for the pressure reduction
effect under in-plane closing bending confirms that the ASME code formulae
underestimates the pressure reduction for flexibility and stress-intensification. If the
ASME formulae are applied for in-plane opening bending and out-of-plane bending,
it overestimates the pressure reduction for the flexibility factor. If the ASME
formulac for the pressure effect on stress-intensification factor is applied, it
underestimates the pressure reduction for closing bending and out-of-plane bending,
but overestimates for opening bending, It is therefore proposed that different formula
for different direction of bending load should be used and the results presented in this

thesis should be useful for this purpose.
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CHAPTER 1

INTRODUCTION

This chapter introduces the concepts of flexibility and stress-intensification factors
for a smooth curved pipe that are discussed in subsequent chapters. The background

to the pressure reduction effect is also described.

1.1 Background

Piping systems are an indispensable feature of the petrochemical industry and power
plant technology among many others. In such systems, straight tubes are dominant,
but problems of plant layout, etc., obviously make it necessary for pipe runs to
change direction. One way of getting the line of the pipe to change direction is by
using piping elbows or bends. However, elbows are also introduced to absorb

thermal expansion because of its greater flexibility compared to an equivalent

straight pipe.

The behaviour of a smooth piping elbow under simple mechanical loads such as
bending and pressure is rather curious. Engineer’s theory of beam bending for a
straight pipe with circular cross section and the familiar equations for a pressurised
thin pipe are perfectly satisfactory, very simple and describe the resulting stress
systems accurately. Similarly the stress system in a solid curved beam under in-plane
bending is a classical solution, familiar to all engineers, and again straightforward.
So it comes as some surprise to most professional engineers that the behaviour of a
curved beam with a thin-walled section (a pipe bend) under in-plane bending is not
straightforward and further, that simple closed-form solutions are difficult. It is
perhaps even more of a surprise when it is realised that the combination of bending

and internal pressure is very complex — indeed requiring a non-linear solution!



However it was also well known in the first half of the last century that internal
pressure was a complicating factor. The stresses from in-plane bending and internal
pressure did not appear to be additive and the flexibility could be reduced in a non-
proportional manner. It was realised by several authors in the 1950’s: Kafka and
Dunn [29]', Crandall and Dahl [27], Rodabaugh and George [30] and Reissner [33] -
that the source of the problem was a non-linear interaction between bending and
pressure. Essentially the deformation and stress from combined bending and pressure
could not be added. A simple explanation [67] can be based on the ‘Haigh effect’
[11], which in itself is not very well known by professional engineers working with
pressurised equipment. In fact, it is documented in the Engineering Science Data
Unit [39]). Any pipe, straight or curved, subject to internal pressure departs
significantly from simple engineer’s theory if the pipe cross section is not circular
(say induced by manufacture). The magnitude of this effect depends upon the
geometry of the pipe bend and loading acting on it. The problem is that the
deformation of the pipe cross-section can no longer be assumed to be small, and
subsequently the analysis is much more complex and non-linear (although of course
still amenable to finite element analysis). There is in fact a large rotation of the shell
wall. In a pipe bend, even if the cross section is initially circular, any applied bending
will ovalise the cross section, and if pressure is present the Haigh effect will be
important. The main result is that the coupling of bending and pressure in a pipe
bend is non-linear. While the applied moment tends to flatten the cross section of the
bend, the internal pressure tries to work against this - it tries to open up the bend (the
Bourdon Effect). Modified flexibility and stress factors — known as the ‘pressure
reduction effect’ - from the Rodabaugh and George analysis [30] in 1957 have been
incorporated into the ASME B31.3 Process Piping code [120] and again are used to
this day, virtually unchanged. The ASME B31.1 Power Piping code [114] does not
specify the Rodabaugh & George modifications, but does allow modified flexibility

and stress factors to be used.

'References are ordered chronologically; for a publication year, alphabetically.



Simple flexibility and stress factors derived from simplified analyses in the 1950’s,
together with the approximate pressure reduction effect, continue to be used in
routine piping system flexibility analysis. These factors were derived for the specific
load case of pure in-plane closing moment and internal pressure and are used, usually
without modification, for in-plane opening moments and out-of-plane loading. Apart
from a detailed study by Boyle & Spence [57] on the nature of the non-linear effect
and by Spence & Thomson [81, 85} on the influence of end effects (that is pure
bending is not assumed, for example attached straight pipes and rigid flanges), which
was previously developed by Thomson [73], very little has been reported on the
pressure correction apart from ad hoc finite element analyses of specific piping
elbow configurations. This is quite surprising when it is realised that a non-linear
finite element analysis of a piping elbow under any bending mode and internal

pressure can be carried out easily with modern commercial FEA software.

1.2 Flexibility and Stress-Intensification Factors

A piping elbow is introduced into a piping system to absorb thermal expansion,
because it has greater flexibility under bending compared to a straight pipe. Straight
pipe, in general, can be adequately represented by simple beams with circular cross-
section. However, the pipe bend is much more difficult to analyse, because in
addition to undergoing the usual beam deformation, the cross-section of the pipe
bend becomes oval in shape due to bending. Typical ovalisation of a circular cross-
section pipe bend under in-plane (closing and opening) and out-of-plane moment are

shown in Fig.1.1.
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Fig.1.1 Cross-sectional ovalisation of a pipe bend due to bending (a) in-plane closing

bending, (b) in-plane opening bending, (c) out-of-plane bending



The dashed line in these figures (circular shape) is undeformed cross-section and the
solid line (elliptical shape) is the deformed cross-section. Figure 1.1(a) shows that
cross-sectional ovalisation due to in-plane closing moment (decrease the radius of
curvature) has a major axis perpendicular to plane of the bend. Under in-plane
opening moment (increase the radius of curvature), the major axis of the deformed
oval cross-section lies in the plane of the bend as shown in Fig.1.1(b). Figure 1.1(c)
shows that a pipe bend under an out-of-plane moment deforms into oval shape with
major axis inclined by about 45-deg from the plane of the bend. It seems that the
direction (but not the magnitude) of cross-section ovalisation of a pipe bend under an

out-of-plane moment is a different condition of in-plane closing and opening {13].

Due to cross-sectional ovalisation, the relation between bending and change in
subtended angle for the in-plane bending of curved tube (Fig.1.2(a)), can be
calculated as follows [Kitching, 45]:

_y?
Mli-v') _11Aa (1-1)

El kR o

where M = applied bending moment, N.mm
v=Poisson’s ratio
E = Young’s modulus, N/mm®
1= Moment inertia of the cross-section, mm*

R = Pipe bend radius, mm

a, Aa = subtended angle, change of subtended angle, deg.

k = flexibility factor

It is well known that the relation between applied bending moment and resulting
angle of rotation of the end section of a straight pipe having ‘the equivalent’ length L
= Ra (Fig.1.2(b)) is:

EI L Ra
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Fig.1.2 Pipe subjected to in-plane moment, (a) pipe bend, (b) equivalent straight pipe

A measure of the additional flexibility of a curved pipe over equivalent straight pipe
can be found by dividing the change in subtended angle of a curved pipe to the
rotation of end section of an equivalent straight pipe due to the same bending

moment. Hence, the ‘flexibility factor’ can be defined as:

k=2% 4 (1-3)

A,

s

where Ao, = the rotation of the end section of a curved pipe (pipe bend)
Ao, = the rotation of the end section of a straight pipe



The cross-sectional ovalisation also causes the stress distribution to be different from
that computed by curved beam theory [32, 116]. The stress distribution in a curved
pipe is also different from that computed by straight beam bending theory (¢ = My/l).
In this sense, the maximum local stresses in curved pipe are larger than the maximum
stresses in a corresponding straight pipe under equal bending moment. The

maximum bending stress in a curved pipe could then be written as:
Ooax =V (1-4)

where Y= ‘stress-intensification factor’ (y> 1)
M= Applied bending moment, N.mm
r = pipe cross-section radius, mm

I=Moment inertia of the cross-section

Explanation to this phenomenon was first given mathematically by von Karman [2]
in 1911 who introduced flexibility and stress-intensification factors using a simple
analysis based on an energy method for in-plane bending. Based on some simplifying
assumptions and taking only the first term of the trigonometric series for the radial
displacement w, (Fig.1.3), von Karman proposed the pioneering expression for

flexibility factor as follows:

124% +10
k=22 10 (1-5)
124% +1

where A = Pipe bend parameter or pipe factor, defined as

1= (1-6)

where ¢= Pipe wall thickness, mm

R =Pipe bend radius, mm



Fig.1.3 Displacement in a pipe bend; longitudinal u, tangential v, and radial w

It was found later by Clark and Reissner [20] in 1951 that the simple von Karman
formula, eqn (1-5), predicted the flexibility factor quite well for pipe bends having
pipe factors of 0.5 and greater. For pipe bends of low pipe factors (A < 0.5), it was
necessary to take more than one term of the trigonometric series of the radial
displacement. As a result, the analysis becomes more complicated. Clark and
Reissner [20] then proposed an asymptotic solution to solve the differential equation
of this problem and obtained the following simplified formula for flexibility and

stress-intensification factors:

1.65
k== 1-7
7 1-7)
1.89
- 1-8

Equations (1-7) and (1-8) have been obtained for Poisson’s ratio v=0.3.



The Clark and Reissner’s flexibility factor, eqn (1-7) remains in the current design
piping code, ASME B31.1 power piping code [114] and ASME B31.3 process piping

code [120]. In these piping codes, the maximum stress in a pipe bend is calculated

where i is stress-intensification factor adopted from the fatigue test of Markl {23] in
1952, that is:

i=:10—£— (1-9)

Equations (1-7) and (1-9) are applicable for pipe bend under moment loading only.
The effect of internal pressure was not considered. In the presence of internal
pressure, flexibility and stress-intensification factors would be reduced and the term

“pressure reduction” was introduced.

1.3 Pressure Reduction Effect

In 1957, Rodabaugh and George [30] used a simple potential energy approach
similar to that of von-Karman to analyse the effect of internal pressure for the case of
pure in-plane bending under a closing moment. In this, the work done by the pressure
is assumed to be a ‘second-order’ effect in changing the cross sectional area of the
pipe. With the assumption of a ‘long radius bend’ they showed that the flexibility
and stress factors not only depend on a pipe bend parameter A = Rt/r?, where R is the
radius of the bend, » the mean cross sectional radius of the pipe (assuming a thin

section) and 7 the thickness, but also on a pressure parameter y; where

pRz
V== 1-10
Ert ( )



where p is internal pressure. They further formulated the pressure reduction effect on

the flexibility and stress-intensification factors as follows:

. e (1-11)

i, = = (1-12)

where p is the internal pressure and E the elastic modulus. In the above, &k and i are
flexibility and stress-intensification factor respectively in the absence of internal
pressure, adopted from the asymptotic solution of Clark and Reissner [20] for
flexibility factor and fatigue test of Markl [23] for stress-intensification factor. The
equations (1-11) and (1-12) appear in the ASME B31.3 process piping code [120] as
the pressure reduction effect on flexibility and stress, (but, interestingly, not in the
ASME B31.1 [114]). Figure 1.4 and 1.5 show flexibility and stress-intensification
factors for typical pipe bend geometry according to equation (1-11) and (1-12)

respectively.
R/r =3
32
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Fig.1.4 Flexibility factor from Rodabaugh & George [30], eqn (1-11)
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Fig.1.5 Stress-intensification factor from Rodabaugh & George [30], eqn (1-12)

The non-linear nature of the effect is apparent — this derives from the so-called
‘second-order’ term in the work done by the pressure to change the cross sectional
area of the pipe. In terms of deformation this is equivalent to including ‘first-order’
large deformation effects. The implication is that moderately large deformation in the
form of a finite rotation of the shell wall has a significant effect on the flexibility of a
pipe bend and therefore must be included to correctly represent the behaviour under
combined load for this component [27, 33]. Again the Haigh effect gives a simple

mechanical explanation.

Clearly the pressure reduces the flexibility and stress factor — making the bend less
flexible, but also reducing the ‘high’ stress levels resulting from applied bending,
usually associated with flexible pipe bends. Internal pressure essentially has the

effect of strengthening (indeed reinforcing) the bend, but renders it less flexible.

11



1.4 Aim of the Thesis

As mentioned in the foregoing, simple formula to include the pressure reduction
effect on flexibility and stress factors which were derived from simplified analyses in
the 1950’s, continue to be used in routine piping system flexibility design and
analysis today. These factors were derived for the specific load case of pure in-plane
closing moment and internal pressure and are used, usually without modification, for
in-plane opening moments and out-of-plane loading. In addition, the effect of
internal pressure on elbows other than 90-deg subtended angle has not been
considered. A better understanding of this non-linear behaviour and quantification of
the effect of internal pressure on elbows of various bend angles could facilitate a

better and safer design.

The purpose of this thesis is to re-assess the pressure reduction equations using finite
element analysis. Extensive study on the non-linear behaviour of piping elbows of
various geometric configurations subject to in-plane (closing and opening) and out-
of-plane bending and internal pressure is presented in this thesis. Specifically the
standard Rodabaugh & George non-linear pressure reduction equations for in-plane

closing moment are checked in a systematic study.

1.5 Structure of the Thesis

The remaining of this thesis is organised as follows: A literature review of the
behaviour of pipe bends under different types of loading is presented in Chapter 2.
This begins with a summary of stress induced in a straight pipe under various types
of loading, It is then followed by a short review on the membrane behaviour of pipe
bends under internal pressure. The concepts of flexibility and stress-intensification
factors are then reviewed with special attention to the available useful formulae. The

final section to this Chapter is a review on the pressure reduction effects.

12



Chapter 3 presents a literature review of the behaviour of piping elbows. In this
Chapter, the effect of end constraint and bend angle is reviewed, focusing on the
numerical and finite element modelling for piping elbows analysis. Finite element
modelling aspects include geometry modelling, selecting element type, boundary

conditions, applying loads, and interpretation of results are discussed.

In Chapter 4, detailed finite element modelling and analysis of piping elbows using
ANSYS shell elements is presented. A detailed finite element convergence study to
find the optimum number of elements is presented. In this chapter, path dependency
of the structures is investigated to find the correct way for applying bending and

pressure loading.

Chapter 5 presents new results for in-plane closing bending load. Approximate
formulae are presented for ovalisation, flexibility, and stress-intensification factors
under both unpressurised and pressurised conditions. Approximate formulae for
unpressurised condition follow the form of equation proposed by Fujimoto and Soh
[133], while the derivation of approximate formula for pressurised condition follows
the outlines of the work of Rodabaugh and George [37]. Chapter 6 presents similar
results for in-plane opening bending. In the discussion to Chapter 6, flexibility and
stress-intensification factor for S-shaped back-to-back 90-deg pipe elbows are
presented in order to verify the accuracy of the approximate formula developed

previously.

Results of analysis for out-of-plane bending are presented in Chapter 7.
Approximate formulae for flexibility and stress-intensification factors are given. The
results for ovalisation factor are excluded, since there is some ambiguity as to the
location of its maximum value, being strongly dependent on the geometry, especially
on bend angle. Chapter 8 closes the thesis with a summary and concluding remarks

along with some recommendations for future work.
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CHAPTER 2

BEHAVIOUR OF PIPE BENDS: FLEXIBILITY AND
STRESS-INTENSIFICATION FACTORS

Many investigators have carried out structural analysis of pipe bends theoretically
and experimentally as well as numerically since the original work of von Karman.
This chapter is intended to give a review or summary of the available theoretical and
experimental work to date of the behaviour of piping elbow. Factors affecting the
flexibility and stress-intensification are discussed. Of course, special attention is
focused on the pressure reduction effect. However, to begin with an overview of the

mechanical behaviour of pipework is presented.

2.1 Stresses Induced in Straight Pipe

During operation, piping systems experience a variety of loads. Boyle [115]
classified the loads according to their effect as follows:

(1) Internal (and external) pressure

(2) Dead weigh effect of piping together with insulation and contained fluid

(3) Thermal expansion and possibly through wall thermal gradient

(4) Dynamic loading due to wind, earth quake or blast loading

All these loads can induce stress in piping systems. In what follows, some basic
features of the stresses induced by different types of loading on straight pipe are

summarised;



2.1.1 Pressure Stress

It is well known from elementary strength of materials that the pressure stresses in

long thin walled straight pipe (Fig.2.1) under internal pressure are given by:

- p
|
t
Fig.2.1 Pressure stress in a long thin-walled cylinder
o, =& Axial stress 2-1)
2t
0, = = Hoop stress (2-2)

If the pipe is thick-walled (Fig.2.2), the longitudinal (axial) and hoop

(circumferential) stresses are given by Lame’s equation:

G

< g

Fig.2.2 Pressure stress in a thick walled pipe

15



2
= 4t(p; " average (2-3)

2 2
o, Id = ADDZ%I;‘) inner surface (2-4a)
2
¢ | o Dzzp__ddz outer surface (2-4b)

where D and d is outside and inside diameter of the cross-section respectively. The
radial stress o; is —p at the inner surface and (» = d/2) and zero at the outer surface (r
= D/2).

2.1.2 Torsion Stress

A thick walled pipe loaded by torsion M, (Fig.2.3) will induce a shear stress 1:

|
— ¥

D

Fig.2.3 Torsion stress in long thick walled pipe

T= M at the outermost fiber (2-5)

41



where [ is second moment of area of the pipe cross-section.

_Z(pe_gt _
1_64(1) d*) (2-6)

For thin-walled tubes, the shear stress due to torsion can be further simplified to the

following:
M
T=—t 2-7
2At @-7)

where 4 = m?tis the enclosed area of the pipe centre line

2.1.3 Bending Stress
Euler’s theory of bending makes two simplifying assumptions, which captures the
essential behaviour of long slender straight or solid curved beam under bending:
» Plane cross-sections remain plane during bending
» The cross-section of the beam does not deform during bending
With these assumptions, only longitudinal (axial) stress and strain are induced due to

bending. For a long straight pipe under a bending moment M (Fig2.4) the
longitudinal stress oy for a thin pipe (d = D) is:

o =M (2-8)

For a thick-walled straight pipe, the bending stress at the outside surface is given as:

M(d +21)
o, == (2-9)
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< >
Fig.2.4 Bending stress in long straight pipe

where / is moment of inertia of the cross-section; for thin and thick-walled pipes, / is

given in equations (2-10) and (2-11) respectively:

I =m’t (2-10)
T

I ==(D*-4* 2-11
64( ) 2-11)

For a straight pipe under orthogonal bending (combined bending in plane of the
paper M, and bending out-of-plane of the paper M, (Fig.2.5)), the maximum stress at
the outside surface of a thick-walled pipe having inside diameter d and outside

diameter D is:

D 2 2
b = VM + M, (2-12)

X
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Fig.2.5 Straight pipe under orthogonal bending

2.2 Bending Load on a Pipe Bend

Some important piping components can not be directly modelled using simple
bending theory as in the above. In particular a “pipe bend” (Fig.2.6) is more flexible
than an equivalent straight pipe or solid curved beam since its cross-section becomes
oval under bending moment. For a closing bending, the ovalisation of the cross-
section leads to increased flexibility and induces higher, and more complex,
longitudinal and hoop stress distribution than those given above. This additional
flexibility of the curved pipe is of course taken into account in the piping design
codes using a flexibility factor. In addition, the stress level must also be modified

using the concept of stress-intensification factor.

19



The bending load on a pipe bend can include three modes of bending: in-plane, Mi,
out-of-plane, M,, and torque, M, as shown in Fig.2.6. It should be noted that while in-
plane bending can be constant along the bend axis, both out-of-plane bending and
torque will vary along the axis. The maximum longitudinal stress in curved pipe

under combined in-plane and out-of-plane moment is then calculated from eqn (2-12)

=—yM,) +(i,M,) (2-13)

ol =
D21

X

where M, and M, is the applied in-plane and out-of-plane bending respectively

i; and i, is in-plane and out-of-plane stress-intensification factors

M,

Fig.2.6 Moment component in a pipe bend
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The stress-intensification factor i and flexibility factor ¥ of a pipe bend under
bending will be considered more detail in the third section of this chapter. In the
section what follows, the behaviour of pipe bend under internal pressure is

summarised.

2.3 Pipe Bends Subjected to Internal Pressure: Membrane
Behaviour

The behaviour of a pipe bend of perfectly circular cross-section and uniform wall
thickness under internal pressure alone can be approximated well by the membrane
action (the flexure of the surface being ignored), which could result from the same

loading on a toroidal shell of the same cross-section.

A curved tube with a constant radius of curvature can be considered as a sector of a
closed toroidal shell of revolution. For a circular cross-section toroidal shell under
internal pressure (Fig.2.7), Flugge [50] showed that the longitudinal and

circumferential stresses are:

pr
T, =~ 2-14
o2 @-1%)
o, =ﬂ[___2p+°°s¢} 2-15)
2t| p+cosg

where p = R/r is radius ratio, and ¢ is circumferential angle measured from extrados
toward intrados position (Fig.2.7). However, these equations are not completely
satisfactory in that when the displacement are evaluated via the stress-strain relation,
they give rise to singularities in displacement. Some progress for the determination
of displacement was made by Dean [12] in 1939 using a method of successive
approximation. He suggested that any acceptable stress solution would have to

involve bending stress (plus the corresponding shear stress across the shell
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thickness). A further analysis was carried out by Jordan [34] in 1962 who employed

the ideal membrane theory but omitted some assumptions in the linear theory.

The above equations are suitable for most purpose. Equation (2-14) indicates that the
longitudinal stress in a pipe bend due to internal pressure is independent of the radius
ratio p and circumferential position @. This expression is exactly the same as for a
pressurised straight pipe with closed ends, see eqn (2-1). In contrast, hoop stress due
to internal pressure depends on both radius ratio p and circumferential position ¢ as
given by equation (2-15). Membrane hoop stress on a pipe bend under an internal
pressure p (p/E = 1.33E-05) is plotted in Fig.2.8 for typical pipe bend geometry (¢/r =
0.03).

gxtrados

N

crown

intrados

Fig.2.7 Sector of toroidal shell loaded by internal pressure
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Fig.2.8 Hoop stress distribution in a toroidal shell under internal pressure load

It can be seen from Fig.2.8 that the maximum hoop stresses occurs at the intrados
and the minimum at the extrados. The longitudinal and hoop stresses are
differentiated by the term in the square bracket in eqn (2-15) as a function of radius
ratio and circumferential position. Table 2.1 summarises this term for the extrados,

crown and intrados position according to the following equation:

2p+1

1 for extrados

p+

g, = % (p). F(p)=12 for crown 2-16)
—2’0—_1 for intrados
L p—1
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Table 2.1 F(p) for extrados, crown, and intrados

Rir Extrados (¢ = 0) | Crown (¢ =90) | Intrados (¢ = 180)
2 1.667 2.0 3.000
3 1.750 20 2.500
4 1.800 2.0 2.333
5 1.833 2.0 2.250
6 1.857 20 2.200
7 1.875 2.0 2.167
8 1.889 2.0 2.143
9 1.900 20 2.125
10 1.909 2.0 2.111

It will be shown later how this membrane behaviour is modified for (nonlinear)

bending behaviour.

2.4 Pipe Bends Subjected to Bending: Flexibility and
Stress-Intensification Factors

A curved pipe (pipe bend) is known from the von Karman [2] analysis in 1911 to be
more flexible in bending than an equivalent straight pipe of the same cross-section.
Moreover, a thin walled curved pipe may be much more flexible than what is
predicted by simple curved beam theory. According to von Karman, the increase in
flexibility of a curved pipe under bending results from the ovalisation of the cross-
section. The effect of this ovalisation further produces a circumferential bending
stress much larger than in an equivalent straight pipe, and also an increase in
longitudinal stress in proportion to added flexibility. This section is intended to give

a review or summary of the behaviour of pipe bends under bending moment.
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2.4.1 In-Plane Bending of Pipe Bend

According to Wahl [7], it was first demonstrated experimentally by Bantlin [1] in
1910, that a curved pipe behaves differently under load from that predicted by
ordinary beam theory. He made a series of tests on large pipe bends having thin walls
made of seamless steel tubing, and found that the actual deflection was much greater
than that calculated using the ordinary beam theory.

The first mathematical explanation of this behaviour was developed by von Karman

[2] in 1911. He analysed a pipe bend with circular cross-section and uniform wall

thickness under in-plane bending. In developing his theory, the following

assumptions were incorporated:

(1) A plane section before bending remains so after bending (as in simple theory of
beam bending)

(2) The deformation would be small

(3) The degree of ovalisation is uniform over entire length of the pipe (the ‘pure
bending’ assumption)

(4) The circumferential mid-surface is inextensible (in simple term, the cross-section
deforms into an oval with constant perimeter). Based on this assumption, the
maximum hoop stress at the inner surface would be equal in magnitude and
opposite in sign to the maximum hoop stress at the outer surface. In addition, the
hoop stress at the middle surface would be zero at the crown.

(5) The bend radius is much larger than the pipe cross-section radius (the long radius

assumption)
The deformation of cross-section can be described mathematically using radial
displacement, w and tangential displacement, v, (Fig.2.9). Von Karman expressed the

radial displacement w as a trigonometric series, taking acount of the symmetry of

deformation:

w=a,cos2¢+a, cosdp +a, cos6p+...+a,, cos2ng, n=123,. (2-17)
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Fig.2.9 Deformation of pipe bend due to pure bending

Based on assumption (4), the tangential and radial displacement is further related in

simple form as follows:

w2 (2-18)

Von Karman used the theorem of minimum potential energy to determine the
unknown coefficients of the equation (2-17). The total potential energy to be
minimised is the strain energy due to deformation of the cross-section, U, and the
work done by the applied bending moment, M, in changing the curvature of the

centre line as represented by the change in subtended angle of the end section 4o
[N=U-MAca 2-19)

von Karman defined the end rotation of smooth pipe bend under an in-plane moment

loading as:
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= k(-2 MR (2-20)

o El

However from the ordinary theory of beam bending, the end rotation of a straight

pipe of length L = Rarunder in-plane bending is:

da _ 2\ MR
riiads 220

By dividing the equation (2-20) with equation (2-21), the flexibility factor k£ can be

obtained using the following definition:

the end rotation of a pipe bend under a given moment load
the end rotation of an equivalent length of straight pipe under the same load

For a pipe bend of long radius (assumption 5), sufficient accuracy was obtained by
taking only the first term of the trigonometric series of the radial displacement (w =
a; cos 2¢). For this approximation, von Karman obtained the flexibility factor as

follows:

1222 +10
=<2 *TY 2-22
124% +1 ( )

where A is a flexibility characteristic of the bend called ‘pipe bend parameter’, or

‘pipe factor’, defined as:

1= @-23)

The variation of flexibility factor with pipe bend parameter according to equation (2-

22) is shown in Fig.2.10.
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Fig.2.10 Von Karman’s first approximation for flexibility factor

The longitudinal and circumferential (hoop) stress factors (Fig.2.11) are also

calculated:

%= [kcos¢—ks cos’ ¢]i%vkj.0052¢ (2-24)
O, [ 3 3

d—=vkcos¢—ks cos ¢]i5k_,/1c052¢ (2-25)

where v is Poisson’s ration and ¢;, is the nominal bending stress in a straight pipe:

and
12
STy e

There is no significant meaning of equation (2-27). It was introduced solely for the

simplification of equations (2-24) and (2-25).
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Fig.2.11 Longitudinal and hoop stresses in a pipe bend due to bending

Typical longitudinal and hoop (circumferential) stress distributions are shown in

Fig.2.12 and 2.13 respectively.
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Fig.2.12 von Karman’s first approximation — longitudinal stress distribution
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Fig.2.13 von Karman’s first approximation — hoop stress distribution

In 1922, Crocker and Sanford [3] investigated the problem of bending of curved
tubes using the formula for bending of curved beam as well as carried out experiment
of various types of pipe bends. The results of their investigation showed a good
agreement between curved beam formula and experiment for some cases, but the
bends was found to be more flexible than the formula indicated in other cases. These
irregularities was believed to be caused by the distortion of the cross-section, which

was not taken into account in their analysis.

In a series of paper, Hovgaard [4, 5, 6] developed another solution for the bending of
a pipe bend. By incorporating the same basic assumptions of von Karman but using a
structural mechanics approach (rather than a strain energy approach), Hovgaard then
reproduced the von Karman first approximation for the flexibility factor. In addition,
Hovgaard gave more detail on the degree of ovalisation of the cross-section, in which
the amount of vertical bulging (contraction of the in-plane diameter connecting
extrados and intrados) of deformed pipe cross-section under in-plane bending, Ay

(Fig.2.14) was given by the following:
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_AlszR[ 1220 ) (2-28)
r EI \1204% +101

where r is pipe cross-section radius, mm
k= von Karman flexibility factor (eqn (2-22))
M = applied bending moment, N.mm
R = pipe bend radius, mm

E =Young’s modulus, N/mm?

1= moment of inertia of the cross-section

Fig.2.14 Ovalisation of pipe bend cross-section showing vertical bulging Ay

Using the assumption (5) of section 2.3.1, Wahl [7] in 1927 also determined the

vertical bulging and arrived at a slightly different formula:

ﬂJMR( 12 ) @-29)
r . EI \1222+10

In 1929, Shipman [8] used the ‘Lorenz’ formula for flexibility factor instead of

Karman’s formula for calculating reaction force and moment in pipeline due to

expansion and internal pressure. In the discussion to Shipman’s paper [8] Jenks
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extended the von Karman analysis to include curved pipes of low pipe bend
parameter (A < 0.05). For all values of pipe bend parameter, the von Karman’s

flexibility factors could then be written as:

_122 +10-; 2-30)
127 +1-

where j is a complicated function of A varying from unity for A = 0 to zero for A =

infinity, as tabulated below:

A j
0.00 |1.00000
0.05 |0.76250
0.10 [0.56840
0.20 [0.30740
0.30 [0.17640
0.40 }0.11070
0.50 ]0.07488
0.75 |0.03526
1.00 {0.02026

Figure 2.15 shows a comparison of the flexibility factors due to von Karman [2] and
Jenks for typical pipe bend geometry. It can be seen that flexibility factor from the
first approximation of von Karman is in good agreement with Jenks formula for pipe
bend parameters greater than about 0.5. in which the stress factor could be
represented by the following (see Fig.2.11):

» Longitudinal stress at outer surface

-%-=k|:sin;1)+413:4(%cos2¢—%sin3 ¢)] (2-31)

n

» Hoop stress at outer surface

% _ k[vsin¢+ 41‘/;_4(%cos2¢—%vsin3 ¢):l (2-32)

n
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» Longitudinal stress at middle surface

ﬁ=ksin¢[l— sin2¢:| (2-33)
o

n

32
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Fig.2.15 Flexibility factors under in-plane bending due to Karman [2] and Jenks [8]

In 1948, Huber [18] presented a solution for bending of curved pipes of elliptical
cross-section. The von Karman assumptions were used and the theory of minimum
potential energy was also used. For the special case of circular cross-section, the

flexibility factor was shown to be in the form:

2
p o128 +545

=—_ 2-34)
1247 +0.58 (

Until the 1950’s, the Karman expression for flexibility factor was generally used in
the design and analysis of piping systems. Wahl [7] in 1927 for example, used this

formula to present formulas, tables, and diagrams for determining forces and couples
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produced at the fixed ends of pipe bends of various standard forms when subjected to
thermal expansion. Cope and Wert [9] in 1932 used the von Karman flexibility factor
to calculate the end displacement of the free tangent of an L-shaped pipe elbow
arrangement based on the so-called ‘graph-analytical method” which uses an area-
moment diagram and the principle of superposition. The von Karman flexibility
factor was also used by Hovgaard [10] in 1935 to analyse stress in three dimensional

pipe bends.

In 1949, Reissner [19] reconsidered the Karman problem from the point of view of
the theory of symmetric thin elastic shells. Based on small deformation theory and
the pure bending assumption, two simultaneous differential equations, which were
used extensively by Reissner to analyse a variety of shell geometries, were
developed. Reissner also derived a method of solving these equations using an
‘asymptotic’ series method for various geometric parameters but did not present a

solution for the pipe bend.

In 1951, Clark and Reissner [20] did present solutions to Reissner’s shell theory by
treating pipe bends essentially as part of a toroidal shell. They obtained solution to
the von Karman problem in terms of two independent shell variables; the rotation of
tangent to the shell wall, B (Fig.2.16) and a stress function, y, resulting in two
differential equations. The ovalisation of an initially circular cross-section bend was
assumed to be symmetrical about the tube diameter normal to its plane of curvature.
They made a closed form mathematical analysis of the problem and obtained general
trigonometric and asymptotic solutions for the stress and flexibility factors. These are

summarised below:

Using a trigonometric series solution, the flexibility and stress factors were obtained

as given in the following equations:

122 +10(1-2) ]
22 +1-v) 2-39)
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(2-36)

(2-37)

Fig.2.16 Deformation of the middle surface of cross-section under bending

Using an asymptotic solution, the following very much simpler formulae were

obtained:
.2
k= 3l-v
A
O, l—vz 3
=0.683
7 [max /1%
O, -1.861

0'” max B (l—vz)%ﬂ%

(2-38)

(2-39)

(2-40)

35



Equations (2-39) and (2-40) indicated that the maximum stress factor (stress-
intensification factor) occurs in the hoop direction as a compressive stress. For v =

0.3, the flexibility and stress-intensification factors can be further written as:

byl

]
—

B
AV |

(2-41)

Pt
0
> ™

]
I

N
|

(2-42)

Note that the notation ‘/’ has been used for stress-intensification factor and ‘the

minus sign’ has been omitted for simplicity.

Using the asymptotic solution, Clark and Reissner also produced a formula for the

amount of flattening in the horizontal direction (Fig.2.17):

undeformed

deformed

Fig.2.17 Amount of horizontal flattening under an in-plane moment
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% _ fr2i—v?) 1) ("] 2-43)
t t E

where v =Poisson’s ratio

r = pipe cross-section radius, mm
t = wall thickness, mm
E = Young’s modulus, mm

o, = Nominal bending stress in a straight pipe, eqn (2-26)

It can be seen from equation (2-43) that the amount of horizontal flattening

(ovalisation) is independent on the pipe bend radius, R.

In 1952, Markl [23] performed an extensive series of fatigue tests on piping elbows
following his previous similar test on piping elbows, which was compared to double-
mitred pipe bends [17]. From his experimental results, a flexibility factor identical to
the equation (2-41) could be derived. In addition, the following stress-intensification

factor for a pipe bend under in-plane bending was proposed:

0.90
¥, = 2-44
! g% ( )

It can be seen that the stress-intensification factors proposed by Markl [23] based on
fatigue tests is almost exactly half of the asymptotic solution of Clark and Reissner
[20].

The Clark & Reissner [20] and Markl [23] formulae for flexibility and stress-
intensification factors, given by equations (2-41) and (2-44), formed the basis for the
ANSI (American National Standards Institute) code for piping design and flexibility
analysis. These remain in the code to this day! (ASME B31.1 power piping code
[114] and ASME B31.3 process piping code [120]).
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Nevertheless, various studies aimed at improving these formulae for the simple ‘pure

bending’ problem have been published. Views which have resulted in useable

formulae are described below:

In 1977, Ohtsubo and Watanabe [59] used a novel finite element ‘ring’ method to
investigate the flexibility and stresses of pipe bends. In 1978, Ohtsubo and Watanabe
[61] further employ the ring element for some typical example pipe bends, but did
not produce a useful formula for flexibility and stresses. Summary of graphs were
produced in their 1977 paper [59] from which they obtained the following formula
for in-plane flexibility factor:

1 1.537[1 ~0.1355 l)
k=1 +9.324—(1 —1.347l]+ P (2-45)
P A

p
It can be seen this formula includes the radius ratio p = R/
In 1988, Calladine [91] used a novel complementary energy method based on a

‘new’ simple formulation of shell theory to derive a simple formula for flexibility

and stress-intensification factors for pipe bend subject to in-plane bending:

3
k=1+— 2-46
4R (2-46)
g, - 0.685 (2-47)
A Y
o, 1.8
4 =22 2-48
ol (2-48)

It can in fact be seen that the hoop stress factor is close to the asymptotic solution of
Clark and Reissner [20], while the flexibility factor is substantially different in form.
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In 1988, Fujimoto and Soh [92] carried out a very detailed finite element analyses
(using the MSC/NASTRAN finite element program) to study the flexibility of thin-
walled, large diameter (»# 2 50), piping elbows under in-plane bending. A
Parametric survey was performed with pipe bend parameters in the range of 0.01 <A
< 0.2 and with radius ratio R/r equal 2 and 3. From their study, empirical formulae

for the in-plane flexibility factor were proposed:

1.65 1.89E -07 R

k, = 7[0876 ——-72?—{' for "; = (2 - 49)
1.65 2.63E-07 R

ki = 7—[:0908 ——jm——:l fOl'-; = (2 - 50)

It can be seen that this reduces almost to the classic Clark and Reissner [20] solution

if the second term in the bracket is negligible.

Apart from these studies, most other attempts to establish more realistic flexibility
and stress-intensification factors have related to removing the assumption of pure
bending. This requires including ‘end effect’ — tangent pipes and flanges — and
possibly varying the bend angle. Such studies usually result in charts and tables from
numerical (finite element) analysis rather than simple formulae. These will be

reviewed in Chapter 3.

2.4.2 Out-of-Plane Bending of a Pipe Bend

In 1943, Vigness [13] presented an extensive analysis of three-dimensional pipe
systems by considering the problem of out-of-plane bending on pipe bends. He used
the same assumptions as those in von Karman analysis but represented the tangential

displacement in cosine trigonometric series:

V=, cos2¢+c, cosdp+c, cos6@+...+c, cos2ng, n=123,.. (2-51)
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Equations (2-51) indicates that the tangential displacement is zero at the angle of 45-
deg from the neutral axis, which is the position of the major and minor axis of
deformed cross-section under an out-of-plane bending. He considered only the first
term of the series (v = ¢; cos 2¢), and on condition of the inextensibility of the

middle surface of the cross-section, the radial displacement is accordingly written as:
w=-—2¢, sin2¢ (2-52)

He further followed the procedure of von Karman analysis using the theory of
minimum potential energy and arrived at the same expression for flexibility factor.
He therefore concluded that the flexibility factor for pipe bend is the same under an
in-plane and out-of-plane bending. It should be noted however that he considered
only a small section of the cross-section da in order to apply pure bending
assumption. This assumption produces small error in results for in-plane bending of
pipe bends, but might produce great error for out-of-plane bending as there is a
torsional component at every cross-section of the bend (section 2.2 & Fig.2.6). The
torsional component however does not produce significant deformation to the cross-

section and that the flexibility increase only due to bending component.

Vigness [13] further expressed the radial displacement, eqn (2-52) in the following

form:

w 12 MR
w_ MR, 2.53
, (121%1) o (2-33)

where w = radial displacement, mm
r = cross-section radius, mm
M = applied bending load, N.mm
R = pipe bend radius, mm
E =Young’s modulus, N/mm?

I= cross-section moment of inertia, mm?*

A = pipe bend parameter
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The radial displacement of the cross-section due to out-of-plane bending produces

longitudinal and circumferential stresses as given by the following equation:

O _ (124% - 8)cos g +12cos’ ¢ @-54)
o, 124% +1
g, 184 .

= 2 2-55
o, 122 +lsm ’ ( )

n

where ¢ is circumferential position along the cross-section measured from central

axis of the bend toward extrados (Fig.2.11)

Maximum longitudinal and circumferential stress (longitudinal and circumferential

stress-intensification factor) can be obtained from equations (2-54) and (2-55) and

are given in the following equations:

Oy 1227 +4 @-56)
Ol 1247 +1
T 18 2-57)
Oplpnss 1247 +1

From Markl’s 1952 [23] fatigue test on piping elbows discussed above, the stress-

intensification factor for out-of-plane bending was found to be:

0.75 (2- 58)
while the flexibility factor remained the same.

In 1970, Kitching [42] presented more detailed longitudinal and circumferential

stress factors for pipe bends under out-of-plane bending as follows:
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Z‘: = l—kv2 I:i 3vAa, sin 2¢+(1 +3—;1-)sin¢+%sin 3¢] (2-59)
c
0': =1 _kv - l::t 3a, sin 2¢ + v{(l + é%-) sing + %‘—sin 3¢H (2-60)
where
-3
KAy @-6D

In fact these simple results described above are almost all that are available for the
problem of out-of-plane bending. However as described both Ohtsubo & Watanabe
[59] and Fujimoto and Soh [92] derived useful formulae for out-of-plane bending

form finite element analysis:

From Ohtsubo and Watanabe [59] a flexibility factor for out-of-plane bending can be

obtained as:

r
1.565{1~0.667—
( R)
A

2 r r
k=-—+3289—~1-1.255— 2-62
» R( 255R)+ ( )

From Fujimoto and Soh [92] empirical formula for out-of-plane flexibility factors

can be obtained as:

1.65[ 5.55x107° ] R

ko =7 0911——/12—2—1—- fOl";"=2 (2'63)
1.65[ 6.40x107 ] R

ko =T 0931—-—/{17—— fOl'-r-=3 (2-64)
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2.5 Effect of Radius Ratio

The classical linear theory for bending of a curved pipe developed by von Karman
[2] was based on the long-radius assumption. On this assumption, the neutral axis
was considered to be coinciding with the centreline. Based on this assumption, the
radial displacement can be represented by only the first term of the trigonometric
series solution, (see equation (2-17)). This assumption leads to a poor approximation
if applied to pipe bend of short radius. An additional geometric parameter is

required: this seems out to be the ‘radius ratio’.

Refinement of long radius theory has been carried out by Beskin [14] in 1945. Von
Karman’s method of solution was adopted but additional Fourier terms for the radial
displacement were used to make the method of solution applicable to pipe bends of
short radius. In the third section of his paper, a study was made of the significance of
omitting the term containing radius ratio p. He concluded that for the case of short-
radius bend, the flexibility factor remains fairly accurate but stress-intensification
factor will not be correct, when the term 1/p (= #/R) is omitted in the analysis. For
pipe bends of low pipe factor, Beskin’s flexibility factor closely follows the
asymptotic solution of Clark and Reissner [20]. In the discussion to Beskin’s paper
[14], Symonds and Vigness [15] suggested keeping more than one term of the

trigonometric series when the pipe bend parameter A is less than about 0.5.

In 1952, Gross [24] and Gross and Ford [25] made static loading tests on smooth
pipe bends of short radius having cross-section diameter ranging from 3 to 12-in. In
these tests, measurement of stresses on both the inner and outer surface of the tube
wall was made, together with measurement of flexibility and cross-section flattening.
This experiment confirmed that the hoop tensile stress was larger than the
longitudinal tensile stress on the outside surface. Gross established for the first time
by experiment that the largest stress in pipe bends under bending occur on the inside

surface in the hoop direction in the vicinity of crotch.
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From measurement, Gross [24] found that for a pipe bend under in-plane bending the
maximum hoop stress on the inside surface is considerably greater than the
maximum hoop stress on the outer surface. Also, if the distribution of hoop stress is
assumed linear, there is a compressive hoop stress at the middle surface at the crown.
This indicated that the von Karman assumption on extensibility of the
circumferential mid-surface is not justified. A simple method for calculating the
hoop compressive stress was proposed to be used as correction by adding the value
to the compressive hoop stress at the inside surface and subtracting it from tensile
hoop stress at the outside surface. It was concluded that the stress and flexibility of a
short-radius pipe bend (low pipe bend parameters) could be predicted with high
accuracy if:

(1) The von Karman analysis is extended to the third approximation for the

trigonometric series solution of radial displacement.

(2) The assumption of inextensibility of circumferential mid-surface is omitted by

considering the effect of hoop compressive stress.

Extension of the von Karman analysis to the second and third approximation for the
trigonometric series of the radial displacement has also been done by Gross [24],

where the flexibility factors is given in the following:

2 4
k, = 105+41362/1 +48004/1 (2-65)
3+5364° +48004
2 4 6
k. = 252+ 739124° +24461764" +28224004 (2-66)

> 3+32804° +329376/° +2824004°
Spence [43] called these approximations “lower bound” flexibility factors.

Figure 2.18 shows the flexibility factors of pipe bends under in-plane bending for the
first, second, and third approximation of the von Karman’s solution. It can be seen
from Fig.2.18 that the flexibility factor obtained from the first approximation of von
Karman’s solution is sufficient for a pipe bend having pipe bend parameter of 0.5

and greater.
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Fig.2.18 Flexibility factors of pipe bends obtained from the von Karman’s solution

In 1955, Vissat and Buono [26] reported strain gage investigations for in-plane
bending of short-radius bends having radius ratio p equal to 3 for 180-deg return and
equal to 2 for 90-deg bend. The A-values ranging from 0.0714 to 0.7404. However,
they adopted an unusual definition for the flexibility factor, which included the

flexibility of connected tangent pipes as given in the following follows:

A

=R R
—+L
o (R]

A

CCRTTR
- ﬂ+L
ElI\ 4

for180 - deg elbows (2-67)

for 90 - deg elbows (2-68)

where A is the measured deflection of the end of loaded tangent.
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From their experimental result, they pointed out that the theory of long radius bends
(p 2 10) might be used to compute the value of k with a good agreement. For short
radius elbows, the empirical expression below has been suggested for computing the

flexibility factor:

i = 140 (2-69)

4
A
For calculating stress-intensification factor, they pointed out that the theory of long
radius bends could not be used for short-radius bends. Instead, they suggested using

the empirical formulation below for calculating the longitudinal and circumferential

stress-intensification factor for short-radius bend:

(o4 1.20

;:' _ =0 2-70)
o, 107
ol = 07 2-71)

In general, the experimental results reported by Vissat and Buono validated Beskin’s
conclusion that (a) flexibility factor derived using long-radius theory should apply
almost equally as well as to short-radius bend, and (b) stress-intensification factor
calculated using the long-radius theory are not applicable to short-radius bend and

elbows.

In 1957, Turner and Ford [31] gave a fairly extensive review of the various analytical
methods for pipe bends and provided a detailed numerical analysis using shell
theory. The so-called long-radius assumption was eliminated in their numerical
analysis. In 1966, Findlay and Spence [35] made an experimental analysis for in-
plane bending of a 90-deg pipe bend and found that the theory by Turner and Ford
[31] gave the best comparison with the experimental results. However, it was

impractical to solve for stresses without the aid of a computer.
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In 1967, Jones [36] presented a theoretical analysis on in-plane bending of short
radius pipe bend as a generalisation of the von Karman theory of pipe bend [2]. The
theory of von Karman has been established on the basis of long radius bend in which
the shifting of neutral axis toward the centre of curvature has been neglected. The
theory developed by Jones for short radius elbow shows that there is a shifting of the

neutral axis toward the centre of curvature.

In 1967, Smith [37] followed the approach of Turner and Ford [31] to develop a
numerical analysis for out-of-plane bending case. The basic assumptions were
similar to those made by Turner and Ford [31], applying small deformation theory
and omit the long radius assumption. The analysis by Turner and Ford [31] for in-
plane bending and by Smith [37] for out-of-plane bending formed the basis for
BS806 [98] design curve for pipe bends.

In 1968, Cheng and Thailer [40] presented a general solution of a curved tube under
in-plane end-moment using thin shell theory. They derived the identical equilibrium
and compatibility equation to those derived by Clark and Reissner [20]. By
minimizing the complementary energy using the Rayleigh-Ritz method, they further

show that their solution is valid for any value of radius ratio 7/R.

The most complete ‘closed form® solution to this problem was developed by Cheng
and Thailer [41] in 1970. Their solution was based on the two differential equations
for equilibrium and compatibility due to Clark and Reissner [20], but without their
simplifying assumption that the radius ratio 1/p would be small. The results from
their modified solution for flexibility factor was in a very good agreement with the
asymptotic solution derived by Clark and Reissner. For stress-intensification factor
however, they pointed out that the asymptotic solution of Clark and Reissner [20] is
theoretically valid only for radius ratio equal to zero. For 1/p different from zero,

they suggested using the modified asymptotic solution given below:

y=1.986@‘v2) 0.495% # +1 2-72)
i p(l—v’)%
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For v = 0.3, equation (2-71) can be approximately reduced to:

7:9-_9_[l,1% +2] (2-73)
#Lp

If the term in the square bracket is neglected, the eqn (2-72) reduced to the fatigue
test result of Markl [23]. If only the radius ratio p is neglected, en (2-72) approached
the asymptotic solution of Clark and Reissner [20].

The effect of radius ratio on flexibility and stress-intensification factors is more
significant when bend angle and end constraints are also included. These effects will

be reviewed in Chapter 3.

2.6 Pressure Reduction Effect

In section 2.4, it was mentioned that if a pipe bend is loaded by in-plane bending, this
action tends to close the bend (decrease the radius of curvature) and its circular
cross-section deforms into an approximately elliptical shape without appreciable
change in ‘perimeter’, Due to this mode of distortion of the cross-section, there will
be a small change in the enclosed cross-section. It follows that if the pipe bend in this
state of deformation is subjected to further internal pressure, the overall flexibility of
the pipe must be expected to be somewhat smaller than in the absence of internal

pressure, because the internal pressure tends to open the bend.

A detailed ‘closed form’ analytical solution for combined bending and pressure load
is very difficult unless it is carried out through numerical analysis. The reason for
this is the so-called “Haigh effect” [11]. The stresses in a pipe under internal pressure
are essentially membrane, but any pipe, straight or curved, subjected to internal

pressure departs significantly from simple bending theory, if the pipe cross-section is
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not circular and secondary bending stresses occur in the region of geometric
imperfection [115]. This large bending stress, induced by the tendency to become
circular in cross-section, can be considered as being produced by incompatibility of
deformation of membrane analysis [46]. The main reason is that the coupling of
bending and pressure in the pipe bend is non-linear; while the applied moment tends
to flatten the cross-section, the internal pressure works against this, trying to reduce
the ovalisation and open up the bend, known as the Bourdon effect [16, 28]. The
effect of internal pressure in an elastic curved pipe deforming due to in-plane closing
bending is therefore to reduce its inherent flexibility. This effect is small for rather
heavy pipe. For very thin pipe however, the effect of internal pressure can become
pronounced, and cannot be neglected in flexibility and stress-intensification factors.
The purpose of this section is to review the fundamental work to date on a pipe bend

under combined bending and pressure.

In 1927, Wahl [7] addressed a question whether the steam internal pressure would
reduce the cross-sectional flattening of a pipe bend resulting from bending load. A
simple formula was derived by minimisation of the total potential energy based on a
small deformation assumption. The symmetry condition was taken into account by
considering only a quadrant of the ring. Due to internal pressure p, the vertical
bulging Ay of the deformed oval cross-section would be reduced by the amount, €

(Fig.2.19) and can be calculated as follows:

€ 1 \pr®
Ky—:(l_vzj5 (2-74)

where v = Poisson’s ratio
D = shell bending stiffness, as can be found in standard texts of shell theory:

3
£ 2-75)

D=12(1-v2i
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Fig.2.19 Effect of internal pressure on cross-sectional ovalisation

Equation (2-74) indicated that the pressure reduction effect on cross-sectional
ovalisation is independent on the pipe bend radius R. Wahl [7] did not produce a

closed form solution for the pressure reduction effect on flexibility and stress-

intensification factors, only on the degree of ovalisation, €.

The first theoretical approach to account for the effect of internal pressure on
flexibility and stress factors was made by Kafka and Dunn [29] in 1956. The von
Karman analysis for in-plane bending was extended to take the effect of internal

pressure into account. In addition to the von Karman assumption, the following

assumptions were incorporated in their theoretical development:
(1) The tube centerline is the neutral axis. For in-plane bending, therefore, the
deformed cross-section is considered symmetrical in the plane of the bend
and perpendicular to the plane of the bend, from which it follows that the

tangential displacement of nodes at crown, intrados, and extrados are zero.
(2) The circumferential middle surface is inextensible, and a filament in this
direction is distorted by pure bending only
(3) The longitudinal middle surface is extensible, and a filament in this direction

is distorted by normal force only.
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As in von Karman’s analysis, Kafka and Dunn used the principle of minimum
potential energy. The total strain energy in the tube wall per unit length when an
element of a pipe bend of the angle de is increased to da + Ador (Fig.2.20) was

approximately given as follows:

b4

1 1%
U=—2-£rN980 +5!rM,Z, (2-76)

deformed 6

undeformed

Fig.2.20 Element of a pipe bend subjected to in-plane bending

The first and second term in the right hand side of equation (2-76) is the strain
energy due to normal force in the longitudinal direction and due to bending in the
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circumferential direction respectively. The terms under the integral are the membrane

force and bending moment in a shell of revolution, which are related to the strains of

the middle surface and changes in curvature respectively in the following well-

known relations:

N, =l—;t/2 [e, +vea]
N, =1_V2 [e,,+ve¢]

M, =-Dly, +V,y,,{}

M, =_Dh'0 +VZ,

where N = stretching stress resultants, N/mm
M =bending stress resultants, N.mm
E = Young’s modulus, N/mm?
¢t = wall thickness, mm
v = Poisson’s ratio
D = shell bending stiffness, eqn (2-75)

2 = shell curvature

Q2-77)

(2-78)

If a pipe bend is considered as part of a toroidal shell, the mid-surface stretching

strains, £a €, and curvatures, yg 7, in the equations (2-77) and (2-78) can be related

to the tangential displacement, v, and radial displacement, w as follows:

(2-79%)

(2-79b)

(2-80a)

(2-80b)
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The terms p(6) in eqn (2-79b) and (&) in eqn (2-80b) represent additional
longitudinal strain and additional change in curvature respectively due to bending.

On the assumption that the pipe centreline is the neutral axis, Kafka and Dunn gave

the functions of p(6) and () as follows:

9)_ 7Sing Ad6 ) g1

p6) R (2-81)
sing Ad@

g) =S¢ AaC 2-82

wl T (2-82)

The energy stored in the system, which must be minimised, is then:

U=U-pA4 (2-83)
where p.AA is the elastic work done on the tube wall by the internal pressure during
deformation of the cross-section, acting against the deformed condition caused by

bending and A4 is the changes in pipe bore area (the area of quadrilateral ABB’A’ in
Fig.2.21).

Based on assumption (1) of the above, Kafka and Dunn further expressed the

tangential displacement in the form of a trigonometric sine series:
v=Y C,sin2K¢ (2-84)
1

And from assumption (2), the radial displacement is obtained from eqn (2-79a):

dv (2-85)
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X

Fig.2.21 Distortion of an element of pipe cross-section

They further expressed the changes of pipe bore area A4 as a function of the

coefficients of the series of the tangential displacement, Cx, as follows:

M =223 (4K* - K )C,? (2-86)

k=1

Using eqns (2-76) through (2-86), the total strain energy in eqn (2-83) then reduced
to an equation as a function of the coefficients, Cx’s. These coefficients are then

determined by the minimisation of the total energy U’:

U _

0, K=123,.. 2-87)
aC, (
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Upon obtaining the Cy’s, the total strain energy U” can be then set to be equal to the
work done by applied end moment (Fig.2.20) from the principle of virtual work

(external work equals internal energy):

= 1 Mbda (2-88)
2 Rda

From eqn (2-88), the term (Ada)/(da) can be found as a function of applied moment
M. This term can be further divided by similar term for a straight pipe to find the
flexibility factor.

For the first and second approximation to the trigonometric series of the tangential
displacement, Kafka and Dunn obtained the following formula for flexibility factors:

1
k= Ry A (2-89a)
l-—R B (l:v )
EAwr
1
k, = (2-89b)
Rzgl- 2)
1+ IDE'tr;J [auplz +azzp22 =2a,p,P, —2bp, —szpz]

In the above, 4, B, and the term in the square bracket of equation (2-89b) are
functions of geometry of the pipe bend and internal pressure, p. These functions are

given in Appendix C2

A stress-intensification factor, based on stress in the longitudinal direction, was also
presented. For the first and second approximation to the series, the longitudinal

stress-intensification factor was as follows:

B, =k1[1—2£) foréj;<r
r4 (2-903)
2 frA 6B
==k f— for —>r
A 3 'Y6B A
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,32=1+~4—p2—--ﬁ for60p, +r > 6p,

4 ) (2-90b)
B, =k, JZ[I ——5&—&(202-24%)}, for 60p, +r < 6p,
r r
where
3p, +30p, —(3p, +30p,) ~120rp,
z= @2-91)
120p,

Kafka and Dunn did not produce the circumferential stress-intensification factor, but

indicated that this stress-intensification factor might be derived from:

N, 6M
¢ (2-92)

In 1957, Rodabaugh and George [30] revisited the work of Kafka and Dunn [29],
also using a potential energy approach. A theoretical analysis for flexibility and
stress-intensification factor for a pipe bend under pure in-plane and out-of-plane
bending combined with internal pressure was developed. The effect of internal
pressure was considered by simply extending the energy method used by von
Karman [2] for in-plane bending and the energy method used by Vigness [13] for
out-of-plane bending. The pressure effect was included in the solution as in Kafka
and Dunn [29]: an extra potential energy term due to pressure acting on the change of
area of the cross-section resulting from ovalisation due to bending. The equations
were based on second-order approximation to thin shell theory and assumed the bend
cross-section initially circular and that the end effects are negligible. It was shown
that the flexibility factor not only depends on pipe bend parameter A, but also

depends on internal pressure parameter \, where:

_PR® 2-93
v ot ( )
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The flexibility factors for a pressurised pipe bend was then finally expressed in the

form;

Kk = k (2-94)

where, k is flexibility factor in the absence of internal pressure taken from the
asymptotic solution of Clark and Reissner [20]. The second term of the denominator
in equation (2-94) is the pressure reduction effect on the flexibility factor (pressure
stiffening effect). This term is a function of non-dimensional pressure p/E, cross-

section to thickness ratio /#, and radius ratio R/r.

For a pipe bend under in-plane bending with internal pressure, the longitudinal and

circumferential stress factor were then expressed in the following form:

k
Z—: =TT _’;2 {:F 3d,vAcos2¢ +(l + —'%Zi)sin ¢ —%sin 3¢} (2-95a)
(o] k
;:— = _’; - {¥ 3d,Acos2¢+ \{[1 +%—)sin ¢ —-‘;—‘sin 3¢J} (2-95b)
where d, is defined as:
3 (2-96)

d=———
5+64 +24y

For a pipe bend subjected to out-of-plane bending and internal pressure the

longitudinal and circumferential stress factors were given in the form:
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k
gi =T _‘;2 {:t 3d,vAsin2¢ + (1 + 3—;‘—Jcos¢ —-idzlcos3¢} (2-97a)

n

o, 1-v°

Ll . {i 3d,Asin2¢ + v[(l + %ﬁ) cos ¢ — % cos 3¢J} (2-97b)
Stress-intensification factors may be derived from equation (2-95) and (2-97), by
differentiating with respect to circumferential angle ¢. These equations indicated that
the maximum stress is obtained for in-plane bending and that it occurs in the hoop
direction at the inner surface as compression stress for in-plane closing moment and
tensile stress for in-plane closing moment. In a similar form to equation (2-94), the
stress-intensification factors for combined loading of bending and internal pressure

were given in the following form:

4 > .98
Jp s 3/ ( - )

Equation (2-94) for flexibility factor and equation (2-98) for stress-intensification
factor are adopted in the ASME code for power piping [114] and ASME code for
process piping [120] to account for the pressure reduction effect. These equations are
applied equally to account for the pressure reduction effect for both in-plane (closing
and opening) and out-of-plane bending regardless the total angle of the bend, (it will
be shown in this study using non-linear finite element analysis that the pressure
reduction effect is not the same in magnitude for in-plane and out-of-plane bending.
In addition, it will be shown that the pressure reduction effect for in-plane bending is

different markedly for the closing and opening case).

In 1956, Crandall and Dahl [27] presented an alternative approach to account for the
pressure reduction effect by following the general outline of Clark and Reissner [20]
for the problem of in-plane bending load by using the differential equations for large
deflection of thin shell, but did not really present any useful results. Calladine [91]
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inspected some of the asymptotic calculations done by Crandall and Dall [27] and

arrived at the following expression for flexibility factor:

k = k (2-99)

In 1959, Reissner [33] proposed a differential equation for the non-linear correction
to originally curved tubes and introducing the effect of internal pressure on the
bending of slightly curved tubes. The solution to this correction was given in the

form of a trigonometric series:
B.=Y 4,,sin2ng (2-100)

where f is a thin shell deformation variable being the rotation of the tangent to

meridian of the cross-section. (Fig.2.16).

For the first and second approximation to this series, eqn (2-100), the flexibility

factor can be expressed in the following form:

+pr3 +10(1—v2)

k, =—3D_ 112/1’2 (2-101a)
o {-v
3D 128

. pr’ . 1001 —v?)

-f
3D 124
k = (2-101b)
P 3 2
1+E__+@_f
3D 1247

being the first (a) and second (b) approximation, where:
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5!l—v2 !2
4
f= 1.23434(1_ a3 (2-102)
240+162— + v
D 54

When internal pressure p = 0, equation (2-101a) reduces to the formula given by von

Karman.

In 1972, Blomfield and Turner [47] updated the numerical analysis of Turner and
Ford [31] to solve the problem of in-plane bending of a pipe bends combined with
internal pressure. Design curves for pipe bend under bending and pressure were
derived from Blomfield and Tumer [47] and well documented in the ESDU
No.74043 [52]. In these curve, flexibility factor was plotted against pipe bend

parameter, A, for various values of internal pressure parameter, pRYEN.

In 1972, Dodge and Moore [48] developed stress indices and flexibility factors of a
pipe bend by modifying the minimum potential energy solution of Rodabaugh and
George [30] to provide a more accurate approximation for the circumferential
membrane stress and used it as a basis for a detailed stress index development. They
used the experimental data obtained by Rodabaugh and George [30] for the case of
in-plane bending as one problem and showed that the overall agreement for
experimental stress is good for the inside and outside surface and especially good for
maximum values. They concluded that the modified minimum potential energy
solution to Rodabaugh and George [30] made by a correction on circumferential
membrane stress was the most suitable analytical method for developing stress

indices and flexibility factor for elbow and curved pipe.

The modified solution was solved by numerical analysis (and a FORTRAN computer
code was released into the public domain). A parameter survey using pipe bend
parameter A, pressure parameter ¥, and radius ratio p, was carried out. Numerical

values of k,(4, ) were obtained from the equation below:
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P (2-103)

where d is given in equation (2-96).

Figure 2.22 shows the flexibility factor obtained by Dodge and Moore as a function

of the pipe bend parameter A and internal pressure parameter .

1000

'V’\=U
100

k
11
[V

I
17/

10

Fig.2.22 Flexibility factor for pipe bends under bending and pressure

From figure 2.22, Dodge and Moore further gave a closed form solution for

flexibility factor of pressurised pipe bends:

—i
b o 1.664

= y , (2-104)
1+l.752,Aexp(—l.15l// %)
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Using this modified solution, Dodge and Moore further suggested using the
following equations for circumferential stress factors of piping elbows under in-plane
and out-of-plane bending respectively in place of equation (2-95b) and (2-97b) of
Rodabaugh and George [30] formula:

For in-plane bending:

o, &k
;?- =5 {x 3dllcos2¢—%[(l+3—§‘)cos¢—%cos3¢]cos¢} (2-105)

n

For out-of-plane bending:

O, k . 1[(, 3. . d . ,
.;1=1 4 {¥3d,lsm2¢+-}-,-[(1+-—2¢)sm¢—?‘sm3¢jlsm¢} (2-106)

In 1980, Boyle and Spence [67] developed a simple elastic analysis for the behaviour
of an oval cross-section pipe bend under in-plane bending and internal pressure as
part of a study of out-of-round and variable thickness pipes. The problem was solved
using the theorem of minimum potential energy of a ring section of unit length. For
the special case of circular cross-section pipe bend under bending and internal

pressure, a simplified flexibility factor was obtained as follows:

—
k=(1-v)—54_ 3D (2-107)

Finally, Orinyak [102] in 1997 developed a formula for determining the amount of
‘restoration’ toward its original circular shape of an oval shape deformed cross-
section pipe bend due to in-plane bending. Referring to Fig.2.19, the formula

proposed was as follows:
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£__30 (2-108)
Ay 3D+PR%

where Ay is the vertical bulging of pipe bend cross-section due to in-plane bending as

given by the following:
2
Ay:(l—v2)42f: 2-109)

Unlike the formula shown by Wahl [7], eqn (2-74), the formula presented by Orinyak
for the effect of internal pressure on cross-sectional ovalisation show a dependency

on pipe bend radius R.

The analytical solutions of Kafka and Dunn [29], Rodabaugh and George [30],
Reissner [33], and finally Dodge and Moore [48] remarkably remain the few studies
which aim to produce a simple explanation and analysis of the pressure reduction
effect on the mechanics of pipe bend behaviour. As will be seen in the next chapter,
the problem has not even been re-examined in much detail in the more recent

literature.

2.6 Summary

A comprehensive review of the theoretical development of the flexibility and stress-
intensification factors of pipe bend has been presented. It should be noted that the
main feature of the theories is that they involve some assumptions in order to
simplify the problem. The ‘long radius assumption’ is probably the most difficult
assumption to be omitted. With this assumption, the problem of the bending of a pipe
bend become so simple and a closed form solution for the flexibility and stress-
intensification factor become possible to be developed. The ‘inextensibility’
assumption of the mid-surface in the circumferential direction is also hardly omitted

in the theoretical analysis of the bending of pipe bend. All the theoretical analysis
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reviewed above ignore ‘end effects’ (and make the pure bending assumption). The
pressure reduction effect on the flexibility and stress-intensification factors have
been equally applied to both in-plane (closing and opening) and out-of-plane
bending, regardless of the total angle of the bend. It is however expected that the
pressure reduction effect should be different for these three directions of moment, as
the stiffness of a pipe bend is different for in-plane closing and opening moment as
well as out-of-plane moment. In addition, a pipe bend would tend to behave as a
straight pipe as the total angle of the bend approaches hypothetically zero. Some
investigators have tried to develop a theoretical analysis, taking the effect of bend
angle into account, however, the analysis was not clear from the assumptions. Finite
element analysis could be an alternative to carry out parametric studies in order to
obtain closed form solution for the flexibility and stress-intensification factors of
pipe bends. In the next chapter, an extensive review on finite element modelling and
analysis of piping elbows is presented. Using finite element methods, the ‘end

effects’ can be taken into account.
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Appendix C2

Equations in this appendix are taken from Kafka and Dunn [35] for calculation of

flexibility and stress-intensification factor corresponding to Equations (2-89) through

(2-91):

_5_Er 36D(1 4 )+12P
2RM1-v?) PP \r 157R
3 Ev' 4Dy
TRV e
D= Et’
12(-v?)
a, =5 BT 367D 144D
"TaRM1-vE) P 15Re?
5 Emr 96D
TIRI) T R
= #360022 + 20254 24077
3 Emr* 4D
R —) R
_8&D
* " Rr
- ay,b, +a,,b,

+127P

ap

1 2
a9y, —ay,
- apb, +a,b,

2 2
a,,8;, —ay,

(A2-1)
(A2-2)
(A2-3)
(A2-4)
(A2-5)
(A2-6)
(A2-7)
(A2-8)
(A2-9)

(A2-10)
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CHAPTER 3

BEHAVIOUR OF PIPING ELBOWS: NUMERICAL
AND FINITE ELEMENT ANALYSIS

A comprehensive literature review on the theoretical development of the behavior of
pipe bends has been presented in Chapter 2. The aim there was to focus on the
development of useful simple design formulae. The main feature therefore was that
these analyses involve simplifying assumptions in order to make the problem
solveable in closed form. Therefore so-called ‘end effect’, and the ‘bend angle’ are
usually ignored in the theoretical analysis especially for ‘long radius bend’.
Accordingly, the stress values at any cross-section can be assumed proportional to
the moment acting at that cross-section and not a function of length of the bend (pure
bending assumption). An alternative approach in which the assumptions are more
fundamental but less restrictive is provided by the use of numerical analysis and in
particular finite element method. As computer technology advances, more and more
powerful finite element analysis (FEA) software becomes available with innovative
finite element technology. Application of the finite element method for the solution
of the piping elbow has grown intensively. The flexibility of a pipe bend can be
easily determined using a modern nonlinear finite element analysis. The versatility
and cost-effectiveness of the finite element analysis in practical use allows detailed
parametric study on the nonlinear behavior of a pipe elbow. The purpose of this
chapter is now to present a review or summary of the work to date on numerical and
finite element analysis of the behavior of piping elbows. The review will be focused
on the application of available finite element program software for analyzing the
behavior of piping elbows. This should provide a clear idea for modeling piping
elbows, using ANSYS, as will be given in the next chapter. The review is not
intended to go in detail on the formulation of the finite element itself, but it is rather

intended to review finite element analysis of piping elbows.



3.1 Pipe Bends with End Constraints

In a real piping system, pipe bend may be connected to adjacent straight pipe by
smooth welded joints as shown schematically in Fig.3.1(a), or alternatively it may be
connected by flanged joints, as shown in Fig.3.1(b). For this case, the von Karman
assumption of constant deformation and stresses along the length of the bend and
independent of the subtended angle of the bend is no longer appropriate. When a
bend is part of the real piping system, the ovalisation is constrained by the
connection. This affects the flexibility and stresses to a greater or lesser extent
depending on the types of end constraint. The effect of end constraint is much

influenced by the radius ratio as well as the total bend angle.

[/

/]

@ ®)

Fig.3.1 (a) Pipe bend jointed smoothly (tangent) to straight pipes, (b) Pipe bend
joined to straight pipes by flanges
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In 1946, Symonds and Vigness [15] presented some experimental results, which
demonstrated the importance of end effects. Both flanged and tangent pipe
constraints were considered and they showed that the most severe form of end
constraint is flanged. The general conclusion from these studies was that the

dependence of flexibility on radius ratio p can be neglected, but the stress

distribution was affected significantly by radius ratio p.

In 1951, Pardue and Vigness [21] carried out experimental investigations on 90 and
180-deg return bends, thin-walled and short-radius, to study the effect of end
restraints. They tested a series of tube bends having radius ratio (p) equal three and
thickness to cross-section radius ratio (##) ranging from 0.015 to 0.044. They
considered two main types of end constraint: (1) the tube bends were joined to
straight tube at both ends of equal length greater than 5 times pipe diameter, typically
as shown in Fig.3.1(a), and (2) the tube bend was terminated by flanges, typically as
shown in Fig.3.1(b). It was found that elbows having radius ratio about two or three,
were greatly affected by the length of the bends (total bend angle). As the angle of
the bends decreased, the point of maximum stresses shifted toward the intrados,

producing an increasing discrepancy between theory and experiment.

In a study of end effects, Gross and Ford [25] in 1952 experimentally determined the
variation of ovalisation along the bend with flanged tangents and demonstrated the
progressive decrease away from the mid-section of the bend. In the discussion to this
paper, Pardue and Vigness published further experimental results and pointed out
that the maximum hoop stress factor shifted from its normal position on the crown
toward the intrados as the bend length decreased and end-constraint became more

rigid.

In 1975, Natarajan and Blomfield [55] carried out finite element analysis to study the
effect of end constraints on flexibility and stress factors of short-radius pipe bends
under in-plane moment. For this analysis a doubly-curved thin shell element was
formulated and used. The effect of flanges as well as straight tangents were

considered. It was concluded that a flange does not have any effect on flexibility and
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stresses of a pipe bend if it is located far from the bend-straight pipe junction. It was
also found that the flexibility factors of a pipe bend with both ends of the tangent
pipe terminated by flanges were lower than with one end flanged. For a short radius
pipe bend with both ends terminated by a tangent, it was found that the maximum
stress occurred on the inside surface of the mid-section at around 95-deg from the

extrados in the hoop direction.

With regard to the arc length of the bends, the finite element analysis carried out by
Natarajan and Blomfield [55] demonstrated that the relationship between flexibility
factor and the bend angle could not be approximated as a linear relation. From a
study of maximum stresses in pipe bends of different angles, but of same pipe bend
parameters, it was found that the maximum stress occurred at the mid-section of the
bend on the inside surface in the hoop direction for a 180-deg pipe bend and moved
toward the intrados at 105-deg from the extrados for a 30-deg pipe bend. If the bend
angle was further reduced, the maximum stress moved to the intrados at the outside

surface along the longitudinal direction, thus behaving like a straight pipe.

In 1979, Findlay and Spence [63] presented a theoretical solution for the flexibility
and of a pipe bend with end effects subjected to in-plane bending as an extension of
the von-Karman analysis. The end restraint was rigid flanges at both ends of the bend
as schematically shown in Fig3.2. The analysis was based on an energy method by

representing the radial displacement, w, in the form of a Fourier series:

w=YYC, cos2n¢cos2(—'%£}9 (3-1)

where m=1,3,5,...,andn=1,2,3, ..
Eqn (3-1) indicated that some degree of ovalisation of the cross-section would be

expected in the mid-section of the bend but the effect of the rigid flanges would be to
retain the initial circularity at the ends. On the assumption of inextensibility of the
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cross-section centerline on any longitudinal position, the corresponding tangential

displacement becomes:

+v
+w

Fig.3.2 Pipe bend investigated by Findlay and Spence [63]

v=—;zn:cm(—2—1’—z)sin 2n¢cos2(-’—na—¢)0 (3-2)

With the assumption of a ‘long-radius bend’, and that the wall thickness is
sufficiently ‘thin’, minimization of the total potential energy leads to the following

equation for the overall flexibility factor:

2
k = (‘mz’ - (3-3)

min

Several useful graphs were produced, which showed that the flexibility of a pipe
bend was greatly influenced by a rigid flange, being varied with pipe bend parameter,
A, and the total angle of the bend, a Findlay and Spence [64] later presented a
detailed experimental analysis together with a theoretical development for the
stresses of the same problem. It was shown that the maximum stresses were greatly
influenced by the flange constraints but the maximum stress for a 180-deg bend was

not much different from the unconstrained Karman theory.
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In 1979, Whatham and Thomson [66] presented an analysis of pipe bends with
flanged tangents using the Novozhilov thin shell theory. Flexibility factors for 90 and
180-deg pipe bends with various lengths of flange tangent, L, (Fig.3.3) under
separated loading of in-plane bending and pressure loading were presented. They
concluded that flanged tangents do not affect the flexibility or stresses in a smooth

pipe bend if the tangents are more than one-pipe circumference in length.

y
l J

Fig.3.3 Pipe elbow with end flanged investigated by Whatham and Thomson [66]

In 1983, Spence and Thompson [83] presented an elastic analytical solution to obtain
the maximum stress and flexibility factor of the flanged tangent smooth pipe bend
under in-plane bending as investigated by Whatham and Thompson (Fig.3.2). The
displacements were expressed in a trigonometric series and the displacement series
coefficients were obtained by minimizing the total energy with respect to all of the
unknown coefficients. It was shown that the flexibility of a pipe bend increased
rapidly with increasing length of tangent until the tangent pipe length was
approximately equal to the pipe circumference. The flexibility of bends connected to
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tangent pipe was lower than predicted by theories ignoring end effects, particularly
for pipe bends having angle less than 90-deg. It was noted that the difference in

flexibility factor of bends with A = 3 and A = 2 was less than 6 percent for bend
angles greater than 90-deg, but increased to 13 percent for 45-deg bends. The

reduction of flexibility factor with bend angle was greater for a constant radius ratio,

Pp.

The variation of flexibility factor with pipe bend parameter was found to be

approximately linear in log-log plots for all bend angles and radius ratio. Based on

this finding, Spence and Thomson proposed a formula for flexibility factor as

follows:

k=pu—v0
k=‘u_

k=uy——

1.54
A
1.48
A
1.45
A

for p=10

N

forp=3 } (3-4)

forp=2

Py

where 4 is a correction factor whose values depend on radius ratio, p, and bend

angle, @, as tabulated below:

p 90-deg 45-deg | 20-deg
10 0.96 0.88 0.66
3 0.92 0.75 0.47
2 0.89 0.68 0.41

With regard to the maximum stress, it was found that maximum hoop stress factor

occurs approximately at ¢ = 95-deg from extrados. This angle increases with lower

bend angle and smaller radius ratio.
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In 1986, Hubner [88] used a semi-membrane theory and adopted the long radius
assumption to study the effect of end flanges on flexibility, cross-sectional distortion,
and stress distribution of a pipe bend under in-plane bending. The stresses in the
longitudinal direction were assumed as membrane states, while in the circumferential
direction were assumed to be bending stress states. The theory developed was based
on the thin shell assumption, small displacements, and the long radius assumption.
However, Hubner did not produce any useful graphs or closed form solutions for

cross-sectional ovalisation, flexibility, and stress-intensification factors.

In 2002, Orynyak [124] presented a theoretical study of the effect of end constraints
on cross-sectional ovalisation of a pipe bend. Three special cases of end effect of 90-
deg pipe bends were considered: (1) rigid fixation at both ends as shown in
Fig.3.4(a), (2) Fixation at both ends by thin rigid plate as shown in Fig.3.4(b), and (3)
both ends are connected to straight pipe tangent to the bend as shown in Fig.3.4(c).
The results were presented in the form of charts only for the circumferential

displacement at the mid-section of the bends.

® ® ©

Fig.3.4 Types of end effects considered in Orinyak’ analysis [124]
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3.2 S-Shaped Back-to-Back Pipe Bends

Natarajan and Blomfield [55] further extended their finite element analysis of end
effects on flexibility and stress factors of pipe bends under in-plane moment to study
the behaviour of 90-deg S-shaped back-to-back bends as shown in Fig.3.5. For this
kind of bend connection under an in-plane moment as shown, the lower bend (bend
A) is subjected to closing moment and the upper bend (bend B) is subjected to
opening moment. It was found that the flexibility and stresses were reduced from the
corresponding values of a single 90-deg bend. If they are connected to form an 180-

deg bend, these factors are increased.

Fixed end
Fig.3.5 S-shaped back-to-back 90-deg pipe bends

In 1989, Glickstein and Schmitz [93] performed a further finite element study of the
flexibility factor of S-shape back-to-back 90-deg pipe elbows with equal tangent as
shown in Fig.3.5 as investigated by Natarajan and Blomfield [55]. The configuration
of S-shaped elbow arrangement was further extended to include intermediate
tangents. In their studies, the length of tangent was varied, and the bend angle
consisted of 45 or/and 90-deg as shown in Fig.3.6. All the elbows analyzed had
cross-section to thickness ratio of »/# = 32.5 and radius ratio p = 3.05. The thickness
was 0.245-in and the maximum length of tangent was four times the cross-section

radius. The pipe bend parameter A was 0.0904.
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Fig.3.6 S-shaped model of pipe bends investigated by Glickstein & Schmitz [93]
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The bend arrangement of Fig.3.5 as investigated by Natarajan and Blomfield [55]
was model 4 in the analysis of Glickstein and Schmitz [93]. For this elbow
arrangement, they found that the flexibility factor was 25 percent lower than the
asymptotic formula of Clark and Reissner [20] for a single 90-deg bend. The
flexibility of the fixed bend in model 5 was 154% lower than corresponding bend in
model 4. It is surprising that the results presented by Glickstein & Schmitz show
elbows under closing moment stiffer than under opening moment. This might not be
expected, however, it should be noted that the analysis of Glickstein and Schmitz

does not take the large deformation effect into account.

In 1991, Glickstein and Schmitz [96] presented a further analysis for this problem in
regard of the maximum stresses. The main conclusion from their studies was that the
restraining effect of back-to-back elbows causes a significant reduction in the stress-

intensification factor.

3.3 FE Modeling for Pipe Elbow Analysis

This section is intended to present a brief review of finite element modeling in the
analysis of piping elbows. This should provide a clear idea on the modeling aspects

of piping elbow analysis for the studies carried out in the next chapter.

3.3.1 Piping Elbow Subjected to Bending

In 1974, Mello and Griffin [53] performed a series of inelastic (elastic-plastic) finite
element analyses to determine the plastic collapse loads of 304 stainless steel, large
diameter, long radius pipe elbows under in-plane closing moment. The analyses were
based on nominal piping dimensions: the configurations of elbow consisted of
straight tangent — quarter bend — straight tangent as shown in Fig.3.7. The specially
developed constant bending, three-node, elbow element of the MARC Finite Element
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Analysis program was used. In this special element, the end restraint of the straight
pipe at the elbow intersection is neglected, assuming constant ovalisation of cross-
section over the entire length of the bend (the pure bending assumption). Beam
elements were used for the straight tangent. The analysis accommodated material
strain hardening, stress redistribution, and ovalisation of the elbow cross-section.
They pointed out that more integration points around the pipe circumference would
give better results. This is expected, as more integration points are needed to reduce

gross discontinuities in stresses around the circumference of the elbow.

Fig.3.7 Piping elbow consists of straight tangent — quarter bend ~ straight tangent

In 1977, Kano et al [58] performed a three-dimensional finite element elastic analysis
of a pipe elbow (Fig.3.7) under in-plane and out-of-plane moment. The elbow
analyzed was thin-walled, large diameter and long radius, having 823.9 mm OD,
1219.2 mm bend radius (R), and 11.1 mm thickness (#), corresponds to 0.08 pipe
bend parameter (). One end of the tangent was fixed and the other end subjected to
in-plane and out-of-plane moment. The following three different models of element

were used:
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(1) Quadrilateral thin-shell element in the ANSYS program (SHELLA3). Using this
element, the elbow part was divided into 32 element in the circumferential
direction and 20 element in longitudinal direction. Straight tangent was divided
into 12 element in the axial direction.

(2) Quadrilateral high-order solid element in the ASKA program (HEXEC-27).
Using this element, the number of element in the circumferential and longitudinal
direction of the elbow was 16 and 10 respectively. The straight tangent was
divided into 6 element in the axial direction. Only one element through the
thickness of the elbow and straight tangent.

(3) Combination of elbow and beam element in the MARC program (ELEMENT 17
for the elbow and ELEMENT 14 for the straight tangent). The elbow part
consisted of 32 integration points and 8 elements in the circumferential and

longitudinal direction respectively.

With respect to stress distribution, fairly good agreement was obtained between the
shell element of the ANSYS and solid element of the ASKA. Computed stress by the
elbow and beam element of the MARC program were relatively large compared with
those obtained by the other two models. They pointed out that this difference is due
to the fact that the elbow elements are joined with the adjacent element only via the
central position of the section and the individual elbow element can ovalise
independently, thereby causing a rather high degree of ovalisation. In contrast to the
shell element, it was connected with one another and the ovalisation thus becomes

continuous in the axial direction due to the restraint by all adjacent elements.

In 1977, Sobel [60] used another special MARC pipe bend element (library element
17) to investigate the in-plane bending behavior of piping elbow. This element is an
axisymmetric isoparametric shell element that has been modified through the
addition of ‘beam-type’ deformation mode. The element assumes that each elbow
element deforms uniformly over the entire length of the bend with the amount of the
deformation being dependent on the magnitude of the applied bending moment. It
does not account for the stiffening effect (end effect) provided by straight portions of

the piping structures,
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The elbow configuration consists of an elbow with straight tangent attached at both
ends as typically shown in Fig.3.7. The end of one tangent was fixed and the end of
the other tangent subjected to in-plane closing moment. A finite element
convergence study was performed to find the optimum number of elements. Because
the MARC 17 element cannot account for non-uniform ovalisation of the elbow
cross-section due to end effects, only the number of integration points in the hoop
direction was refined during finite element convergence analysis. The finite element
convergence study was based on the hoop and axial stresses. The optimum (upper

bound) number of integration points in the hoop direction was proposed as follows:

ny, =0 (1<3.5) 3-5)
pY

It was concluded that the maximum stress in a 90-deg elbow under in-plane bending
is the hoop stress located very close to the crown at the inside surface, and shifted in
a very small distance toward intrados as the radius ratio o, and pipe bend parameter
A, are decreased. This might also be true for a 180-deg pipe bend, but not for a pipe

bend whose bend angle is smaller than 90-deg.

In 1979, Kano et al [65] performed a detailed finite element analysis to study the
behavior of L-shaped and U-shaped pipe elbow assemblies loaded by in-plane and
out-of-plane moments. The analysis was carried out using a doubly curved
quadrilateral thin-shell element (ELBOW6) of the FINAS computer program. The
elbow analyzed was 316 stainless steel, thin-walled, large diameter and long radius,
having 812.8 mm OD, 1219.2 mm bend radius (R), and 11.1 mm thickness (?),
corresponds to 0.0842 pipe bend parameter (A). The elbow configurations

investigated were as follows (Fig.3.8):

(1) L-shaped model: consists of straight pipe — quarter bend — straight pipe.

(2) U-shaped model-1: consists of straight pipe — 180 bend — straight pipe.

(3) U-shaped model-2: consists of straight pipe — quarter bend — straight pipe —
quarter bend - straight pipe.
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Fig.3.8 Piping elbow configuration considered by Kano et al [65]

The length of all straight tangents was 10 times the cross-section radius, except the
intermediate tangent in U-shaped model 2 was 2 times the radius of the cross-section.
One end of the assemblies was fixed and the other end subjected to in-plane and out-

of-plane lateral load.

Comparing the U-shaped model of Fig.3.8(a) and (b), they noticed that there was a
significant reduction of the maximum stresses at the center section of the assembly
(50%) if an intermediate short tangent is inserted between the two 90-deg bend,
particularly for in-plane bending. In general, the flexibility factor and stresses
obtained using the detailed finite element analysis were lower than those obtained
using the ASME Code Section III. The difference was even bigger for out-of-plane
moment, especially for U-shaped bend where torsional moment is dominant at the

mid-section of the bend.

In 1980, Dhalla [68] presented guidelines for selection of element size for a
nonlinear finite element analysis of thin-walled piping elbows. The doubly curved
rectangular isoparametric shell element of the MARC computer program was used.
The length of straight tangent was eight times the cross-section radius. One end of
the straight tangent was fully fixed and the other end subjected to an in-plane
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moment. The moment loading was applied at a beam node located at the center of the

end of the free tangent, schematically shown in Fig.3.9.

8r \

A
\ 4

Beam node
Beam element

8r

Fixed end
Fig.3.9 Pipe elbow considered by Dhalla [68] in a finite element study

A finite element convergence study was performed for elastic analysis under in-plane
moment loading to take advantage of the symmetry in geometry and deformation,
and accordingly, only one-quarter of the model was analyzed. The element size in
both hoop (circumferential) and longitudinal direction was refined independently
based on the observed hoop and longitudinal stress distribution around the mid-
elbow cross-section. It was found that the longitudinal mesh refinement does not
significantly influence either the overall deformation behavior or the maximum

stresses (at the mid-section of the elbow).
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In the study for the elastic-plastic collapse analysis, Dhalla further employed odd
number of elements around the semi-circumference so that the center of one of the
elements would be at the crown of the elbow where the maximum hoop stress is
expected to be located at this position for a 90-deg pipe elbow. Large deformation
effects were included in the analysis. Mesh refinement in the hoop direction was also
performed in the plastic collapse analysis. It was concluded that the numerical
accuracy of the plastic collapse load can be improved primarily by mesh refinement

as well as load-step refinement, and not by the inclusion of large deformation effect.

In 1980, Sobel and Newman [70] performed a simplified nonlinear finite element
analysis for the plastic bending of 304 strainless steel, 16-in piping elbow loaded by
in-plane moment, again using the library element 17 of the MARC finite element
analysis program. The main aim was to find the correlation of in-plane collapse load
between finite element analysis and experimental results. The elbow configuration
consisted of straight tangent—quarter bend-straight tangent (Fig.3.10). Each straight
portion was modeled using a beam element (library element 14). The elbow part
consisted of one element in the longitudinal direction and 34 integration points in the
circumferential direction. One end of the tangents was fixed and the other end was
subjected to an in-plane closing moment modeled as rotation controlled. Geometric
nonlinear effects (large deformation) were included in the analysis. The deformation
variable considered was rotation of the loaded end section, vertical displacement of
the loaded end and the hoop strain at the mid-section of the bend. It was found that
the maximum strain in an elbow was a hoop strain at the mid-section of the elbow
located between 90 and 100-deg from extrados. The position of the maximum hoop
strain was closer to ¢ =100-deg at the first load level and it progressively moved
toward, and eventually became closer to, the crown with increasing load. This might
be true also for elbow of 180-deg, but not for elbow whose bend angle is smaller than
90-deg, as it tends to behave like a straight pipe when the bend angle hypothetically

approaches zero.
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Fig.3.10 Pipe Elbow investigated by Sobel and Newman [70]

In 1982, Rodabaugh and Moore [77] presented the results of a finite element
parametric study for short-radius elbows with long tangents under in-plane and out-
of-plane moments. The parameters of interest were p = 2 and 3, bend angle (o) = 45.
90, and 180-deg. Pipe bend parameters (A) were in the range of 0.05 < A < 1.5.
Twenty-four models were analyzed for in-plane moment, M, and out-of-plane
moment, M,, using a finite element computer program EPACA and thick shell
element. The model consisted of a bend with straight tangents attached at both ends
(Fig.3.11). The boundary condition was fully fixed at one end of the tangent with the

other tangent subjected to in-plane or out-of-plane moment.
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Fig.3.11 Pipe elbow configuration investigated by Rodabaugh and Moore [77]

It was found that the maximum stress in most of the elbows considered for the in-
plane bending case occurred in the hoop direction on the inside surface located at the
crown of the mid-section of the elbow. For some dimensions considered, the finite
element results indicated inconsistency of the location of the maximum stress. The
fundamental finding from their finite element study was that the maximum stresses
for 90 and 180-deg elbows are not significantly affected by the straight long tangent.
For 45-deg elbows, a significant reduction in maximum stress was apparent. They
did not include elbows of bend angle less than 45-deg in their analysis, but
recommended a simple formula for the stress index with the assumption that the
stress index would be equal 1 for bend angle approaching zero. For out-of-plane
moment, the maximum stress was found to be less than those for in-plane bending as

expected, approximately by the ratio of 0.884%”.
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The finite element results also indicated that the flexibility factors of 180-deg elbows
are about the same as for 90-deg elbows in the case of in-plane bending. With the
Jjudgment that the flexibility factors for 180-deg bends should be the same as given
by the assumption of pure bending the following equations were recommended for

the in-plane flexibility factors:
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For out-of-plane bending, the equation below was proposed for flexibility factor

valid for all values of bend angles:

1.25
k, =— 3-7
=75 (3-7)

Also in 1982, Thomas [78] applied the STAGSC finite difference thin shell computer
program to analyze flexibility factor and stress indices of 90-deg pipe elbows under
in-plane and out-of-plane bending. The symmetry condition in geometry and
deformation for in-plane bending case was taken into account using only half of the
circumference. The ‘clement size’ of the elbow part in the circumferential and
longitudinal direction was 15-deg and 7.5 deg respectively. The length of straight
tangent was chosen to be 6 times the nominal radius. Two elbow geometries were
analyzed, both having wall thickness (¢) of 12.7 mm and radius ratio (R/) of 3. The
outside diameter was 610 mm and 914 mm which corresponds to pipe factors of
0.1304 and 0.0857 respectively. One end of the tangent was fully fixed and the other
and subjected to bending moment applied as a line loading varying linearly across

the pipe diameter as shown in Fig.3.12.
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Fig.3.12 Pipe Elbow investigated by Thomas [78]

The flexibility factor was computed by linearisation of the axial displacement of the
nodes at the bend-straight pipe junction to obtain the angular end rotation as the
slope of the straight line. Thomas found that a tangent length of six times the cross-
section radius was adequate to eliminate the end effect on ovalisation of the elbow
cross-section. The elbow would be twice as stiff as an isolated elbow if a rigid flange
was present at one end and a tangent pipe at the other end. The presence of a rigid
flange near one end of the elbow shifted the maximum ovalisation from the mid-
section of the elbow towards the other end. It was shown that in-plane and out-of-
plane flexibility factors become nearly compararable if rigid flanges were attached at
both ends of the elbow.
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In 1986, Sobel and Newman [89] carried out simplified and detailed finite element
analysis of piping elbows under in-plane closing moment. The elbow configuration
considered and finite element procedure were similar to their earlier work in [70].
One end of the tangent was fixed and the other end subjected to an in-plane closing
moment applied on the beam-node at the center of free end cross-section. In the
simplified analysis, the special pipe bend element (MARC element 17) was again
used to model the elbow part and the MARC beam element 14 was used to model the
straight pipe portion. Consequently, the end effect provided by the straight pipe
portion was neglected in this analysis. In the detailed analysis, an iso-parameteric,
doubly-curved, quatrilateral shell element 4 was used for the entire component
(elbow and straight tangent portion) which accounts for stress stiffening effect. The
number of elements of the elbow part was 7 elements in the axial direction and 34
elements in the hoop direction. The total number of elements and nodes was 133 and
178 respectively. The deformation variables considered were the rotation of loaded
end section, the vertical displacement of the center of this section, and the hoop
strain at the crown for the outer surface. It was found that the moment-deformation
curve predicted using the element 4 was in close agreement with the experimental
moment-deformation curve. It was also shown that the element 17 analysis
overestimated the experimental deformation, especially in the plastic region of the

moment-deformation curve.

In 1987, Dhalla [90] performed a detailed nonlinear finite element analysis of two
experimentally tested 16-in elbows loaded by in-plane moment. The elbow
configuration and boundary conditions were similar to the analysis of Sobel and
Newman [89]. Average dimensions were used which came from the pretest report.
The study used the MARC fully compatible doubly curved isoparametric thin shell
(library element 4) taking account of both geometric and material nonlinearity. The
stiffening effect of the straight tangent welded to the ends of the bend was included
in the analysis. The element size was based on the finite element convergence study
performed by Dhalla [68] leading to the number of elements and nodes of 140 and

186 respectively. The analysis showed that the shell analysis predictions [90] were in
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better agreement with the experimental results than the corresponding simplified pipe

bend analysis since the latter neglects the end stiffening effect and elbow ovalisation.

In 1988, Fujimoto and Soh [92] carried out finite element analysis of thin-walled
piping elbows under in-plane and out-of-plane moments. The elbow configuration
analyzed consisted of a 90-deg bend connected with straight tangents at both ends
(Fig.3.12). The length of each tangent was 7r, where r is the cross-section radius.
One end of the tangent was fixed and the other end was subjected to moment loading
applied as shear loading. A parametric survey of pipe factors was performed in the
region of 0.01 < A < 0.2. The radius ratio o was set to be 2 or 3. The 4-node
isoparametric shell element of the MSC/NASTRAN finite element program was used
for modeling. A flexibility factor under in-plane bending k; was derived from the
rotation &, of the end section of the loaded tangent (Fig.3.13). Accordingly, the

flexibility factor was calculated as follows:

7r

r

Fixed end

Fig.3.13 Pipe elbow investigated by Fujimoto and Soh [92]
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where E= Young’s modulus, N/mm®
I = second moment of area, mm*
€ = in-plane rotation of the end section of the loaded tangent, rad
M; = applied in-plane moment, N.mm
L = length of loaded tangent, mm
R = pipe bend radius, mm

A flexibility factor under out-of-plane bending &, was derived from the rotation 8,
and @ of the end section of the loaded tangent. Accordingly, the flexibility factor

was calculated as follows:
1
ko =5k, +k,) (3-9)

where £, and &, are the flexibility factors under an out-of-plane moment M, and M,

respectively, calculated using the following formulae:

10,
" +0.65R
k =—0to 3-10a
e 0.5R ( )
i{f’ -23L-1.021R
k, =——=° (3-10b)
0.7854R

where = the rotation about Y-axis of the end section of the loaded tangent, rad
6, = the rotation about Z-axis of the end section of the loaded tangent, rad

M, = applied out-of-plane moment, N.mm
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It should be noted from the above formula that the flexibility of the straight tangents
was included in the calculation of the flexibility factor for the pipe bend. Based on
the above procedure, empirical formula for in-plane and out-of-plane flexibility

factors was produced for radius ration p =2 and 3 in the following form:

1.65 b
k=—=|g-— 3-11
A [“ r] @-11)

where a, b, and ¢ are constants whose values depend on the radius ratio p. It was
observed that the formula proposed by Fujimoto and Soh, only the first term in the
square bracket is important, while the second term could be neglected without
significant loss in accuracy. It should be noted that large deformation effects were
not included in their analysis. This form of formula, as well as similar forms for
stress-intensification factors, will be examined in the Chapter 5 and the remaider of
the thesis.

In 1989, Suzuki and Nasu [94] performed a nonlinear finite element analysis of 12-in
and 24-in outside diameter but-welded elbows subjected to in-plane bending. The
elbow configuration consisted of a 90-deg bend having radius ratio p equal 3
connected to straight tangents at both ends. The bends and straight pipes were
modeled using the four-node flat shell element of the ADINA finite element analysis
program having five degree-of-freedom per node. The main aim was to verify the
accuracy of this element in comparison with the experimental data. The number of
elements in the longitudinal direction of the elbow part was 20. The number of
elements in the circumferential direction was 24 elements around the semi-
circumference. The element size in the hoop direction was finer around the crown
(30-deg toward intrados and extrados), being 5-deg per element. The element size of
the remaining 12 segments was 10-deg per element. Both geometric and material
non-linearity were included in the analysis. It was found in general that the finite
element results were in good agreement with the experimental load-displacement

curve, cross-sectional ovalisation, and strain distribution. However, the element size
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used in the circumferential direction was too fine which could be reduced using a

non-flat (curve) shell element.

In 1993, Hose and Kitching [99] presented a series of finite element analyses using
ABAQUS of pipe bends of laminated composite loaded by in-plane and out-of-plane
moment. The main aim was to assess the effect of straight tangent on flexibility and
stress-intensification factor. The nominal cross-section radius (r), radius ratio (R/r),
and pipe bend parameter (1) were 128.5 mm, 1.94 and 0.144 respectively. The pipe
bend was connected to straight pipe at both ends (Fig.3.14) having length of over 10
times the cross-section radius. The S8R shell element with quadratic displacement
was used. Symmetry condition in geometry and deformation under in-plane bending
was taken into consideration by modeling only one-fourth of the structure. The
element size of the elbow part in circumference and longitudinal direction was 11.25
and 7.5-deg respectively. The number of elements in the axial direction of the

attached tangent was 13,

M,

e

L=1350 mm

yz-plane

Fixed tangent

Fig.3.14 Geometry of the pipe elbow investigated by Hose and Kitching [99]
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For in-plane bending load, symmetry conditions were imposed on the model
boundary plane: z= 0 and y = x, where XY-plane is the plane of the bend in which a
90-deg elbow divided into two of 45-deg elbow by the line y = x (as shown in
Fig.3.14). For out-of-plane bending, symmetry was imposed on the plane y = x, but
antisymmetry on the plane z = 0. The end flange of the straight tangent was modeled
as a rigid body using a multi-point constraint (not shown in Fig.3.14). This was done
by connecting each of the nodes on the perimeter of the flange to the node at the
tangent pipe axis to which in-plane moment of 2.119 kN.mm was applied. The
flexibility factor under in-plane bending was calculated from the rotation of end

flange (¢) using the following formula:

k, =___Aﬁ____ (3-12)
Ra

where E = Young’s modulus, N/mm?
I= second moment of area of the pipe cross-section, mm*
@ = rotation of the end section of the loaded tangent about X-axis, rad
M; = applied in-plane moment, N.mm
L = length of the loaded tangent, mm
R = pipe bend radius, mm

a= total bend angle, rad

Elbows of bend angle 60 and 180-deg were also investigated for in-plane bending. It
was shown that the maximum stress (hoop stress) was located at the crown for the
180-deg bend, and moved progressively toward the intrados for the smaller bend
angle. This trend was also reported by Pardue and Vigness in their discussion to the
paper by Gross and Ford [25]. It was reported that the reduction in flexibility factor
for 90 and 60-deg elbows compared to 180-deg elbow was 8% and 17% respectively.

The flexibility factor for a 90-deg pipe elbow under an out-of-plane moment, M,

was calculated using the following equation:
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where @ is the out-of-plane rotation of the end section of the loaded tangent (about
the Y-axis) due to an out-of-plane moment M, (=M,). It can be seen that the length of
the tangent was included in the calculation of the flexibility factor. It was reported
that the out-of-plane flexibility factor was 11% lower than those computed under the

pure bending assumption (ignoring end effects).

In 1998, Matzen and Yu [104] performed a set of nonlinear finite element analyses to
determine the ASME Code B, stress indices for 304 stainless steel, seamless, pipe
elbows under in-plane and out-of-plane bending. The nominal radius (7), thickness
(9), and radius ratio (p) were 1.1105 in, 0.154 in, and 3 respectively. The
corresponding pipe bend parameter (A) is then 0.375. The elbow was connected to
straight pipes at both ends having ten times the radius of the cross-section in length.
Symmetry conditions in geometry and deformation under in-plane bending were
taken into account by modeling only one-quarter of the structure. The SHELLA3
element of the ANSYS v5.1 finite element analysis program was used. This is a four-
noded flat shell element with six degrees of freedom at each node: translations in the
nodal x, y, and z directions and rotations about the nodal x, y, and z axes. The
element size of the elbow section in the longitudinal and circumferential direction
was 11.25-deg and 22.5-deg respectively; the number of elements in the axial
direction of the straight tangent was 10 elements. For in-plane bending loading, one
end of the model was pinned and the in-plane moment was applied as a prescribed
displacement along the line connecting the two ends as shown in Fig.3.15. For out-
of-plane moment loading, one end of the model was fixed and the other end was
subjected to bending applied as a transverse displacement at the free end. Geometric

nonlinearity was included in the analysis.
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Fig.3.15 Pipe Elbow investigated by Matzen and Yu [104]

Matzen and Yu {104] found that in general that the stress indices obtained from the
finite element analysis were about 50% smaller than those obtained using the ASME
Code. They did not mention the source of this difference, but they were confident
about the analytical procedure they used. It is observed that the B, stress index values
they produced indicated that the indices under out-of-plane bending was greater than
those under in-plane opening moment, but smaller than those under in-plane closing
moment; this might not be expected. It could be that the element size they used was

too coarse, especially since they used a flat shell element.

In 1998, Shalaby and Younan [105] performed nonlinear finite element analysis of a
90-deg, 16-in nominal diameter pipe elbow under in plane bending. The radius ratio
(P) and wall thickness () of the elbow were 3 and 0.41 in respectively,
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corresponding to a pipe bend parameter (A) of 0.1615. The special pipe bend element
ELBOW31B of the ABAQUS finite element computer program was used in the
analysis. The element was based on a model which assumes that the ovalisation of
the cross-section is constant over the axial length of the element with the amount of
ovalisation being dependent on the magnitude of applied moment. The number of
elements was 12 elements in the longitudinal direction with the number of
integration point around the pipe cross-section and across the thickness of 20 and 7
respectively (Fig.3.16b) The elbow analyzed was neither connected to straight
tangent pipe nor terminated by flanges (Fig.3.16a). One end of the elbow was fixed
but the radial displacement was allowed to eliminate end stiffening on cross-sectional
ovalisation. The other end was subjected to an in-plane moment applied as rotation

controlled. Geometric nonlinearity was included in the analysis.

extrados
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Fig.3.16 Typical ABAQUS ELBOW element used by Shalaby and Younan [105]

Shalaby and Younan found that the maximum equivalent stress under in-plane
closing moment was located at the crown. The stress and strain distribution in the
elastic range was found to be the same between in-plane closing and opening
moment but with opposite signs. In the plastic range, it was found that, as expected,

the elbow under opening moment was stiffer than under closing moment.

In 1999, Liu et al [107] carried out a detailed linear elastic finite element analysis to

determine the ASME Code B, and C, stress indices for feeder type pipe bends. The
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8-node SOLID45 element of the ANSYS v5.3 was used. The feeder bends were
connected to straight tangents having a length of 10 times the cross-section radius.
The element size in the circumferential and longitudinal direction of the elbow part
was 10-deg and 11.25-deg respectively. The number of elements across the thickness
was 3 elements. At the end of each straight tangent pipe, 36 beam elements
(BEAM4) were used to connect the node at center of the cross-section to the nodes at
the circumference of the loaded end section, as typically shown in Fig.3.9 [Dhalla,
68). They found that in general the B, and C, stress indices were lower than those
calculated using the ASME Boiler & PV Code. It was also found for in-plane
bending that only the closing mode exhibits an actual collapse load, while the
opening mode shows the stiffening trend. They argue for this difference that the
cross-sectional ovalisation in the bend region reduces the stiffness for the closing

bending and increase the stiffness for opening bending.

In 1999, Yu and Matzen [109] extended their previous analysis of B; stress indices of
2-in nominal diameter of pipe elbows [104] to include elbows having 4, 6, and 8-in
nominal diameters and various wall thicknesses loaded by an in-plane moment.
Finite element modeling and analysis was carried out again using the SHELLA3
clement of the ANSYS finite element analysis program. The effect of tangent length
was studied under three modes of moment loading: in-plane closing, in-plane
opening and out-of-plane moment. The study of length of tangent was performed by
including geometric nonlinearity, leading to a final value of length of tangent of ten
times the cross-section radius. The results showed that elbows under in-plane
opening moment exhibit structural hardening behaviour, while elbows under in-plane
closing moment exhibit structural softening behaviour. The effect of flange location
from the elbow-straight tangent junction on the B; stress index was also studied. It
was found that the B, stress indices were slightly reduced as the flange is placed

closer to the junction.
In 2000, Ohtaki [112] investigated the elastic stresses of 90-deg pipe bends under

out-of-plane bending using finite element analysis. The analysis was based on the

displacement method using a special 4-node toroidal shell element. A parametric

96



study for two values of radius ratio (0) and five values of pipe factor (A) was carried
out. The pipe bend was discretisized into toroidal shell elements. The number of
elements in the longitudinal and circumferential directions were 6 and 16
respectively. The total number of degree of freedom was 1344. One end of the elbow
was clamped and the other end was subjected to out-of-plane moment applied as
rotation controlled. Geometric nonlinearity was included in the analysis. The
unknown displacement was obtained by minimizing the total potential energy.
Stresses distributions for the mid-section of the bend were produced which showed
that the maximum stress occurred in the hoop direction at the inside surface and has
the opposite sign to the maximum stress at the outside surface. For the same pipe
factor, A, with different radius ratio, p, the results show that a pipe bend of long

radius produces greater maximum stress.

In 2001, Kumar and Saleem [117] used ANSYS v5.3 to investigate the effect of bend
angle (o) on the B; and C; stress indices. The parameter of bend angle was 15, 30,
45, 60, 75, and 90-deg. The other parameters of interest were as follows: nominal
radius (r) in the range of 2.5 to 20 in, thickness () in the range of 0.203 to 1.031 in,
radius ratio (p) in the range of 2.6 to 3.0, and pipe bend parameter (4) in the range of
0.18 to 0.62. The finite element model was generated using the SHELL63 element of
ANSYS v5.3. This is a flat shell element having both bending and membrane
capabilities with six degrees of freedom at each node: translations in the nodal x, y,
and z directions and rotations about the nodal x, y, and z-axes. The element size in
the longitudinal and circumferential direction was 3 and 10-deg respectively. The
number of elements in the axial direction of the tangent was 15. The elbows were
connected to straight pipes of 107 in length at both ends (as shown in Fig.3.17). One
end of the tangent was fully fixed and the other end subjected to applied moment. A
moment load of 1000 1b-in was applied at the central node of the end section of the
loaded tangent. This node was connected to all nodes around the circumference of
the end section of loaded tangent, following Dhalla [68], as schematically shown in
Fig.3.9. The results show that the values of B, and C; increase as the bend angle
increases with the rate of increase reducing as the bend angle increases. They found

that in general the B, and C, stress indices produced by their analysis were much
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lower than those calculated using the ASME Code. For bend angles 90-deg and
lower, the dependence of the B, and C; on the bend angle was found to be of the

form:

(3-14a)

(3-14b)

10r

¥
Fixed end

Fig.3.17 Pipe elbows investigated by Kumar and Saleem [117]
In 2002, Kumar and Saleem [122] later extended their previous analysis [117] to

elbows with large-angle bend. The bend angles considered were 90, 105, 120, 135,
150, 165, and 180-deg. It was found for all directions of moment loading that the B;
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and C; stress indices produced in their analyses were much lower than those
calculated using the ASME Code. For bend angles in the range of 90 and 180-deg,
the dependence of the B; and C; on the bend angle was found to be of the form:

_ 1.1+0.2sin( -90)
Py

B,=1P515 (3-15b)
PV

B, 21.0 (3-15a)

It should be noted that large deformation effects were not included in their analysis,
and also that the results were found to be conservative. The reason for not including
large deformation effects in their analysis is not clear, but might be because they
used the SHELL63 element. In the preliminary study by the author of this thesis, it
was found that the SHELL63 element was not suitable for modeling curved members
when the large deformation effect included, because the element would be much
distorted in the curved region. For small deformation analysis, SHELL63 element of
the ANSYS would be acceptable to model curved members.

In 2002, Tan and Matzen [125] simulated an in-plane bending test of an L-shape pipe
bend using the SHELL181 element of the ANSYS finite element program. This
element is a four-node flat (non-curved) shell element with six degrees of freedom at
each node: translations in the x, y, and z directions, and rotations about the x, y, and
z-axes. The length of the straight tangent was approximately ten times the cross-
section radius. A quarter model was used with doubly-symmetric boundaries.
Average measured thickness was used in both the elbow portion and straight tangent
portion. The elbow portion consisted of 8 and 16 elements along the longitudinal and
circumferential directions respectively. To simulate the end fixture of the
experiment, a stiff thick plate was used; the in-plane moment was applied as
displacement control at the node located at the center of the rigid flat. Rigid body
motion was prevented by constraining the intrados nodes (this should not be
necessary if a half model was used, rather than a quarter model). Large deformation

and active stress stiffening was included in the solution control. It was found that the
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FEA results for the cross-sectional ovalisation and strains were not in good
agreement with the test results. They did not address the reason for this poor
agreement, but it could be due to the element size. It should be noted that the
element size in the longitudinal direction was 11.25-deg and the element size in the
hoop direction (responsible for the ovalisation) was 22.5-deg. This element size
might be too coarse together with the fact that a flat (non-curve) shell element was
used, resulting in a large amount of discretization error associated with the lack of
coupling between membrane and bending actions within individual elements. Cook
[113] suggested that the element size of a flat shell element should be no more than

roughly 10-deg in the hoop direction.

In 2002, Tan et al [126] simulated an out-of-plane bending test for the elbow
configuration investigated by Tan and Matzen [125]. In this simulation, the
SHELIA3 and SHELL181 of the ANSYS 5.6 were used. The shell element S8R5
and the elbow element ELBOW31 of the ABAQUS finite element package were also
used to simulate the test. In all cases, large deformation and stress stiffening were
included in the analysis. They discovered that there was a lack of convergence with
the shell analysis they used. In regard to the load-strain curve, it was found that the
agreement between FEA and experimental results was poor. Again, they did not
address the source of this problem. In fact, they used the same element size as used
by Tan and Matzen [125] and it was mentioned previously that the element size they

used was simply too coarse for a flat shell element.

3.3.2 Piping Elbows Subjected to Bending and Pressure

In this sub-section, finite element modeling of piping elbows under bending and
internal pressure is reviewed. In the remainder of the thesis, the term ‘pressure’ will

be simply used for ‘internal pressure’

In 1983, Natarajan and Mirza [80] used a doubly curved quadrilateral shell element
to study the effect of internal pressure on the stress-intensification factor of short-
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radius pipe elbows with end constraints and various bend angles loaded by in-plane
bending. One end of the tangents was fixed and the other end subjected to consistent
nodal force corresponding to an in-plane moment. The value of moment M and
internal pressure p was taken to be 197663 N.m and 0.184 MPa respectively. In their
finite element analysis, internal pressure along with in-plane moment were applied at
the same time and stress-distribution and maximum stress at the mid-section of the
bend is calculated. It was found that the moment load predominated: the pressure
load does not change the pattern of the stress distribution and the location of
maximum stress at the mid-section of the elbow from those distributions obtained
under an in-plane moment loading. This trend might be changed if the level of
internal pressure increased beyond a certain level {Boyle & Spence, 57]. For 90-deg
pipe elbows, it was shown that the pressure reduction effect on the stress-
intensification factor was greater for elbows of low pipe factor. The relation between
stress-intensification factor and the bend angle was found to be non-linear for

combined bending and pressure load.

In their study of the B, stress indices using a finite element analysis, Yu and Matzen
[109] investigated the effect of internal pressure on the B, stress indices of pipe
elbows under in-plane moment. An internal pressure of 100 psi and a displacement
controlled load associated with in-plane closing or opening moment were applied.
Incremental internal pressure was applied as a first load step and incremantal in-
plane moment was applied as the second load step. From the load versus end-
deformation curve, it was found that internal pressure tends to make the elbow
stiffer, with the stiffening changes under closing moment greater than those under

opening moment.

In 1998, Shalaby and Younan [106] performed nonlinear analysis to investigate the
effect of internal pressure on the limit moment of pipe elbows under in-plane closing
moment. The radius ratio and nominal diameter of the elbow was similar to their
previous paper [105], but with various thickness parameter (pipe schedule). Ten
values of wall thickness (#) ranging from 0.165 to 1.031 in., corresponding to pipe
bend parameters (A) between 0.0632 and 0.4417 were used. The number of elements
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and integration points was similar to the previous paper [105). Also as in their
previous paper [105] one end of the elbow was fully fixed and the other end
subjected to an in-plane closing moment. Internal pressure load was applied as the
first load-step in one step, and an in-plane moment as the second load step was
incremented in several sub-steps. The closed end condition was simulated by
applying edge pressure of the intensity of pr/2¢ at the free end of the elbows. In-plane
bending was applied in a similar manner to the previous paper [105). Both geometric
and material nonlinearity were included in the analysis. It was shown using a
moment-end rotation curve that internal pressure increased the limit moment. They
addressed this trend as a result of increasing the elbow cross-section stiffness due to
internal pressure. The stiffening effect of the internal pressure was shown to be
dependent on the cross-section to thickness ratio (#/f), being more pronounced for a
higher value of (/). It was concluded that the stiffening effect of internal pressure
was directly associated with the geometric nonlinearities by showing that neglecting

the large displacements in the analysis results in a decrease to the limit moment.

In 1999, Shalaby and Younan [108] used the same finite element modeling procedure
as in their previous analysis [106] to carry out a similar analysis to study the effect of
internal pressure on in-plane opening limit moment. As in their previous paper, only
90-deg elbows were included in the study. From the moment-end rotation curve, it
was shown for zero internal pressure that limit moments were higher in the case of an
opening moment as compared to the case of a closing moment, but the overall
behaviour in the elastic regime was the same under both closing and opening
bending. When internal pressure was included, it was shown that internal pressure
increased the limit moments for closing case, but decreased them for opening case. It
was shown also that the effect of internal pressure on the in-plane limit moment
depends on the value of pipe bend parameter, 4; it was more pronounced at low

value of A and high value of (+/7).
In 2000, Chattopadhyay et al [111] used a general-purpose finite element program

NISA to investigate the collapse moment of pressurised pipe elbows. The elbow
configuration consisted of 90-deg bend connected with straight tangents at both ends

102



having 6 times the cross-section radius in length. The radius ratio p was 3 with cross-
section radius to thickness 7/¢ in the range of 5 to 12.5, corresponding to pipe bend
parameters A in the range of 0.24 to 0.6. A twenty-node solid element was used to
model the structures. Symmetry in geometry and deformation was taken into account
by modeling only one-fourth of the structures. The total number of elements and
nodes were 195 and 1508 respectively, consisting of 15 elements in the
circumferential direction, 13 elements in the longitudinal direction, and one element
across the thickness. One end of the tangent was fully fixed and the end of the other
tangent was subjected to in-plane moment and edge pressure to simulate the closed
end condition (Fig.3.18a). A multi point constraint was used at the end of loaded

tangent.
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Fig.3.18 Pipe elbow loaded by in-plane moment and internal pressure

A constant internal pressure was applied as first load step and incremental in-plane

bending as the second load step. The minimum and maximum load step for in-piane
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moment was 10.2 and 102 kN.mm respectively. The closed end condition for the
internal pressure load was simulated by applying axial edge pressure of intensity
pr/2t at the end of the loaded tangent. The bending moment was simulated as a
triangularly varying edge pressure with a value obtained from:

o= (3-16)

where M is applied moment, c¢ is distance from the neutral axis (-r <c<r), and I is

the second moment of area of the cross-section.

Both geometric and material nonlinearity was included in the analysis. The end
rotation was derived from the finite element generated data using the following

formula;

P= tan—l(“;:ﬁ} (3-17)
2r

where u; and u; are the axial displacements of nodes at the extrados and intrados
positions respectively of the section connecting elbow with the loaded tangent
(Fig.3.18b). It should be noted that equation (3-18) assumes zero of vertical bulging
at the bend-straight pipe junction. In fact, there will be a small vertical bulging Ay at

this section, and if this effect were taken into account, equation (3-17) would

become:
o= tan“[zl;—i—’;iy) (3-18)

From the moment-end rotation curve, they showed that for zero internal pressure the
elastic response of the pipe elbows were almost the same for in-plane closing and
opening moment. Based on this elastic trend, they concluded that geometric non-

linearity was not significant in the elastic response, but could be significant in the

104



plastic response. It was shown for in-plane closing bending load that internal
pressure stiffens the elbow in the direction of applied moment, being more
significant for thinner elbows (higher value of (r/f)). A simple expression for the

effect of internal pressure on the limit moment was proposed:

M, = 1.122 + 0175p _ 0.508 p* for in - plane closing bending (3-19)
Py A
ML - 1.047 + 0124p _ 0568p2 forin - plane opening bending (3 - 20)
IVAY
. . ) Pr
where p is a dimensionless pressure: p = P
Y

and oy is the yield stress, MPa.

Equations (3-19) and (3-20) were found to be applicable for the value of pipe bend
parameter A in the range of 0.24 to 0.6, and the value of non-dimensional pressure, p
in the range of 0.0 to 1.0. By examining these equations, it can be shown that internal
pressure has a stiffening effect for A < 0,344 and a weakening effect for A > 0.344 for
the case of a closing moment. For the opening bending case, internal pressure has a

stiffening effect for A < 0.281, and a weakening effect for A >0.281.

In 2001, Mourad and Younan [118] performed non-linear analyses of pressurized
304 stainless steel 90-deg pipe elbows subjected to out-of-plane bending, mainly to
determine the out-of-plane limit moment. The bends were of short- radius having
radius ratio equal to three, where the cross-section radius was 8 in. All the geometry
considered was similar to those studied in [105]. The special elbow element
ELBOW32 of the ABAQUS finite element analysis program was used. This element
allows continuous displacement across element boundaries, uses Fourier
interpolation in the circumferential direction and quadratic polynomial interpolation
in the circumferential direction. The number of longitudinal elements was taken as
12 with the number of integration point in the circumferential direction and across

the thickness being 20 and 7 respectively, see Fig.3.15. One end of the elbow was
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fixed and the other end subjected to an out-of-plane moment loading applied as
rotation controlled. Internal pressure was incremented as the first load step and out-
of-plane moment as the second load step. Both internal pressure and moment loading
were ramped to their maximum value taking both geometric and material
nonlinearity into account. The closed end condition was simulated by applying edge
axial pressure with an intensity of pr/2¢ at the free end. It was found that internal
pressure tends to reduce the ovalisation of the cross-section. It was found also that
the critical cross-section was found to be located at the loaded end of the elbow. This
might be expected if the applied out-of-plane moment produced pure bending at the
loaded end and pure torsion at the fixed end (for a 90-deg bend). The maximum

ovalisation was also expected to occur in this section.

In 2002, Mourad and Younan [123] extended their previous analysis [118] to cover
pipe bends with different pipe bend parameters. The radius ratio, p, was similar to
the previous paper [118] but the wall thickness, ¢, varied from 0.165-in to 1.031-in,
corresponding to pipe bend parameters in the range of 0.0632 to 0.4417. The material
model, element type, and element size, was similar to the previous paper [118]. One
end of the elbow was fully fixed, but the cross-section at this section was allowed to
deform, to eliminate end effects. The pressure and bending load were applied in a
similar manner to their previous study [118]. They found that internal pressure
increased the limit moment and that the limit moment was higher for pipe bends of
high pipe bend parameters, but the effect of internal pressure were found to be more
pronounced with elbows of low pipe bend parameters (smaller wall thickness).
Comparing the results to the case of in-plane bending, they also found that the
difference in limit moment was very small between in-plane and out-of-plane closing
moment, being larger in the case of out-of-plane moment. They concluded that
internal pressure tends to maintain the roundness of the cross-section, thereby
increasing the stiffness and strength of the bend as a whole in both in-plane and out-

of-plane bending.
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3.4 Summary

Application of the finite element method to study the behavior of piping elbows
began some thirty years ago. Solid elements, shell elements, and specially developed
pipe bend elements have been used. Some researchers have shown that the finite
element results are in close agreement for models using solid and shell elements. The
results obtained using specially developed pipe bend elements are usually slightly
higher. The reason for this difference is that the ovalisation is continuous across the
element boundary for shell and solid elements, while in the case of pipe bend
clement, the ovalisation is not continuous because the element is connected only at
the element ‘centre’. Current pipe bend elements have accounted for the continuity of
displacement across the element boundary, however the usual assumptions are still
adopted in the element formulation. The shell element is believed to be the best
choice to model pipe elbow structures with almost no assumptions involved other
than the ‘thin-shell’ assumptions. However, as will be seen in the rest of the thesis,
care must be taken in deriving the flexibility factor from the nodal displacement: this
issue should not be a problem if a computer with high performance is available.
Apart from ad hoc finite element analysis of specific elbow configurations to find the
pressure reduction effect on the limit moment, it is apparent from the foregoing
review that the ‘pressure reduction effect’ on flexibility and stress-intensification
factors has never been completely examined in the available modern commercial
finite element analysis software and computer technology. The remainder of this
thesis aims to reassess the pressure reduction effects on the elastic flexibility and
stress-intensification factors by performing a non-linear finite element analysis using
ANSYS. Finite element modeling and analysis procedures will be fully described in

the next Chapter.
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CHAPTER 4

FE MODELING OF PIPING ELBOWS USING ANSYS

A fairly comprehensive review on finite element modeling in elbow analysis using
various finite element software packages has been presented in Chapter 3. Some
researchers have used special pipe bend elements with certain limitations in
accuracy. Other researchers have used solid elements suitable for thick-walled pipe,
and shell element for thin-walled pipe. In this chapter, finite element modeling and
analysis using ANSY'S shell elements is presented. In the preliminary studies of this
thesis, ANSYS v5.6 [110] was used. Most of the data used in the derivation of the
empirical formula has been generated using ANSYS v5.7 [113] and later using
ANSYS v6.1 [119]. In what follows, all the ANSYS versions used in this study will
be simply quoted as ANSYS. Throughout, the APDL (ANSYS Parametric Design
Language) based on FORTRAN code has been extensively used to develop
parametric models and to carry out a series of analyses automatically: all required
data (geometric value, and stresses) are written into files during each analysis and
generated graphically and numerically immediately afterwards. However these will

only be reported in the Appendices.

4.1 Geometry

The piping elbow configuration used in this study is of a typical straight tangent
pipe-bend-straight tangent pipe as typically shown in Fig.4.1. The length of each of
the tangent pipes was taken as fifteen times the radius of the pipe cross-section. This
length of tangent was so chosen that it is proportional to the length of elbow for



radius a ratio equal to 10, the maximum radius ratio used in this study. This length
of tangent might look disproportional for a short radius elbow, but overall, conforms
to the minimum length of tangent suggested recently by Matzen and Yu [104] of ten
times the cross-section radius, #, in order for the elbow to be unaffected by the end
condition. The ESDU Item No.75014 [54] suggested that the length of straight
tangent should be greater than 6r. The effect of using adjacent straight tangent less
than 67 will be to reduce both flexibility and maximum stress. Throughout a
convergence analysis using finite element method, Dhalla [68] also suggested that
the length of tangent pipe of 6 might be adequate to eliminate the end effect on

cross-sectional ovalisation.

157

Fig.4.1 Typical elbow configuration considered shown with attached equal tangent
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In the present study, the ends of the straight tangents are not terminated by flanged.
The introduction of flanges closer than 6r will reduce the flexibility and maximum
stress [54]. The effect of flanges becomes marked as the bend angle becomes
smaller. General solution for the effect of flange on a 180-deg pipe bend under an in-
plane bending can be found in a paper by Thailer and Cheng [44] which was
developed using the principle of minimum potential energy. Other general solution
for the effect of flange on in-plane bending behaviour of pipe bend can be found in
(49, 76, 79, 82]. Finite element code was used by Natarajan and Mrza [75] to study
the effect of flange on out-of-plane behaviour of pipe bends. The finite element code
was further used by Natarajan and Mirza [87] to carry out a similar study to that
conducted by Thomson [73] and to study the effect of flange on behaviour of 90-deg
pipe elbow [95]. The ESDU No.81041 [74] provide useful graphs for flexibility and
stresses for flanged pipe bend with various bend angle under in-plane bending which
was derived from Thomson [73] based on small deformation elastic thin shell theory
using the minimum total potential energy. An excellent survey on the end effect in

piping elbow can be found in a paper by Thomson and Spence [86].

Parameter survey has been based on a range of typical pipe geometies:

The bend angles considered were 30, 45, 60, 90, and 180-deg. The nominal radius (r)
is 6-in. It is assumed that the cross-section of the pipe is perfectly circular.
Theoretical analysis for pipe bend of non-circular (elliptical or oval) cross-section
can be found in [22, 45, 46]. The radius ratio (o = R/r) ranging from short to long
radius. Recall that Rodabaugh and George [30] assumed a long radius bend, where R
is very much bigger than . The curvature of the bend is assumed constant over the
entire length of the bend. For analysis of pipe bend in which the curvature along the
length of the bend is not uniform can be found in a paper by Kwee [69]. The pipe
schedule (wall thickness, #) was chosen in the range for a thin shell (#r < 0.1). It is
further assumed that the thickness is uniform over the entire of the structures
although it is usually expected that thickening at the intrados and thinning at the
extrados could result from bending process during manufacturing of a pipe bend. For
studies of the effect of variation in wall thickness on flexibility and stresses in a pipe

bend can be found in many published paper. Spence and Findlay [71], Kitching and
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Hose [97], and recently Cherniy [127] developed a theoretical analysis of in-plane
bending of pipe bend with variable thickness under in-plane bending. The effect of
variation in wall thickness on flexibility and stresses in a pipe bend was also
analyzed by Thomas [72] using STAGS finite element program and by Natarajan and
Mirza [84] using a specially developed doubly-curved shell element. Most of the
analyses represent the variation in wall thickness in trigonometric form such that
produces thickening at the intrados and thinning at the extrados, while thickness

remain unchanged at the crown.

Eight values of wall thickness (f) were used which ranged from 3.9624 mm to
14.2748 mm, representing pipe schedule, from sch.5s to sch.60. Corresponding pipe

bend parameters A are given in Table 4.1.

Table 4.1 Geometry of pipe elbows to be considered, » = 152.4 mm (6-in)

f, mm p:R/r
2 3 5% 6 10

3.9624 0.0520 0.0780 0.1300 0.1560 0.2600
4.5720 0.0600 0.0900 0.15600 0.1800 0.3000
6.3500 0.0833 0.1250 0.2083 0.2500 0.4167
8.3820 0.1100 0.1650 0.2750 0.3300 0.5500
9.5250 0.1250 0.1875 0.3125 0.3750 0.6250
10.3125 0.1353 0.2030 0.3383 0.4060 0.6767
12.7000 0.1667 0.2500 0.4167 0.5000 0.8333
14.2748 0.1873 0.2810 0.4683 0.5620 0.9367

For in-plane closing moment and bend angle (&) of 30, 45, and 60-deg, the analysis
was performed for radius ratios (p) equal to 2, 3, 5, and 10. For other moments, the
analysis was performed for p = 2, 3, 6, and 10. Table 4.2 summarizes the matrix of
bend angle (@) and radius ratio (o) considered in this study for in-plane (closing and
opening) moment, and out-of-plane moment. For every direction of bending, the
number of analyses were 160 (=5 values for bend angle (@) x 4 values for radius ratio
(0) x 8 values for thickness (7)). To follow closely the form of the pressure reduction

effect proposed by Rodabaugh and George [30] as given in equations (2-94) and (2-
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98), the parameters of interest were radius ratio (R/) and pipe cross-section to

thickness ratio (7/7). The results for the same value of pipe factor A were not therefore

presented.

Table 4.2 Parameter of bend angle, ¢, radius ratio, p, and direction of moment

Bend angle pP=Rir
2 3 5 6 10
30-deg Closing Closing Closing Closing
Opening Opening Opening Opening
Out Out Out Out
45-deg Closing Closing Closing Closing
Opening Opening Opening Opening
Out Out Out Out
60-deg Closing Closing Closing Closing
Opening Opening Opening Opening
Out Out Out Out
90-deg Closing Closing Closing Closing
Opening Opening Opening Opening
Out Out Out Out
180-deg Closing Closing Closing Closing
Opening Opening Opening Opening
Out Out Out Out

Referring to Table 4.2, there is no specific reason why some cases were not
investigated. In the early parametric study for closing bending, R/» = 2, 3, 5, and 10
were investigated. However, it seems that there is a big gap from R/r = 5 to 10
compared to the gap from 2 to 3, and then to 5. And then for 90 and 180-deg bend,
R/r = 6 were investigated rather than R/ = 5. For the rest of parametric study for
opening bending and out-of-plane bending, R/~ = 5 has been replaced by R/ = 6. For
similarity, it was planned to go back investigating R/ = 6 for closing bending for
bend angle of 30, 45, and 60-deg. But because of limitation of time, this analysis was
abandoned. However the derived formula might not be significantly affected.
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Since only elastic analyses will be carried out in this study, the only material
properties required in this study are Young’s modulus E, and Poisson’s ratio v. The

nominal values for E and v were taken to be 207000 N/mm? and 0.3 respectively.

4.2 Element Type and Meshing

The element type used to represent the elbow section and tangent pipe is the 8-node
high-order SHELL93 elastic element. This is a curve (non-flat) shell element with six
degrees of freedom at each node: translations in the nodal x, y, and z directions and
rotations about the nodal x, y, and z-axes. The deformation shapes are quadratic in
both in-plane directions. The curve shell element was chosen instead of a flat shell
element, mainly to avoid large discretization error, and thus, to make the results of
analysis more reliable, compared to an analysis using the same element size of a flat
shell element. Solid elements may also be used, but as shown by Matzen and Yu
[104] for typical elbow geometries, using solid elements did not improve the detail of
the result. This is probably caused by ill-conditioned finite element equations when
the wall thickness becomes very small compared with the other dimensions. Another
reason for not using solid elements is that the model will consist of an excessive
number of elements should the number of elements across the thickness be more than
one. As reported in the previous chapter, the ANSYS solid element, however, has
been used by Liu et al [107] to determine the B, and C; stress indices for feeder type
bends. ANSYS solid element was also used by Weif et al [101] to study carrying

capacity of a pipe bend under pressure cycling.

The bend part was modeled in a toroidal co-ordinate system and the straight tangent
pipes were modeled in cylindrical co-ordinate systems. Two different geometry
models were created, one for in-plane bending, in which a-half model was used due
to symmetrical nature of deformation, and a complete model for the out-of-plane
bending case. As reported in the previous Chapter, some investigators have modeled

the elbow configuration by only one-quarter of the model, taking the doubly

113



symmetric condition into consideration, see for example, Dhalla [68], Hose and
Kitching [99], Matzen and Yu [104], and Tan and Matzen [125]. However, it was
noticed that rigid body motion has to be prevented by constraining the intrados node
[Tan and Matzen, 125], resulting in a high stress concentration. For this reason, the
elbow configuration was modeled as a half, with the plane of the bend being the

plane of symmetry.

The element size in the longitudinal direction of the elbow part was chosen as 3° for
each element; the number of elements in the axial direction of each tangent pipe was
then taken to be 15 elements. The element size in the tangent pipe had no significant
influence on the general behavior of the model, provided that the transition is
sufficiently smooth and the maximum aspect ratio is maintained. To achieve this, the
element size in each tangent was generated in such a way that a smooth transition of
the element size is maintained in the elbow-straight pipe junction. The element size
in the hoop direction was chosen after performing finite element convergence
analysis. Details of the finite element convergence study are described in the

following:

4.3 Finite Element Convergence Study

It is usually necessary to perform a finite element convergence study to find the
optimum number of elements. As shown by Sobel [60], a finer mesh does not always
give an accurate result. He showed that with a certain number of elements, the
stresses converge to some value and as the number of elements increase, the stresses
become divergent. In short, the solution could become inaccurate if the element size
is too fine. In what follows, a finite element convergence study is performed to

establish the optimum number of elements.
In this study, the element size in the axial direction (3° for each element) was

maintained constant while the element size in the hoop direction was refined. The

finite element convergence analysis was performed under in-plane closing bending
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for a typical geometry of elbow configuration: &= 90°, p =3, and #/r = 0.03. The cut
end of the vertical tangent is fully fixed and bending load is applied at the cut end of
the horizontal tangent. The vertical and horizontal tangents are further quoted as
“fixed tangent” and “loaded tangent” respectively for the remainder of the thesis.
The convergence analysis was based on the amount of flattening and the stresses at
the crown of mid section of the elbows, the amount of rotation of the section
connecting the bend and straight tangent, and the displacements of the loaded end

section.

Figure 4.2 shows the amount of horizontal flattening of the crown node at the mid-
section of the elbow plotted against the number of shell element along the semi-
circumference of the bend. It can be seen that as the number of elements increases
beyond 18 along the semi-circumference, the amount of horizontal flattening does
not increase significantly. It might be concluded, based on the flattening of the cross-

section that the optimum element size in the circumferential direction is 10-deg.
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Fig.4.2 FE convergence analysis based on the amount of horizontal flattening
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Figure 4.3 and 4.4 show the longitudinal and hoop stress factor respectively at the
crown of the mid-section of the bend plotted against the number of elements along
the semi circumference. Stress factor is defined as the stress obtained from finite
element result normalized by the nominal bending stress (eqn 2-26)). Again, it can be
seen that the accuracy does not increase significantly as the number of elements

increases beyond 18 element along the semi circumference.

Figure 4.5 shows the rotation of the pipe section at the connection between the elbow
and the loaded tangent (end rotation of the elbow). It can be seen that the end rotation
of the elbow again does not increase significantly as the number of elements along

the semi circumference increases beyond 18 elements.

Figure 4.6 and 4.7 show the amount of x-displacement and downward y-
displacement respectively of the loaded end section. Again, it can be seen that the
accuracy does not increase significantly as the number of elements increases beyond

18 element along the semi circumference.
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Fig.4.3 FE convergence analysis based on longitudinal stress factor
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Fig.4.4 FE convergence analysis based on hoop stress factors
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Fig.4.5 FE Convergence analysis based on the end rotation of the elbow
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So, from the finite element convergence analysis as shown in these figures, the
element size in the hoop direction was chosen to be 10-deg. The total number of shell

elements and associated nodes are given in Table 4.3. Typical finite element mesh is

shown in Fig.4.8.

Table 4.3 Total number of shell elements and nodes

Bend angle Number of shell elements | Number of associated nodes

In-plane Out-of-Plane | In-Plane Out-of-Plane
30-deg 720 1440 2277 4392
45-deg 810 1620 2557 4932
60-deg 900 1800 2837 5472
90-deg 1080 2160 3397 6552
135-deg 1350 2700 4237 8172
180-deg 1620 3240 5077 9792
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(e)

Fig.4.8 Typical finite element mesh for piping elbows subjected to bending: (a) in-
plane bending, (b) out-of-plane bending
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4.4 Loading — Path Dependency

The loading to be applied is bending moment, M, and internal pressure, p. Bending
and pressure load might be applied in three different ways: the first is by applying
bending as the first load-step and pressure as the second load-step. The second is by
applying pressure as the first load-step followed by bending as the second load-step.

Alternatively, bending and pressure might be applied at the same time.

Bending moment might be simulated as triangularly varying gradient edge pressure
at the free end, see for example, Chattopadhyay et al [111] and Chattopadhyay [121].

The value of the edge pressure can be obtained from simple beam theory as:

o, =2 @-1)

where c is the distance from central axis (equal to 7 at extrados and — at intrados),
is the second moment area of the cross-section. (ANSYS allows doing so by using

the SFGRAD command before the edge pressure is applied).

Internal pressure at the closed end might be applied as an edge pressure acting on the
lines of the free end. The edge pressure to be applied can be obtained from the

following equation:

o,2mt=Pm’
or

ap=’;—t’ “4-2)

The edge pressure (eqn (4-2)) should be applied as ‘follower load’. Fortunately, the
ANSYS program always treats the pressure as a follower load. Pressure load is
considered as a surface load, and in ANSYS, surface load always act normal to the

deflected element surface. See section 8.1.2.3 of the ANSYS on-line help [119].
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If internal pressure with a closed end condition is applied as the first load step and
bending moment as the second, the bending moment may be simulated as
triangularly varying edge pressure, as explained by Chattopadhyay et al [111]. If
bending and edge pressure loads are applied at the same time in proportional way,
the bending can also be simulated as varying edge pressure with the magnitude of the
algebraic sum of the bending and edge pressure as shown in Fig.4.9. (The ANSYS
SFGRAD command, however, cannot be used if the bending moment is applied as
the first load step and internal pressure with closed end condition as the second,

because all subsequent edge pressure after the SFGRAD command would follow this

gradient).

e pr A L

1 2t / 2t

Fig.4.9 Bending and closed end pressure are applied as single edge pressure

To avoid this problem if any order of loading is required the bending load should be
applied on a node at the centre of the free end. This node was connected to all nodes
at the circumference of the free end using beam element having the same material
properties as the shell element but with relatively higher stiffness than the shell
element. For this purpose, the ANSYS BEAM4 element having six degrees of
freedom, the same number degree of freedom as the SHELL93 element, is used, as
shown in Fig.4.10. Another advantage of using the beam element to simulate the
rigid link at one end of the tangent is the possibility of obtaining the end reaction
force and moment should the piping bend configuration be subjected to thermal
loading. Using the ANSYS BEAM4 element to simulate the rigid link at the loaded
end section was also implemented by Liu et al [107]. However, how many times the

BEAM4 element was made stiffer than the shell element was not mentioned in their

paper.
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Fig.4.10 BEAM4 clement is used at the free end of loaded tangent

Square beam element having dimension of 12mm x 12mm has been chosen and its

Young’s modulus was determined through a convergence analysis:

The convergence analysis for determining the stiffness of the beam element in these
figures has been performed for 90-deg elbows having radius ratio (p) = 3 and
thickness to cross-section radius ratio (/) = 0.03 loaded by in-plane closing bending.
The convergence analysis was checked for stresses and horizontal flattening at crown
of the mid-section of the elbow (section A-A), rotation of section at elbow-loaded
tangent junction (section B-B), and displacements and rotation of the central node of
loaded end section (section C-C) as shown in Fig.4.11. The effect of (Epeam/Eshen) for

an out-of-plane bending were not investigated. It probably would make a difference
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since there would be some coupling bending and axial stiffness due to the

deformation of the end section. This effect, however, might not be large.

Beam node T
. o]

undeformed

Section A-A
Fig.4.11 Sections of a pipe elbow used for stiffness convergence analysis
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flattening
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From numerical point of view, it probably would not produce a significant error if
the elasticity of the beam element has the same value as the elasticity of the shell
element. However, from the trends of these graphs al always concerning in a
convergence analysis, it is clear that the stiffness of the BEAM4 element should be
greater than the stiffness of the shell element. From these figures, the Young’s
modulus of the beam element has been chosen as 1.00E+03 times the Young’s

modulus of the shell element.

The accuracy of using the beam element as a rigid link and applying the bending
moment at the beam node was tested for a straight pipe cantilever (Fig.4.17) where
the theoretical results are available in any standard engineering mechanics textbook.
The results are given in Table 4.4 for the nodal downward displacement of the loaded
end section and the axial stress at half-length of the pipe. The results were compared

with the results produced if the bending is applied as gradient edge pressure.

745
Fig.4.17 Straight pipe cantilever under bending moment
Table 4.4 Straight pipe cantilever under bending load
End displacement, mm o (MPa)
N745 N1 N218 N2 N404
Theory 1.5393 | --- e s _— 10.791
FE (BEAM4) | 1.5586 |[1.5586 |[1.5586 |[1.5586 | 1.5586 10.783
FE (SFGRAD) | --- 1.6449 | 1.6449 | 1.5977 | 1.5977 11.281
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Table 4.4 has been obtained using a bending moment of 3.6 x 10° N.mm for straight
cantilever pipe having dimensions and Young’s modulus as follows:

L =3000 mm

r=152.4 mm

t=4.572 mm (sch.10s)

E =207000 MPa

The maximum axial stress in Table 4.4 is calculated according to Equation (4-1) and

maximum displacement is calculated by the following small deformation formula:

M(x ML?
SECYEI 4-3
Y e EI(ZJM 2EI #-3)

It can be seen from Table 4.4 that there is a small cross-section distortion if the
bending load is applied as a gradient edge pressure. This is indicated by inequality of
downward displacement between nodes at the neutral axis and nodes at most distance
from the neutral axis at the loaded end. The cross-section distortion, in turn, rises the
maximum axial stress. Conversely, it is clearly seen that there is no cross-sectional
distortion, if beam element is used as rigid constraint and bending is acted on beam
node at the centre of loaded end. It should be noted that the results in Table 4.4 were
obtained under small deformation analysis. Under this condition, it is usually
expected that the finite element results (marked as BEAM4 and SFGRAD in Table
4.4) produce the same maximum stresses and deflection. The difference in Table 4.4
probably caused by the edge pressure, in which ANSYS always treats the pressure
load as follower load even in a small deformation. It is therefore suggested to
activate the large deformation effect if pressure load included in an analysis. In what
follows, the moment will be applied at the beam node and the beam elements are

used to simulate rigid link at the loaded end.
The loading consists of bending moment, M, and internal pressure, p. There is no

specific guidance for determining the level of loading. In this analysis, the level of

bending moment, M, and internal pressure, p, were establish based on a large
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deformation analysis of a 90-deg thin-wall pipe bend of short radius. Referring to

Table 4.1, the dimension used for establishing the load are:

Bend angle (@) = 90-deg
Radius ratio (0= R/r) =3
Thickness to cross-section radius ratio (¢7) = 0.026

If non-linear solution in a large deformation analysis convergence to the bending
moment M for (¢/r) = 0.026, it should also converge to the same moment M for (¢/r) >
0.026.

The procedure to establish the level of loads is as follows: A high level of in-plane
bending is applied. The load for the final converged solution is recorded and the
maximum von-Mises stress at the mid-section of the bend is recorded. And then
internal pressure alone is applied and the maximum stress at every load step is
recorded. Internal pressure that gives the same maximum von-Mises stress at the
mid-section of the bend is then chosen for the rest of the analysis. This procedure
leads to the following loads:

M=2.0E+07 N.mm
p =2.756 M.Pa (400 psi).

Referring to Table 4.1, the nominal bending and pressure stresses corresponds to the
loads applied are given in Table 4.5. The nominal bending and pressure stress is

given by equation (2-26) and (2-14) respectively.

Now that the bending and internal pressure loading can be applied in any order
without any difficulty, it needs to be checked how the order of loading influences the
behaviour. In what follows, the system under consideration is checked for typical
geometry before performing a parametric study whether the system is conservative or
non-conservative. An analysis of a conservative system is path-independent: load can

usually be applied in any order and in any number of increments without affecting
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the end result. Conversely, an analysis of a non-conservative system is path-
dependent: the actual load-response history of the system must be followed closely to
obtain accurate results. Path dependent problems usually require the loads to be
applied slowly, by dividing the load steps into many load sub-steps.

Table 4.5 Nominal bending and pressure stresses

t, mm I, mm* Nominal stresses, N/mm?®
Bending Pressure
3.9624 | 44061887 { 69.17543 53
4.5720 | 50840638 | 59.95204 45.93333
6.3500 | 70611998 | 43.16547 33.072
8.3820 | 93207837 | 32.70111 25.05455
9.5250 | 1.06E+08 | 28.77698 22.048
10.3125| 1.15E+08 | 26.57946 20.36433
12.7000| 1.41E+08 | 21.58273 16.536
14.2748 | 1.59E+08 | 19.20172 14.71174

4.5 Non-linear Solution

In a non-linear problem, the relation between applied load and resulting displacement
ceases to be linear. The fundamental characteristic of non-linear structure behaviour
is a changing structural stiffness. Large displacement and rotation (i.e., not negligible
compared with initial dimensions) is a source of non-linearity. This type of non-
linearity is called “geometric non-linearity”. Another type of non-linearity is
“material non-linearity” arising from non-linear stress-strain relation. Only the

former type of non-linearity is considered in this study.

Geometric non-linearity arises when deformations are large enough to significantly
alter the way load is applied or the way load is resisted by structures. Large rotation
also causes pressure loads to change in direction, and also to change in magnitude if
there is a significant change in the area to which the pressure load applied. This is

expected for the case of bending of a pressurised pipe bend.
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There has been some debate on the order of bending and pressure loading in a real
piping system. Some suggested that internal pressure should be applied in an initial
step and subsequently held constant. The rationale behind keeping pressure constant
is that internal pressure generally does not increase during service, whereas bending
moment may increase significantly in an accidental condition [111]. Some suggested
that bending moment could be an initial loading and internal pressure is the
subsequent loading. Some suggested that bending and internal pressure could rise at
the same time. To end this debate, preliminary studies are carried out on typical

geometry of pipe bend:

An elbow of 90-deg bend angle, radius ratio (p) = 3, and thickness to cross-section
radius ratio (#/7) = 0.03 is investigated. Large deformation effect of course is included

in the analysis.

The non-linear problem which results is solved in a sequence of linear steps. ANSYS
solves the non-linear problem using the Newton-Raphson method by dividing the
load into several sub-steps in a series of load increments. (A full description of this
method and the modified Newton-Raphson method can be found in a standard text-
book by Cook [100]). By default the convergence criteria in ANSYS was based on
force and moment. Because internal pressure produced tensile membrane and tensile
membrane stress increases the bending stiffness for pipes of sufficiently thin, non-
linear option “stress stiffening” was included in the analysis. Other non-linear
options included in ANSYS are “predicted corrector” method and “bisection”

method.

For confirmation of the path-dependency, the graph of the rotation of the pipe section
connecting the elbow and the loaded tangent is developed in Fig.4.18. The graph of
horizontal flattening plotted as radial displacement of node at the crown of the mid-
section of the bend is shown in Fig.4.19. Figure 4.20 shows the hoop stress factor
plotted for node at the crown of the mid-section. It can be seen from these figures
that the final results are not affected by the order of loading applied. In short, the

system under consideration is a conservative system (path-independent).
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Fig.4.18 End rotation plotted against loading shows path-dependency

R/r=3, t/r=0.03

0.030

1st load step o 2nd load step

0.025 4

o
o
)
o
L

o
o
g
(6]
L

rizontal flattening, dr/r

0.010 1

ho

0.005 o

0.000 ———y T
0.0 0.2 0.4 0.6 0.8 1.0 1.2 14 16 1.8 2.0
bending and pressure load

T T T

ﬁ,.

Fig.4.19 Horizontal flattening plotted against loading shows path-dependency
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Fig.4.20 Hoop stress factor plotted against loading shows path-dependency

The value of the abscissa in these figures should be easy to read. For example, if
bending load, M, followed by internal pressure, p, the value of 0.5 means M = 0.5 x
2.0E+07 N.mm, and the value of 1.5 means p = (1.5-1) x 2.756 M.Pa. If internal
pressure, p, followed by bending load, M, the value of 0.5 means p = 0.5 x 2.756
M.Pa, and the value of 1.5 means M = (1.5-1) x 2.0E+07 N.mm. If bending and
internal pressure rise at the same time, the value of 1.2 means M = 0.6 x 2.0E+07

MPa and p = 0.6 x 2.756 M.Pa.

It is interesting to note that if internal pressure is applied subsequent to bending load,
the structural response in the second load step shows a non-linear trend. The reason
for this could be explained by the “Haigh effect” The non-linearity could also be
seen if bending and internal pressure load arises at the same time in a proportional
manner. The non-linearity can hardly be seen when internal pressure is the first load

step and internal pressure is the subsequent loading.
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4.6 Summary

The details of the finite element modelling procedure to be used in this study have
been described, this includes a finite element convergence analysis and a path-
dependency study in line with the non-linear problem. It has been found that the
system under consideration is a path-independent structure. Accordingly, the bending
and internal pressure can be applied in any order without affecting the final results.
Since an objective of this thesis is to find the pressure reduction effect, it is intended
to apply bending moment as a first load step followed by internal pressure as a
second load step. By doing so the effect of internal pressure on reducing flexibility
and stresses can be evaluated for every sub-step of the analysis. This is beneficial,
because solution time is reduced as compared to the case where the pressure is a first

load step and bending is the subsequent loading.

The main results which will be presented in this work are cross-sectional ovalisation,
flexibility factors, and stress-intensification factors for in-plane bending load.
However for out-of-plane bending load, the results which will be presented are
flexibility and stress-intensification factors. The reason for this difference is that the
location of maximum radial displacement changes for every bend angle and radius
ratio, and sometimes its location also change for different values of wall thickness.
The ANSY'S general post-processor (the /POST1) and the ANSYS time-history post-
processor (the /POST26) are used to obtain the stresses and displacement. Results for
in-plane closing and opening moment will be presented in Chapter 5 and Chapter 6
respectively. The result of analysis for out-of-plane bending will be presented in

Chapter 7.
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CHAPTER 5

IN-PLANE CLOSING BENDING

A distinct feature of piping elbow deformation is the ovalisation of its cross-section
under the action of external bending moment. The ovalisation makes the elbow more
flexible than an equivalent length and cross-section of straight pipe. The presence of
internal pressure further reduces the ovalisation and stiffens the elbows in the
direction of applied bending. The purpose of this chapter is to evaluate the pressure
reduction effect on cross-sectional ovalisation, end-rotation (flexibility factors) and

stress-intensification factors resulting from the action of in-plane closing bending.

The results from the action of bending alone will be first established and formulae
for ovalisation, flexibility, and stress-intensification factors are derived. The pressure
reduction effect is then evaluated and formulae developed. The effect of bend angle
on results from both the action of bending alone and the internal pressure is also

studied.

5.1 Ovalisation Factor

Under in-plane closing moment, the cross-section deforms into an oval shape with its
major axis perpendicular to the plane of the bend. This type of deformation is here
called “positive flattening”. Positive flattening is evaluated as diameter expansion

from crown to crown at the mid-section of the bend.



Typical positive flattening for a 90-deg bend is shown in Fig.5.1. This figure is
plotted for radius ratio p = 3, and thickness to cross-section radius ## = 0.026 under

an in-plane closing moment M = 2.0E+07 N.mm.

£66-

--o--zero loading
—e—moment loading

a = 90-deg, p = 3, t/r = 0.026

£66

Fig.5.1 Typical cross-sectional ovalisation under in-plane closing bending

Recall the asymptotic solution of Clark and Reissner [24], the amount of flattening in
the horizontal direction (here defined as ‘positive flattening’) was proposed in a non-

dimensional form in eqn (2-43):

2
"t—~=,/12(1_v25(£] I, (5-1)

t] E

It can be noticed that the positive flattening proposed by Clark and Reissner is
independent of the pipe bend radius, R, and was related to the nominal bending stress
in a straight pipe, ¢,. Equation (5-1) might be used for calculation of the amount of
flattening in a straight pipe under bending. Because it was related to the nominal
bending stress in a straight pipe, eqn (5-1) will be further defined as ‘nominal

ovalisation’.
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In this section, an ovalisation factor for piping elbows under in-plane closing
moment and internal pressure will be developed, and formula for design purpose will
be proposed. Ovalisation factor, & is defined as positive flattening obtained from
finite element analysis (typically shown in Fig.5.1) divided by the nominal

ovalisation (eqn.4-1):

Sz:% (5-2)

where &, is nominal ovalisation, as given in eqn (5-1).

Figure 5.2 shows a typical moment vs. positive flattening curve plotted for a 90°
elbow under in-plane closing moment. The ordinate in Figure 5.2 is non-dimensional
moment m = M/D, where M is applied bending moment and D is the shell bending
stiffness as given in equation (2-75). It can be seen from Fig.5.2 that a pipe elbow
under in-plane closing bending exhibits a structural softening behaviour, but the

magnitude of non-linearity is essentially small.

a =90-deg, R/r = 3, t/r = 0.026

Fig.5.2 Typical moment versus positive flattening under in-plane closing bending
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Figure 5.3 shows the ovalisation factor of 90-deg pipe elbows plotted against pipe
bend parameter, A, for various radius ratio, p. It can be clearly seen that the
ovalisation factor very much depends on pipe bend parameter A and radius ratio p.
As shown in Fig.5.3, the relation of ovalisation factor, & and pipe bend parameter, A,
is essentially linear in a log-log plot, especially for elbows of short radius bend.

Accordingly, the relation can be expressed in the following form:

e=L (5-3)

in-plane closing moment, a = 90-deg

10
‘ T

——p=2
- - p=3
+p=6
--A-»p:lO ?Ni\ o4

o _»N_

- = !

o1

Fig.5.3 Ovalisation factor under in-plane closing bending for 90-deg pipe elbows

By the method of curve fitting, formulae for the ovalisation factor can be derived
from these figures. Taking the effect of radius ratio into account, the ovalisation

factors for 90-deg pipe elbows are given in the following equations:
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§=(Zf% for§=2 (5-4)
f=%%§- for§=3 (5-5)
‘f=% for§= (5-6)
é=%0576,i,‘5§ for§=1o (5-7)

In can be seen from equations (5-4) through (5-7) that the ovalisation factor is not
only function of pipe bend parameter, A, but also function of radius ratio R/r. These
equation are not in suitable form for design purposes. However these equation can be

expressed in the following form:
£=95631 .0y (5-8)
v

where f{A) represents the dependence of ovalisation factor on radius ratio, (R/). This
results in {A) be different for every radius ratio. It should be noted that eqn (5-8) was

expressed based on the ovalisation factor for a long radius bend, (R/r) = 10.

Following the procedure of Fujimoto and Soh [92], equations (5-4) through (5-7) can

be written in the following form

=236 —7~[0.9501+0.1682In(1)] for X =2 (5-9)
ﬂy r
§=0—§}$[1 1179+0.21771n(A)] for X =3 (5-10)
r
A R -11
3 ————[1 1781+ 0.19661n(4)] for = =6 (5-11)
# r
0.565 R
S =7[0 9996 +0.00011n(2)] for—=10 (5-12)
r

140



In the above formulae, the effect of radius ratio was taken into account with a
reference to the ovalisation factor for pipe elbows of radius ratio equal 10 (long
radius bend). In equation (5-12) therefore, the term in the square bracket could be
neglected without any significant loss in accuracy. Figure 5.4 shows the ovalisation
factor obtained from finite element (FE), equations (5-4) through (5-7), and
equations (5-9) through (5-11). It can be seen that the proposed equations fit well the

results from finite element.

a = 90-deg, Rir =2 a=90deg, Rir =3
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Fig.5.4 Comparison for ovalisation between derived formula and FE results

The form of formulae proposed by Fujimoto and Soh [92] for flexibility factor was
followed here for ovalisation factor. It can be seen that the dependence of ovalisation
factors on radius ratio is represented by logarithmic functions of pipe bend
parameter, A. Whereas Fujimoto and Soh [92] found that the dependence of
flexibility factor on radius ratio represented by a power function of A, see equation
(2-49) and (2-50). This difference will be considered more detail in Section 5.2
(Flexibility Factors)
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5.1.1 Effect of Bend Angle on Ovalisation Factor

To account for the effect of bend angle on ovalisation factor other than 90-deg, pipe
elbows having bend angle of 30, 45, 60, and 180-deg has been studied. Figure 5.5
through 5.8 show graphs for ovalisation factor plotted against pipe bend parameter. It
can be seen from these graphs that the relation between ovalisation factor and pipe
bend parameter is essentially linear in log-log graph for all bend angles considered,
especially for elbows of short-radius bend. For long radius elbows, the graph is not
exactly linear, especially for large angle bend (90-deg and greater), but this deviation
is not significant from the practical point of view for the purpose of development a

simple formula.

in-plane closing moment, a = 30-deg
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| i | 1
- p=3 T |
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|
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Fig.5.5 Ovalisation factor under in-plane closing bending for 30-deg pipe elbows
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in-plane closing moment, « = 45-deg
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Fig.5.6 Ovalisation factor under in-plane closing bending for 45-deg pipe elbows

in-plane closing moment, o = 60-deg
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Fig.5.7 Ovalisation factor under in-plane closing bending for 60-deg pipe elbows

143




in-plane closing moment, & = 180-deg
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Fig.5.8 Ovalisation factor under in-plane closing bending for 180-deg pipe elbows

Using the procedure described above, the ovalisation factor of pipe elbows for the

bend angles considered, can be expressed by the following approximate formula:

§=0¥5h+mMM] (5-13)

3

where a, and b are functions of radius ratio p, as given in Table.5.1 and Table.5.2

respectively.
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Table 5.1 The value of coeffecient “a” in equation (5-12) for various bend angles

P Bend angle
30-deg 45-deg 60-deg 90-deg 180-deg

2 0.4434 0.6346 0.7722 0.9501 1.1437
3 0.5395 0.7603 0.9193 1.1179 1.2303
4 0.6006 0.8293 0.9936 1.1430 1.2145
5 0.6577 0.8922 1.0509 1.1651 1.1801
6 0.6897 0.9050 1.1024 1.1781 1.1247
7 0.7235 0.9279 1.1187 1.1907 1.0705
8 0.7528 0.9454 1.1096 1.1542 1.0362
9 0.7787 0.9593 1.0751 1.0915 1.0074
10 0.7968 0.9554 1.0115 0.9996 0.9669

Table 5.2 The value of coefficient “b” in equation (5-12) for various bend angles

P Bend angle
30-deg 45-deg 60-deg 90-deg 180-deg

2 0.0543 0.0954 0.1266 0.1682 0.2156
3 0.0686 0.1219 0.1635 0.2177 0.2463
4 0.0756 0.1356 0.1802 0.2251 0.2352
5 0.0800 0.1414 0.1866 0.2161 0.2182
6 0.0816 0.1418 0.1812 0.1966 0.1806
7 0.0792 0.1326 0.1625 0.1705 0.1599
8 0.0732 0.1152 0.1310 0.1261 0.1196
9 0.0636 0.08986 0.0867 0.0673 0.0703
10 0.0526 0.0539 0.0324 0.0001 0.0151

It can be seen from these Figures and Tables that the ovalisation factor is also very
much affected by bend angle. Tables 5.1 and 5.2 indicated that the ovalisation factor
is directly proportional to the bend angle for elbows of short radius. As shown in
Fig.5.9, the curves are parallel for short-radius bends. Figure 5.10 shows that the

ovalisation factor for elbows of long radius is directly proportional to the bend angle
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for elbows of 90-deg and smaller. Figure 5.10 shows that the ovalisation factor for
180-deg elbows can be considered less than those for 90-deg elbows but greater than

those for 45-deg elbows.

short-radius elbows, p =3
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Fig.5.9 Ovalisation factor for short-radius pipe elbows with various bend angles

long radius elbows, p = 10
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Fig.5.10 Ovalisation factor for long-radius pipe elbows with various bend angles
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5.1.2 Pressure Reduction Effect

When internal pressure is applied to the ovalised elbows resulting from in-plane

bending load, it tries to push the deformed cross-section back to its original circular

shape. This phenomenon is typically shown in Fig.5.11.
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Fig.5.11 Typical pressure reduction effect on cross-sectional ovalisation

LAY

To assess the pressure reduction effect on the ovalisation factor, attention has been

focused on the radial displacement of the crown node at the mid-section of the bend,

where the maximum value is expected to be located. Fig.5.12 shows a typical

pressure — ovalisation factor curve plotted for a 90-deg bend under in-plane closing

moment.
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Fig.5.12 Pressure — ovalisation factor curve under an in-plane closing bending

In Fig 5.12, the abscissa value of 0.0 represents the final load step of the moment
loading, and the start of subsequent internal pressure loading. It can be clearly seen
that the relation between internal pressure loading and positive flattening is non-
linear. This figure shows the “Haigh effect’ [12] where non-linearity is present
whenever internal pressure acts on a pipe of non-circular cross-section. In this study,
the internal pressure load was applied to elbows of oval cross-section resulting from

an in-plane closing moment.

Fig.5.13 through 5.16 show the ovalisation factor of 90-deg pipe elbows plotted
against pipe bend parameter, A, for various radius ratio, p. These figures show clearly
that the presence of internal pressure reduces the ovalisation factor resulting from in-
plane closing moment loading. The pressure reduction is more pronounced for thin
walled piping elbows (low pipe bend parameter). It is interesting to note from these
figures that internal pressure does not always reduce the ovalisation factor, but it can
also increase the ovalisation factor, depending on the thickness to cross-section

radius ratio. In this section, the pressure reduction effect on the ovalisation factor is
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evaluated and empirical formulae are developed and proposed. The procedure of

Rodabaugh and George [30] is followed.

in-plane closing moment, a = 90-deg, R/r =2
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Fig.5.13 Pressure reduction on ovalisation factor for 90-deg elbows: R/r = 2
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Fig.5.14 Pressure reduction on ovalisation factor for 90-deg elbows: R/ =3
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in-plane closing moment, o =90-deg, R/r =6
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Fig.5.15 Pressure reduction on ovalisation factor for 90-deg elbows: R/ = 6
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Fig.5.16 Pressure reduction on ovalisation factor for 90-deg elbows: R/» =10
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In the above figures, pmax is the maximum internal pressure applied in this study
(pmax = p = 2.756 M.Pa) and p is the portion of pressure load. If internal pressure
load is divided into ten sub-steps, the graphs in the above figures represent the 2™,
4%, 6% 8% and 10® sub-step. The terms p and pmax are only used in graphs, but it

should be understood from the context.

When internal pressure is included, the ovalisation factor can be expressed in the

following form:

(5-14)

Sy =

tq|~a U
n|\
‘|>,
N’

1,2,

where & represent the ovalisation factor in the absence of internal pressure as given
in equation (5-3). The second term in the denominator represents the pressure
reduction effect: it is a function of non-dimensional pressure p/E, non-dimensional

thickness r/¢, and radius ratio R/r.

To develop an expression for the pressure reduction effect, equation (5-14) is further

written in the following form:

_f__l X¢(-§— r ﬁ) (5-15)

The left-hand side of equation (5-15) for 90-deg elbows is obtained from finite
element generated data as shown in Fig.5.13 through 5.16. This quantity is plotted
against p/E and r/f for constant radius ratio R/r, and against p/E and R/r for constant

non-dimensional thickness /2. The procedure is described as follows:

From figure 5.14 for R/r = 3, the pressure reduction as given by equation (5-15) can

be plotted against p/E and /¢ as shown in figure 5.17(a) and (b).
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Fig.5.17 Pressure reduction plotted for R/» = 3 against (a) p/E, (b) r/4.
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Figure 5.17(a) reveals that internal pressure reduces the ovalisation factor for »/¢
greater than certain value, but increases the ovalisation for »/# smaller than this value.
Figure 5.17(b) reveals that internal pressure reduce the ovalisation for /¢ > 13.33, but

increases the ovalisation for »/f < 13.33.

By plotting the pressure reduction as given by equation (5-15), similar trend was
found for R/» = 2, 6, and 10. Surprisingly, the point where the reduction effect of
internal pressure become increasing effect is identical for all radius ratio, at a value

of »/t about 13.33.

Figure 5.18 and 5.19 shows the pressure reduction effect plotted against p/E and R/r
respectively for #/» = 0.03.
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Fig.5.18 Pressure reduction for a constant r/# plotted against p/E
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Fig.5.19 Pressure reduction for a constant /¢ plotted against R/»

To follow the procedure of Rodabaugh and George [30], it is necessary to plot the
pressure reduction in a log-log plot. Figure 5.20 shows a log-log plot corresponding
to Fig.5.17 for a constant radius ratio. Pressure reduction in a log-log for a constant

thickness corresponding to Fig.5.18 and 5.19 is shown in Fig.5.21.
It should be noted that negative values could not be plotted in log-log graph.

Referring to Table 4.1, the values of thickness of 12.7 and 14.2748 are therefore not
plotted in Fig.5.20.
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Fig.5.20 Pressure reduction for constant radius ratio plotted against (a) p/E, (b) r/t
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Fig.5.21 Pressure reduction at constant thickness plotted against (a) p/E, (b) R/r
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Similar log-log plots for the pressure reduction (eqn (5-15)) to Fig.5.20 and 5.21
were plotted for all values of R/t and r/t. For brevity, those plots are not shown in this

thesis, but can be easily derived (plotted) from Fig.A5.4 of Appendix AC5 (&= 90°).

From Fig.5.20 and 5.21, it can be seen that linear relationships are obtained. There is
a slight deviation from linearity if the pressure reduction plotted against /¢ and p, but
this deviation is small. For all plots for different values of R/ and r/, it has been
found that the trends of all curves are similar. From all graphs, it has been found that
the indices of p/E, r/t, and R/r are approximately 1, 3.33, and 0.464. Careful study of
Fig.5.20 and 5.21 along with Fig.5.13 through 5.19 leads to the following equation

for ovalisation factor of 90-deg elbows:

4

- ¢ : for” >13.333 (5-16)
oYr 194 RO ¢
1+ 0.205(-—1—) (—)
EAN? r

The value of the coefficient 0.205 was obtained based on R/» = 10, p/pmax = 1.0, and
r/t = 38.461. The condition where equation is valid (for »/# > 13.33) were established
based on Fig.5.13 through 5.17 and similar plots for all radius ratio (not shown).

5.1.3 Effect of Bend Angle on Pressure Reduction

Equation (5-16) is valid for assessing the pressure reduction effect for elbows having
90-deg bend angle. In this section, the effect of bend angle on pressure reduction is

studied and simple formulae proposed.

The Ovalisation factor for in-plane closing moment for various bend angles is shown
in Fig.AS.1 through AS5.5 in Appendix ACS. By constructing similar graphs to Fig.
5.20 and 5.21 for various bend angles, approximately straight lines have again been
obtained to develop an expression for pressure reduction in term of non-dimensional

pressure p/E, non-dimensional thickness 7/, and radius ratio R#. A formula for
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ovalisation factor is then derived based on the procedures described above for 90-deg

elbows and the results are summarised in the following equations:

; o =30-deg
) : g 5-17
S AT L5 14.485 C-10
1+0.405(—X—) (—) t
E Nt r
: o =45 -deg
ép = 1 ; fors r ¢-19)
o/ 0275 ° —>13.75
1+0.305(£ 5) 3(5) t
EANt r
: o =60-deg
) ; p 5.19
S pY YA (R ML >13.447 G-
1+0.255(—— —) (—] !
EANt r
a=180-deg
(5 -20)

or §> 13.333
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wh
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N——
X
Ve
[ >
S——
o
s
2
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The conditions of validity of the above equations were based on Fig.A5.1 through
AS.5 of Appendix ACS. For a bend angle, ¢, it is interesting to note that the value of
r/t where equations are valid does not depend on radius ratio, R/r, (consequently, also
not depend on pipe bend parameter, A). From these figures, it can be noticed for all
radius ratios, that the pressure reduction (eqn (5-15)) becomes negative at the same

value of pipe bend parameter.

Equations (5-16) through (5-20) can be expressed in an alternative form by noting
that:
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Using this relation, the following expressions for ovalisation factor are also obtained

with the above limitation for the values of r/#:

- g -
$, = Y1 7 o for @ =30-deg (5-21)
1401100 2| | | =
=50
- ¢ _
= PNV e for & =45 - deg (5-22)
1+0.085 £ | = | |=
=3 ()
- ¢ -
$, = PV g for o= 60 - deg (5-23)
1+0.070 2 = |12
=) )
- ¢ _
$p = REIVIRY e for =90 - deg (5-24)
1+0.055| = | — | | =
=) ()
s, = for 2 =180-deg (5-25)

where D is the shell bending stiffness that can be found in any textbook of shell
theory as given in equation (2-75).

5.2 Flexibility Factors

The flexibility factor is defined as the ratio of end rotation of a pipe bend to the end
rotation of an equivalent length, and cross-section, of a straight pipe under the same
moment loading. There is consequently a need to calculate the end rotation of the

pipe bend end section. In what follows, the procedure to do so is described.

159



5.2.1 End Rotation

Under in plane bending load, the end of a bend at the junction with the loaded
tangent will rotate through an angle ¢, and the end of a bend at the junction with the
fixed tangent will rotate through an angle ¢,, where @; > @,. The relative end rotation
is obtained as the difference in rotation of these ends. The deflection of a piping
elbow showing these end rotations under in-plane closing moment is shown in

Fig.5.22.

Loaded end Loaded tangent Junction-1

I}

Junction-2

? |—— deformed

o / undeformed

Fixed tangent

b

Fixed end

Fig.5.22 deflection of a pipe elbow under in-plane closing bending

The rotation of both ends can be obtained in the finite element analysis from the axial
displacement of the nodes at each end of the bend-straight pipe junction. The nodal
co-ordinate system of nodes at the junction has to be in a cylindrical co-ordinate
system associated with the co-ordinate system of each tangent. This method of

finding the end rotation was implemented by Thomas [78].
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Axial displacement of nodes at junction-1 in Fig. 5.22 is plotted in Fig.5.23 for a
typical case (a = 90-deg, R/r = 3, t/r = 0.03). The displacement is plotted as the
abscissa and the position from the central axis is plotted as the ordinate. It can be
seen that the variation of axial displacement across the section is essentially linear. A
very small amount of warping (plane sections do not remain plane) can be seen, but
it is clear that the end sections rotate in an approximately planar manner. The linear
relationship between the axial displacement of nodes at the junction of the bend with

the loaded tangent written as:

Y =mx+c, (5-26)

where y is position from central axis, x is nodal axial displacement, and m; and ¢, are

constant coefficients.

junction with loaded tangent

160 T

( —e— all-nodes
120 |—-=— two-nodes

-80 +

distance from central axis, mm
)

-120 | ]

-160

axial displacement, mm

Fig.5.23 Typical axial displacement at junction of bend with loaded tangent plotted
for &= 90-deg, R/r = 3, and #/r = 0.03.
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The axial displacement of the nodes at junction-2 in Fig.5.22 is plotted in Fig.5.24.
A similar linear equation to equation (5-26) which represents the axial displacement

of nodes at the junction of the bend with the fixed tangent is:

YV, =myx+c, (5-27)

junction with fixed tangent

E e W SE— T— —
‘§ —e—all nodes ‘
= 40 e ~ =~ two-nod
§ //- - S o-nodes | |
g , 1=
E g6 -04 -0.2 i oIz 04 0{6
g | e
[ Piid
| |
-:"" l,’/ 80
9 | A
\

490
Lr 44

460 |
TOU

axial displacement, mm

Fig.5.24 Typical axial displacement at junction of bend with fixed tangent plotted for
a=90-deg, R/r = 3, and t/r = 0.03.

The relative end rotation can then be finally obtained from the trigonometric tangent

formula as follows:

1
tan(p, —¢,) = 2= (5-28)

The foregoing procedure for obtaining the end rotations was implemented by

Thomas [78]. This procedure, however, might be expensive in a non-linear finite
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element analysis, because the linear equations of the axial nodal displacement, eqns
(5-26) and (5-27), must be constructed for every load step to find the gradient: get
the axial displacement using the ANSYS general processor (the /POSTI1), put the
data into EXCEL spreadsheet, graph the data, fit the data into a linear equation, and
finally find the end rotation from the gradient of this equation.

The dashed line in Fig.5.23 and 5.24 is a straight line connecting two opposite nodes
along an in-plane diameter at the bend junction with the loaded tangent and the fixed
tangent respectively. It can be seen that the equation for this line has nearly the same
gradient as the gradient of the straight line obtained from linearisation of axial
displacement of all nodes, especially for nodes at the junction with the loaded
tangent. There is slightly greater difference in gradient (more warping) at the
junction-2, however the rotation at this end is very small compared with the other
end of the elbow (the scale is different in both Fig.5.23 and 5.24). Examination of
Fig.5.23 and 5.24 reveals that by considering only the axial displacement of two
opposite extrados and intrados nodes, produced only very small difference in relative
rotation compared to the relative rotation obtained by considering the axial
displacement of all nodes at the junction. For the sake of simplicity, it is therefore
concluded that it is sufficient to obtain the equivalent rotation from the axial
displacement of only two opposite nodes along the in-plane diameter. In this sense,

the end rotation of the loaded and the fixed tangent is obtained from:

@, =tan™ [Tfl&;—) (5-299)
1

, =tan"l(—-———2rizszJ (5-29b)
2

where, dz is the difference in axial displacement of extrados and intrados nodes

Ay is diameter contraction from extrados to intrados nodes.
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The relative end rotation is then obtained by subtraction of equation (5-29b) from
equation (5-29a). In the following, the end rotation will be calculated by means of

equation (5-29).

The latter procedure to obtain the end rotation as described above was implemented
by Chattopadhyay [111], but did not include the diameter contraction from extrados
to intrados: the second term of the denominator in the equation (5-29) was neglected

as shown in eqn (3-17).

A typical moment-end rotation curve is shown in Fig.5.25. This is plotted for a bend
angle (@) of 90-deg, radius ratio (R/¥) equal to 3, and thickness to pipe cross-section
radius ratio (#/7) equal to 0.026. It can be seen from the moment-end rotation curve
that elbows under in-plane closing moment exhibit a structural softening behaviour

but the non-linearity is essentially small.

a =90-deg, R/r =3, t/r = 0.026
18
— - FE >
O — ~ |=====Linear (FE) - — -
14 y =769.23x + 0.4331
" —— — - —
R*=0.9985
12 4 — —_———
g 10 4 . _ /7 7
] P
3 /’
6 /
4
’ 7/
0 L Ll L] Ll Ll
0.000 0.004 0.008 0.012 0.016 0.020 0.024
end rotation, do/ou

Fig.5.25 Typical moment — end rotation curve under in-plane closing bending
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The end rotation A of a straight pipe is calculated from the modified bending
formula [43]:

_ 2
Ag=ME—V (5-30)
EI

where M is the applied moment, L is the length of pipe, and I = »°t

For a solid curved beam with circular cross-section and bend angle o (L = Ra), the

end rotation can be written as:

Ac =£41;ﬁ)(£l) (5-31)

o Emn? rt

Because of the cross-sectional ovalisation, the end rotation of a pipe bend is then:

Aa _ kM ‘Vz)(!il) (5-32)
o Em® \rt

where £ is the required flexibility factor. The flexibility factor is therefore obtained
from equation (5-32) using the end rotation of the bend, A/, obtained from finite
element analysis using the linearisation procedure described in the above. All other

variables in equation (5-32) are known.

Figure 5.26 shows the flexibility factor of 90-deg pipe elbows plotted against pipe
bend parameter, 4, for various values of radius ratio, p. It can be clearly seen that the
flexibility factor is dependent on pipe bend parameter, A, and radius ratio, p, but its
dependency on the radius ratio seems to be not significant. As shown in Fig.5.26, the
relation between flexibility factor, k, and pipe bend parameter, 4, is approximately
linear in a log-log graph. Accordingly, the relation can be expressed in the following

approximation form:

165



Py L (5-33)
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a = 90-deg
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Fig.5.26 Flexibility factors under in-plane closing bending for 90-deg pipe elbows

Figure 5.26 shows that the flexibility factor for 90-deg pipe elbows can almost be
represented by a single curve for various radius ratios, p, indicating that the
flexibility factor can be expressed as a function of a single parameter, A, with little

dependency on radius ratio, p.

In this thesis an attempt is made to obtain empirical formulae for flexibility factors
from finite element generated data. As usual, flexibility factors depend on pipe bend
parameter, A: high flexibility factor is obtained for smaller pipe bend parameters. By
curved fitting and taking the effect of radius ratio into account, expressions for the
flexibility factor for 90-deg pipe elbows under in-plane closing moment can be
obtained:
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1.213 R -
k= for —=2 (5-34)
1.342 R i
k= 775 for—r- =3 (5-35)

_1.466 P R -6 (5-36)
k= IR °r7 = i
k=1% for£=10 (5-37)
. r

In can be seen from equations (5-34) through (5-37) that the flexibility factor is not
only function of pipe bend parameter, A, but also function of radius ratio R/z. These
equation are not in suitable form for design purposes. However these equation can be

expressed in the following form:

k=122 [ (2) (5-38)

where f{A) represents the dependence of flexibility factor on radius ratio, (R/). This
results in {A) be different for every radius ratio. It should be noted that eqn (5-38)

was expressed based on the asymtotic solution of Clark and Reissner [20], see
equation (2-41).

Following the procedure of Fujimoto and Soh [92], equations (5-34) through (5-37)

can be written in the following form:

1.65

k-—[o 6715-0.17161n(2)]  for p=2 (5-39

=165 [o 7800 —0.14851n(2)) for p=3 (5-40)
k= ﬁ[o 8775-0.1364In(4)] for p=6 (5-41)
k= 1ﬁ[o 988 —0.07741n(4)] for p=10 (5-42)
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In the above equations, the term outside of the square bracket is the asymptotic
solution of Clark and Reissner [20] as adopted in the current design piping code
[114, 120]. It can be seen that for pipe elbows of long radius, as indicated in equation
(5-42), the term in the square bracket might be neglected without any significant loss
in accuracy. The above form of equation for in-plane flexibility factor of 90-deg pipe
elbows was first proposed by Fujimoto and Soh [92], but the results were only
presented for p = 2 and 3, as given in equations (2-49) and (2-50). In the formulae
proposed by Fujimoto and Soh, the second term in the square bracket was expressed
in ‘power equation form’ (not in ‘logarithm form”), and seems that this term might be
totally omitted. It should be noted, however, that the large deformation effects were

not included in their analysis.

Figure 5.27 shows the flexibility factor obtained from finite element (FE), in
comparison to those calculated using equations (5-34) through (5-37), and equations
(5-39) through (5-42). It can be seen that the proposed equations fit well the results

from finite element.
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Fig.5.27 Comparison for flexibility factor between derived formula and FE results
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5.2.2 Effect of Bend Angle on Flexibility Factor

It can be visualised that as the bend angle of pipe elbows approaches ‘hypotheticals’
zero, it tends to behave as a straight pipe. To account for the effect of bend angle on
flexibility factor other than 90-deg, pipe elbows having bend angle of 30, 45, 60, and
180-deg have been studied. Figure 5.28 through 5.31 show graphs for flexibility
factor plotted against pipe bend parameter. It can be seen from these graphs that the
relation between flexibility factor and pipe bend parameter is again essentially linear

in log-log plot for all bend angles considered.
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Fig.5.28 Flexibility factors under in-plane closing bending for 30-deg pipe elbows
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Fig.5.29 Flexibility factors under in-plane closing bending for 45-deg pipe elbows
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Fig.5.30 Flexibility factors under in-plane closing bending for 60-deg pipe elbows
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Fig.5.31 Flexibility Factors under in-plane closing bending for 180-deg pipe elbows

Using the procedure described in section 5.1 for determining ovalisation factor, the

flexibility factor for pipe elbows can be expressed by the following approximate

formulae:

k=18 bn(2)] (5-43)

6
A
where coefficient a and b are functions of radius ratio, p, as summarised in Table 5.3

and 5.4 respectively.
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Table 5.3 Values for coefficient ‘a’ in equations (5-43) for various bend angles

P o
30-deg 45-deg 60-deg 90-deg 180-deg

2 0.3340 0.5120 0.5237 0.6715 0.7090
3 0.4545 0.6110 0.6990 0.7800 0.8290
4 0.5659 0.6734 0.7659 0.8133 0.8692
5 0.6280 0.7380 0.8010 0.8551 0.8950
6 0.7097 0.7853 0.8453 0.8775 0.9090
7 0.7644 0.8325 0.8679 0.9183 0.9470
8 0.8118 0.8757 0.8850 0.9433 0.9607
9 0.8536 0.9157 0.8982 0.9654 0.9714
10 0.9028 0.9470 0.9130 0.9880 0.9990

Table 5.4 Values of coefficient ‘b’ in equations (5-43) for various bend angles

P 4
30-deg 45-deg 60-deg 90-deg 180-deg
2 0.2142 0.1866 0.1911 0.1716 0.1812
3 0.2000 0.1744 0.1593 0.1485 0.1624
4 0.1707 0.1565 0.1520 0.1560 0.1499
5 0.1558 0.1486 0.1421 0.1450 0.1397
6 0.1177 0.1201 0.1240 0.1364 0.1278
7 0.0912 0.1019 0.1120 0.1230 0.1180
8 0.0647 0.0837 0.1012 0.1120 0.1089
9 0.0382 0.0655 0.0914 0.1010 0.1005
10 0.0074 0.0433 0.0820 0.0774 0.0901

It can be seen from these equations that the flexibility factor is very much influenced
by the bend angle. As can be inferred from the Tables, both terms in the square
bracket could be neglected for elbows of large angle bend (90-deg and greater) and

long radius bends. For all bend angles considered, and long radius, the second term
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in the square bracket could also be neglected. It can be concluded that the asymptotic
solution of Clark and Reissner [20] can be used only for elbows of large angle bend

and long radius.

5.2.3 Pressure Reduction Effect

It was already shown in section 1 of this chapter that internal pressure reduces the
ovalisation factor resulting from an in-plane closing bending loading. As a
consequence, it also ‘opens up’ the bend. This phenomenon is known as the Bourdon
Effect [Boyle, 115]. The theory of the Bourdon tube can be found in the paper of
Wolf [16] and Jennings [28].

Typical pressure-end rotation plots are shown in Fig.5.32, plotted for a 90-deg pipe
elbow and radius a ratio equals three. The abscissa value of 0.0 represents the final

load step of moment loading and the start of the subsequent internal pressure loading.
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Fig.5.32 Typical pressure-end rotation curve under in-plane closing bending
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It can be seen that the relation between internal pressure and end rotation is non-
linear. Figure 5.32 shows the “Haigh effect” [11]: non-linearity is present whenever
internal pressure acts on pipe of noncircular cross-section, (in this case, internal

pressure acts on oval cross-section pipe bend due to in-plane bending).

Figure 5.33 through 5.36 show the flexibility factors of 90-deg pipe elbows plotted
against pipe bend parameter, A, for various radius ratio, p, under in-plane closing
moment. It can be clearly seen that internal pressure acts to reduce the flexibility
factor (open up the bend). The reduction is more pronounced for thin walled piping
elbows (low pipe bend parameter). In the following, the effect of internal pressure on
end rotation (flexibility factor) is evaluated and formulae developed. The procedure

of Rodabaugh and George [30] is followed.
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Fig.5.33 Pressure reduction on flexibility factor for 90-deg pipe elbows: R/r = 2
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in-plane closing bending, a = 90-deg, R/r =3

28 [ ‘ T |
| ! |
| |
24 1— =i T T
\ | ‘
20 [ N l - J
“ ‘ | r ——p/pmax = 0.0
18 [ \ | ‘ ‘ ----p/pmax = 0.2 |
a ‘ . ‘ —e—p/pmax = 0.4
‘ . | | -o- p/pmax = 0.6
= :\\‘\ ’ ‘ —&—p/pmax = 0.8
' } SRS ‘ -4~ p/pmax = 1.0/
8 ‘ :
i T
| | | |
. 1 = = | | =1 ‘
. I | | 1
0 | J et | ' :
0.00 003 006 0.09 012 015 0.18 0.21 024 0.27 0.30
A

Fig.5.34 Pressure reduction on flexibility factor for 90-deg pipe elbows: R/r =3
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Fig.5.35 Pressure reduction on flexibility factor for 90-deg pipe elbows: R/r = 6
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in-plane closing bending, a = 90-deg, R/r = 10
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Fig.5.36 Pressure reduction on flexibility factor for 90-deg pipe elbows: R/» = 10

When internal pressure is included, the flexibility factor can be written in the

following form:

k =

4

(5-44)

by [ | >

15)
’t’r

where, k is the flexibility factors in the absence of internal pressure, as given by

1+xk(

Equations (5-43) and Table 5.3 and 54. The second term in the denominator
represents the pressure reduction effect on the flexibility factor. It is a function of

non-dimensional pressure p/E, non-dimensional thickness #/, and radius ratio p.

To develop the expression for X;, equation (5-44) is rewritten in the following form:

k r R
__lzxk(g,_,_) (5-45)

~
~
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The left-hand side of equation (5-45) is obtained from finite element generated data
as shown in Fig.5.33 through 5.36 for 90-deg pipe elbows. This quantity is plotted
against p/E and r/t for a constant radius ratio p, and against p/E and p for a constant

non-dimensional thickness /.

A typical pressure reduction effect on flexibility of 90-deg pipe elbows is plotted as a
log-log graph in Fig.5.37 and 5.38 for a constant radius ratio and in Fig.5.39 and 5.40
for a constant thickness. Again linear relations are obtained if the pressure reduction
is plotted against non-dimensional pressure p/E. Linear relations are also obtained if
the pressure reduction is plotted against radius ratio p. Deviation from linearity can
be seen if the pressure reduction is plotted against 7/z. In this analysis, the pressure
reduction coffcient, Xy, will be represented as straight lines and the error introduced

in doing so will be discussed at the end of this chapter.
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Fig.5.37 Pressure reduction for constant radius ratio plotted against p/E
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Fig.5.39 Pressure reduction at constant thickness plotted against p/E
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Fig.5.40 Pressure reduction at constant thickness plotted against R/»

Similar log-log plots for the pressure reduction (eqn (5-45)) to Fig.5.37 through 5.40
were obtained for all values of R/ and r/t. For brevity, again, those plots are not
shown in this thesis, but can be easily derived (plotted) from Fig.A5.9 of Appendix
ACS for a=90°. For all plots for different values of R/ and r/, it has been found
that the trends of all curves are similar. From all graphs, it has been found that the
indices of p/E, r/t, and R/r are approximately 1, 2.25, and 0.31. Study of Fig.5.37
through 5.40 along with Fig.5.33 through 5.36, suggests the following equation for

flexibility factor of 90-deg pipe elbows under in-plane bending and internal pressure:

k, = g (5- 46)

P 1+1 1.75(%)@]%@)“1

where £ is flexibility factor in the absence of internal pressure as given by equation
(5-43) and Table 5.3 and 5.4. The value of the coefficient of 11.75 in equation (5-45)
was obtained based on R/» = 10, p/pmax = 1, and #/# = 0.026. Equation (5-46) can be
directly compared with the equation proposed by Rodabaugh and George [30] as

adopted in the current design piping code [114, 120]. It can be seen that equation (5-
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46) produces greater pressure reduction — marked by the coefficient 11.75 rather than

6 in equation (2-94).

5.2.4 Effect of Bend Angle on Pressure Reduction

It has been shown in section 5.2.1 that the flexibility factor in the absence of internal
pressure is very much influenced by the bend angle. In this section, the effect of bend

angle on the pressure reduction effect is studied and simple formulae proposed.

The same procedure is applied: by constructing log-log graphs for pressure reduction
using the data of Fig.A5.6 through A5.10 of Appendix CS5, the flexibility factor

including internal pressure for various bend angles can be derived:

— —20° _
k, = T o forar=30 (5-47)
1+18.5(£X—J (—J
E At r
_ k g0
k, = 5 RO fora=45 (5-48)
1+15.65(£)(5) (-—)
E Nt r
_ k n0
k, = 7 for & =60 (5-49)
1+13.5(£X£) (—)
EAt r
k = k for & =180° (5-50)

1+9.25(£I1)A(5Jm
E At r

The pressure reduction coefficients in equation (5-46) through (5-50) are expressed
in term of non-dimensional pressure p/E, non-dimensional thickness r/¢, and radius
ratio R/7. An alternative is to express the coefficient in term of the pipe bend

parameter, A, by noting that:
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Using this relation, flexibility factors under the action of in-plane closing bending

and internal pressure can then be written in the following form:

P ’ 3 0.654
1+5.1d 27 ,14(1)
3D )\ R

I 4 " 3 r 0.573
1+430 22 AA(—)
3 R

k= k
. pr y . 0.503
1+3.70(——- A 4(——)
3D R
k =
P 0.440
14329 27 A%(l)
3 R
k =

P " 0.338
142, 55(” J (1)
R

for o2 =30-deg

fora=45-deg

fora=60-deg

for ¢ =90-deg

fora=180-deg

(5-51)

(5-52)

(5-53)

(5-54)

(5-55)

where, D is the shell bending stiffness that can be found in any textbook of shell

theory: see equation (2-75).

It can be seen from these equations that the contribution of the non-dimensional

thickness »/ to the pressure reduction effect is not significantly influenced by the

bend angle.

Equation (5-46) through (5-55) might be further simplified to find the general

formula for other bend angles, however the range of bend angle considered in this

study cover pipe elbows in practical usage.
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5.3 Stress-Intensification Factors

In the foregoing sections of this chapter, the pressure reduction effect on ovalisation
factor and flexibility factors (end rotation) has been studied and formulae have been
developed. It has long been known that the cross-sectional ovalisation results in a
stress distribution wholly different from that found in simple beam theory (c = My/I).
Von Karman {2] suggested that the maximum bending stress in a pipe bend could be

written as:

o =yM (5-56)

where v is defined as the stress-intensification factor.

In this section the formula for stress-intensification factor under the action of
bending alone will be first developed. The pressure reduction effect is then evaluated

and formulae developed. The effect of bend angle is also investigated.

Typical stress contour plots for piping elbows under in-plane closing bending are
shown in Fig.5.41 for longitudinal stress and in Fig.5.42 for hoop (circumferential)
stress. These are obtained for a 90-deg elbow having a radius ratio, p = 3, and

thickness to cross-section radius ratio, #/r = 0.026.

It can be seen from these plots that the maximum stresses in a piping elbow under in-
plane closing bending occur at the mid-section of the elbow in the hoop direction. It
is a compressive stress at the inner surface. In what follows, the hoop stresses at the
mid-section of the elbow and the location of their maximum value in the

circumferential direction is evaluated.
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(b)
Fig.5.41 Typical longitudinal stress contour plot under in-plane closing moment for

a=90-deg, R/r =3, and #/r = 0.026 plotted for (a) outer surface, (b) inner surface
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(b)
Fig.5.42 Typical hoop stress contour plot under in-plane closing moment for &= 90-

deg, R/r =3, and ¢/r = 0.026 plotted for (a) outer surface, (b) inner surface
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5.3.1 Stress Factors

Typical longitudinal and hoop stress distributions at the mid-section of the elbow are
plotted for a 90-deg elbow in Fig.5.43. The stresses are plotted from the extrados to
the intrados. The stresses have been normalized with respect to the nominal bending

stress (in a straight pipe) calculated from simple beam bending:

= (5-57)

a =90-deg, R/r = 3, t/r = 0.0417

—&— outer longitud
“A |-~ outer hoop
¥ | —a—inner longitud
360 ;
—-4A-inner hoop

olon

oY ¥

¢, deg
Fig.5.43 Stress distribution at mid-section of a 90-deg elbow due to closing bending

It can be clearly seen from Fig.5.43 that the maximum stress in a piping elbow is
several times in magnitude greater than that predicted using equation (5-57). The
maximum stress no longer occurs in the longitudinal direction, but in the hoop
direction and is compressive under in-plane closing moment. The maximum stress
also changes position from the furthest point from neutral axis, eqn (5-57) to a

position near the neutral axis.
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Figure 5.43 shows that the maximum compressive hoop stress for a 90-deg elbow
located between 90 and 100-deg in the circumferential direction, measured from the
extrados. For simplicity, the maximum stress factor (stress-intensification factor) will
be evaluated at 90-deg position (crown) for 90-deg pipe elbows. Figure 5.44 shows a
moment — stress (hoop) plot for an elbow subjected to in-plane closing moment

plotted for a 90-deg elbow having R/r = 3 and #/» = 0.026.

a =90-deg, R/r =3, t/r =0.026
18 -
y = 4125.5x + 0.4921 7~
2.
15 R®=0.998 /
12 —
P == FE ‘
> —Linear (FE) |
io /
6 /
3 /
&
O L} L L} L L) L L) L} L
0.000 0.001 0.001 0.002 0.002 0.003 0.003 0004 0.004 0.005 0.005
o JE

Fig.5.44 Moment - stress (hoop) plot for a 90-deg pipe elbow due to closing bending

The moment — stress plot in Fig 5.44 shows that a pipe elbow subjected to in-plane
closing moment exhibits a structural softening behaviour. Fig 5.44 was plotted for a
relatively thin-walled pipe to show the nonlinearirty. It can be seen that the

nonlinearity is essentially small.

Figure 5.45 shows the stress-intensification factor for 90-deg pipe elbows subjected
to in-plane closing bending. It can be clearly seen that the stress-intensification factor

not only depends on the single parameter, 4, but also depend on the radius ratio, R/r.
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Fig.5.45 Stress-intensification factor for 90-deg pipe elbows due to closing bending

Figure 5.45 shows that the stress-intensification factor for 90-deg pipe elbow cannot
be represented by a single function of pipe bend parameter, A, but shows that the
stress-intensification factor is also a function of radius ratio, R/». As shown in
Fig.5.45, the relation of stress-intensification factor, % and pipe bend parameter, 4, is

essentially linear in a log-log plot. Accordingly the relation can be expressed in the

following form:

y=L (5-58)

In this thesis an attempt is again made to obtain empirical formulae for stress-
intensification factors from finite element generated data. As shown in Fig.5.45,
stress-intensification factors depend on pipe bend parameter, A: higher stress-
intensification factor is obtained for smaller pipe bend parameters. Taking the effect
of radius ratio into account, expressions for the stress-intensification factor of 90-deg

pipe elbows subjected to in-plane closing bending are obtained:
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1240, forR =2 (5-59)

7= -
1;384 for % =3 (5-60)
=127¢ forfi:e (5-61)
=%§; for§=10 (5-62)

Equations (5-59) through (5-62) show that the stress-intensification factor as a
function of pipe bend parameter, 4, is also depending on radius ratio, R/r. However,
the above equations are not in suitable form for design purposes. It is intended to
follow the suggestion of Fujimoto and Soh [92] to express the stress-intensification
factor in term of the asymptotic solution of Clark and Reissner [20] as given in the

following form:

=1/1‘_;3?. ()] (5-63)

In equation (5-63), the term outside the square bracket is the asymptotic solution of
Clark and Reissner [20] and the term inside the square bracket represents the
dependence of stress-intensification factor on radius ratio (the function in the square

would be different for every radius ratio).

Following the procedure of Fujimoto and Soh [92] as described in the previous

sections, equations (5-59) through (5-62) can be rewritten in the following form:

=18 [0 5617-0.2092In(4)] for R =2 (5-64
,1 r

- 189 [o 7715—0.16501n(1)] for R =3 (5-65)
r

=14 —>[0.9342-0.13901n(1)] forX =6 (5-66)
,2}/ r
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y= e [0.8785—-0.20541n(1)] foe 2= = 110 (5-67)
Y r

As shown in Fig.5.45, the stress-intensification factor is directly proportional to the
inverse of radius ratio, but the first term in the square bracket in equation (5-67) for
R/r = 10 is smaller than the corresponding term in equation (5-66) for R/» = 6. Figure
5.46 shows the stress-intensification factor obtained from finite element (FE), in
comparison to those calculated using equations (5-59) through (5-62), and equations
(5-64) through (5-67). It can be seen that the proposed equations fit well the results
from finite element. In addition, the plot for the proposed design formulae, i.c.,
equations (5-64) through (5-67) coincide with those calculated using equations (5-
59) through (5-62).
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Fig.5.46 Comparison for stress-intensification factor between derived formula and

FE results
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5.3.2 Effect of Bend Angle on Stress-Intensification Factors

It can be seen once more that as the bend angle of a pipe elbow approaches a
hypothetical zero, it tends to behave as a straight pipe. The location of maximum
stress might be shifted from the crown toward the furthest location from the central
axis as in a straight pipe. To account for the effect of bend angle on stress-
intensification factor other than 90-deg, pipe elbows having bend angle of 30, 45, 60,
and 180-deg has been studied.

Figure 5.47 through 5.50 show the stress distribution at the mid-section of a pipe
elbows subjected to in-plane closing moment. These figures show that the maximum
stress for the elbow again occurs in the hoop direction, but its position moves by 10-
deg from crown toward intrados for elbow having bend angle of 30, 45, and 60-deg,

while the location of maximum stress remain at the crown for a 180-deg pipe elbow.
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Fig.5.47 Stress-distribution for 30-deg pipe elbow under in-plane closing bending
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a = 45-deg, R/r = 3, t/r =0.0417
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Fig.5.48 Stress-distribution for 45-deg pipe elbow under in-plane closing bending

a = 60-deg, R/r = 3, t/r = 0.0417

8 r ‘
| |
TN
' pe |/ /
s
& v | \ 228
,-o-.'*,-o,. b\ ’ f ‘/K ¢ ‘\‘ ‘\‘ —e— outer longitudinal
s l N JAT g ‘*} *— outer hoop
® i % q ! ~-—inner longitudinal
3 ’ s gitudina
1210 ‘,'.2“0/ 200 450 3 30 | o inner hoop
¢ [ /,/r ‘% s :
b o | !
o ¥
/

¢, deg

Fig.5.49 Stress-distribution for 60-deg pipe elbow under in-plane closing bending
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a = 180-deg, R/r = 3, t/r = 0.0417
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Fig.5.50 Stress-distribution for 180-deg pipe elbow under in-plane closing bending

In what follows, the maximum compressive hoop stress at the inner surface, defined
as the ‘stress-intensification factor’, is evaluated at any circumferential position,
depending on bend angle. For the bend angles considered in this study, the locations

of maximum stresses measured from the extrados are tabulated below:

Bend angle (a), deg 30 45 60 90 180
Position from extrados (¢), deg | 100 | 100 | 100 [ 90 90

Figure 5.51 through 5.54 show the stress-intensification factors for various bend
angles of pipe elbows under in-plane closing moment. It can be seen that the stress-
intensification factor not only depends on single parameter, A, but also depends on
radius ratio, R/r. The dependency of stress-intensification factor on radius ratio is
more pronounced for pipe elbows of small angle and less significant for large bend

angle.
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Fig.5.51 Stress-intensification factors for 30° pipe elbows due to closing bending
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Fig.5.52 Stress-intensification factors for 45° pipe elbows due to closing bending
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Fig.5.53 Stress-intensification factors for 60° pipe elbows due to closing bending
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Fig.5.54 Stress-intensification factors for 180° pipe elbows due to closing bending

It can be seen from Fig.5.51 through 5.54 that as the bend angle becomes greater, the

dependence of stresses on radius ratio becomes smaller. Figure 5.54 shows that the

stress-intensification factor for 180-deg pipe elbows is less dependent on radius ratio.
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The stress-intensification could be represented by a single line dependent only on

pipe bend parameter.

An expression for the stress-intensification factors for pipe elbows under in-plane

closing bending are obtained from these figures:

= %[a ~bln(A)] (5-68)

where the coefficient ‘a’ and ‘b’ are functions of radius ratio R/r as given in Table

3.5 and 5.6 respectively for various bend angles.

Table 5-5 Values of coefficients ‘a’ in equation (5-68) for different bend angle

R/r Bend angle
30-deg 45-deg 60-deg 90-deg 180-deg
2 0.2558 0.4175 0.5823 0.5617 0.7706
3 0.3932 0.5748 0.7312 0.7715 0.8953
4 0.4866 0.6576 0.7897 0.8617 0.9126
5 0.5476 0.7318 0.8287 0.9241 0.9087
6 0.6032 0.7620 0.8547 0.9342 0.8944
7 0.6414 0.7948 0.8733 0.9150 0.8826
8 0.6716 0.8203 0.8872 0.9019 0.8723
9 0.6961 0.8407 0.8980 0.9018 0.8633
10 0.7215 0.8410 0.9067 0.8785 0.8537
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Table 5-6 Values of coefficients ‘b’ in equation (5-68) for different bend angle

Rir Bend angle
30-deg 45-deg 60-deg 90-deg 180-deg
2 0.1333 0.1637 0.1540 0.2092 0.2145
3 0.1256 0.1437 0.1276 0.1650 0.1674
4 0.1218 0.1298 0.1106 0.1550 0.1508
5 0.1180 0.1210 0.1010 0.1500 0.1427
6 0.1158 0.1128 0.0952 0.1390 0.1440
7 0.1137 0.1103 0.0977 0.1516 0.1501
8 0.1118 0.1118 0.1070 0.1656 0.1607
9 0.1102 0.1173 0.1231 0.1884 0.1636
10 0.1092 0.1311 0.1501 0.2054 0.1711

It is interesting to note that the stress-intensification factors for 180-deg elbows are
less than stress-intensification factors for 90-deg elbows. This is contrary to the
flexibility factors where 90-deg elbows are stiffer than 180-deg elbows. The
variation of flexibility and stress-intensification factors with respect to total bend
angle is given in Table 5.7. The values in Table 5.7 are factored by the flexibility and

stress-intensification factors of 90-deg elbows.

Table 5.7 Summary of the effect of bend angle on flexibility and stresses

Bend angle, o k’koo)y | YYo0)
30-deg <1 <1
45-deg <1 <1
60-deg <1 <1
90-deg =1 =1
180-deg >1 <1
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5.3.3 Pressure Reduction Effect

For combined loading of bending and internal pressure, the total stresses from the
finite element analysis results include the toroidal membrane pressure stresses.
Recall that the definition of ‘stress-intensification factor’ adopted here is the
maximum stress in a pipe bend (in the hoop direction) divided by the nominal
bending stress in a straight pipe as given by equation (5-57). Because the stresses are
factored by the nominal bending stress, the membrane stresses due to internal
pressure as given in equation (2-15) should be subtracted from the total stresses
obtained from finite element analysis (Fig.5.55). In the theoretical analysis developed
by Rodabaugh and George [30], the toroidal membrane stresses resulting from

internal pressure load were also excluded in calculation of the stress-intensification

factor.
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Fig.5.55 Hoop stress distribution under bending and internal pressure
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Figure 5.55 shows the total hoop stress at the mid-section of an elbow under in-plane
closing bending and internal pressure, plotted for & = 90-deg, R/ = 3, and t/r =
0.0417. It can be seen that internal pressure increases the total stress. It can bee seen
from Fig.5.55 that internal pressure reduces the magnitude of compressive stress and

increase the magnitude of tension stress due to bending alone.

Figure 5.56 shows the effect of internal pressure on stress-intensification factor of a
pipe elbow under in-plane closing moment. Figure 5.56 was obtained by subtracting
the toroidal hoop stress (eqn (2-15) from hoop stress in Fig.5.55. It can be clearly
seen that the effect of internal pressure is to reduce the bending stresses. Figure 5.56
also shows that the system is bending dominated: this is indicated by the same
characteristics of stress distribution under both unpressurized and pressurized
condition. This trend was also found by Imamasa and Uragami [51] in their
experimental analysis for pipe bends. It might be expected however that this
characteristic would change if the internal pressure increased beyond a certain level
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Fig.5.56 Typical pressure reduction effect on circumferential (hoop) stress
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A typical pressure — stress (hoop) plot is shown in Fig.5.57, plotted for a 90-deg pipe
elbow and a radius ratio equals three. The abscissa value of 0.0 represents the final
load step of moment loading and the starting of the subsequent internal pressure
loading. It can be seen that the relation between internal pressure and maximum hoop
stress is non-linear. Figure 5.57 shows the ‘Haigh effect’ [11]: pipe subjected to
internal pressure departs significantly from linear behaviour if the pipe cross-section
is not circular. In Fig.5.57, internal pressure acts on oval cross-section pipe elbow

due to applied bending moment.
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Fig.5.57 Typical pressure — stress plot under in-plane closing moment

Stress-intensification factors for 90-deg pipe elbows loaded by in-plane closing
moment is shown in Fig.5.58 through 5.61 for various radius ratio. It can be clearly
seen that the presence of internal pressure is to reduce the stress-intensification
factor. The reduction is more pronounced for elbows having low pipe bend
parameter, A (small thickness and short radius bends). In this section, the effect of

internal pressure on reducing stress-intensification factor is evaluated, and empirical
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formulae for stress-intensification are proposed. The same procedure used in section

5.2.3 is followed.

in-plane closing bending, @ = 90-deg, R/r = 2
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Fig.5.58 Pressure reduction on stress-intensification for 90° pipe elbow: R/» =2
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Fig.5.59 Pressure reduction on stress-intensification for 90° pipe elbow: R/r =3
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in-plane closing bending, @ = 90-deg, R/r =6
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Fig.5.60 Pressure reduction on stress-intensification for 90° pipe elbow: R/» =6
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Fig.5.61 Pressure reduction on stress-intensification for 90° pipe elbow: R/» = 10

When internal pressure is included, the stress-intensification factor can be expressed

in the following form:
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(5-69)

Y
1+X,.(£,£,£)
Et'r

where, ¥ and v, are stress-intensification factors with and without internal pressure

respectively.

To obtain the pressure reduction, i.e., the second term in the denominator, equation

(5-69) is rewritten as:

r
>
t r

E”

_7__1=X,(£,
7, E

) (5-70)
The left-hand side of equation (5.70) is obtained from finite element generated data
as given in Fig.5.58 through 5.61 for 90-deg pipe elbows, and the right hand side is

the incremental pressure load and geometric parameter.

A typical pressure reduction effect on stress-intensification is plotted as a log-log
graph in Fig.5.62 for constant radius ratio R/# and in Fig.5.63 for constant non-
dimensional thickness /¢. These plots are obtained for 90-deg pipe elbows extracted
from Fig.5.58 through 5.61. The pressure reduction effect is plotted as the ordinate
and incremental internal pressure and geometric parameter are plotted as the

abscissa.

It can be seen from these figures that straight lines are obtained if the pressure
reduction is plotted against the non-dimensional pressure p/E. There is a slight
deviation from a straight line if the pressure reduction is plotted against geometric
parameter r/¢ and R/r. In this analysis, the pressure reduction will be fitted as straight

lines and the error introduced will be discussed at the end of this chapter.
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Fig.5.62 Pressure reduction for constant radius ratio plotted against (a) p/E, (b) r/t
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Similar log-log plots for all geometry (radius ratio and thickness) was constructed,
Again for brevity, these plots are not shown in this thesis, but it should be easily
constructed from Fig.AS5.14 of Appendix C5. From all the plots, it has been found
that the index of p/E, r/t, and R/r is approximately equal to 1, 2.33, and 0.435

respectively.

From a careful observation of Fig.5.62 and 5.63 and similar plots for all geometry
considered along with Fig.5.58 through 5.61, the following expression is proposed
for stress-intensification factors of 90-deg elbows under in-plane closing moment

and internal pressure:

7, = z (5-71)

7 0435
1+ 10.25(£Xi) ’ (BJ
E ANt r

where yis stress-intensification factor in the absence of internal pressure as given by
equation (5-53) and Table 5.7 and 5.8. The value of coefficient of 10.25 in equation
(5-71) was established based on R# = 10, ¢/ = 0.026, and p/pmax = 1.0. Eqn (5-71)
can be directly compared with the equation proposed by Rodabaugh and George
[30]. It can be seen that equation (5-56) produces greater pressure reduction —

marked by the coefficient 10.25 rather than 3.25 in equation (2-98).

5.3.4 Effect of Bend Angle on Pressure Reduction

It has been shown in section 5.3.2 that the stress-intensification factor for
unpressurized pipe elbows is very much influenced by the total angle of the bend. In
this section the effect of bend angle on pressure reduction is studied and formulae

again derived:

The same procedure can be applied for different bend angles. By constructing log-log

graphs for pressure reduction for all geometry using the data from Fig.A5.11 through
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AS5.15 of Appendix C5, flexibility factors of pressurized elbows under in-plane

closing moment are proposed as follows:

_ Y =130.- -
Y, = RV for @ =30-deg (5-72)
1+16.90(£)(—) (—)
E Nt r
_ Y 45, )
Yo = - 7 RRZT for @ =45 - deg (5-73)
1+12.50(£ —) (-—)
E Nt r
Y, = 4 for @ =60-deg (5-74)

for @ =180 -deg (5-75)

y, = 4 =
4 7 0.567
1+ 7.50(£Xﬁ) ’ [5)
EAt r

The pressure reduction in Equations (5-71) through (5-75) are expressed in terms of
non-dimensional pressure p/E, non-dimensional thickness r/#, and radius ratio R/r.

Again, an alternative can be obtained by noting that:

(2 -2

Using this relation, the stress-intensification factors of piping elbows subjected to

combined bending and in-plane closing moment can be written as:

y,= rf' - for & =30° (5-76)
1+4.65 2 |#% (L)
30 ) \®
y, = Y _ for @ =45° (5-77)
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y = Y for & = 60° (5-78)
P 2

— for & =90° (5-79)
1+2. 80(” )
3D

for ¢ =180° (5-80)
1+205(’”J Ve ’
3D

The formulae in equations (5-71) through (5-80) if necessary can be further
simplified into the following form:

The simplification of the formulae aims to find the coefficient 4 and B, and the
power m and n as a function of bend angle, a. This simplification will not be
processed any further here as the bend angles considered in this study have covered

pipe elbows dimension in practical usage.

5.4 Discussion

In the previous sections of this chapter, formulae for ovalisation, flexibility, and
stress-intensification factors of piping elbows under in-plane closing moment have

been developed. The pressure reduction effect corresponding to the work of
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Rodabaugh and George [30] has also been developed. The formulae have been
derived through simple curve fitting. Of course some error will be introduced, since
the coefficient of the pressure reduction effects were obtained from one particular
data set geometry and generalised for the whole data. The indices of p/E, r/t, and R/r
were based on long radius bend (R/+ = 10), thin pipe (/7 = 0.026), and p = 400 psi.
The error introduced as a result of these approximations will be discussed in this

section.

In developing the formula for unpressurised pipe elbows, the effect of radius ratio
has been taken into account. In many theoretical developments, for example the work
of von Karman [2], Rodabaugh and George [30] and others, the radius of the bend
was assumed to be much greater than the cross-section radius and the result obtained
then applied even to bends of short radius. As has been shown in the foregoing
sections, there is a great influence of radius ratio on ovalisation, flexibility, and

stress-intensification factors.

It is well known that an elbow’s enhanced flexibility and stress-intensification arises
from the cross-sectional ovalisation due to bending. However, the effect of various
geometric parameters on ovalisation, flexibility, and stress-intensification factor is

not necessarily identical either in trend or magnitude.
S.4.1 Unpressurized Conditions
For in-plane closing bending alone (without internal pressure), the ovalisation,

flexibility, and stress-intensification factors have been expressed in the following

form:

0;65 [a+b1n(2)] (5-81)

1 65 163 bin(a)] (5-82)
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y= l'-8—9[a —bin(4)] (5-83)
2

where a and b are coefficients describing the dependence of ovalisation, flexibility
and stress-intensification factors on the radius ratio, o: they are different for different
bend angle for ovalisation, flexibility and stress-intensification factors. The term
outside the square bracket for ovalisation factor was established based on the
ovalisation for long-radius bend (R# = 10), while the terms outside the square
bracket for flexibility and stress-intensification factors are the asymptotic solution of

Clark and Reissner [20].

It has been shown in the foregoing sections that a plot of ovalisation and stress-
intensification factors against pipe bend parmeter, A, show higher dependency on
radius ratio, p, especially for large angle bends, compared to a similar plot for
flexibility factor. The reason for this difference arises from the normalisation.
Flexibility factor was obtained as the ratio of end rotation of a pipe bend to the end
rotation of an equivalent straight pipe under the same bending load, as given by
equation (5-31). It can be seen that the parameter R appears in equation (5-31)
resulting in the flexibility factor being less dependent on radius ratio. The ovalisation
and stress-intensification factor was obtained using equations (5-1) and (5-57)
respectively for normalisation. It can be seen that there is no dependence on the
parameter R in both equations and it has been defined as nominal ovalisation and
nominal stress respectively. However for large angle bends (90-deg and greater), the
effect of radius ratio on ovalisation, flexibility, and stress-intensification factors
become less significant. This is expected since the difference of length between the

extrados and the intrados become smaller.

Figure 5.64 shows the flexibility factor of 90-deg pipe elbows obtained from the
present analysis as given by equation (5-40) for radius ratio p = 3, in comparison
with the available theoretical results. It can be seen that the result from the present
analysis is relatively higher than the asymptotic solution of Clark and Reissner [20]
as adopted in the ASME B31.1 [114] and ASME B31.3 [120] and higher than the
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von Karman third approximation. This is probably caused by the large deformation
effect activated in the present analysis. The theoretical results in Fig.5.64 have been
derived based on small deformation assumptions. The other sources of discrepancies

are believed to result from the assumptions involved in the theoretical development.
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Fig.5.64 Flexibility factors for 90-deg pipe elbows under in-plane closing bending

Figure 5.65 shows the stress-intensification factor for 90-deg pipe elbows obtained
from the present analysis as given by equation (5-65) for radius ratio p = 3, in
comparison with the result of Markl’s fatigue test as adopted in ASME B31.1 [114]
and ASME B31.3 [120]. The figure also shows the stress-intensification factor
obtained by Clark and Reissner [20] using the asymptotic solution. It can be seen that
the result from the fatigue test due to Markl [23] is approximately half of the
asymptotic solution of Clark and Reissner [20]. The results from the present finite
element analysis using ANSYS are higher than the asymptotic solution of Clark and
Reissner [20] for elbows of low pipe factors but slightly lower for elbows of high

pipe factors. Again, it is argued that this discrepancy results from the large
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deformation effect included in the present analysis, whereas small deformation

assumption was made in the asymptotic solution of Clark and Reissner [20].
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Fig.5.65 Stress-intensification factors for 90-deg pipe elbows under closing bending

5.4.2 Pressurized Conditions

In developing the formulae for the pressure reduction effect, the following approach

has been applied:

(1) The relation of pressure reduction and nondimensional pressure p/E,
nondimensional thickness 7/#, and radius ratio R/ is linear in a log-log graph.
Accordingly, the pressure reduction can be expressed as a power law.

(2) The index of non-dimensional pressure, p/E, non-dimensional thickness, »/¢ and

radius ratio, R/r has been based on one-particular geometry.
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Using this approach and taking the effect of bend angle into account, the following

formula has been developed:

Qvalisation factor:

£ = s (5-84a)
4 l% R m
A2 ()
E ANt r
£ = S (5-84b)
a2 1)% (5)
3D \A r
Flexibility factor:
k
b = (5-85a)
P % R m
A2 ()
EANt r
k= k (5-85b)
R
1+ Bl — |4 4(——)
3D R
Stress-intensification factor:
_ 4 (5-86a)
yp % R m
A3 )
EAt r
y, = Y (5-86b)

1+B(££’-);.%(L]"
30 )" R

where 4, B, m, and n are a function of bend angle, ¢, as summarised in Table 5.8,
5.9, and 5.10 for ovalisation, flexibility, and stress-intensification respectively.
Notice these values are different for ovalisation, flexibility, and stress-intensification

factors.
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Table 5.8 Values for 4, B, m, and n in equation (5-84) for ovalisation factor

Bend angle, A B m N
30-deg 0.405 0.110 0.165 0.530
45-deg 0.305 0.085 0.275 0.670
60-deg 0.255 0.070 0.355 0.765
90-deg 0.205 0.055 0.465 0.860
180-deg 0.155 0.045 0.590 0.970

Table 5.9 Values for 4, B, m, and » in equation (5-85) for flexibility

Bend angle, o A B m N
30-deg 18.50 5.10 0.096 0.654
45-deg 15.65 4.30 0.177 0.573
60-deg 13.50 3.70 0.247 0.503
90-deg 11.75 3.25 0.310 0.440
180-deg 9.25 2.55 0.412 0.338

Table 5.10 Values for 4, B, m, and n in equation (6-86) for stress-intensification

Bend angle, o A B m N
30-deg 16.90 4.65 0.197 0.47
45-deg 12.50 3.45 0.318 0.35
60-deg 10.25 2.82 0.407 0.26
90-deg 10.25 2.80 0.435 0.23
180-deg 7.50 2.05 0.567 0.10

Equation (5-84) applicable for pipe elbows of thin-walled. Equation (5-84) need to
be modified for thick-walled pipe bends. This is subjected to further research. Figure
A3.1 through A5.5 of Appendix C5 (appendix to this Chapter) shows roughly the
value of r/¢ at which equation (5-84) applicable.
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It is worth investigating the error introduced as a result of the two approaches used

here. The error is calculated here as a percentage:

Err =

_ S 100% 5.87
IF‘xIOO/ ( )

where fd represents cither ovalisation, flexibility, or stress-intensification obtained
using the derived formula, and fe is data obtained directly from finite element results.
Using this definition, the maximum error in percent is given in Table 5.11; 5.12; and

5.13 for ovalisation, flexibility, and stress-intensification respectively:

Table 5.11 Maximum error for ovalisation

a Err, %
Rir=2 R/r=3 Rir=5 Rir=6 R =10
30-deg 10.6 8.1 8.6 - 10.2
45-deg 49 4.6 43 - 6.4
60-deg 52 4.6 43 --- 7.7
90-deg 5.0 45 - 4.0 7.6
180-deg 5.0 5.5 6.9 8.8

Table 5.12 Maximum error for flexibility

o Err, %
Rir=2 Rir=3 Rir=5 Rr=6 Rr=10
30-deg 7.6 5.9 42 .- 6.1
45-deg 4.3 3.7 2.0 54
60-deg 3.2 3.0 1.9 - 5.1
90-deg 3.6 2.6 --- 1.6 43
180-deg 4.5 3.5 3.8 4.7

214




Table 5.13 Maximum error stress-intensification

a Err, %
Rir=2 Rr=3 R =5 RFr=6 Rr=10
30-deg 25 39 4.5 - 4.7
45-deg 2.7 37 4.2 --- 4.5
60-deg 29 4.1 45 -- 4.5
90-deg 4.6 5.7 - 6.3 5.0
180-deg 4.5 59 29 4.9

It can be seen from these Tables that the error is relatively small from the practical
point of view. Larger errors result from the formulae for ovalisation and flexibility
can however be seen for elbow of short-radius bend. The error for stress however is
very small. This is because the stresses were depicted directly from the ANSYS
generated data without needing for any further derivation. Whereas, the flexibility
factor was derived from the displacement of the extrados and intrados node in which

plane cross-section before bending was assumed to remain plane after bending.

Figure 5.66 shows a comparison for flexibility factor between the result from the
present analysis and the theoretical result due to Rodabaugh and George [30]. Figure
5.66 shows that in general the detailed finite element results lead to higher values
than those of the simple Rodabaugh & George solution, but as the pressure increases,
the latter results are (perhaps surprisingly) quite accurate. That the flexibility factor
from a detailed finite element analysis is higher than the simple pure bending
analysis may not be expected: it is usually argued that the presence of end effects
should reduce the flexibility from a pure bending analysis [57, 84] even with long
attached straight pipes. However it should be recalled that the present study includes
large deformation effects — this is observed with small values of pipe bend parameter
(that is large diameter, thin pipe) and it can also be argued that the attached straight
pipes will have some flexibility close to the junction from a thin shell finite element
analysis. The magnitude of the reduction due to pressure is not easy to compare since
the basic flexibility factors for in-plane bending alone in the absence of internal

pressure also differ. However it can be seen that the present results infer that the
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pressure has a greater stiffening effect than obtained from the Rodabaugh and

George analysis.
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Fig.5.66 Flexibility factors for 90-deg elbows: (a) present analysis, (b) ASME B31.3
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Recall the formula for flexibility factor for 90-deg pipe elbows from the present

finite element analysis developed in equation (5-46):

k =

k
1+1 1.75(3)(1)A (5)0'31
ENt r

The form of equation (2-94) and (5-46) are the same but the values of the indices of
(r/t) and (R/r) slightly differ. What is more marked is the coefficient (11.75 rather
than 6) — this infers a greater pressure effect. (It should be noted these coefficients
should be written in terms of (1-1%), but this factor is known to haunt the derivation

of flexibility factors [43] and has been omitted here).

Figure 5.67 shows a comparison of stress-intensification factors for 90-deg pipe
elbows obtained from the present analysis and the result of the Rodabaugh and
George analysis [30]. Recall the formula developed in the present analysis, equation
(5-71):

4

+1025 £ % / = -
ol

And again recall the formula developed by Rodabaugh and George [30] as adopted in
the ASME B31.3 process piping code [120], equation (2-98):

/4

(22 ()

g
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Fig.5.67 Stress-intensification factors of 90-deg elbows under in-plane closing

moment, (a) present analysis, (b) ASME B31.3

218



Figure 5.73 shows that the present results predict a considerably more marked
pressure reduction effect at lower values of pipe bend parameter. Again it may be
expected that large deformations, couple with large diameter, have an effect. An
exact comparison can not be seen clearly from Fig.5.67 since the basic stress-
intensification factors for in-plane bending alone (in the absence of internal pressure)

also differ.

5.4.3 Comparison with Other Theoretical and Experimental Results

To verify the accuracy of the formulae developed in this chapter, comparisons are

made with theoretical and experimental results from other previous investigators.

In 1957, Turner and Ford [31] made attempt to eliminate some assumptions and
approximation in the previous theories for in-plane bending without internal
pressure. Using small deformation analysis, the long radius assumption was omitted.
The theoretical analysis developed by Turner and Ford was considered as a more
exact analysis at that time. Table 5.14 compares the hoop stress-intensification factor
for typical pipe bend geometry: (4 = 0.269 and R/r = 2.84)*. It can be seen that the
present result for short radius bend and thick-walled pipe predicts a lower stress-
intensification factor compared to the theoretical analysis of Turner and Ford [31]

and the asymptotic solution of Clark and Reissner [20]

Table 5.14 Comparison of stress-intensification factor with Turner and Ford [31]

Present analysis, Eqn (5-65) y=4.476
Turner and Ford [31], theory ¥=4.750
Clark and Reissner [20], theory y=4.535

*Values from Turner and Ford [31] were read from graphs and not calculated form formulae

In 1966, Findlay and Spence [35] carried out an experimental analysis of 9ft 9in pipe

elbow under in-plane bending. The geometry used is as follows:
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o =90-deg
r=39.725 in
R=117in
t=1.45in
t/r =0.036
Rir=294
A=0.107

For this particular geometry, the comparison for flexibility and stress-intensification
factors are given in Table 5.15 and 5.16 respectively. These tables also present

results from other investigateor [2, 20, 24, 31]*

Table 5.15 Comparison for flexibility factor with theoretical and experimental results

Turner and Ford [31, theoretical

Present analysis, Eqn (5-40) 17.12
Findlay and Spence [35], experiment 12.8
1* Karman [2], theoretical 8.93
2" Karman [2], theoretical 15.64
3" Karman [2], theoretical 16.15
Clark & Reissner [20] theoretical 15.42
15.5

*Values in Table 5.15 were quoted from Findlay and Spence [35] and not calculated from a formulae

Table 5.16 Comparison for stress-intensification factor with theory and experiment

Present analysis, Eqn (5-65) 9.562
Findlay and Spence [35], experiment 8.43
Gross [24], experiment 8.54
Clark & Reissner [20] theoretical 9.47
Turmer and Ford [31, theoretical 8.73

*Values in Table 5.16 were quoted from Findlay and Spence [35] and not calculated from a formulae
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It can be seen from Table 5.15 and 5.16 that the present result predicts higher
flexibility and stress-intensification factor for a pipe bend of short-radius and thin-
walled. This probably caused by large deformation effect especially for thin-walled

pipe bend.

In 1975, Vrillon et al [56] carried out an in-plane bending test on a 180-deg pipe
bends of short radius. Straight tangents pipe was attached at both ends of the bend

but there was no specific information about its length. The geometry of the test is as

follows:
a=180-deg
t=12mm
r=507 mm
R=762 mm
tr=0.024
Rir=15
A=0.036

For this particular geometry, comparison for flexibility factor is given in Table 5.17

Table 5.17 Comparison for flexibility factor with ref [20] and [56]

Present analysis, eqn (5-43) and Table | 60.0
5.3 and 5.4

Vrillon et al [56], experiment 10.4
Clark Reissner [20], theoretical 458

The experimental result obtained by Vrillon et al [56] should be doubted as it is
about 400 percent lower than the asymptotic solution of Clark and Reissner {20]. It
can be again seen from Table 5.17 that the present result produces higher flexibility
for short-radius and thin-walled pipe bend. The explanation for this different is the
large deformation effect which is more pronounced in thin-walled pipe.
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In 1979, Brouard et al [62] carried out in-plane and out-of-plane bending test on
carbon steel pipe bend without internal pressure. The geometry of pipe bend

considered is as follows:

=90 and 180-deg

t=7.1 mm

r=125 mm

R=190 mm

tr =0.057

R/ir=1.52

A=0.087

L =565.7 mm (for a = 90-deg)
L =895 mm (for o = 180-deg)

For this particular geometry, comparison for flexibility factor is given in Table 5.18

Table 5.18 Comparison for flexibility factor with references [20] and [56]

o= 180-deg o=90-deg
Present analysis, eqn (5-43) and Table | 21.82 20.67
5.3 and 5.4
Brouard et al [62], experiment 5.1 2
Clark & Reissner [20], theoretical 18.96 18.96

The experimental result obtained by Brouard et al [62] again should be doubted as it
is about 400 percent lower than the asymptotic solution of Clark and Reissner [20]
for 180-deg bend. The difference is bigger for 90-deg bend. It can be again seen
from Table 5.18 that the present result produces higher flexibility for short-radius
and thin-walled pipe bend. The explanation for this different is again due to the large

deformation effect, which is more pronounced in thin-walled pipe.
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In 1972, Blomfield and Turner [47] updated a thin shell theory previously developed
by Turner and Ford [31] to account for the pressure reduction effect on in-plane
bending behaviour of pipe bends. Some numerical comparison was made with
respect to the experimental result of Gross and Ford [25] and Rodabaugh and George
[30]. The geometry for their numerical example is as follows:

th=0.035

R/r=3.05

A=0.1068

p =400 psi

For this particular geometry and pressure loading, the flexibility factor is given in
Table 5.19*

Table 5.19 Comparison for flexibility factor with theoretical and experimental

p=0 p =400 psi (k/ky)-1
Present analysis 17.1 12.12 0.41
Blomfield & Turner [47] theoretical 15.5 12.54 0.24
Gross & Ford [25], experiment 15.0 11.0 0.36
Rodabaugh & George [20], experiment | 15.5 12.0 0.29

*Values in Table 5.19 were quoted from Blomfield & Turner [47]

The numerical values in Table 5.19 shows that the present results produce greater
pressure reduction. Large deformation effect could be an explanation for this

difference.

3.5 Summary

Detailed non-linear large deformation finite element analysis of symmetric piping
elbows of various geometry under in-plane closing moment and internal pressure

have been carried out to derive a closed form solution of the cross-sectional
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ovalisation, flexibility, and stress-intensification factors. The parametric results
confirm the broad characteristics of the pressure reduction effect reported by
~ Rodabaugh and George [30] for this simple loading case. Increased flexibility and
stress-intensification factors are found for small values of pipe bend parameter. It has
also been found that the broad format of the simple equation derived by Rodabaugh
and George is acceptable, although there are differences in the values of various
parameters. Although the Rodabaugh & George pressure reduction equations, widely
used in piping design, have been broadly verified, the main problem is that the same
equations are used for in-plane opening moment, and, with slight modification for
out-of-plane bending. In the following chapter, a similar detailed finite element study
is carried out for in-plane opening moment. Closed form solution of cross-sectional
ovalisation, flexibility, and stress-intensification factors is presented. The difference

structural behaviour of opening moment from closing moment is discussed.
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Appendix C5

This appendix presented Figures obtained for in-plane closing bending. The
approximate formulae presented in this Chapter have been obtained from these

Figures:

Fig.A5.1 - AS.5: for Ovalisation factor
Fig.A5.6 — A5.10: for Flexibility factor
Fig.A5.11 — A5.15:  for Stress-intensification factor

Continue to the next pages...—
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in-plane closing moment, o = 30-deg, R/r =2
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Fig.A5.1 Ovalisation factor under in-plane closing moment for bend angle of 30-deg:

(@) Rr=2,(b)Rir=3
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Fig.A5.1 Ovalisation factor under in-plane closing moment for bend angle of 30-deg:
() Rr=5,(d)RFr=10
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in-plane closing moment, o = 45-deg, R/r =2
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Fig.A5.2 Ovalisation factor under in-plane closing moment for bend angle of 45-deg:
(@) R/r=2,(b) R/r=3
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Fig.A5.2 Ovalisation factor under in-plane closing moment for bend angle of 45-deg:
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Fig.A5.3 Ovalisation factor under in-plane closing moment for bend angle of 60-deg:
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Fig.A5.3 Ovalisation factor under in-plane closing moment for bend angle of 60-deg:
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Fig.A5.4 Ovalisation factor under in-plane closing moment for bend angle of 90-deg:
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in-plane closing moment, o = 180-deg, R/r = 2
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Fig.A5.5 Ovalisation factor under in-plane closing moment for bend angle of 180-
deg: (a) Rr=2,(b)R/r=3
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Fig.A5.6 Flexibility factor of pipe elbows under in-plane closing moment for bend

angle of 30-deg: (a) R/r =2, (b) R/r =3
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Fig.A5.6 Flexibility factors of pipe elbows under in-plane closing moment for bend

angle of 30-deg: (¢) Rr =5, (d) R/r=10
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Fig.AS5.7 Flexibility factors of pipe elbows under in-plane closing moment for bend

angle of 45-deg: (a) Rr =2, (b)R/r =3
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Fig.A5.7 Flexibility factors of pipe elbows under in-plane closing moment for bend

angle of 45-deg: (¢) R¥ =5, (d) R/r =10
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in-plane closing moment, a = 60-deg, R/r = 2
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Fig.AS.8 Flexibility factors of pipe elbows under in-plane closing moment for bend

angle of 60-deg: (a) R/r =2, (b) R/r =3
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in-plane closing moment, a = 60-deg, R/r =5
16
, ‘ ‘ ‘
‘ \ | f | \
14 4 | } ! — I = !
‘ \ \
| |
12 I ‘ | f
= -
10 | | | 1—0— p/pmax = 0.0
\ ‘ |=#= p/pmax = 0.2
a5 | ‘ | ;—O—p/pmax =0.4
h \ . ' - - p/pmax = 0.6
[ ‘—a—p/pmax =0.8
b > |—4- p/pmax = 1.0
4 i f !
1 \ \
2{ +—F—— +— + .
[ [ ‘
0 . : . . . r
000 005 010 015 020 025 030 035 040 045 0.50
A
(©)
in-plane closing moment, & = 60-deg, R/r =10
7 -
[
6 4 A
RN
5 < — i NS
| —e—p/pmax = 0.0
44 ‘ | ‘\' |- - p/pmax =0.2
a | 9 | —e— p/pmax = 0.4
B | i \-o- p/pmax = 0.6
9] l —&—p/pmax = 0.8
| -4A- p/pmax = 1.&
2 |
| \
: ‘
l \
0 . l x I . :
000 010 020 030 040 050 060 070 080 090 1.00
A
(d)

Fig.A5.8 Flexibility factors of pipe elbows under in-plane closing moment for bend

angle of 60-deg: (¢) R/¥ =5, (d) R/r =10
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in-plane closing bending, a = 90-deg, R/r =2
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Fig.A5.9 Flexibility factors of pipe elbows under in-plane closing moment for bend

angle of 90-deg: (a) R* =2, (b) R/r=3
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in-plane closing bending, a = 90-deg, R/r =6
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Fig.A5.9 Flexibility factors of pipe elbows under in-plane closing moment for bend
angle of 90-deg: (¢) R/r =6, (d) R/r =10
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in-plane closing moment, & = 180-deg, R/r =2
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Fig.A5.10 Flexibility factors of pipe elbows under in-plane closing moment for bend

angle of 180-deg: (a) R/ =2, (b) R/r=3
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in-plane closing moment, o = 180-deg, R/r = 6
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Fig.A5.10 Flexibility factors of pipe elbows under in-plane closing moment for bend

angle of 180-deg: (¢) R¥ =6, (d) R/r =10
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in-plane closing bending, & = 30-deg, R/r =2
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Fig.A5.11 Stress-intensification factor of 30-deg pipe elbows under in-plane closing

moment: (a) R/r=2,(b) R/r=3
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in-plane closing bending, & = 30-deg, Rir=5
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Fig.A5.11 Stress-intensification factor of 30-deg pipe elbows under in-plane closing

moment: (¢) R/r =5, (d) R/r =10
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in-plane closing bending, a = 45-deg, R/r =2
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Fig.A5.12 Stress-intensification factor of 45-deg pipe elbows under in-plane closing

moment: (a) Rr =2, (b) R/r=3
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in-plane closing bending, & = 45-deg, R/r =5
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Fig.AS5.12 Stress-intensification factor of 45-deg pipe elbows under in-plane closing

moment: (¢) R/r=35, (d) R/r=10
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in-plane closing bending, o = 60-deg, R/r =2
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Fig.A5.13 Stress-intensification factor of 60-deg pipe elbows under in-plane closing

moment: (a) R/r=2,(b) R/r=3
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Fig.A5.13 Stress-intensification factor of 60-deg pipe elbows under in-plane closing

moment: (¢) R/r=35,(d) R/r=10
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in-plane closing bending, & = 90-deg, R/r = 2
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Fig.A5.14 Stress-intensification factor of 90-deg pipe elbows under in-plane closing

moment: (a) R/r=2,(b) R/r=3
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in-plane closing bending, a = 90-deg, R/r =6
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Fig.A5.14 Stress-intensification factor of 90-deg pipe elbows under in-plane closing

moment: (¢) R/r =6, (d) R/r=10
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in-plane closing moment, @ = 180-deg, R/r =2
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Fig.A5.15 Stress-intensification factor of 180-deg pipe elbows under in-plane closing

moment: (a) R#=2,(b) R/r=3
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Fig.A5.15 Stress-intensification factor of 180-deg pipe elbows under in-plane closing

moment: (¢) R/r =6, (d) R¥=10
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CHAPTER6

IN-PLANE OPENING BENDING

The behaviour of piping elbows subjected to in-plane closing moment combined with
internal pressure has been analysed in Chapter 5. The new formulae for
unpressurised and pressurised piping elbows for ovalisation, flexibility, and stress-
intensification factors have been developed. In this chapter, the behaviour of piping
elbows under combined loading of in-plane opening moment and internal pressure is
analysed. To the writer’s knowledge, this loading case has been rarely studied in the
literature. As has been done in Chapter 5 for in-plane closing moment, formulae
suitable for incorporation in conventional piping design and analysis software for

cross-sectional ovalisation, flexibility and stress-intensification are developed.

6.1 Ovalisation Factors

Under the action of an in-plane opening moment, the cross-section deforms into an
oval shape with major axis lying on the plane of the bend. This type of deformation
is called “negative flattening”. Negative flattening is defined as the diameter

contraction from crown to crown at the mid-section of the bend.

Typical negative flattening of a cross-section is shown in Fig.6.1. This figure is
plotted for a 90-deg elbow having radius ratio R~ = 3 and a thickness to cross-
section radius ratio #r =0.026.

Figure 6.2 shows a typical moment vs. negative flattening curve plotted for the same
geometry as figure 6.1. It can be seen that the moment — negative flattening curve is

represented well by a straight line. It can also be seen from the curve that piping



elbows exhibit a ‘structural hardening’ behaviour under an in-plane moment,

contrary to the ‘structural softening’ when subjected to in-plane closing moment.

a =90-deg, R/r =3, t/r =0.026
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Fig.6.1 Typical cross-sectional ovalisation under in-plane opening bending
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Fig.6.2 Typical moment — flattening (negative) curve under opening bending
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Ovalisation factor for an in-plane opening moment has the same definition as for an
in-plane closing moment, but they are different in sign (positive for closing bending
and negative for opening bending). Since negative values cannot be plotted in a

logarithm curve, the minus sign will be omitted.

Figure 6.3 shows the ovalisation factor for 90-deg pipe elbows plotted against pipe
bend parameters, A, for various radius ratios, p: it was plotted in a semi log graph. At
first, an attempt was made to plot the ovalisation factor in a log-log graph, but a
straight line was not obtained. Accordingly, the ovalisation factor as a function of
pipe bend parameter cannot be accurately expressed by a power relation, as given by
equation (5-3). Instead, straight lines were obtained for the relation between

ovalisation factor and pipe bend parameter in a semi-log graph as shown in Fig.6.3.

in-plane opening moment, o = 90-deg

10 T 1
T
i i u
‘ |
! + | . ; | — [
I —
e, | —o—p=2
w 1 [ = ’vw | i o p=?‘

t
—

‘ |
- v N ~ 7 =
oo ot o2 o3 04 o5 = ols o9 1o
1 = \F‘ *f =1 U%B. ‘nlfz‘\-q..b‘__l' -4-p=10
’ ) f
. T
f
I
|

|

0.9 x | | |
A

Fig.6.3 Ovalisation factor for 90-deg pipe elbows under in-plane opening bending
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According to Fig.6.3, the ovalisation factor can be expressed in the following form:
&= pexp(-g4) (6-1)
where p and g are coefficients to be determined.

By curve fitting to, ovalisation factor for 90-deg pipe elbows due to in-plane opening

bending can be expressed as follows:

=1.730exp(- 2.1424) for p=2 (6-2)
5 1.701exp(-1.5334) for p=3 (6-3)
& =1.696exp(-1.2211) forp=6 (6-4)
& =1.656exp(-1.1751) for p=10 (6-5)

The above equations are not suitable for design purpose. Based on ovalisation factor
for a long radius bend (R/» = 10), equations (6-2) through (6-5) can be expressed in
the following form:

¢ =1.656exp(-1.1754)[ f(4)] (6-6)

where f{4) represents the dependence of ovalisation factor on radius ratio, R/». This
function would be different for every radius ratio. Following the procedure of
Fujimoto and Soh [92], equations (6-2) through (6-5) can be expressed in the
following form:

& =1.656exp(~1.1754)[1.0393-0.90264]  forp=2 (6-7)
¢ =1.656exp(~1.1754)[1.0254-0.34524]  forp=3 (6-8)
¢ =1.656exp(~1.1751)[1.0239-0.046661] forp=6 (6-9
& =1.656exp(~1.1754)[1.0 - 0.00021] for p=10 (6-10)
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Figure 6.4 shows the ovalisation factor obtained directly from finite element (FE),
using equation (6-2) through (6-5) and using equation (6-7) through (6-10). It can be

seen that the proposed equation fit well to the results from finite element.
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Fig.6.4 Comparison for ovalisation factor between derived formulae and FE results

6.1.1 Effect of Bend Angle on Ovalisation Factor

To account for the effect of bend angle on ovalisation factor due to in-plane opening
bending, pipe elbows of bend angles 30, 45, 60, 90, and 180-deg have been

investigated. It is expected that the effect of bend angle on ovalisation factor is of

significance, since it would tend to behave as a straight pipe as the bend angle

approaches hypothetically zero. Figure 6.5 through 6.8 show the ovalisation factor

for pipe elbows of various bend angles:
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in-plane opening moment, a = 30-deg
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Fig.6.5 Ovalisation factor for 30-deg pipe elbows due to in-plane opening bending

in-plane opening moment, & = 45-deg
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Fig.6.6 Ovalisation factor for 45-deg pipe elbows due to in-plane opening bending
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in-plane opening moment, o = 60-deg
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Fig.6.7 Ovalisation factor for 60-deg pipe elbows due to in-plane opening bending

in-plane opening moment, a = 180-deg
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Fig.6.8 Ovalisation factor for 180-deg pipe elbows due to in-plane opening bending
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From these figures, the ovalisation factor for various bend angles can be expressed in

the following form:

& =1.656exp(~1.1754)fa - bA]

(6-11)

It can be seen from equation (6-11) that the dependence of ovalisation factor on

radius ratio can be represented by a linear relation in terms of pipe bend parameter,

A, with g and b the coefficients of the straight lines with their values given in Table

6.1 and 6.2 respectively:

Table 6.1 Values of coefficient “a” in equation (6-11) for various bend angles

R/r Bend angle, o
30-deg 45-deg 60-deg 90-deg 180-deg

2 0.7216 0.8675 0.9507 1.0393 1.1102
3 0.7194 0.8624 0.9421 1.0254 1.0857
4 0.7172 0.8602 0.9406 1.0244 1.0280
5 0.7140 0.8580 0.9414 1.0242 1.0035
6 0.7108 0.8561 0.9425 1.0239 0.9882
7 0.7076 0.8547 0.9435 1.0147 0.9676
8 0.7044 0.8533 0.9445 1.0108 0.9538
9 0.7012 0.8522 0.9453 1.0062 0.9417
10 0.6954 0.8513 0.9469 1.0000 0.9291
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Table 6.2 Values of coefficient “b” in equation (6-11) for various bend angles

Rir Bend angle, o
30-deg 45-deg 60-deg 90-deg 180-deg

2 1.5307 1.4318 1.2443 0.9026 0.4071
3 0.8669 0.7529 0.5938 0.3452 0.1146
4 0.5185 0.4516 0.3747 0.1502 0.1075
5 0.3144 0.2582 0.2086 0.0535 0.0557
6 0.1998 0.1229 0.0644 0.0466 0.0553
7 0.0811 0.0372 0.0188 0.0068 -0.0034
8 0.0082 -0.0319 -0.0405 0.0024 -0.0219
9 -0.0485 -0.0856 -0.0866 0.0009 -0.0363
10 -0.1149 -0.1142 -0.1236 0.0002 -0.0431

It can be inferred from these Tables that the terms in the square bracket must be

taken into account except for 90-deg pipe elbows of long radius bend.

6.1.2 The Pressure Reduction Effect

When internal pressure acts on an ovalised cross-section resulting from in-plane
bending load, it tries to push the deformed cross-section back to its original circular
shape. However, the deformed cross section of pipe elbows under an in-plane
opening bending is again in oval shape but with the major axis lying on the plane of

the bend. Subsequent internal pressure loading will decrease the length of the major

axis. This type of deformation is shown in Fig.6.9:
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@ =90-deg, R/r =3, t/r =0.026
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Fig.6.9 Typical pressure reduction effect on cross-sectional negative flattening

Similar to the positive flattening exhibited in Chapter 5, pressure reduction is
evaluated here on the radial displacement of the crown node at the mid-section of the
bend, where the maximum value is expected to be located. Figure 6.10 shows a
typical pressure — negative flattening curve plotted for 90-deg elbow under in-plane

opening moment.

In Fig.6.10, the abscissa of 0.0 represents the final load step of moment loading and
the start of subsequent internal pressure load. It can be seen that the relation between
internal pressure loading and negative flattening is non-linear. This graph again
shows the “Haigh effect” [11] where non-linearity is present whenever internal
pressure load acts on straight or curved pipes of noncircular cross-section. In this
study, internal pressure was applied to pipe elbows with oval cross-section resulting

from an in-plane opening moment.
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in-plane opening bending, a = 90-deg, R/r = 3, t/r = 0.026
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Fig.6.10 Pressure — flattening (negative) curve for a 90-deg pipe elbow

Figure 6.11 through 6.14 show the ovalisation factor for 90-deg pipe elbows plotted
against pipe bend parameters for various radius ratios. These figures again show
clearly that the effect of the presence of internal pressure is to reduce the ovalisation
factor resulting from the in-plane opening moment. The pressure reduction is more
pronounced in thin walled piping elbows (low pipe bend parameter). In what follows,
the pressure reduction effect on negative ovalisation factor is comprehensively
evaluated and empirical formulae are developed and proposed. The procedure of

Rodabaugh and George [30] followed in Chapter 5 is again adopted in this section.
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in-plane opening bending, & = 90-deg, R/r = 2
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Fig.6.11 Pressure reduction effect for 90-deg pipe elbows: R/r =2

in-plane opening bending, & = 90-deg, R/r =3
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Fig.6.12 Pressure reduction effect for 90-deg pipe elbows: R/» =3
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in-plane opening bending, @ = 90-deg, R/r = 6
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Fig.6.13 Pressure reduction effect for 90-deg pipe elbows: R/ = 6
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Fig.6.14 Pressure reduction effect for 90-deg pipe elbows: R/ =10
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Figure 6.15 and 6.16 show typical pressure reduction effects on the ovalisation factor
of 90-deg pipe elbows under in-plane opening moment. These figures are constructed
using the relation in equation (5-15) where the pressure reduction effect is written as
a function of nondimensionl pressure p/E, nondimensional thickness 7/, and radius

ratio R/r.

It can be seen from Fig.6.15 and 6.16 that straight lines in log-log graphs are
obtained if the pressure reduction is plotted against non-dimensional pressure p/E.
There is a slight departure from linearity if the pressure reduction is plotted against
nondimensional thickness 7/ and radius ratio R/. In this study, the pressure
reduction effect is approximated by a linear relationship and any error introduced as
a result will be assessed and discussed at the end of this chapter. Following careful
study of Fig.6.15 and 6.16 and similar plots for all radius ratio and wall thickness
(not shown) along with Fig.6.11 through 6.14, the following equation is proposed for
the negative ovalisation factor for 90-deg pipe elbows under in-plane opening

moment;

¢, = ¢ for =90 - deg (6-12)

1+ 76( 2 )G)% ( 1:_ )0.570

Equation (6-12) can be directly compared with the corresponding equation for in-
plane closing moment as given by equation (5-16) for 90-deg pipe elbows. It can be
seen that these equations are markedly different from one to another. They are also
markedly different in the coefficient of the pressure reduction — 76 rather than 0.205.
Of course, they are also different in the index for »/t and R/r. By comparing Fig.6.11
through 6.14 with corresponding figures for in-plane closing moment, it can be
quickly noted that the magnitude of pressure reduction is bigger for in-plane closing

moment.
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Fig.6.15 Pressure reduction for constant radius ratio plotted against (a) p/E, (b) 7/t
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Fig.6.16 Pressure reduction for constant radius ratio plotted against (a) p/E, (b) R/r

271




6.1.3 Effect of Bend Angle on Pressure Reduction

The pressure reduction effect on the ovalisation factor for pipe elbows with different
bend angles other than 90-deg can be derived from Fig.A6.1 through A6.5 of
Appendix C6. By constructing similar log-log graphs, the following formulae for

negative flattening of elbow cross section are proposed:

_ ¢ _
¢, = 7o for ¢ =30-deg (6-13)
1+175(£X1j (—)
E At r
- S _ _
¢, = AR for =45 -deg (6-14)
1+126(£X5) (_)
EAt r
£, = ¢ Py for @ =60 - deg (6-15)
o 215 ()
E At r
¢, = ¢ for r=180-deg (6-16)

AL )

Equations (6-12) through (6-16) can be expressed in an alternative form by noting
that:

BRBEC

Using this relation, the negative ovalisation factor of pipe elbows under in-plane

opening and internal pressure can be approximated as:
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s, = f : for ¢ =30-deg (6-17)

.fp = f — for@=45-deg (6-18)
14345 22| H
3 R
£ = $ _ for &= 60 - deg (6-19)
1427 s(zr_ # (_)
3
£ = 35 — for @ =90 - deg (6-20)
1+21.0 22 | (_)
3D | \R
& = ¢ for & =180 - deg (6-21)

3 0.610
1+14.5] 27 A%(i)
30 ) R

Equations (6-12) through (6-21) if necessary might be further simplified with the
aims to find the coefficient and the power of radius ratio of the denominator. This
simplification will not be processed any further here, since the bend angles

considered in this study have covered the need in practical usage.

6.2 Flexibility Factors

The procedure for determining the flexibility factors of piping elbows under in-plane
opening moment is similar to those used for in-plane closing moment. The end
rotation is obtained from the axial displacement of the extrados and the intrados
nodes at the junctions of the bends with the loaded tangent and the fixed tangent. The
end rotation of an elbow at the junction with the loaded tangent is defined again as @,
and the end rotation of an elbow at the junction with fixed tangent is defined as ¢;.
Typical deflection of piping elbows showing end rotation under in-plane opening

moment is shown in Fig.6.17.
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Fig.6.17 Deflection of a pipe elbow under in-plane opening bending

The procedure for determining the end rotation of an elbow under in-plane moment
has been fully described in chapter 5. The total end rotation is obtained by
subtracting the rotation of section-2 as given by equation (5-29b) from the rotation of
section-las given by equation (5-29a). Typical moment-end rotation curve of an

elbow under in-plane opening moment is shown in Fig.6.18.

274



a =90-deg, R/r =3, t/r =0.026

18

15 /
—<-FE y= 96‘;.?7x5909.3456

5 —— Linear (FE) R =09

0 L { Ll L] Ll
0.000 0.003 0.006 0.009 0.012 0.015 0.018

Sala

Fig.6.18 Typical moment end rotation curve under in-plane opening bending

Fig.6.18 shows that an elbow subjected to in-plane opening moment exhibits the
behaviour of non-linear ‘hardening’ structures. This figure can be directly compared
with Fig.5.25 of chapter 5, where an elbow subjected to an in-plane closing moment

exhibits the behaviour of non-linear ‘softening’ structures.

The flexibility factor is further determined using equation (5-32). Figure 6.19 shows
the flexibility factors for 90-deg pipe elbows under an in-plane opening bending. It
can be seen from Fig.6.19 that the relation between flexibility factor, &, and pipe
bend parameter, 4, is essentially linear in a log-log plot. Accordingly the flexibility
factor for in-plane opening bending can be expressed in form of equation (5-33).
Figure 6.19 also shows that the flexibility factor can be represented accurately by a
single curve as only a function of pipe bend parameter, A, and less dependent on

radius ratio, R/r.
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Fig.6.19 Flexibility factor for 90-deg pipe elbows under in-plane opening bending

An expression for the flexibility factor of 90-deg pipe elbows under in-plane opening
moment can be derived from Fig.6.19. By curve fitting, the flexibility factor for 90-

deg pipe elbows under an in-plane opening moment can be approximated by:

k:/i'oT forp=2 (6-22)
k=2’0% for p=3 (6-23)
k=;fj for p =6 (6-24)

=;ﬁ for p =10 (6-25)

Equations (6-22) through (6-25) are not suitable for design purposes. However these
equations can be expressed in form of equation (5-38). Following the procedure of
Fujimoto and Soh [92], equations (6-22) through (6-25) can be written in the

following form:
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1.65

k= ‘7[1 0926+ 0.0584In(4)] for p =2 (6-26)
1.65
k= T[1 058 +0.04751n(2)] forp=3 (6-27)
1.65
k= T[0.98 +0.00771n(1)] for p=6 (6-28)
1.65
k =——=[1.0084+0.03851In(A)] for p=10 (6-29)

The term outside the square bracket is the asymptotic solution of Clark and Reissner
[20] as adopted in the current design piping code [114, 120], while the terms in the
square bracket show the dependency of flexibility factor on radius ratio. It can be
quickly noted from these equations that the term in the square bracket for 90-deg
pipe elbow is not significant. Figure 6.20 shows plots of flexibility factor obtained
from finite element in comparison with the derived formulae. It can be seen that the

proposed equations fit well the results from finite element.

a = 90-deg, R/r =2 a = 90-deg, R/r =3
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28 A | —-FE — \
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Fig.6.20 Comparison for flexibility factor between the derived formulae and FE
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6.2.1 Effect of Bend Angle on Flexibility Factors

To account for the effect of bend angle on flexibility factor due to in-plane opening
bending, pipe elbows of bend angles 30, 45, 60, 90, and 180-deg have been
investigated. It is expected that the effect of bend angle on flexibility factor is of
significance, since a pipe elbow would tend to behave as a straight pipe as the bend
angle approaches hypothetically zero. Figure 6.21 through 6.24 show the flexibility

factor for pipe elbows of various bend angles:

in-plane opening bending, a = 30-deg
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Fig.6.21 Flexibility factor for 30-deg pipe elbows under in-plane opening bending
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in-plane opening bending, @ = 45-deg
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Fig.6.22 Flexibility factor for 45-deg pipe elbows under in-plane opening bending

in-plane opening bending, a = 60-deg
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Fig.6.23 Flexibility factor for 60-deg pipe elbows under in-plane opening bending
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in-plane opening bending, a = 180-deg
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Fig.6.24 Flexibility factor for 180-deg pipe elbows under in-plane opening bending

Approximate formulae for flexibility factors can now be obtained from these figures

by curve fitting and the results are given in the following form:

k= 1%a ~bIn(A)] (6-30)

where the coefficient ‘e’ and ‘b’ are a functions of radius ratio R/ as summarised in

Table 6.3 and 6.4 respectively.
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Table 6.3 Values for coefficient ‘a’ in equation (6-30) for various bend angles

Rir Bend angle,
30-deg 45-deg 60-deg 90-deg 180-deg

2 0.5483 0.8000 0.9438 1.0926 1.2190
3 0.6131 0.8140 0.9352 1.0580 1.1480
4 0.6797 0.8360 0.9268 1.0217 1.0931
5 0.7307 0.8566 0.9250 0.9980 1.0497
6 0.7690 0.8735 0.9280 0.9800 1.0215
7 0.8149 0.8993 0.9358 0.9770 1.0007
8 0.8509 0.9214 0.9484 0.9797 0.9951
9 0.8840 0.9440 0.9658 0.9912 1.0021
10 0.9220 0.9700 0.9900 1.0084 1.0266

Table 6.4 Values for coefficient ‘b’ in equation (6-30) for various bend angles

Rrr Bend angle,
30-deg 45-deg 60-deg 90-deg 180-deg
2 0.0961 0.0286 -0.0135 -0.0584 -0.0970
3 0.0865 0.0304 -0.0076 -0.0475 -0.0750
4 0.0613 0.0300 0.0009 -0.0261 -0.0466
5 0.0391 0.0247 0.0029 -0.0156 -0.0290
6 0.0305 0.0120 0.0020 -0.0077 -0.0144
7 -0.0053 0.0039 -0.0051 -0.0096 -0.0124
8 -0.0275 -0.0116 -0.0151 -0.0141 -0.0134
9 -0.0497 -0.0305 -0.0291 -0.0236 -0.0206
10 -0.0719 -0.0581 -0.0472 -0.0385 -0.0316

It can be inferred from these Tables that the terms in the square bracket of equation
(6-30) could be neglected for pipe elbows of large angle and long radius bend

without any significant loss in accuracy.
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6.2.2 Pressure Reduction Effect

It has been shown in Chapter 5 that pipe elbows subjected to in-plane closing
moment exhibit non-linear structural ‘softening’ behaviour. The pressure reduction
effect was studied and various formulae developed. It has also been shown earlier in
this chapter that pipe elbows subjected to in-plane opening moment exhibit non-
linear structural ‘hardening’ behaviour. It is expected that the pressure reduction
effect would be different for the in-plane closing and opening cases. In this section,
the pressure reduction effect on the flexibility factor for pipe elbows subjected to
opening moment is studied and once more approximate formulae developed. The
same procedure as in previous sections for assessing the pressure reduction effect is
also followed.

A typical pressure-end rotation curve is shown in Fig.6.25. It has been plotted for a
90-deg pipe elbow having a radius ratio of three. The abscissa of 0.0 represents the
final load step of opening moment loading and the start of the subsequent internal

pressure loading.
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Fig.6.25 Typical pressure — end rotation curve under in-plane opening moment
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It can be seen from Fig.6.25 that the relation between internal pressure and end
rotation is again non-linear. This figure clearly shows the Haigh effect [11] where
high non-linearity apparent when internal pressure acts on a pipe of noncircular cross
section. In this case, the internal pressure loading has been applied to an elbow

ovalised due to in-plane opening moment.

Figure 6.26 through 6.29 show the flexibility factor for 90-deg pipe elbows plotted
against pipe bend parameters for various radius ratios. Once more it can be seen that
internal pressure reduces the flexibility factor (stiffening effect) for thin-walled pipe

elbows and increasing the flexibility factors (weakening effect) for thick-walled pipe

elbows.
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Fig.6.26 Flexibility factor with internal pressure for 90-deg pipe elbows: R/r =2
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in-plane opening moment, a = 90-deg, R/r =3
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Fig.6.27 Flexibility factor with internal pressure for 90-deg pipe elbows: R/r =3

in-plane opening moment, & = 90-deg, R/r = 6
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Fig.6.28 Flexibility factor with internal pressure for 90-deg pipe elbows: R/r = 6
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in-plane opening moment, & = 90-deg, R/r = 10
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Fig.6.29 Flexibility factor with internal pressure for 90-deg pipe elbows: R/r =10

Pressure reduction effect in line with equation (5-45) can be obtained from Fig.6.26
through 6.29. If the pressure reductions are plotted against p/E and r/f for a constant
radius ratio, similar plots to Fig.5.17 will be obtained. For certain value of thickness

to cross-section radius ratio, equation (5-45) produces negative values.

A typical plot of flexibility factor against pressure, in line with equation (5-45) is
shown for 90-deg pipe elbows using a log-log graph in Fig.6.30 for constant radius
ratio and in Fig.6.31 for constant thickness. Straight lines are again obtained. Linear
relations are also obtained for the plot of pressure reduction effect against radius
ratio, R/r. A small deviation from linearity can be seen if the pressure reduction is
plotted against #/z. It should be noted that only positive values produced by equation
(5-45) are plotted in these Figures, because negative values cannot be plotted in a
log-log graph. As indicated by Fig.6.26 through 6.29, there is a value of r/# where
internal pressure no longer reduces the flexibility factor but increases it, produces a
negative value of equation (5-45). For 90-deg pipe elbows as shown in Fig.6.26
through 6.29, the values of 7/t where internal pressure effect on flexibility factor

changes from reduction effect to increasing effect is at about 12.35.
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Fig.6.30 Pressure reduction for constant radius ratio plotted against (a) p/E, (b) »/t
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Fig.6.31 Pressure reduction at constant thickness plotted against (a) p/E, (b) R/r
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Study of Fig.6.30 and 6.31 and similar plots for all radius ratio and thickness (not
shown) along with Fig.6.26 through 6.29, suggests the following formula for the

flexibility factors for 90-deg pipe elbows under in-plane opening moment:

k= k for-tr—>12.35 (6-31)

P 194 0376
1+ 0.145(311) (5)
E ANt r

where £ is flexibility factor in the absence of internal pressure as given by equation
(6-30) for in-plane opening moment. The limitation of equation (6-31) obtained from
Fig.6.26 through 6.29. Equation (6-31) need to be modified for values of r/¢ less than
12.35. This will be subjected to further research.

6.2.3 Effect of Bend Angle on Pressure Reduction

It has been shown in Chapter 5 that the pressure reduction effect on flexibility factors
is very much influenced by the angle of the bend for the case of in-plane closing

moment. This effect is investigated as before for in-plane opening moment.

The same procedure is applied for all bend angles. By constructing log-log graphs for
pressure reduction corresponding to equation (5-45) using the data of Fig.A6.6
through A6.10 of Appendix C6, flexibility factors which include internal pressure

effect for various bend angles are proposed as follows:

A a=30-deg
k, = for (6-32)
4 10/ o \0037 LT RE|
1+0.300( 2 5) (5) /
O(E)(t r
& o =45-deg
k, = for (6-33)
d Y p\oe L1247
140225 2 T)7°(R P
()
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o =60-deg

k
k = for{ » (6-34)
d 194 7 p\0-266 ~>1242
1+0.185(£I£) (5) t
EANt r
L o =180-deg
k = for{ (6-35)
» 197 7 p\0481 51222
1+o.115(£Il) (5) t
EAt 7

As previously, an alternative expression can be obtained by noting that:

& B

Using this relation, flexibility factors for piping elbows under the action of bending

and internal pressure can be further written in the following form:

i o =30~-deg
k = for 6-36
P | 0084(}”311)%(1?}0‘370 §>13.11 ( )
+0. —1i—= [—
3D AA r
P a=45—-deg
k,= for< » (6-37)
? NI L1247
pr' Y 1Y} R .
1+0.062 — | — = t
155 )
i o =60-deg
k, = for{ » (6-38)
? 3 K p\os® —>1242
1Y3(R .
1+0.051 2 _) (_) t
(3D1/1 r
k o =90-deg
k= for{ » (6-39)
d 3 K 0T ~>12.35
1Y3(R .
1+0.040 22 [ 2 t
O(3DI£J (r)
i a =180 —-deg
k = fi 6-40
°r€>12.22 (6-40)

P 0.814
140.03 1(251)(1)% (5)
iD \A r
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The formulae in equation (6-22) through (6-31) if necessary, can be further

simplified into the following forms:

el )

where 4, B, m, and n are a function of bend angle o.. This simplification will not be
processed further here, as the bend angles considered have covered the pipe elbows

in practical usage.

6.3 Stress-Intensification Factors

Stress-intensification factors for unpressurized and pressurized pipe elbows under in-
plane closing moment have been studied in chapter 5 and simple design formulae
were developed. In this section, similar formulae for stress-intensification factor for
pipe elbows under in-plane opening moment are derived. The nature of the pressure
reduction effect is then assessed. The effect of bend angle on stress-intensification

factors of unpressurized and pressurized elbows is once more specifically examined.

Typical stress contour plots of pipe elbows under in-plane opening moment are
shown in Fig.6.32 for longitudinal stress and Fig.6.33 for circumferential (hoop)
stress. These figures are obtained for a 90-deg pipe elbow having radius ratio R/

equals three and thickness to cross-section radius ratio # equal to 0.026.
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Fig.6.32 Typical longitudinal stress contour plot of piping elbows under in-plane

opening moment, (a) outer surface, (b) inner surface
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Fig.6.33 Typical circumferential stress contour plot of piping elbows under in-plane

opening moment, (a) outer surface, (b) inner surface
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Figure 6.32 shows that the maximum longitudinal stress occurs at the outer surface
of the elbow. It is a compressive stress at the mid-section of the elbow. This can be
compared to the case of an in-plane closing moment where the maximum

longitudinal stress also occurs at the outer surface but it is in tension.

Figure 6.33 shows that the maximum circumferential stress occurs at the inner
surface of the elbow. It is a tensile stress also at mid section of the bend. Again, this
can be directly compared to the case of an in-plane closing moment where the
maximum circumferential stress also occurs at the inner surface of the elbow, but is a

compressive stress.

It can be seen from Fig.6.32 and 6.33 that the maximum stresses in piping elbows
under an in-plane opening moment is the circumferential stress at the inner surface.
In what follows, the maximum hoop stresses at the mid-section of the bend and its

location in the circumferential direction is studied.

Typical longitudinal and hoop stress distributions at mid-section of a 90-deg pipe
elbow is shown in Fig.6.34. The stresses are plotted from the extrados toward the
intrados. The stresses have been normalised with the nominal bending stress

calculated from the theory of beam bending as given by equation (5-57).

It again can be clearly seen from Fig.6.34 that the maximum stress in a pipe elbow
subjected to bending is several times greater than predicted using the theory of beam
bending. The maximum stress no longer occurs in the longitudinal direction but
occurs in the hoop direction. It is tensile stress under in-plane opening moment. The
maximum stress also changes position from the most distant from the neutral axis
according to the beam bending theory to a position close to the neutral axis in the
present analysis. Figure 6.34 also shows that the maximum compressive hoop stress
for a 90-deg pipe elbow is located at crown (90-deg circumferentially measured from

the extrados). This stress will be evaluated as stress-intensification factor.
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Fig.6.34 Stress distribution for a 90-deg pipe elbow under in-plane opening bending

Figure 6.35 shows a typical moment — stress (hoop) curve for a pipe elbow subjected
to an in-plane opening moment plotted for a 90-deg pipe elbow with R/r and #/r equal

3 and 0.26 respectively.

It can be seen from Fig.6.35, that a pipe elbow subjected to an in-plane opening
moment again exhibits non-linear structural hardening behaviour. Figure 6.35 was
plotted for a relatively thin-walled pipe to show the non-linearity. It can be seen from

Fig.6.35 that the non-linearity is essentially small.

Figure 6.36 shows the stress-intensification factor for 90-deg pipe elbows with
various radius ratios subjected to in-plane opening moment. It can be seen that stress-
intensification factor depends on pipe bend parameter A - higher values are obtained
for small pipe bend parameter. Figure 6.36 also shows that stress-intensification
factor is not very influenced by radius ratio — the straight lines almost coincide with

each other.
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Fig.6.35 Moment — stress (hoop) plot for a 90° pipe elbow due to opening bending
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Fig.6.36 Stress-intensification factor for 90-deg pipe elbows due to opening bending




As shown in Fig.6.36, the relation between stress-intensification factor, % and pipe
bend parameter, 4, is essentially linear in a log-log plot. Accordingly, the relation can
be expressed in the form of equation (5-58). By curve fitting, expressions for the
stress-intensification factor for 90-deg pipe elbows subjected to in-plane opening

moment are obtained:

=%; for§= (6-41)
- 237, for 2 = (6-42)
=205, for = (6-43)
=1/-1_Z_};.7.; for§=10 (6-44)

These equations are not suitable for design purposes. Following the procedure of
Fujimoto and Soh [92], equations (6-41) through (6-44) can be written in form of
equation (5-63):

1;,9 (1.2553+0.12591n(4)] for-’rE =2 (6-45)
1;/9 (1.1992 +0.10621n(4)] for% =3 (6-46)

= 1;,9 [1.0606 +0.03551In(4)] for% =6 (6-47)
r= aﬁ[o 9078 —0.07061n(4)] for-? =10 (6-48)

In the above equations, the term outside the square bracket is the asymptotic solution
of Clark and Reissner [20] and the term in the square bracket represents the
dependence of stress-intensification factor on radius ratio. Figure 6.37 shows the
stress-intensification calculated using the derived formula in comparison with those
obtained from finite clement. It can be seen that the plots for the proposed design
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formulae, i.e., equations (6-45) through (6-48) coincide with those calculated using

equations (6-41) through (6-44).
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14 T—1— 10 I I
5 ~-FE 9
1 > E -FE
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Fig.6.37 Comparison for stress-intensification factor between the derived formulae

and finite element results

6.3.1 Effect of Bend Angle on Stress-Intensification Factor

It can be generally understood that as the bend angle of a pipe elbow becomes
smaller, it tends to behave as a straight pipe. The location and direction of maximum
stress might be shifted from crown toward the furthest location from the neutral axis.
To account for the effect of bend angle on stress-intensification factor pipe elbows
having bend angle of 30, 45, 60, as well as 180-deg subjected to opening bending
have been studied. Figure 6.38 through 6.41 show the stress-distributions at the mid-
section of the bend for pipe elbows of different bend angle subjected to in-plane

opening moment.
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Fig.6.38 Stress-distribution for 30-deg pipe elbows subjected to opening bending
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Fig.6.39 Stress-distribution for 45-deg pipe elbows subjected to opening bending
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Fig.6.40 Stress-distribution for 60-deg pipe elbows subjected to opening bending
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Fig.6.41 Stress-distribution for 180-deg pipe elbows subjected to opening bending

It is interesting to note that the maximum tensile hoop stress occurs at the inner

surface of the wall, located at the crown (90-deg from extrados), for pipe elbows

having bend angle of 180-deg as shown in Fig.6.41. For pipe elbows of bend angle
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30, 45, and 60-deg, the maximum hoop stress is located at 100-deg from the extrados
towards the intrados as shown in Fig.6.38, 6.39, and 6.40. It might be concluded that
the maximum hoop stress in the circumferential direction is located at the crown for
pipe elbows of bend angle 90-deg and greater and shifted by 10-deg from the crown
toward the intrados for bend angles less than 90-deg and greater than 30-deg. In what
follows, the maximum tensile hoop stress at the inner surface of the pipe wall is
evaluated at any circumferential position, depending on the bend angle. For the

elbows considered in this study, the location of maximum stress is tabulated below:

Bend angle (a), deg 30 45 60 90 180
Position from extrados (¢), deg [ 100 100 100 90 90

Figure 6.42 through 6.45 show plots of stress-intensification factors for various bend
angles under in-plane opening moment. It can be seen that the stress-intensification
factor for 30, 45, and 60-deg pipe elbows not only depends on the parameter, 4, but
also depends on the radius ratio: as the bend angle becomes greater, the dependence
of stress-intensification factor on radius ratio becomes smaller. Figure 6.45 shows
that the stress-intensification factor for 180-deg pipe elbows is less dependent on

radius ratio.
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Fig.6.42 Stress-intensification factor for 30-deg pipe elbows due to opening bending

—e—R/r=2

o~ RIr=3
—&—R/r=6
-A--R/r=10

@ = 45-deg
10
B
| \\\‘.
NN
l | l \\\\..
| BN
N \ o
\ X
| | b
Rl
|
|
1 | | |
0.01 0.1
i

Fig.6.43 Stress-intensification factor for 45-deg pipe elbows due to opening bending
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Fig.6.44 Stress-intensification factor for 60-deg pipe elbows due to opening bending
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Fig.6.45 Stress-intensification factor for 180° pipe elbows due to opening bending

Expressions for the stress-intensification factor can be derived as an approximation
from these figures by means of a curve fitting. The stress-intensification factor for
pipe elbows subjected to in-plane opening moment can be written in a similar form

to equation (5-68).
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, 18
Py

[a-bn(4)]

(6-49)

As in equaition (5-68), the term outside the square bracket is the asymptotic solution

of Clark and Reissner [20]. The term in the square bracket represents the dependence

of stress-intensification factor on pipe bend parameter as well as on radius ratio: the
coefficient ‘a’ and ‘b’ are functions of radius ratio as given in Table 6.5 and 6.6

respectively for various bend angles.

Table 6.5 Approximate values for coefficient “a” in equation (6-49)

Rir o
30-deg 45-deg 60-deg 90-deg 180-deg
2 0.4320 0.7277 0.9776 1.2553 1.4185
3 0.5314 0.7992 1.0033 1.1992 1.3031
4 0.6005 0.8266 1.0045 1.1541 1.1765
5 0.6422 0.8452 1.0017 1.1085 1.1033
6 0.6685 0.8692 0.9931 1.0606 1.0413
7 0.6934 0.8666 0.9861 1.0227 1.0014
8 0.7102 0.8733 0.9699 0.9823 0.9636
9 0.7236 0.8785 0.9481 0.9435 0.9314
10 0.7400 0.8826 0.9217 0.9078 0.9029
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Table 6.6 Approximate values for coefficient “4” in equation (6-49)

Rir o
30-deg 45-deg 60-deg 90-deg 180-deg
2 0.0380 -0.0052 -0.0616 -0.1259 -0.1389
3 0.0283 -0.0140 -0.0638 -0.1062 -0.1182
4 0.0246 -0.0166 -0.0627 -0.0802 -0.0896
5 0.0220 -0.0181 -0.0573 -0.0555 -0.0651
6 0.0203 -0.0155 -0.0476 -0.0355 -0.0330
7 0.0191 -0.0139 -0.0345 -0.0061 -0.0161
8 0.0182 -0.0082 -0.0171 0.0186 0.0084
9 0.0175 -0.0001 0.0043 0.0433 0.0329
10 0.0169 0.0129 0.0309 0.0706 0.0539

It is not easy to draw a comprehensive conclusion from these Tables unless the
results are checked for some extreme values of A and R/r. The reason for this is that
if the stress intensification factors are expressed in form of equation (5-58), the
corresponding value of ‘index q’ in some cases is greater than 2/3, but smaller than
2/3 in other cases. Consequently, if the term outside the square bracket of equation
(5-63) is the asymtotic solution of Clark and Reissner (g = 2/3), the sign of the
second term in the square bracket could be positive and negative. In addition, the
sign of the second term in the square bracket will further depend on the value of 4,
whether it is greater or smaller than 1. The mixing sign of the second term in the
square bracket (value of coefficient b in Table 6.6) however can be avoided by
changing the term outside the square bracket, but the results can not be directly
compared to the results of in-plane closing bending case. More discussion of this
problem and comparison with the closing bending case will be presented at the end
of this Chapter.

304




6.3.2 The Pressure Reduction Effect

The pressure reduction effect on ovalisation (negative flattening) and flexibility
factors of piping elbows under in-plane opening moment has been examined in the
previous sections of this chapter. In this section, the pressure reduction effect on the
stress-intensification factor is studied and simple formulae in a similar way to

previous Chapter is derived.

Figure 6.46 shows a typical hoop stress distribution at the mid-section of an elbow
under an in-plane opening bending. It can be seen that the maximum hoop stress
occurs at the inner surface as tension stresses. In Fig.6.46, the toroidal membrane
stress due to internal pressure is included in the total stresses for pressurized
condition. Because the stresses are factored by nominal bending stress (to obtained
stress-intensification factor), the membrane stress due to internal pressure as given

by equation (2-15) should be subtracted from finite element result (Fig.6.46)

a =90-deg, R/r =3, t/r = 0.026
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Fig.6.46 Typical hoop stress distribution under bending and internal pressure
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Figure 6.47 shows stress-intensification factor for pipe elbows under combined in-
plane opening moment and internal pressure. It can be clearly seen that the effect of
internal pressure is to reduce the stress. Figure 6.47 also shows that the elbow under
consideration is bending dominated. This is indicated by the same trend of stress
distributions and location of maximum stress under unpressurized and pressurized
conditions. It is expected that this tendency would change if the internal pressure

increased beyond a certain level [57].

a =90-deg, R/r =3, t/r = 0.026
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Fig.6.47 Typical pressure reduction effect on hoop stress distributions

A typical pressure — stress (hoop) plot is shown in Fig. 6.48, plotted for a 90-deg
piping elbow having radius ratio R/» = 3. The abscissa of 0.0 represents the final load
step of moment loading and the starting of the subsequent internal pressure loading,
It can be seen that the relation between internal pressure and maximum hoop stress is
non-linear. Figure 6.48 again shows the ‘Haigh effect’ [11]: pipe subjected to
internal pressure departs significantly from linear behaviour if the pipe cross-section
is not perfectly circular. In Fig.6.48, internal pressure acts on an oval cross-section

due to applied in-plane opening moment.
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Fig.6.48 Typical pressure — stress plot for in-plane opening bending

Figure 6.49 through 6.52 show the stress-intensification factor for 90-deg pipe
elbows for various radius ratios loaded by an in-plane opening moment and internal
pressure. It can be again clearly seen that internal pressure reduces the stress-
intensification factor for piping elbows under in-plane opening moment. The

magnitude of the reduction is more pronounced for elbows having low pipe factors A.

307



in-plane opening moment, a = 90-deg, R/r =2

= ——p/pmax = 0.0
- M ;-—0— p/pmax = 0.2
|—e—p/pmax = 0.4

] |—e— p/pmax = 0.6

[ |—&—p/pmax = 0.8
—-4A- p/pmax = 1.0

0 L] L} N

0.00 0.02 004 006 008 010 012 014 0.16 0.18 020
A

Fig.6.49 Stress-intensification factor with internal pressure for 90° pipe elbows: p=2
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Fig.6.50 Stress-intensification factor with internal pressure for 90° pipe elbows: p= 3
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in-plane opening moment, a = 90-deg, R/r =6
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Fig.6.51 Stress-intensification factor with internal pressure for 90° pipe elbows: p=6

in-plane opening moment, a = 90-deg, R/r = 10

5

4
|—e—p/pmax = 0.0

34 + —  |-#—p/pmax =0.2

o |—e—p/pmax = 0.4

|-e- plpmax = 0.6

24 - |—&—p/pmax = 0.8
|~A- p/pmax = 1.0

K = —4 4 - S B — (- 41 7ll—~—

0 T T T T T T T

000 010 020 030 040 050 060 070 080 09 1.00

A

Fig.6.52 Stress-intensification factor with internal pressure for 90° elbows: p= 10

Pressure reduction for the stress-intensification factor (equation 5-70)) for 90-deg
pipe elbows can be derived from Fig.6.49 through 6.52. It is plotted as a log-log
graph in Fig.6.53 for constant radius ratio R/ and in Fig.6.54 for constant non-

dimensional thickness 7/7.
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Fig.6.53 Pressure reduction for constant radius ratio plotted against (a) p/E, (b) r/t
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Fig.6.54 Pressure reduction for constant thickness plotted against (a) p/E, (b) R/
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It can be seen from these figures that the relation between pressure reduction and
non-dimensional pressure p/E is once more linear in a log-log plot. There is a small
deviation from linearity if the pressure reduction is plotted against geometric
parameter r/t and R/r. Again the development of the approximate design formula will

be based on this linear relation.

Examination of Fig.6.53 and 6.54 together with Fig.6.49 through 6.52 leads to the
following approximate expression for the stress-intensification factors for 90-deg

piping elbows under in-plane opening moment and internal pressure:

/4 (6-50)

1+ 0472(%1;]1%(%)%6

where 7 is stress-intensification factor in the absence of internal pressure as given by
equation (6-49) and along with Table 6.5 and 6.6. Equation (6-50) can be directly
compared with equation (5-71) for closing bending case. Comparison also can be
made with the equation proposed by Rodabaugh and George [30]. The difference
will be clearer if the comparison is made using numerical data. This will be checked

later in the discussion to this chapter.

6.3.3 Effect of Bend Angle on Pressure Reduction

It has been shown in Section 6.3.1 that the stress-intensification factor for
unpressurized piping elbows is very much influenced by the bend angle. This is

investigated further here for the current loading cases.
By constructing log-log graphs for pressure reduction (eqn. (5-70)) using the data of

Fig.A6.11 through A6.15 of Appendix C6, stress-intensification factors for

pressurised piping elbows under in-plane opening moment are obtained:
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/4

194 0.685
1+o.124(£XﬁJ 3(5)
EAt r

Using the relation:

-6

fora=30-deg

fora=45-deg

fora=60-deg

forr=180-deg

Equation (6-50) through (6-54) can be further written as:

Yy =
1+0.091

/4
3 ILJ%(E)M?S
A r

=
wl"c

forax=30-deg

foror =45 - deg

fora =60-deg

for =90 -deg

(6-51)

(6-52)

(6-53)

(6-54)

(6-595)

(6-56)

(6-57)

(6-58)
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fora=180-deg (6-59)

y, = 4 2
P 3 4 1.019
1+0.034 27~ -1-) (5)
3D \A r

Equations (6-50) through (6-59) if necessary can be further simplified to:

where 4, B, m, and n are functions of bend angle & However as the bend angle
considered in this study have covered the most general requirements in practice, this

simplification will not be processed any further.

6.4 Discussion

In this chapter, alternative design formulae have been developed for cross-sectional
ovalisation, flexibility, and stress-intensification factors for unpressurised piping
elbows under an in-plane opening moment. The pressure reduction effect following
Rodabaugh and George [30] has also been re-examined. All the formulae developed
here have been obtained by curve fitting. Of course errors are introduced during this
approximation. It will be seen however that the errors introduced are surprisingly

small from a practical point of view.
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A comparison of results between in-plane closing bending and some fundamental
theoretical development has been made in Chapter 5. In the present discussion for in-
plane opening bending, comparisons will not be made with respect to the theoretical
development as reviewed in Chapter 2, because most of the theoretical development
refers to closing bending. Throughout the following discussion, comparison will be
made for results between in-plane closing bending as have been developed in

Chapter 5 and in-plane opening bending as developed in the present Chapter.

6.4.1 Unpressurized Conditions

In developing the formulae for unpressurised piping elbows, the effect of radius ratio
has been taken in to account. In many theoretical developments, for example the
initial work of von Karman [2], Rodabaugh and George [30] and others, the radius of
the bend was assumed to be much greater than the cross-section radius — a long
radius assumption. Flexibility and stress-intensification factors for short-radius pipe
bends has been developed theoretically by Gross and Ford [25] and also by Cheng
and Thailer [41]. As will be seen in what follows, there is a substantial influence of

radius ratio on cross-section ovalisation, flexibility, and stress-intensification factors.

It is well known that the flexibility and stress-intensification factors are modified due
to cross-sectional ovalisation. However the effects of the various geometric
parameter on cross-sectional ovalisation, flexibility and stresses are not identical

either in trend or in magnitude.

Ovalisation, flexibility, and stress-intensification factors have been expressed in the

following forms:
& =1.656exp(~1.1754)|a—bA] (6-6)
b ==22la-bin(3)] (6-30)
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- [a-b1n(2)] (6 - 49)

In the above equations, the term in the square bracket represents their dependence on
pipe bend parameter, A, as well as on radius ratio: the coefficient ¢ and b are

functions of radius ratio.

Figure 6.55 shows ovalisation factor for sort radius pipe elbows under in-plane
opening bending calculated using equation (6-6). It can be seen that for short radius

piping elbows, the ovalisation factors are directly proportional to the bend angle.
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Fig.6.55 Ovalisation factor for short radius piping elbows under opening bending

Figure 6.56 shows ovalisation factor for long radius piping elbows. It can be seen
that the ovalisation factors are directly proportional to the bend angle for bend angle
less than 90-deg. It can be seen that the ovalisation factor for 90-deg pipe elbows of
high pipe bend parameter, lies between the value for 45 and 60-deg pipe elbows, but

over the value for 60-deg for low pipe bend parameter. Figure 6.56 shows that the
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ovalisation factors for 180-deg pipe elbows are less than those for 60 and 90-deg, but

greater than those for 45-deg.
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Fig.6.56 Ovalisation factor for long radius piping elbows under opening bending

Figure 6.57 shows a comparison of ovalisation factor between in-plane closing and
opening bending, plotted for pipe elbows having radius ratio equals three. It can be
seen overall that the ovalisation factor under closing bending is greater than under
opening bending, especially for low pipe bend parameter. The difference in
ovalisation between closing and opening bending mode is not significant for pipe

elbows of high pipe bend parameter.
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Fig.6.57 Comparison of ovalisation factor between closing and opening bending

Figure 6.58 shows flexibility factor for short-radius piping elbows under in-plane
opening bending calculated using equation (6-30) in comparison with the flexibility
factor for piping elbows under in-plane closing bending. Figure 6.58 shows that
flexibility factors for piping elbows are not in the same magnitude for in-plane
closing and opening moment, but lower for opening case especially for low pipe
bend parameters. This trend can be found for small and large angle bend piping
elbows. This difference arises from the structural behaviour, where piping elbows
exhibits the behaviour of non-linear structural ‘softening’ under in-plane closing
moment and non-linear structural ‘hardening’ under opening moment. Experimental
investigation by Smith and Ford [38] also shows that pipe bends are more flexible

under closing bending than under opening bending.
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Fig.6.58 Flexibility factors for short-radius piping elbows under in-plane bending

Figure 6.59 shows the flexibility factor for long-radius piping elbows under in-plane

opening bending calculated using equation (6-30) in comparison with the flexibility

factor for piping elbows under in-plane closing bending. It can be seen again for long

radius piping elbows that the flexibility factor under in-plane opening bending is

lower than those for in-plane closing bending especially for low pipe bend

parameters. This trend can be found for small and large angle bend piping elbows.
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Fig.6.59 Flexibility factor for long-radius piping elbows under in-plane bending

Figure 6.60 shows the stress-intensification factor for short-radius piping elbows
subjected to in-plane opening bending in comparison with those under in-plane
closing bending. It can be seen from this figure that the stress-intensification factor
of piping elbows under in-plane opening moment is lower than those for in-plane
closing moment for elbows of low pipe bend parameter. The Stress-intensification
factor under in-plane opening bending is slightly higher than those for in-plane

closing bending for high pipe bend parameter.
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Fig.6.60 Stress-intensification factor for short-radius piping elbows under in-plane

bending

Figure 6.61 shows the stress-intensification factor for long-radius piping elbows

subjected to in-plane opening bending in comparison with those under in-plane

closing bending. Again it can be seen that the stress-intensification factor of piping

elbows under in-plane opening moment is much lower than those for in-plane closing

moment for elbows of low pipe bend parameter, but slightly greater for high pipe

bend parameter and large angle bend.
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Fig.6.61 Stress-intensification factor for long-radius piping elbows under in-plane

bending

6.4.2 Pressurized Conditions

In developing the formulae for the pressure reduction effect, the following

approximations have been made:

(1) The pressure reduction is related linearly to the non-dimensional pressure
paremater, p/E, nondimensional thickness /¢, and radius ratio R/ in a log-log
plot. Accordingly, the pressure reduction effect can be approximated by a power
law.

(2) The index in the power law for non-dimensional pressure, p/E, non-dimensional
thickness, 7/, and radius ratio, R/r, has been based on results for the following

particular data: p = pyay, R/r =2, t/r = 0.026.
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Based on these observations, the following formulae have been developed:

Ovalisation factor

£ = ¢ S— (6-60a)
A2
£ = ¢ (6 - 60b)

Flexibility factor

k, = k_ . (6-61a)
A1) (5
E ANt r

k= k (6-61b)

p 3 % n
pryl r

Stress-intensification factor

y, = /4 _ (6-62a)
=AE
EMNt r
y = 4 (6-62b)
F4

where 4, B, m, and n are functions of the bend angle and are summarised in the
following Tables. The values are different for ovalisation, flexibility and stress-

intensification factors.
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Table 6.7 Values for 4, B, m, and n in equation (6-60) for ovalisation factor

Bend angle (o) Ao B(a) m(a) n(a)
30-deg 175 48.0 0.206 1.125
45-deg 126 34.5 0.333 1.005
60-deg 100 27.5 0.430 0.905
90-deg 76 21.0 0.570 0.765
180-deg 52 14.5 0.725 0.610

Table 6.8 Values for 4, B, m, and » in equation (6-61) for flexibility factor

Bend angle (o) A(a) B(a) m(o) n(a)
30-deg 0.300 0.084 0.037 0.370
45-deg 0.225 0.062 0.174 0.507
60-deg 0.185 0.051 0.266 0.599
90-deg 0.145 0.040 0.376 0.709
180-deg 0.115 0.031 0.481 0.814

Table 6.9 Values of 4, B, m, and n in eqn (6-62) for stress-intensification factor

Bend angle (a) A(a) Bl(a) m(e) n(a)
30-deg 0.330 0.091 0.245 0.578
45-deg 0.236 0.063 0.393 0.726
60-deg 0.183 0.050 0.502 0.835
90-deg 0.172 0.047 0.546 0.879
180-deg 0.124 0.034 0.685 1.019

It is worthwhile examining the error introduced as a result of the two approximations

described above. The percentage is calculated here as:

l—fdeOO%
Je

Err =
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where fd represents either ovalisation, flexibility, or stress-intensification factor

obtained using the derived formula and fe represents the data obtained directly from

the finite element analyses.

Using this definition of error, the maximum percentage is summarised in the

following Tables:

Table 6.10 Maximum error for ovalisation factor, %

Bend angle (o) | R/r =2 Rir=3 RFr=6 Rr=10
30-deg 9.9 11.3 13.0 13.4
45-deg 8.0 9.9 12.6 13.4
60-deg 7.4 9.3 12.6 13.7
90-deg 6.1 85 13.0 144
180-deg 6.2 6.1 9.3 13.5
Table 6.11 Maximum error for flexibility factor, %
Bend angle () | R/r =2 RFr=3 Rr=6 Rr=10
30-deg 7.1 7.5 7.7 6.7
45-deg 5.8 6.4 6.5 6.7
60-deg 5.1 5.2 6.5 6.7
90-deg 5.1 5.0 7.1 6.8
180-deg 4.1 5.6 8.6 7.0
Table 6.12 Maximum error for stress-intensification factor, %

Bend angle (o) | R/r =2 Rir=3 RFr=6 Rr=10
30-deg 6.9 7.2 7.4 7.8
45-deg 6.2 6.3 7.3 7.9
60-deg 5.7 5.4 6.9 8.2
90-deg 5.5 52 7.0 8.3
180-deg 5.2 5.1 8.7 8.7
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It can be seen from these Tables that there is a relatively large error in the
approximate equations as compared to the finite element results, especially for the
ovalisation factor. As indicated previously, this error results from the two
approximations used. This error could be reduced by trial-and error curve fitting to
find more appropriate indices for r/# and R/r. However the maximum error for
flexibility and stress-intensification factor from Table 6.11 and 6.12 is less than 10%

and deemed appropriate for design purposes.

Figure 6.62 shows a comparison of ovalisation factor between in-plane opening and
closing bending for short-radius 90-deg pipe elbows. Recalling the formulae for
ovalisation factor for short-radius (R = 3), 90-deg pipe elbows:

1+ 76( X ) ( ) in - plane opening bending

& =1.656exp(~1.1754)[1.0254 - 0.34524]

;for-E- >13.33

P
1+0.205 =
( X j ( ) r in - plane closing bending

¢

*’wl

[1 1179 +0.21771n(A)]

It can be seen from Fig.6.62 that there is a marked difference for the pressure
reduction effect on ovalisation factor between in-plane opening and closing bending.
Overall it can be seen that the magnitude of the pressure reduction is higher for in-
plane opening bending, even for relatively thick-walled pipe, whereas internal

pressure increases the ovalisation factor for thick-walled pipes.
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Fig.6.62 Pressure reduction effect for ovalisation factor of piping elbows under in-

plane bending: (a) opening mode, (b) closing mode
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Figure 6.63 shows a comparison of flexibility factor for short-radius 90-deg pipe
elbows under in-plane opening and closing bending obtained from the present
analysis. Recalling the formulae for flexibility factor of short-radius (R/r = 3), 90-deg

pipe elbows under in-plane bending obtained in the present analysis:

k r |
k,= iy —= for-t— >12.35
1+0145f 2fZ) (£ : i i
. EN7 " \ in - plane opening bending
k= 1—‘,16_5[1 058+0.0475In(4)] J
r \
kp - pYr % R 031
1+1 1-75(EX7) (7) r in - plane closing bending
k= -1'%[0.78 —0.1485In(4)]
J

It can be seen from these equations that the index of r/ and R/ of the pressure
reduction are bigger for opening bending, but the coefficient of the pressure
reduction is bigger for closing bending. In addition there is a marked difference in
the coefficient — much lower for opening bending. Overall, the magnitude of the
pressure reduction for flexibility factor is bigger for closing bending as shown in
Fig.6.63.
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Fig.6.63 Flexibility factors for short-radius 90-deg pipe elbows under in-plane

bending: (a) opening bending, (b) closing bending



Figure 6.64 shows a comparison of stress-intensification factor for short-radius, 90-
deg pipe elbows under in-plane opening and closing bending calculated using the

derived formula.

Recalling the formulae for stress-intensification factor of short-radius (R/» = 3), 90-

deg pipe elbows under in-plane bending obtained previously:

_ y

}’,, 19/ 0.546
1+o.172(£11) 3(5)
E Nt r

=120 1992+ 0.10621n(4)]

Y J

in - plane opening bending

v

/4

V 0.435
1+1o.25(£I5) 3(5)
E Nt r

}’=%,9-[0.7715—0.1651n(1)]

13

g

in - plane closing bending

v

Again it can be seen that the indices are very different, being much bigger for
opening bending and again followed by a significant difference in the coefficient
(0.172 for opening bending and 10.25 for closing bending). It can be seen from
Fig.6.64 that the magnitude of the pressure reduction is much bigger for closing
bending, implying that pipe elbows under opening bending are stiffer than under

closing bending,
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in-plane opening bending, a = 90-deg, R/r =3
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Fig.6.64 Stress-intensification factor short-radius, 90-deg pipe elbows under in-plane

bending: (a) pening bending, (b) closing bending
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6.4.3 S-Shaped Back-to-Back 90-deg Piping Elbows

Having established approximate formulae for flexibility and stress-intensification
factors for piping elbows with straight tangents, flexibility and stress-intensification
factors for closely-spaced thin-walled piping elbows are briefly examined in order to

verify their accuracy.

For this purpose, (model 2, model 3, model 4, and model 5) elbow configurations
used by Glickstein and Schmitz [93, 96] are checked. The basic configuration
consists of two-90-deg elbows with various lengths of tangent and is arranged in an
S-shape. One end of the model is fixed and another end is loaded by an in-plane
moment. The in-plane moment is applied such that elbow-A (lower quarter bend) is
subjected to a closing bending and elbow-B (upper quarter bend) is subjected to an

opening moment. This configuration is shown in Fig.6.65

Bend B

Model 4

Fixed end Fixed end

Fig.6.65 Glicstein & Schmitz’s model elbow configurations
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Key to Fig.6.65:

Wall thickness (f) = 0.245 in = 6.223 mm

Cross-section radius (r) = 7.96 in =202.25 mm

Radius ratio (R/r) = 3.05

Thickness ratio (/1) = 32.5

Pipe bend parameter (A) = 0.0904

Length of tangents: Model 2: LI =L3=32in,L2=64in
Model3: L1 =L2=L3=32in
Model 4: L1 =L3=32in,L2=0
Model 5: L1 =L2=0,L3=32in

Glickstein and Schmitz [93, 96] analysis these model using ABAQUS finite element
program. The elbow and pipe tangents were modelled using the S8R quadratic 8-
node thick shell element. Geometry and finite element modelling was described in
section 3.2. In-plane bending was applied as concentrated force to simulate a linear
stress distribution in the pipe due to in-plane bending. The end rotation was
determined from the axial displacement of nodes at the ends of the elbows as
described in section 5.2.1 of this thesis. This procedure was also implemented by

Thomas [78].

Table 6.13 gives a summary of flexibility factors from the present analysis in
comparison with the result presented by Glickstein & Schmith in their original paper.
The appropriate approximate formulae for unpressurised pipe elbows derived in this

study are:

(a) In-plane closing moment:

k= 15;16—5[0.78 -0.14851n(1)] (5-40)

(b) In-plane opening moment:
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k= L,-16-15[1 .058 +0.04751n(A)] (6-27)

(c) The asymptotic solution of Clark and Reissner [20]:
1.65

k=—-
A

For the geometries considered in Glickstein and Schmitz’s study (A = 0.0904), the

flexibility factor is:
k, =20.75 (in - plane closing moment)
k, =17.22 (in - plane opening moment)
kcgr =18.25 (Clark and Reissner)

Table 6.13 Summary of flexibility factors for S-shaped pipe bends

Elbow model (see Flexibility factor, k

figures) ANSYS G&S [93] Formulae | C&R [20]
2A (closing moment) 18.33 16.24 20.75 18.25
2B (opening moment) 12.83 17.33 17.22

3A (closing moment) 18.32 16.24 20.75 18.25
3B (opening moment) 11.47 17.33 17.22

4A (closing moment) 14.19 12.96 20.75 18.25
4B (opening moment) 5.67 13.87 17.22

5A (closing moment) 5.59 5.11 20.75 18.25
5B (opening moment) 3.15 13.87 17.22

In Table 6.13 the results under the column heading marked as ANSYS is obtained
from a new finite element solution. Comparison of results for model-2 and -3
between FE result (ANSYS) and those calculated using the derived formulae
indicated that the length of tangent (L = 4r) was not sufficiently long enough to
eliminate end effect. For an S-shaped pipe bends without intermediate tangent
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(model —4 and -5), the flexibility factor reduces significantly. The results from Table
6.13 confirm the major conclusion of Glickstein & Schmitz [93] that the restraining
effect of an S-shaped back-to-back piping elbow results in a significant reduction in

flexibility.

It is interesting to note from Table 6.13 that the result from the present analysis is
consistent: the flexibility factor under closing moment is always larger than under
opening. Recall the reason for this is that elbows under in-plane closing moment
exhibit non-linear softening structural behaviour, while elbows loaded by in-plane
opening moment exhibit non-linear hardening structural behaviour. This is contrary
to the results presented by Glickstein & Schmitz [93] where elbows under closing
moment are stiffer than under an opening moment. The reason for this difference is
probably caused by the large deformation effect. It should be noted that the analysis
of Glickstein and Schmitz [93] does not take large deformation effects into account,

while in the present analysis does.

Table 6.14 summarises the comparison for stress-intensification factor, their
direction, surface and location. The location is expressed as (8 @), where fand ¢ are
the longitudinal and circumferential directions respectively. The longitudinal position
is measured from the junction with the fixed tangent for elbows-A (closing moment)
and from the junction with the loaded tangent for elbows-B (opening moment). The

circumferential position is measured from the extrados.
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Table 6.14 Summary of stress-intensification factors, their direction, surface, and
locations

Model present analysis Glickstein & Schmitz
SIFs Dir Surf Loc SIFs Dir Surf Loc

2A 9.83 Hoop |Inner |51,100]8.26 Hoop |Inner |60, 80
2B 9.13 Hoop |Inner |51,100]9.83 Hoop |Inner |45,80

3A 10.12 [ Hoop | Inner |48,100 (9.45 Hoop |Inner | 50,100
3B 941 Hoop | Inner 48,100 { 10.28 | Hoop | Inner 50, 80
4A 9.3 Hoop |[Inner {33,100 6.83 Hoop |Inner | 30,100
4B 9.7 Hoop |Inner |33,100]8.88 Hoop |Inner [ 60,80

SA 7.14 Long |[Outer |0,0 5.40 Hoop |Inner |O0,80
5B 8.01 Hoop |Inner |33,1008.13 Hoop |Inner [ 60,80

Recalling the formulae developed for stress-intensification factor for 90-deg pipe
elbows having R/¥ = 3 with long tangents:

(a) In-plane closing moment:

= 1‘—89-[0.7715 -0.1651n(1)] (5-65)
Py

(b) In-Plane opening moment:

y= 1'£[1.1992 +0.10621n(4)] (6 - 46)
Y4

From the asymptotic solution of Clark and Reissner [20]:

y= 1.892 +%
Y
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and from the fatigue test result of Markl [23]

_09
=%

For the geometries considered in Glickstein & Schmitz’s [96] analysis, the stress-

intensification factors are:

Yelose = 12.22 (in-plane closing moment)

Yopen = 9.87 (in-plane opening moment)

Ycar = 10.46 (Clark and Reissner’s asymptotic solution)
Ynarki = 4.47 (MarklI’s fatigue test)

These values can now be compared with Table 6.14 obtained directly from a new

finite element solution.

Comparison using the formulae derived here and the results in Table 6.14 once more

confirms the conclusion of Glickstein & Schmitz [96] that the restraining effect of an
S-shaped back-to-back elbow causes a significant reduction in stress-intensification.

It is interesting to note that the results given by Glickstein & Schmitz for stress-
intensification of all the models considered is higher under in-plane opening moment
than under in-plane closing moment. Contrary, the present analysis shows that the
stress-intensification factor is higher under a closing moment than under an opening
moment if there is intermediate tangent present between two elbows (model-2 &
model-3). If there is no intermediate tangent between the two elbows, the maximum
stress is higher under an opening moment than under a closing moment. The reason
for this difference again believed to be caused by large deformation effects, which

are not included by Glickstein & Schmitz.

The pressure reduction effect was not included in both Glickstein and Schmitz’ paper

[93, 96). This effect is now considered here, focusing on how the pressure reduction
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is influenced by the spacing tangent. The various formulae developed in the previous

section summarising:

» Flexibility factors:
k

k,= - A N closing bending
1+11.75(£I—) (—)
E M\t r
k, = k : for — >12.35 opening bending
P . 197 R Tt R
1+0.145(£)(—) (—)
EAt r
> Stress-intensification factors:
- Y : :
Y, = - 7 o closing bending
1+10.25(£X—) (—)
EAt r
YV, = 4 opening bending

140.1 72(%1%] % GJ -

(5-46)

(6-31)

(5-71)

(6-50)

Using these equations and the value for unpressurized elbows from Table.6.13 and

6.14, the pressure reduction effect on flexibility and stress-intensification is shown in

Fig.6.66 and 6.67 respectively.
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Fig.6.66 Flexibility factors for (a) Elbow-A under closing moment, (b) Elbow-B

under opening moment
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Elbows-A subjected to closing moment
14 T
12 J\-\ S |
10 %=
I
—-~ |—e— derived formula |
8 ’ +— model2gs ‘[
o2 = N :_\. - +--model3gs |
6 B i —_31 !-—*—mode/:tgs ‘
e ' |~ 4~ model5gs
—~—a ‘ J
~‘+ e lopgitudinal
4 I i - J
[ T S
A
24— — 1 Se— e e l
0 T T T
0.0E+00 2.0E-06 4.0E-06 6.0E-06 8.0E-06 1.0E-05 1.2E-05 1.4E-05
p/E
(a)
Elbows-B subjected to opening moment
10 )
8
6 (—e— derived formula |
-+ model2gs ‘
& ‘ ‘ |- e~ model3gs
w |—&— model4gs ‘
4 |- A~ model5gs |
2
Y T l 1
0.0E+00 2.0E-06 4.0E-06 6.0E-06 8.0E-06 1.0E-05 1.2E-05 1.4E-05

p/E

(b)

Fig.6.67 Stress-intensification factors for (a) Elbow-A under closing moment, (b)

Elbow-B under opening moment
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It can be seen from these figures that the pressure reduction effect on flexibility and
stress-intensification developed in the present analysis has the same trend as that for
model-2 and model-3 in the Glickstein and Schmitz study [93, 96] if an intermediate
tangent is present between the two elbows. There is a significant difference in the
pressure reduction effect if the two elbows are connected together without an
intermediate tangent between them. Overall, it can be concluded that attachment of
straight tangent at both ends of a pipe bend should be sufficiently length to eliminate

its restraining effects.

6.5 Summary

Detailed non-linear large deformation finite element analysis of symmetrical piping
elbows of various geometries under in-plane opening moment and internal pressure
have been carried out to develop approximate formulae for the cross-sectional
ovalisation, flexibility, and stress-intensification factor. It has been found that a
piping elbow is stiffer under opening moment than under closing moment. The
explanation to this phenomena is that an elbow subjected to an opening moment
exhibits non-linear hardening structural behaviour (geometric stiffening), whereas an
elbow subjected to a closing moment exhibits a non-linear softening structural
behaviour (geometric weakening). The accuracy of the formulae developed in
Chapter 5 for in-plane closing bending and in Chapter 6 for in-plane opening bending
are checked for piping elbow configuration of type S-shaped back-to-back
arrangement where closing and opening mode are exhibited under an in-plane
bending. Comparison of results for unpressurised conditions obtained directly from
finite element analysis and the derived formulae confirm the major conclusion drawn
by Glickstein and Schmitz [93, 96] that the restraining effect of an S-shaped back-to-
back piping elbow result in a significant reduction in flexibility and stress-
intensification. However, the study carried out-out-by Glickstein and Schmitz show
that elbows are stiffer under in-plane closing bending than under in-plane opening
bending, whereas the present analysis give a contradict conclusion. The reason for

this contradiction is caused by large deformation effects, which were not included in
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Glickstein and Schmitz’s study. Now that the pressure reduction effect is found to be
different for in-plane closing and opening moment, it is of interest to investigate the
pressure reduction effect for elbows subjected to out-of-plane bending. The

following Chapter will dealt with this problem.
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Appendix Cé6

This appendix present Figures for in-plane opening bending. All the approximate

formula presented in this Chapter have been derived from these Figures:

Fig.A6.1 - A6.5: for Ovalisation factor
Fig.A6.6 — A6.10:  for Flexibility factor
Fig.A6.11 — A6.15: for Stress-intensification factor

Continue to the next pages...—
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in-plane opening bending, & = 30-deg, R/r =2
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in-plane opening bending, a = 30-deg, R/Ir=3
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Fig.A6.1 Ovalisation factor for 30-deg pipe elbows under in-plane opening bending:

(@ RFr=2,(b)RIr=3
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in-plane opening bending, @ = 30-deg, R/r =6
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Fig.A6.1 Ovalisation factor for 30-deg pipe elbows under in-plane opening bending:
(©)RFr=6,(d)RFr=10
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in-plane opening bending, & = 45-deg, R/r = 2
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Fig.A6.2 Ovalisation factor of 45-deg pipe elbows under in-plane opening bending:
@Rr=2,(b)Rir=3
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in-plane opening bending, & = 45-deg, R/r =6
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Fig.A6.2 Ovalisation factor of 45-deg pipe elbows under in-plane opening bending:
(©) R/r =6, (d) R/r =10
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in-plane opening bending, a = 60-deg, R/r =2
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Fig.A6.3 Ovalisation factor for 60-deg pipe elbows under in-plane opening bending:

(@) Rir=2, (b) Rir =3
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in-plane opening bending, & = 60-deg, R/r =6
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Fig.A6.3 Ovalisation factor for 60-deg pipe elbows under in-plane opening bending:
(©) R/r=6,(d) R/r =10
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in-plane opening bending, & = 90-deg, R/r = 2
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Fig.A6.4 Ovalisation factor for 90-deg pipe elbows under in-plane opening bending:

(@) R/r=2,(b) Rir=3



in-plane opening bending, & = 90-deg, R/r =6
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Fig.A6.4 Ovalisation factor for 90-deg pipe elbows under in-plane opening bending:

() R/r=6,(d)RF=10
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in-plane opening bending, a = 180-deg, R/r = 2

1.8 ‘
>
16 e
T 1 & -~-TT-
14 P s T = S
-y 4 “HTTES
e 4‘ —e—p/pmax = 0.0
10 - —9--p/pmax = 0.2
a —e—p/pmax = 0.4
M 0.8 —@- p/pmax = 0.6
. —&—p/pmax = 0.8
0.6 | —4--p/pmax = 1.0
0.4
0.2
00 l L) Ll
0.00 002 0.04 006 008 010 0.12 014 016 0.18 020
A
(a)
in-plane opening bending, @ = 180-deg, R/r =3
1.8 , T T
\
1.6 L
— | |
14 . |
/‘C"“ =
= o l’/,ﬁ'ﬁ__— — —e—p/pmax = 0.0
10 ,4r” —-%--p/pmax = 0.2
a « —e—p/pmax = 0.4
.U -
0.8 -9- p/pmax = 0.6
—&—p/pmax = 0.8
0.6 : ‘
0.4 j
0.2 - T_, } ]
|
0‘0 T T i l
0.00 003 006 009 012 015 018 021 024 027 030
A

(b)

Fig.A6.5 Ovalisation factor for 180-deg pipe elbows under in-plane opening

bending: (a) R/r =2, (b) R/r =3
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in-plane opening bending, & = 180-deg, R/r = 6
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Fig.A6.5 Ovalisation factor for 180-deg pipe elbows under in-plane opening
bending: (¢) R/» =6, (d) Rr =10
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in-plane opening bending, a = 30-deg, R/r =2
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Fig.A6.6 Flexibility factor for 30-deg pipe elbows subjected to in-plane opening
bending: (a) R/r =2, (b) R/r =3
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in-plane opening bending, a = 30-deg, R/r = 6
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Fig.A6.6 Flexibility factor for 30-deg pipe elbows subjected to in-plane opening

bending: (¢) R/r =6, (d) R/r =10
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in-plane opening bending, a = 45-deg, R/r = 2
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Fig.A6.7 Flexibility factor for 45-deg pipe elbows subjected to in-plane opening
bending: (a) R/» =2, (b) R/r =3
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in-plane opening moment, & = 45-deg, R/r = 6
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Fig.A6.7 Flexibility factor for 45-deg pipe elbows subjected to in-plane opening
bending: (¢c) R/r =6, (d) R/r =10



in-plane opening bending, a = 60-deg, R/r = 2
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Fig.A6.8 Flexibility factor for 60-deg pipe elbows subjected to in-plane opening
bending: (a) R/r =2, (b) R/r =3

358



in-plane opening bending, a = 60-deg, R/r = 6
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Fig.A6.8 Flexibility factor for 60-deg pipe elbows subjected to in-plane opening

bending: (c) R/r =6, (d) R/r =10
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in-plane opening bending, a = 90-deg, R/r = 2
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Fig.A6.9 Flexibility factor for 90-deg pipe elbows subjected to in-plane opening
bending: (a) R/r =2, (b) R/r =3
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in-plane opening bending, & = 90-deg, R/r = 6
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Fig.A6.9 Flexibility factor for 90-deg pipe elbows subjected to in-plane opening
bending: (c) R/r =6, (d) R/ =10

361




in-plane opening bending, a = 180-deg, R/r = 2
32 [
8+—t+—— \ e S
'Y
24 | aX \
N \\ AP
) -
20 b%\“\ ——0? p/pmax : 0.0
N +- p/pmax = 0.2
a 18 TSRS —e—p/pmax = 0.4
= -e- p/pmax = 0.6
12 |—&—p/pmax = 0.8
o -4~ p/pmax = 1.0
\»..‘
8
" . , 1
0 T
0.00 0.02 004 006 008 010 012 014 016 018 0.20
A
(a)
in-plane opening bending, & = 180-deg, R/r =3
20
16 4+——1—
—e—p/pmax = 0.0
12 A - - |=@— p/pmax = 0.2
a —e—p/pmax = 0.4
= |-~ p/pmax = 0.6
84 - —&—p/pmax = 0.8
-4A- p/pmax = 1.0
\
4 i -
l
0 |
0 003 006 009 012 015 0.18 0.21 024 0.27 0.3
A

(b)

Fig.A6.10 Flexibility factor for 180-deg pipe elbows subjected to in-plane opening
bending: (a) R/r =2, (b) R/r =3
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in-plane opening bending, a = 180-deg, R/r = 6
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Fig.A6.10 Flexibility factor for 180-deg pipe elbows subjected to in-plane opening

bending: (¢) R/r =6, (d) R/r =10
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in-plane opening bending, a = 30-deg, R/r = 2
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Fig.A6.11 Stress-intensification factor for 30-deg pipe elbows subjected to in-plane

opening bending: (a) R/r = 2, (b) R/r = 3



in-plane opening bending, & = 30-deg, R/r = 6
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Fig.A6.11 Stress-intensification factor for 30-deg pipe elbows subjected to in-plane

opening bending: (¢) R/» = 6, (d) R/ =10
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in-plane opening bending, a = 45-deg, R/r = 2
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Fig.A6.12 Stress-intensification factor for 45-deg pipe elbows subjected to in-plane

opening bending: (a) R/r =2, (b) R/r =3
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in-plane opening bending, & = 45-deg, R/r = 6
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Fig.A6.12 Stress-intensification factor for 45-deg pipe elbows subjected to in-plane

opening bending: (¢) R/» = 6, (d) R/r =10
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in-plane opening bending, a = 60-deg, R/r = 2
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Fig.A6.13 Stress-intensification factor for 60-deg pipe elbows subjected to in-plane

opening bending: (a) R/» =2, (b) R/r =3
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in-plane opening bending, @ = 60-deg, R/r = 6
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Fig.A6.13 Stress-intensification factor for 60-deg pipe elbows subjected to in-plane

opening bending: (¢c) R/» =6, (d) R# =10
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in-plane opening bending, & = 90-deg, R/r = 2
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Fig.A6.14 Stress-intensification factor for 90-deg pipe elbows subjected to in-plane

opening bending: (a) R/ =2, (b) R/r =3
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Fig.A6.14 Stress-intensification factor for 90-deg pipe elbows subjected to in-plane

opening bending: (¢) R/» = 6, (d) R/ =10
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in-plane opening bending, a = 180-deg, R/r = 2
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Fig.A6.15 Stress-intensification factor for 90-deg pipe elbows subjected to in-plane

opening bending: (a) R/» =2, (b) R/r =3
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in-plane opening bending, & = 180-deg, R/r =6
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Fig.A6.15 Stress-intensification factor for 90-deg pipe elbows subjected to in-plane

opening moment: (¢) R/» = 6, (d) R/r =10
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CHAPTER 7

OUT-OF-PLANE BENDING

In the previous two chapters, the cross-sectional ovalisation, flexibility and stresses
for piping elbows under in-plane bending have been studied. Approximate formulae
for unpressurised and pressurised piping elbows were developed. In this chapter, a
similar study of unpressurised and pressurised piping elbows under out-of-plane
bending is developed. A formula for cross-sectional ovalisation is not presented here,
since there is some ambiguity about the location of its maximum, being strongly

dependent on the geometry of the pipe elbow.

7.1 Flexibility Factors

In the previous study of in-plane bending, the flexibility factor was derived from the
axial and radial displacement of the extrados and intrados nodes at the junction of the
elbow with the straight tangent, see equation (5-29). The definition of a flexibility
factor used for in-plane bending is also adopted here for out-of-plane bending, i.e.,
through the concept of end rotation, although there may be alternatives. For the case
of out-of-plane bending, the out-of-plane rotation will be derived from the

displacement of the crown nodes at the elbow-straight pipe junction.

An out-of-plane bending load, M,, is applied on the free end of the loaded tangent
about an axis perpendicular to the tangent of the bend as shown in Fig.7.1. Under this
load, end of the elbow at junction-1 will be subjected to pure bending, and the other
end at junction-2 will be subjected to bending and torsion, depending on the bend
angle. Definition of junction-1 and junction-2 is shown in Fig.7.2. For bend angles of
90 and 180-deg, the end of the elbow at junction-2 (corresponding to Fig.7.2) is



subjected to pure torsion and pure bending respectively. For other bend angle, this

end is subjected to both bending and torsion.

M, Mo M,

M,

M,

(a) (b) (c) (d) (e)

Fig.7.1 Piping elbows subjected to an out-of-plane bending

Loaded tangent Junction-1
My

. } e J— :
/ \\ |

Loaded end Junction-2

Crowns

View from top

junction-1 .
Fixed tangent

TN /

Fixed end
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Fig.7.2 Typical cross-sectional rotation at the junction with loaded tangent
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The out-of-plane rotation of section-1 is obtained from the axial and radial
displacement of crown nodes. Accordingly, the rotation of this end is obtained from

the following relation:

@ = mn-l(_dz_l_) (7-1)

2r+dn

The rotation of section-2 is obtained in a similar way from the following:

o, =tan“[—"i—) (7-2)

2r +dr,

Section-2 is also subjected to torsion. The angle of twist is obtained from the
tangential and radial displacement of crown nodes at this section. Accordingly, the

angle of twist is obtained as:
@, = tan-| D2 (7-3)
2r+dr,

It should be noted that for a Cartesian co-ordinate system, the rotation of section-2
according to equation (7-2) occurs in YZ-plane and the axis of twist in equation (7-3)
is the axis of the fixed tangent. The total end rotation about an axis perpendicular to
the loaded tangent is therefore obtained from the following geometric relation:

=@ -9, cosa—@,sina (7-4)

A typical moment — end rotation (8a7@) curve is shown in Fig.7.3 using the equation
(7-4). It can be seen that the relationship between bending and out-of-plane rotation
is linear. The flexibility factor is finally obtained by dividing the derived end rotation
produced by the end rotation of an equivalent straight pipe as given by eqn (5-31).
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Fig.7.3 Typical moment — end rotation curve under out-of-plane bending

Figure 7.4 shows the flexibility factor for 90-deg piping elbows plotted against pipe
bend parameter, A, for various value of radius ratios, R/. It can be seen that a high
value of flexibility factor is obtained for a small value of pipe bend parameter. Figure
7.4 also shows a dependency of flexibility on radius ratio. As shown in Fig.7.4 the
relationship between flexibility factor &, and pipe bend parameter, A, is
approximately linear in a log-log plot. Accordingly, the relation can be expressed in

form of equation (5-33).

As before, it is required to obtain approximate formulae for the flexibility factor from
finite element generated data. It can be seen from Fig.7.4 that the flexibility factor
under out-of-plane bending depends on the pipe bend parameter as well as on radius
ratio. By curve fitting, flexibility factors for 90-deg piping elbows under out-of-plane

bending are summarised in the following equations:
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2.605
= 0% for R =2 (7-5)
A v
2.39 R
= e for—=3 (7-6)
r
2.19
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k=0_53; fOl'£=lO (7-8)
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Fig.7.4 Flexibility factor for 90-deg piping elbows under out-of-plane bending

As has been done for in-plane bending case, the derivation of flexibility factor

following the form of equations proposed by Fujimoto and Soh [92], where the

flexibility factor is expressed in term of the asymptotic solution of Clark and

Reissner [20] and multiplying it with a factor representing the dependence of

flexibility factor on pipe bend parameter, A, as well as on radius ratio, R/r. Equation

(7-5) through (7-8) can be further written in the following form:
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L [1 176 +0.2521n(A)]

i [1 193+0.27271n(4)]

165[1 218+0.33411n(2)]

_L6
: [1 244 +0.43481n(1)]

o3 (7-9)
.
R_3 (7-10)
p
£ (7-11)
P
R _10 (7-12)
»

It can be inferred from these equations that the flexibility factor under an out-plane

bending is much smaller than the asymptotic solution of Clark and Reissner [20] as

adopted in current design piping code [114, 120]. Fig.7.5 shows the flexibility factor

calculated using the formulae of Equations (7-9) through (7-12) in comparison with

the finite element results. It can be seen that the proposed formulae fit the results

obtained from finite element, but not as good as for in-plane bending case.
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Fig.7.5 Comparison for flexibility factor between derived formulae and FE
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7.1.1 Effect of Bend Angle on Flexibility Factor

As has been done for in-plane bending case, the effect of bend angle on flexibility
factor under out-of-plane bending will continue be taken into account. For this
purpose, piping elbows of bend angle 30, 45, 60, and 180-deg have been studied.
Figure 7.6 through 7.9 show plots of flexibility factor against pipe bend parameter. It
can be seen from these plots that the relationship between flexibility factor and pipe
bend parameter is once more approximately linear in log-log plot for all the bend

angles considered.

@ = 30-deg
100 T T T 1
T | 1 i
% !
"N
& 10— ™
o N =]
|
B ] §<L‘~*‘A
1
0.01 0.1 1
A

Fig.7.6 Flexibility factor for 30-deg pipe elbows under out-of-plane bending
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« = 45-deg

100

—+—R/r=2

\P\\ -o-RIr=3

5 —a—R/r=6

—aRy -4-R/r=10

'4“
1

0.01 0.1
A

Fig.7.7 Flexibility factor for 45-deg pipe elbows under out-of-plane bending
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Fig.7.8 Flexibility factor for 60-deg pipe elbows under out-of-plane bending
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Fig.7.9 Flexibility factor for 180-deg pipe elbows under out-of-plane bending

By curve fitting, flexibility factors for piping elbows under out-of-plane bending can
now be derived as before and the results are expressed in form:

165

7 [a+ bin(A)]

(7-13)

where the coefficient @ and b are functions of radius ratio, R/», and bend angle, ,
and are summarised in Table 7.1 and 7.2 respectively.




Table 7.1 Values of coefficient “a” in equation (7-13) for various bend angles

R/r Bend Angle, o
30-deg 45-deg 60-deg 90-deg 180-deg

2 0.8110 1.0880 1.2427 1.1760 0.4617
3 0.8650 1.1224 1.2618 1.1930 0.5860
4 0.9181 1.1440 1.2714 1.2039 0.6468
5 0.9570 1.1633 1.2772 1.2132 0.7037
6 0.9890 1.1850 1.2800 1.2180 0.7480
7 1.0187 1.1930 1.2840 1.2272 0.7894
8 1.0443 1.2050 1.2861 1.2328 0.8234
9 1.0674 1.2157 1.2877 1.2378 0.8535
10 1.0910 1.2322 1.2900 1.2440 0.8788

Table 7.2 Values of coefficient “b” in equation (7-13) for various bend angles

Ry Bend Angle, o
30-deg 45-deg 60-deg 90-deg 180-deg

2 0.1320 0.2001 0.2510 0.2520 0.0020
3 0.1603 0.2300 0.2800 0.2727 0.0346
4 0.1871 0.2404 0.2967 0.2904 0.0552
5 0.2143 0.2636 0.3179 0.3107 0.0818
6 0.2424 0.3000 0.3385 0.3341 0.1062
7 0.2687 0.3100 0.3603 0.3558 0.1350
8 0.2959 0.3332 0.3815 0.3807 0.1616
9 0.3231 0.3564 0.4027 0.4074 0.1882
10 0.3501 0.3880 0.4242 0.4348 0.2146

Figure 7.10 and 7.11 show flexibility factor for various bend angles calculated using
equation (7-13) and Table 7.1 and 7.2. It can be seen for both short radius and long
radius piping elbows that the flexibility factor is directly proportional to the bend
angle for bend angle between 30 and 60-deg. There is a significant drop in value of
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flexibility for 90-deg bend angle compared to the flexibility for 60-deg elbows. It can
be seen that the flexibility factor for 90-deg elbows lying between the value for 45
and 60-deg for high pipe bend parameter and between the value for 30 and 45-deg
for low pipe bend parameter. For short-radius 180-deg piping elbows, the flexibility
factor is less than the value for 30-deg for high pipe bend parameter but
approximately equal to the flexibility for 90-deg for low pipe bend parameter. Figure
7.11 shows that the flexibility factor for long radius 180-deg piping elbows is less
than the value for 30-deg pipe elbows.
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Fig.7.10 Flexibility factor for short-radius piping elbows under out-of-plane bending
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Fig.7.11 Flexibility factor for long-radius piping elbows under out-of-plane bending

7.1.2 Pressure Reduction Effect

It was confirmed in the previous chapters that internal pressure reduces the flexibility
of piping elbows under in-plane bending. In this section the pressure reduction effect

on flexibility for piping elbows under out-of-plane bending is examined.

The closed-end effect of internal pressure is modelled in usual way, i.e., acting on the
edge of the loaded end as shown in Fig.7.12. As a family of surface load, ANSYS
always treats the pressure (either it acting on a surface or on an edge) as follower

force. See ANSYS on-line help section 8.1.2.3 [119].
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o= pr/2t

Fig.7.12 Piping elbow subjected to out-of-plane bending and internal pressure

As usual a typical pressure — end rotation curve is shown in Fig.7.13 plotted for a 90-
deg elbow having radius ratio equals three where the abscissa 0.0 represents the final
load step of moment loading and the start of the subsequent internal pressure loading.
It can be seen that the relation between internal pressure and the end rotation is non-

linear as compared to the linear relation in the moment — end rotation curve.

Figure 7.14 through 7.17 show the flexibility factor for 90-deg pipe elbows plotted
against pipe bend parameters for various radius ratios. Once more it can be clearly
seen that internal pressure reduces the flexibility and the reduction is more
pronounced for thin walled piping elbows (elbows of low pipe factors). The pressure
reduction effect corresponding to equation (5-45) can be further derived from these

Figures.
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Fig.7.13 Typical pressure — end rotation curve under out-of-plane bending
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Fig.7.14 Flexibility factor with internal pressure for 90-deg pipe elbows: R/r =2
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out-of-plane moment, a = 90-deg, R/r =3
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Fig.7.15 Pressure reduction on flexibility factor for 90-deg pipe elbows: R/r =3
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Fig.7.16 Pressure reduction on flexibility factor for 90-deg pipe elbows: R/» = 6
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Fig.7.17 Pressure reduction on flexibility factor for 90-deg pipe elbows: R/» =10

Again, a typical example of the pressure reduction effect on out-of-plane flexibility
for 90-deg pipe elbows is shown as a log-log plot in Fig.7.18 and 7.19, and it can be
seen that the relations are linear. There is a small deviation from linearity for the
relation between pressure reduction and radius ratio (R/). Throughout the
development of approximate formula in what follows, this linear behaviour will

again be adopted as the basis for approximation.
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Fig.7.18 Pressure reduction for constant radius ratio plotted against (a) p/E, (b) 1/t
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Fig.7.19 Pressure reduction for constant thickness plotted against (a) p/E, (b) R/r
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Examination of Fig.7.18 and 7.19 together with Fig.7.14 through 7.17 results in the
following approximate equation is proposed for the flexibility 90-deg pipe elbows

under out-of-plane moment:

k= k (7-14)

P 19 0322
1+o.175(£Ii) (5)
E M\t r

where k is flexibility factor in the absence of internal pressure as given by equation
(7-13) and Table 7.1 and 7.2. A comparison with equation (6-31) for in-plane closing

bending shows roughly that the pressure reduction in both equations are not

markedly different in magnitude.

7.1.3 Effect of Bend Angle on Pressure Reduction

It has been shown elsewhere in this thesis that the flexibility for unpressurised piping
elbows under out-of-plane moment is very much influenced by the bend angle. It has
been found however that the flexibility is not directly proportional to the bend angle
if the bend angle approached 90-deg and greater. In what follows, the effect of bend

angle on the pressure reduction effect is examined.

Using the data of Fig.A7.1 through A7.5 in Appendix C7, flexibility factors for

pressurised piping elbows under out-of-plane bending can be derived as before:

k -
k,= YR for oz =30 - deg (7-15)
1+0385| £ Z|" | £
)¢
k,= k for @ =45-deg (7-16)
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k = for @ =60 - deg

fora=180-deg

k, = k
? 1% 0.231
1+0.300(£X1) 6(5)
EAt r

Noting that:

equations (7-14) through (7-18) can be written as:

k
k,= N T for =30 - deg
1+0.106) 22— | = (_)
3D \A r
k,= k fora@=45-d
P 3 Y 7 p\0316 org=a--deg
1+0.080 2_[1)°(R
3D KA r
k,= k for @ =60-d
P 3 Yo7 p\04l or@=00-deg
1+0062 2 {1 (5)
3D ANA r
= for o =90- deg

RN

)

. k

T L 0.057(”—’311)% (5)0'553
3D \4) \»

for oz =180-deg

(7-17)

(7-18)

(7-19)

(7-20)

(7-21)

(7-22)

(7-23)
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It can be seen from these equations that for elbows having bend angle of 90-deg and

smaller, the pressure reduction effect is directly proportional to bend angle.

Following previous practice, equations (7-14) through (7-19) if required can be
further simplified:

k,= k

)
EN? r
k
k =
B
3D \A r

where 4, B, m, and n are function of bend angle, a. This simplification will not be

processed further.

7.2 Stress-Intensification Factors

The formulae for the stress-intensification factor for unpressurised and pressurised
piping elbows under in-plane moment have been developed in Chapters 5 and 6 for
closing and opening bending respectively, where it was found that the cross-section
deformed into an oval shape with major axis perpendicular to the plane of the bend
for the closing case and lying in the plane of the bend for the opening case. For the
out-of-plane bending case, ovalisation occurs close to an axis inclined at about 45-
deg to the plane of the elbow and is maximum at a section between the junction with
the loaded tangent at the mid-section of the bend. Due to this behaviour different
flexibility and stress factors will be expected.

Figure 7.20 shows a typical cross-sectional ovalisations of a pipe elbow under out-of-

plane bending for a radius ratio equal R/r equal to 3 and thickness to cross-section
radius ¢/~ equal to 0.03 (pipe schedule 10s). These are plotted for ovalisation at the
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junction with the loaded tangent, at a section where the hoop stress has its maximum
value, and at mid-section of the bend. The results are approximately anti-symmetric
with respect to the elbow plane of symmetry. It can be seen that the maximum radial
displacement (ovalisation) does not occur at the section where the stresses are
maximum. It is understood that the cross-sectional ovalisation is due to bending and
the maximum bending along the elbow is at the junction of the elbow with the loaded
tangent. Recall that the out-of-plane moment is applied about an axis perpendicular
to the loaded tangent as shown in Fig.7.1 (M = My). In this sense, the moment
loading diminishes as we move toward the junction with the fixed tangent. For a 90-
deg elbow, the loading at the junction with the fixed tangent is pure torsion and there

no ‘ovalisation’ occurs at this section.

out-of-plane bending, R/r =3, t/r=0.03

0.5 y AN | ‘
= \ | —o—90-deg section
S e ! - = : - 57-deg section

30 e 9 180 330 A280 | A 45-deg section

-0.5 4 ‘ — 3

] vﬂ‘

1.0 1 ‘ | - S

1.5 4 ( | _— - I S— ‘

2.0 i L [

f, deg

Fig.7.20 Typical radial displacement under out-of-plane moment

Figure 7.21 and 7.22 respectively show typical longitudinal and circumferential
stress contour plots plotted for a 90-deg pipe elbow. It can be seen from these figures
that the location of the maximum stress in a pipe elbow under an out-of-plane
moment occurs not at mid-section of the bend, but between the mid-section and the
junction of the elbow with the loaded tangent; it is a compressive stress at the inner

surface of the wall.
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SMN =-317.232
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-317.232 1.33 5.43 356
-269.284 -173.387 -77.49 18.407 114.304

NODAL SOLUTION AN

OCT 25 2003

eaael 09:33:09

SUB =11
TIME=1
sY (AVG)
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RSYS=11

DMX =9.148
SMN =-207.473
SMX =139.674

-207.473 . 30.3 l 23.958 101,102
-168.901 -91.757 -14.614 62.53 139.674

(b)
Fig.7.21 Typical longitudinal stress contour plot under out-of-plane bending (a) outer

surface, (b) inner surface
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Fig.7.22 Typical circumferential stress contour plot under out-of-plane bending (a)

outer surface, (b) inner surface



Figure 7.23 shows typical longitudinal stress factor at the loaded end (90-deg
section), 57-deg section where the hoop stress is maximum, and at the mid-section of
the elbow. It can be seen that the maximum longitudinal stress occurs at the outer
surface as compressive stresses; the circumferential location of maximum

longitudinal stress is at about 10-deg from the crown toward the intrados.

R/r =3, t/r = 0.03, outer surface
6
7
I/
4 4- — ! ;’ A Y
24| — [ N i
q /\’ | —o— 90-deg section
] /
“o 04 ,g . ; +- 57-deg section
N P %0 1% 180 Nad 240 270 0 3§0 |-4-45-deg section
/ Y
T S - '/ i -
. \ /
1
-6
¢, deg
(@)
R/r = 3, t/r = 0.03, inner surface
6
1 |
4 - . - N
24 = |
< Q / —+—90-deg section
s 0 N - [ +- 57-deg section
P 0 /120 150 180 g 210 0 360 |-+ 45-deg section
2 A f !
4 ) [N
) |
¢, deg
(b)

Fig.7.23 Typical longitudinal stress factor for a 90-deg pipe elbow under out-of-

plane bending (a) outer surface, (b) inner surface
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Figure 7.24 shows typical circumferential stress factor at the loaded end section, 57-
deg section where the stresses are maximum and at mid-section of the bend. It can be
seen that the maximum hoop stress occurs at the inner surface as compressive stress;
the circumferential location of maximum hoop stress is at about 30-deg from the

crown toward the intrados.

R/r =3, tr = 0.03, outer surface

8 T T

S —o—90-deg section
>0 o~ 57-deg section
N 30 180 0 0/7330 —4—45-deg section
. 3 N - [ [ ; |
\
\
‘T =T |
|
-6 1
\
-8 I |
¢, deg
(a)

R/r =3, tr = 0.03, inner surface

——90-deg section
} | © 57-deg section
0 3*0 -&—45-deg section

w
—&

ojon
N o
L)
>
@&
[=]
©o

¢, deg

(b)

Fig.7.24 Typical circumferential stress factor for a 90-deg pipe elbow under out-of-

plane bending (a) outer surface, (b) inner surface
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Overall, it has been found that the maximum stress for elbows having bend angle of
30-deg and greater occurs in the hoop direction as compressive stresses at the inner
surface. Its location is not always at the same location for all pipe bends parameters,
but depends on bend angle, radius ratio and wall thickness. In what follows, the
maximum hoop stress is evaluated regardless of its location longitudinally and

circumferentially.

Figure 7.25 shows a typical moment-stress curve for a piping elbow under out-of-
plane bending for a 90-deg elbow having radius of 3 and thickness to cross-section
radius ratio of 0.026. It can be clearly seen that the relation of applied bending and
resulting stress is essentially linear. It will be seen that this is not the case when

internal pressure is further applied and the pressure reduction included.

a =90-deg, R/r =3, t/r =0.026

18

15 - /
—<- MEI /
= Linear (M/EI

12 -
y =7559.4x + 0.075
S R?=1
S
v 91
E
6 -
K s S ————
0 L T L] L
0.000 0.001 0.001 0.002 0.002 0.003

o JE

Fig.7.25 Typical moment — stress (hoop) curve under out-plane moment

400



Figure 7.26 shows the stress-intensification factor for 90-deg piping elbows plotted
for various radius ratios. It can be seen that high stress-intensification factor is
obtained for low pipe bend parameter. Figure 7.26 also shows that the stress-
intensification factor is influenced by radius ratio. Figure 7.26 again shows that the
relationship between stress-intensification factor, % and pipe bend parameter, A, is
approximately linear in a log-log plot and can be expressed in form of equation (5-

58).

o = 90-deg
10
|
I
L
AN
\Y ]
TN
\\;\a
\@\ 1
V 5‘\ ‘
'Y .} {
N
A

I\\

|
A
%
1 . I
0.01 0.1 1
|

Fig.7.26 Stress-intensification factor for 90° pipe elbows under out-of-plane bending

Approximate formula for stress-intensification factor for 90-deg piping elbows under

an out-of-plane bending can be derived from Fig.7.26:

_1.50 R
V—W; for7=2 (7-24)
1.60
yzﬂ()jq; fOl"§=3 (7‘25)
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Lol forX =6 (7-26)

Y= /10.59 ’ ’
1.52 R
7’=W; for7=10 (7-27)

Following the procedure of Fujimoto and Soh [92], equations (7-24) through (7-27)

can be written in form of equations (5-63):

y= ﬁ[o 6726 +0.02361n{1)) for B = (7-28)
,1V r
7— [o 7818 +0.05731n(A1)] for R =3 (7-29)
P r
y= ——[0 8509 +0.061In(4)] fori:- =6 (7-30)
i
r= llﬁ[o 8065 —0.00291n(4)] for-? =10 (7-31)

In the above equations, the term outside the square bracket again is the asymptotic
solution of Clark and Reissner [20] and the term inside the square bracket represents
the dependence of stress-intensification on pipe bend parameter, 4, as well as on
radius ratio, R/r. The change in sign for the second term in the square bracket implies
that the value of ‘index ¢’ corresponding to equation (5-58) could be either smaller

or greater than 2/3.

Figure 7.27 shows plots for stress-intensification factor for 90-deg pipe elbows
calculated using the derived formulae in comparison with those obtained directly
from finite element solution. It can be seen that the proposed equation fit well the
result from finite element solution. In addition, plots for the proposed formulae, i.e.,
equations (7-28) through (7-31) coincide with those calculated using equation (7-24)
through (7-27).
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Fig.7.27 Comparison for stress-intensification factor between derived fprmulae and

finite element solution

7.2.1 Effect of Bend Angle on Stress-Intensification Factor

As before, the effect of bend angle on stress-intensification factor is again considered
here. For this purpose, pipe elbows having bend angles of 30, 45, 60, 90, and 180-
deg have been studied. Figure 7.28 through 7.31 show stress-intensification factor for
out-of-plane bending. It can be seen again that straight lines are obtained in a log-log
graph for all bend angles considered. These Figures show that the stress-
intensification factor not only depends on the parameter, A, but also depends on the
radius ratio, R/r: as the bend angle becomes greater, the dependence of stress-
intensification on radius ratio becomes smaller. Figure 7.31 shows that the stress-

intensification factor for 180-deg pipe elbows less dependent on radius ratio.
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a = 30-deg
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0.01 0.1
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Fig.7.28 Stress-intensification factor for 30° pipe elbows due to out-of-plane bending
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Fig.7.29 Stress-intensification factor for 45° pipe elbows due to out-of-plane bending
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Fig.7.30 Stress-intensification factor for 60° pipe elbows due to out-of-plane bending
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Fig.7.31 Stress-intensification for 180° pipe elbows due to out-of-plane bending

Approximate formula can be derived from the above figures and written in the

following form:
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_189.
=% [a+bIn(A)]

(7-32)

where coefficients ‘a’ and ‘b’ a functions of radius ratio and are summarised in Table

7.3 and 7.4 respectively:.

Table 7.3 Values of coefficient “a” in equation (7-32) for various bend angles

R/r Bend angle, o
30-deg 45-deg 60-deg 90-deg 180-deg
2 0.4749 0.5725 0.6331 0.6726 0.7468
3 0.5473 0.6564 0.7074 0.7818 0.7964
4 0.5965 0.7227 0.7707 0.8229 0.8159
5 0.6343 0.7578 0.8168 0.8297 0.8352
6 0.6793 0.8096 0.8494 0.8509 0.8461
7 0.6913 0.8100 0.8622 0.8276 0.8486
8 0.7140 0.8136 0.8615 0.8248 0.8427
9 0.7339 0.8244 0.8452 0.8219 0.8284
10 0.7424 0.8332 0.8167 0.8065 0.8081

Table 7.4 Values of coefficient “b” in equation (7-32) for various bend angles

Rir Bend angle, o
30-deg 45-deg 60-deg 90-deg 180-deg
2 -0.0031 -0.0217 -0.0163 0.0236 0.0143
3 0.0038 -0.0049 0.0001 0.0573 0.0239
4 0.0103 0.0239 0.0335 0.0650 0.0353
5 0.0145 0.0390 0.0491 0.0648 0.0403
6 0.0176 0.0493 0.0620 0.0610 0.0404
7 0.0175 0.0494 0.0551 0.0554 0.0383
8 0.0163 0.0447 0.0455 0.0408 0.0313
9 0.0133 0.0334 0.0275 0.0196 0.0203
10 0.0099 0.0114 0.0041 -0.0029 0.0005
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It can be seen from these Tables that values of coefficient ‘6> given in Table 7.4 is

small and the second term in the square bracket in of equation (7-32) can be

neglected without significant loss in accuracy. Figure 7.32 shows plots of stress-

intensification factor for short radius pipe elbows and various bend angles. Similar

plot for long-radius pipe elbows is shown in Fig.7.33.

R/ir=3
8
N
6 L ‘\
A
5 — (S N——— \*:_,7, = M — -
~N 4 t‘\\ \\‘\‘\‘_\
\ ‘$~\ _\\‘*\
. \t*‘b
‘\ A !
—~~—
2
1
0 T Ll L) '
0.00 0.03 006 0.09 012 015 018 021 024 027
A

0.30

—e—30-deg
|-~ 45-deg
| —&—60-deg
‘- A= 90-deg
| —e— 180-d

Fig.7.32 Stress-intensification factor for short-radius piping elbows under out-of-

plane bending
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Fig.7.33 Stress-intensification factor for long-radius piping elbows under out-of-

plane bending

It can be seen from Fig.7.32 and 7.33 that stress-intensification is not directly
proportional to the bend angle for out-of-plane bending case. Table 7.5 below
summarises the trend of stress-intensification factor with respect to the stress-

intensification for 90-deg pipe elbows:

Table 7.5 Trend of stress-intensification under out-of-plane bending

o ¥ %o
Short-radius elbows | Long-radius elbows
30-deg <1 > 1
45-deg >1 S
60-deg >1 > 1
90-deg =1 =1
180-deg >1 = |
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It can be inferred from Table 7.5 that the stress-intensification for 90-deg pipe
elbows is smaller than for other bend angle, except for short-radius and small bend
angle. It can be said that stress states in 90-deg elbows is very different from those
for other bend angle. A 90-deg elbow under out-of-plane bending produced smallest
ovalisation leading to smallest flexibility and stresses, because the loading in one end
becomes pure torsion where no ovalisation occurs. It is interesting to note from Table
7.5 that the stress-intensification factor for 90 and 180-deg pipe elbows are about

level for long-radius bends.

7.2.2 The Pressure Reduction Effect

Previously, it has been found that the internal pressure always reduces the maximum
stresses for all pipe bend parameters. It has long been known that the cross-sectional
distortion of a pipe bend under out-of-plane bending is different from that of in-plane

bending. It is expected that the pressure reduction effect will also be different.

Figure 7.34 shows typical hoop stress distribution under unpressurized and
pressurized condition plotted for a 90-deg elbow having R/~ = 3 and #r = 0.03.
Figure 7.34 is plotted at 23-deg section from junction with loaded tangent (refer to

Fig.7.2) where maximum stress located at this section.

To obtain stress-intensification factor under bending and internal pressure, the
toroidal membrane hoop stress (eqn (2-15)) must be subtracted from the total hoop
stress for the pressurized condition in Fig.7.34. Figure 7.35 shows typical pressure
reduction on hoop stress factors under an out-of-plane bending after subtracting the
toroidal stress (eqn(2-15)) from the stresses for unpressurized condition in Fig.7.34.
It can be seen that internal pressure reduce the stress. Figure 7.35 also shows that the
system under consideration is bending dominated, characterised by the same location
of maximum stresses under unpressurised and pressurised condition. It is however
expected that the tendency for this stress distribution to change if internal pressure

load increase beyond a certain level [57].
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Fig.7.34 Hoop stress distribution under out-of-plane bending and internal pressure
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Fig.7.35 Typical pressure reduction effect on hoop stress factor
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A typical pressure — stress (hoop) plot is shown in Fig.7.36, plotted for the same
elbow geometry as Fig.7.34. The abscissa 0.0 represents the final load step of
bending load and the start of the subsequent internal pressure load. It can be seen that
the relationship between the internal pressure and hoop stress in non-linear. Figure
7.36 can be directly compared with Fig.7.252, where the relationship between
moment and hoop stress is linear. Again, Fig.7.36 shows the ‘Haigh effect’ as a

result of applying internal pressure on ovalized cross-section piping elbow.

a =90-deg, R/r =3, t/r =0.03

0.0025

=g=iPE
—Linear (FE)

0.0020

0.0015
y =-0.0002x + 0.0021

< R? = 0.9867
<)
0.0010 -
0.0005
0.0000 L LS Ll Ll L) L} L L
0 1 2 3 5 6 7 8 9
pr’/D

Fig.7.36 Typical pressure — stress plot for a pipe elbow due to out-of-plane bending

Figure 7.37 through 7.40 show stress-intensification factors for 90-deg pipe elbows
for various radius ratios loaded by out-of-plane bending and internal pressure. It can
be seen that the effect of internal pressure is to reduce the stress-intensification. As
before, the reduction is more pronounced in elbows having low pipe bend parameter

(small thickness and short-radius bend).
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Fig.7.37 Stress-intensification with internal pressure for 90-deg pipe elbows: R/r = 2
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Fig.7.38 Stress-intensification with internal pressure for 90-deg pipe elbows: R/r = 3
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out-of-plane moment, & = 90-deg, R/r =6
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Fig.7.39 Stress-intensification with internal pressure for 90-deg pipe elbows: R/r = 6
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1.5 4

1.0 1

0.5

0.0
0.00

[—o— p/pmax = 0.0
—<+- p/pmax = 0.2
—e—p/pmax = 0.4
|—©- p/pmax = 0.6
|- 4= p/pmax = 0.8
=4~ p/pmax = 1.0

Fig.7.40 Stress-intensification with internal pressure for 90° pipe elbows: R/» = 10

Pressure reduction for stress-intensification factor corresponding to equation (5-70)

for 90-deg piping elbows can be derived from Fig.7.37 through 7.40. It is plotted as

log-log graph in Fig.7.41 for constant value of R/r and in Fig.7.42 for constant value

of r/1.
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Fig.7.42 Pressure reduction on stress-intensification for #/7 = constant plotted against:
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It can be seen from Fig.7.41 and 7.42 that linear plots are again obtained for the
relation between pressure reduction, non-dimensional pressure, p/E, non-dimensional
thickness, »/, and radius ratio, R/». There is actually a very small deviation from
straight lines, especially for the relation between pressure reduction and geometric

parameters.

From Fig.7.41 and 7.42 together with Fig.7.37 through 7.40, the following
approximate expression is proposed for calculating stress-intensification factors for

90-deg pipe elbows under out-of-plane bending and internal pressure:

¥, = ! (7-33)

1+9.25(£I5)/3(5)M
EMNt r

where yis stress-intensification factor in the absence of internal pressure as given by
equation (7-32) and Table 7.3 and 7.4. Equation (7-33) can be directly compared
with equation (5-71) for closing bending and equation (6-50) for opening bending. It
can be seen that the coefficient and the index of the pressure reduction for out-of-

plane bending is comparable with that for closing bending, but markedly different

from opening bending.

7.2.3 Effect of Bend Angle on Pressure Reduction

It has been shown in section 7.2.1 that stress-intensification factor of unpressurised
elbows is influenced by the bend angle. It has been found also that the stress- state is
different markedly for different bend angles. In this section, the effect of bend angle

on pressure reduction is studied and approximate formulae again proposed.

By constructing log-log plots for pressure reduction using the data of Fig.A7.6
through A7.10 of Appendix C7, stress-intensification factors for pressurised pipe

elbows under out-of-plane bending can be written as:
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/4
7p = V 0.120
o 2]
E M\t r
4
Y, = 7 0.290
1+ 12.3(215) ’ (5)
E Nt r

_ Y

Y T ooma
I

/4

{8 0

Again noting that:

Y, =

for @ =30- deg

fora=45-deg

for & =60 -deg

for ¢ =180-deg

(7-34)

(7-35)

(7-36)

(7-37)

Stress-intensification factors for piping elbows under combined out-of-plane moment

and internal pressure can be written in the alternative form:

Y

Yo =

3 0.548
1+520 27 ;%(L)
3D R

/4

¥, = .
1+ 3.4o(£i Pl (i)om
30 ) \R

Y

3 0273
1+ 2.67(ﬂ}1% (—’-)
3D |\ R

for @ =30-deg

forax=45-deg

for ¢ =60-deg

(7-38)

(7-39)

(7-40)
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¥, = Z — for ar=90- deg (7-41)
1+2.53(-”L)1% (—)
3 )" R

¥, = Z 5 for =180~ deg (7-42)
1+2.29 22 A%(—J
3p /" R

which can be further simplified as:

Yo =

Y
7P = 3 n
1+ ,{LJ ,1%(1)
3D R

where 4, B, m, and n are functions of bend angle, ¢ This simplification will not be

processed any further.

7.3 Discussion

Throughout this chapter, various approximate formulae for unpressurised and
pressurised piping elbows under an out-of-plane bending have been developed. All
the formulae have been obtained by curve fitting. While errors are expected in this

approximation, it will be seen that the error is essentially small.

Comparisons of results obtained from the present Chapter for out-of-plane bending
will be made with respect to the results for in-plane closing and opening bending.
Comparison with the current design piping code will also be made. The discussion

will be divided into two main sections: unpressurised and pressurised condition.
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7.3.1 Unpressurised Conditions

In developing the formulae for unpressurised piping elbows, the effect of radius ratio
has been taken into account. The dependency of flexibility and stresses on radius

ratio is represented by the term in the square bracket for the following equations:

k=%[a+b1n(a)] (7-13)
= 1—'8—9[a+bln(/1)] (7-32)
Y

Equations (7-13) and (7-32) have been developed following the form of equation
proposed by Fujimoto and Soh [92]. In the above equations, the term outside the
square bracket is the asymptotic solution of Clark and Reissner [20] for in-plane
bending. The second terms in the square bracket as a constant multiplied by the
logarithm of pipe bend parameter, are different from the equation due to Fujimoto
and Soh [92], where these terms were expressed in a power law as given in equation
(2-63) and (2-64) for flexibility factor. The reason for this difference might be caused
by the large deformation effects, the effects which were not considered in Fujimoto

and Soh’s analysis.

Figure 7.43 shows flexibility factor for short-radius piping elbows under out-of-plane
bending (OPB) calculated using equations (7-13) in comparison with the flexibility
factor for in-plane opening (IPO) and closing (IPC) bending. It can be seen that the
out-of-plane flexibility is much smaller than the in-plane flexibility. It can be noticed
that the flexibility factor for unpressurised piping elbows loaded by an out-of-plane
bending is not directly proportional to the bend angle. With reference to the way the
out-of-plane bending is applied, i.e., about an axis perpendicular to tangent of the
bend at the free end of the loaded tangent, the amount of bending (and ovalisation) at
the junction of the bends with the fixed tangent is different for every bend angle. For
90-deg elbows, this end is subjected to pure torsion and no ovalisation occurs. For
180-deg elbows, this end is subjected to pure bending. For other bend angles, this
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end is subjected to bending and torsion. As can be seen from Fig.7.43, there is an

increasing value of flexibility factor for increasing & = 30-deg to a = 45-deg, but it

decreases for 90-deg pipe elbows and further decreases for 180-deg pipe elbows

compared to the flexibility of 45-deg pipe elbows.
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Fig.7.43 Flexibility factor for short-radius piping elbows subjected to bending

Figure 7.44 shows a comparison of flexibility factor for long-radius piping elbows

under out-of-plane and in-plane bending. Figure 7.44 shows that for small angle

piping elbows (& < 90-deg), the flexibility under out-of-plane bending is bigger than

under in-plane bending for high pipe bend parameters, but smaller for low pipe bend

parameters. For large angle bend (&= 180-deg), the out-of-plane flexibility is smaller

than the in-plane flexibility for all pipe bend parameters as expected.
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Fig.7.44 Flexibility factor for long-radius piping elbows subjected to bending

Figure 7.45 shows comparison of stress-intensification factor for short-radius piping
elbows under in-plane and out-of-plane bending. The result calculated using the
formula of Markl [23] as adopted in the ASME Process Piping Code [120] is also
included in the graphs. It should be note that the ASME formula for stress-
intensification factor produces values smaller than unity if it is applied to pipe bend
of large A, but it is usually as unity. It can be seen from Fig.7.45 that the out-of-plane
stress-intensification is smaller than the in-plane stress-intensification as expected.
The difference for stress-intensification between out-of-plane and in-plane becomes
greater as the bend angle becomes larger. Overall, it can be seen that the formula
used in the ASME B31.3 [120] produces a much lower stress-intensification factor

compared to the results from the present analysis.
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Fig.7.45 Stress-intensification factor for short-radius piping elbows under bending

Figure 7.46 shows comparison of stress-intensification factor for long-radius piping
elbows under in-plane and out-of-plane bending. Again the result calculated using
the formula in the ASME Process Piping Code [120] is also included in the graphs. It
can be seen from Fig.7.46 that the out-of-plane stress-intensification is smaller than
the in-plane stress-intensification, because elbows are stiffer under out-of-plane
bending than under in-plane bending. The difference for stress-intensification
between out-of-plane and in-plane becomes greater as the bend angle becomes
larger. In addition, it can be seen that the formula used in the ASME B31.3 [120]
produces a much lower stress-intensification factor compared to the results from the
present analysis. Table 7.6 below summarises the comparison of the formula in
ASME B31.3 and the results from the present analysis. The percentage in Table 7.6

are calculated as:

_ OPB[ASME]

percentage =1
8= T OPBIANSYS]
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where OPB is the out-of-plane stress-intensification factor. For ASME B31.3, the
OPB is adopted from the fatigue tests conducted by Markl [27] as given by equation
(2-58). For the present analysis, OPB is calculated from equation (7-24) and Table

7.3 and 7.4.
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Fig.7.46 Stress-intensification factor for long-radius piping elbows under bending

Table 7.6 Comparison of stress-intensification factor between ASME B31.3 and the

present FEA results

o Short-radius (Fig.7.39) Long-radius (Fig.7.40)
Low A High A Low A High A
30-deg 26% 27% 45% 46%
45-deg 41% 40% 51% 52%
90-deg 28% 36% 44% 44%
180-deg 38% 41% 44% 44%
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It can also be inferred from Table 7.6 that stress-intensification factor for 90-deg
piping elbows is lower than 180-deg for short-radius piping elbows, but become level
for long-radius piping elbows. Table 7.6 also shows that the stress-intensification

factor under out-of-plane bending is not directly proportional to the bend angle.

7.3.2 Pressurised Conditions

In developing formulae to represent the pressure reduction effect, the following

approximations have been made:

(1) The relation between pressure reduction and nondimensional pressure p/E,
nondimensional thickness /¢ and radius ratio R/ is linear in log-log graph.
Accordingly, the pressure reduction has been expressed in a power law.

(2) The index of the term p/E, r/t, and R/r has been based on one-particular data of

one-particular geometry.

Based on this approach and taking the effect of bend angle into account, the

following formula has been obtained:

Flexibility factor:

k
k, = T (7-43a)
A2 )
r
k = k (7-43b)

S
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Stress-intensification factor:

= Y (7 - 449)
Vs
REEE
EMNt r
/4 (7-44b)

Vo = -
3D r

where 4, B, m, and n are functions of bend angle, o, summarised in Table 7.7 and 7.8

for flexibility and stress-intensification factors respectively.

Table 7.7 Values of 4, B, m, and n in equation (7-43) for flexibility factor

Bend angle A B m N
30-deg 0.385 0.106 0.033 0.199
45-deg 0.295 0.080 0.149 0.316
60-deg 0.225 0.062 0.244 0.411
90-deg 0.175 0.048 0.322 0.489
180-deg 0.300 0.057 0.231 0.554

Table 7.8 Values of 4, B, m, and n in equation (7-44) for stress-intensification factor

Bend angle A B m n
30-deg 19.00 5.22 0.119 0.548
45-deg 12.30 3.40 0.289 0.378
60-deg 9.70 2,67 0.394 0.273
90-deg 9.25 2.53 0.426 0.241
180-deg 8.30 2.29 0.466 0.201
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As before, the percentage error is defined as:

Err= ’1 - ﬁ‘xl 00%
fe

where fd represents either flexibility or stress-intensification factor obtained from the

derived formula and fe is the data directly taken from finite element results.Using

this definition, the maximum error in percent is given in table 7.9 and 7.10:

Table 7.9 Maximum error for flexibility, %

a Rr=2 Rr=3 Rir=6 RFr=10
30-deg 8.5 85 1.7 6.3
45-deg 7.3 6.7 6.7 7.3
60-deg 7.0 6.2 6.8 6.5
90-deg 6.3 6.8 6.8 6.4
180-deg 9.1 7.7 8.9 7.1

Table 7.10 Maximum error for stress-intensification, %

o Rir=2 Rr=3 Rr=6 Rr=10
30-deg 8.5 8.7 5.8 4.7
45-deg 4.1 4.5 4.8 4.3
60-deg 49 33 3.9 4.3
90-deg 5.7 5.7 4.7 45

180-deg 44 39 3.6 4.1

It can be seen from Table 7.9 that the maximum error for the approximate flexibility
factor is less than 10%. It should be noted that the flexibility factor has been derived
based on the concept of end rotation and end rotation has been derived from the
displacement of crown nodes at the elbow-straight tangent junction. Based on this

concept, it was assumed that the plane cross-section remains plane after bending and
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there no warping occurs. However, the error in the approximate equation is

acceptable from the practical point of view being less than 10%.

In the case of the stress-intensification factor, the error introduced compared to the
direct finite element result is not significant from a practical point of view, except

perhaps for elbows of small bend angle (30-deg and below) and short radius.

The are not many theoretical results concerning the pressure reduction effect on
flexibility and stress-intensification factors. In the ASME B31.3 Process Piping code
[120], the pressure reduction proposed by Rodabaugh and George [30] has been
applied equally to pipe bends subjected to any direction of moment, and the
flexibility and stress-intensification factors for unpressurised out-of-plane bending
have been taken from the asymptotic solution of Clark and Reissner {20] for in-plane
bending and the fatigue tests of Markl [20] for out-of-plane bending.

Figure 7.47 shows a comparison of out-of-plane flexibility factor for short-radius
(R/r = 3), 90-deg pipe elbows obtained from the present analysis and the Rodabaugh
and George [30] solution as adopted in the ASME B31.3 Process Piping code. The
pressure reduction for in-plane flexibility factor is also shown in Fig.7.47. Recall the
formula for the out-of-plane flexibility factor of 90-deg piping elbows:

k, = k
P ly 0322
1+0.175(£ z 6(£ lysi
£l - [ present analysis
1.65
=T[1.193+0.27271n(,%)]
k 3
k =
" ed )R
21212 ASME B31.3[120]
p o165
A J

where £ is flexibility factors in the absence of internal pressure.
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It can be seen from the above equations that the index of (/) is much bigger in the
present analysis, but the index of (R/r) is more or less the same in magnitude. This is
followed by the marked difference in coefficient (0.175 rather than 6) — much lower
in the present analysis. It can be seen from Fig.7.47 that the pressure reduction effect
is more pronounced for low pipe bend parameter (thin-walled elbows). Figure 7.48
extracted from Fig.7.47 shows that the magnitude of pressure reduction represented
by equation (5-45) is smaller for out-of-plane bending and bigger for closing

bending, while it level for opening bending and the ASME code.
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Fig.7.47 Comparison of pressure reduction for flexibility factor under bending
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Fig.7.48 Pressure reduction on flexibility for a short-radius thin-walled pipe elbow

Figure 7.49 shows a comparison of stress-intensification factors of 90-deg pipe
elbows under out-of-plane bending and internal pressure obtained from the present
analysis and the result of the Rodabaugh and George [30] analysis. The results for
closing and opening bending are also included in the graphs. Again, recall the
formula for stress-intensification factors of pipe elbow loaded by an out-of-plane

bending:
Y

% 0.426
1+9.25(£)(f) (5] .
E A\t r ( present analysis

1.8
y=122[0.7818+ 0.05731n(A)]

pig ]

Y

14-3.25(£ ﬁ)A(ﬁj%
ENT) & ( ASME B31.3[120]
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It can be seen from the above equations that the index of »/# and R/r from the present
analysis is considerably smaller than the ASME code, but the coefficient of the

pressure reduction is bigger in the present analysis.

As can be seen from Fig.7.49, the pressure reduction effect is more pronounced for
low pipe bend parameter (thin-walled elbows). The graphs in Fig.7.49 are not easy to
compare since they have different stress-intensification factor for the unpressurised
conditions. For 4= 0.078 (the lowest pipe bend parameter in Fig.7.49), the pressure
reduction corresponding to equation (5-70) can be extracted from Fig.7.49 and it is
shown in Fig.7.50. It can be seen from Fig.7.50 that the magnitude of the pressure
reduction for out-of-plane bending is lower than in-plane closing bending, but greater

than opening bending and the ASME code [120].
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Fig.7.49 Comparison for pressure reduction on stress-intensification under bending
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Fig.7.50 Pressure reduction on stress-intensification for a thin-walled piping elbow

7.4 Summary

Detailed non-linear large deformation finite element of piping elbows under out-of-
plane bending and internal pressure has been carried out. Approximate formulae
which could be used in design for flexibility and stress-intensification factors have
been developed. It has been found that the flexibility and stress-intensification
factors for unpressurised pipe elbows are not directly proportional to the bend angle.
It has been also discovered that the pressure reduction effect is not directly
proportional to the bend angle. It is therefore not possible to further simplify the
formula for other bend angles, but it is suggested that a parameter survey be carried
out if required. However, the bend angle considered in the present analysis covers
practical bend angles. In general, it has been found that pipe elbows under out-of-
plane bending are much stiffer than under in-plane bending. It follows that the stress-

intensification factor is much smaller than those produced by in-plane bending load.
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Appendix C7

This appendix present Figures and Tables for out-of-planc bending. All the
approximate formulae presented in this Chapter have been derived from these

Figures:

Fig.A7.1 - A7.5: for Flexibility factor
Fig.A8.6 — A8.10:  for Stress-intensification factor

The end of this Appendix presented Table for the location of maximum stress under

out-of-plane bending.

Continue to the next pages...—
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Fig.A7.1 Flexibility factor for 30-deg pipe elbows subjected to out-of-plane bending:

(@ Rr=2,(b)R/r=3



out-of-plane bending, & = 30-deg, R/r = 6
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Fig.A7.1 Flexibility factor for 30-deg pipe elbows subjected to out-of-plane bending:
() R/r=6,(d)Rr=10
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out-of-plane bending, a = 45-deg, R/r =2
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Fig.A7.2 Flexibility factor for 45-deg pipe elbows subjected to out-of-plane bending:
(@ Rr=2,(b)Rr=3




out-of-plane bending, a = 45-deg, R/r = 6
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Fig.A7.2 Flexibility factor for 45-deg pipe elbows subjected to out-of-plane bending:
() RIr=6,(d)RFr=10
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out-of-plane bending, a = 60-deg, R/r =2
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Fig.A7.3 Flexibility factor for 60-deg pipe elbows subjected to out-of-plane bending:

(@) Rir=2,(b)R/r=3
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out-of-plane bending, a = 60-deg, R/r =6
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Fig.A7.3 Flexibility factor for 60-deg pipe elbows subjected to out-of-plane bending:
() R/r=6,(d)R/r=10
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out-of-plane bending, a = 90-deg, R/r =2
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Fig.A7.4 Flexibility factor for 90-deg pipe elbows subjected to out-of-plane bending:
@ RFr=2,(b)Rr=3
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out-of-plane bending, & = 90-deg, R/r = 6
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Fig.A7.4 Flexibility factor for 90-deg pipe elbows subjected to out-of-plane bending:
(¢) R/r=6,(d) R/r =10
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out-of-plane bending, @ = 180-deg, R/r =2
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Fig.A7.5 Flexibility factor for 180-deg pipe elbows subjected to out-of-plane
bending: (a) R/# =2, (b) R/r =3
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out-of-plane bending, & = 180-deg, R/r =6
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Fig.A7.5 Flexibility factor for 180-deg pipe elbows subjected to out-of-plane
bending: (¢) R/r =6, (d) R/r = 10




out-of-plane bending, @ =30-deg, R/r =2
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Fig.A7.6 Stress-intensification factor for 30-deg pipe elbows subjected to out-of-

plane bending: (a) R =2, (b) R/r =3
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out-of-plane bending, @ =30-deg, R/r =6
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Fig.A7.6 Stress-intensification factor for 30-deg pipe elbows subjected to out-of-

plane bending: (¢) R/» =6, (d) R/r =10
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out-of-plane bending, @ =45-deg, R/r =2
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Fig.A7.7 Stress-intensification factor for 45-deg pipe elbows subjected to out-of-

plane bending: (a) R» =2, (b) R/r =3
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out-of-plane bending, a =45-deg, R/r =6
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Fig.A7.7 Stress-intensification factor for 45-deg pipe elbows subjected to out-of-
plane bending: (¢) R/» =6, (d) R# =10
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out-of-plane bending, @ =60-deg, R/r =2
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Fig.A7.8 Stress-intensification factor for 60-deg pipe elbows subjected to out-of-

plane bending: (a) R» =2, (b) R/r =3
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out-of-plane bending, a =60-deg, R/r =6
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Fig.A7.8 Stress-intensification factor for 60-deg pipe elbows subjected to out-of-

plane bending: (¢) R# =6, (d) R/r =10
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out-of-plane bending, @ =90-deg, R/r =2
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Fig.A7.9 Stress-intensification factor for 90-deg pipe elbows subjected to out-of-
plane bending: (a) R/» =2, (b) R/r =3
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out-of-plane bending, @ =90-deg, R/r =6
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Fig.A7.9 Stress-intensification factor for 90-deg pipe elbows subjected to out-of-
plane bending: (¢) R =6, (d) R =10
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out-of-plane bending, & =180-deg, R/r =2
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Fig.A7.10 Stress-intensification factor for 180-deg pipe elbows subjected to out-of-

plane bending: (a) R/# =2, (b) R/r =3
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out-of-plane bending, @ =180-deg, R/r =6
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Fig.A7.10 Stress-intensification factor for 180-deg pipe elbows subjected to out-of-

plane bending: (¢) R/+ =6, (d) R/ =10
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Appendix C7 (Continued)

The following Tables summarise the location of maximum stress for out-of-plane
bending. The location is expressed as (8, @), where @ is longitudinal position
measured from the junction of the bend and the fixed tangent and ¢ is circumferential

position measured from the crown toward the intrados.

Continue to the next pages...—
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Table 7A-1 Location of maximum stress (6, ¢) for &= 30-deg

Rir=2 Rr=3 Rir=6 Rr=10
t'r = 0.0260 (15, 30) (15, 30) (15, 45) (15, 45)
t/r = 0.0300 (15, 30) (15, 45) (15, 45) (15, 45)
t/r =0.0417 (15, 45) (15, 45) (15, 45) (15, 45)
t/r = 0.0550 (15, 45) (15, 45) (15, 45) (15, 45)
t/r = 0.0625 (15, 45) (15, 45) (15, 45) (15, 45)
tr =0.0677 (15, 45) (15, 45) (15, 45) (15, 45)
¢r = 0.0833 (15, 45) (15, 45) (15, 45) (15, 45)
t/r = 0.0937 (15, 45) (15, 45) (15, 45) (15, 45)

Table 7A-2 Location of maximum stress (6, ¢) for &= 45-deg

Rir=2 Rir=3 RA=6 Rir=10
t/r =0.0260 (24, 30) (24,30) (24, 30) (24, 45)
t/r = 0.0300 (24, 30) (24,30) (24, 45) (24, 45)
tr = 0.0417 (24, 30) (24,30) (24, 45) (24,45)
tr = 0.0550 (24, 45) (24,45) (24, 45) (24, 45)
tr = 0.0625 (24, 45) (24,45) (24, 45) (24, 45)
t/r =0.0677 (24, 45) (24,45) (24, 45) (24, 45)
tr = 0.0833 (24, 45) (24,45) (24, 45) (24, 45)
tr=0.0937 (24, 45) (24, 45) (24, 45) (24, 45)

Table 7A-3 Location of maximum stress (6, ¢) for = 60-deg

Rir=2 Rir=3 Rr=6 Rr=10
t/r = 0.0260 (30, 30) (30, 30) (33,30 (39, 45)
t/r = 0.0300 (30, 30) (30, 30) (33,30) (39, 45)
tr =0.0417 (30, 30) (30, 30) (36, 45) (39, 45)
tr = 0.0550 (30, 30) (33, 45) (36, 45) (39, 45)
tr = 0.0625 (30, 30) (33,45) (36, 45) (39, 45)
tr = 0.0677 (30, 45) (33,45) (36, 45) (39, 45)
tr =0.0833 (30, 45) (33,45) (36,45) (39, 45)
tr =0.0937 (30, 45) (33,45) (36,45) (39, 45)
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Table 7A-4 Location of maximum stress (8, @) for a= 90-deg

Rir=2 R/r=3 Rr=6 Rr=10
tr = 0.0260 (45, 20) (57,30) (63, 30) (66, 45)
tr =0.0300 (45, 30) (57, 30) (66, 45) (66, 45)
tr =0.0417 (48, 30) (60, 30) (66, 45) (66, 45)
t/r = 0.0550 (48, 30) (63, 45) (66, 45) (66, 45)
tr =0.0625 (48, 30) (63, 45) (66, 45) (69, 45)
tr =0.0677 (51, 30) (63, 45) (66, 45) (69, 45)
tr =0.0833 (57, 45) (63, 45) (66, 45) (69, 45)
t/r = 0.0937 (57, 45) (63, 45) (66, 45) (69, 45)

Table 7A-5 Location of maximum stress (6, @) for &= 180-deg

Rir=2 Rir=3 Rir=6 Rr=10
tr=0.0260| (153,10) (153, 30) (153, 30) (159, 45)
tr =0.0300 (153, 30) (153, 30) (153, 30) (159, 45)
tr=0.0417 (153, 30) (153, 30) (153, 45) (159, 45)
tr =0.0550 (153, 30) (153, 30) (153, 45) (159, 45)
tr = 0.0625 (156, 45) (153, 45) (153, 45) (159, 45)
tr =0.0677 (156, 45) (153, 45) (153, 45) (159, 45)
tr =0.0833 (156, 45) (153, 45) (153, 45) (159, 45)
tr = 0.0937 (156, 45) (153, 45) (153, 45) (159, 45)
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CHAPTERS8

CONCLUSIONS AND RECOMMENDATIONS

Detailed non-linear elastic large deformation finite element analyses of the behaviour
of pressurised piping elbows have been carried out. The main aim was to reassess the
pressure reduction effect on flexibility and stress-intensification factors, but it was
extended to obtain similar results for the ovalisation factor. The combined loading of
internal pressure with separated in-plane closing moment, in-plane opening moment,
and out-of-plane bending has been considered. Approximate formulae for
ovalisation, flexibility and stress-intensification factors have been obtained. Prior to
develop approximate formulae for the pressure reduction effect, formulae for

bending load only was first established.

8.1 Conclusions

Detailed finite element study carried out in Chapter 4 shows that their structural
behaviour is a conservative system (path-independent structure). Accordingly, the
order of the bending and internal pressure is applied does not affect the final results

for stresses and deformations.

The following concluding remarks apply for unpressurised conditions:
(1) The general behaviour of piping elbows depends on its geometry: bend angle o
thickness to cross-section radius ratio, t/, radius ratio, R/r, and pipe bend

parameter, A.



(2) The behaviour of a pipe elbow under in-plane bending in term of ovalisation is
different between closing and opening mode. Ovalisation factor for closing mode
can be expressed in a power law, while ovalisation factor for opening mode can
be expressed in an exponential law. Overall, the ovalisation factor under closing
mode is bigger than under opening mode for low pipe bend parameters, but
become level for high pipe bend parameter.

(3) For in-plane closing bending, the ovalisation factor is directly proportional to the
bend angle for short-radius pipe elbows. For long radius pipe elbows, the
ovalisation factor is directly proportional to the bend angle only for bend angle
less than 90-deg.

(4) For in-plane opening bending, the ovalisation factor is directly proportional to the
bend angle for short radius. For long radius pipe elbows, the ovalisation factor is
directly proportional to the bend angle for 90-deg bend angle and smaller.

(5) Flexibility factors can be expressed as the asymptotic solution of Clark and
Reissner [20] multiplied by a factor obtained from a linear equation in logarithm
of pipe bend parameter, 4 for each radius ratio, R/r.

(6) Flexibility factor for in-plane closing bending obtained from the present analysis
is bigger than the ASME code [120] for bend angle of 45-deg and greater. It is
expected that the difference result from the large deformation effects.

(7) Flexibility factor under in-plane bending is directly proportional to the bend
angles regardless the magnitude of radius ratio. Flexibility factor for out-of-plane
bending is not directly proportional to the bend angle. The reason for this is that
the pure bending assumption can not be applied for this case. If the bending load
is applied such that one end of the bend is subjected to pure bending, the other
end of the bend is subjected to bending and torsion, in which the amount of
bending and torsion at this end being strongly depends on the bend angle. For 90-
deg pipe bend, this end is subjected to pure torsion, while for 180-deg bend, this
end is subjected to pure bending. However, for bend angle less than 60-deg
(probably less than 90-deg), the flexibility factor is directly proportional to bend
angle. Overall, the flexibility factor under in-plane bending is bigger than under
out-of-plane bending, For in-plane bending, flexibility factor under closing mode

is bigger than under opening mode bending.
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(8) The maximum stress at the outer and inner surfaces are opposite in sign, but
different in magnitude. This fact violates the in-extensibility assumption adopted
in many theoretical developments.

(9) For in-plane bending, the maximum stress was located at crown for 180 and 90-
deg elbows and moves progressively toward the intrados as the bend angle
becomes smaller

(10)  For out-of-plane bending, the location of maximum stress in the longitudinal
direction is at the mid-section for small bend angle and between the mid-section
and the junction with the loaded tangent for large bend angle. The location of
maximum stress in the circumferential direction is generally at 45-deg from the
crown toward the intrados, except for short radius, thin-walled, large angle bend.

(11)  Stress-intensification factor under in-plane bending is bigger than under out-

of-plane bending. For in-plane bending, stress-intensification factor under closing

mode is bigger than under opening mode.

Of course, the reader will now be all too aware that a simple piping elbow under
straightforward loading exhibits very complex stress and deformation behaviour: the

preceding represents only a summary of the main features.

Finally, the following concluding remarks apply for pressurised conditions:

(1) The effect of internal pressure on ovalisation is different for in-plane closing and
opening bending perhaps as expected, but not quantified previously in the
literature. For closing mode, there are limitations for value of »/t where the
formulae developed can be applied. If the value of r/# below certain limit, the
effect of internal pressure is no longer reduce the ovalisation, but increase the
ovalisation. As a result, the corresponding formulae need to be modified.

(2) For in-plane bending, the effect of internal pressure on flexibility is the opposite
of the preceding conclusion. Internal pressure reduces the flexibility for closing
bending for all pipe bend parameters. For opening mode, internal pressure
reduces the flexibility for thin-walled pipe but increases the flexibility for thick-
walled pipe. Again, the formulae for the pressure reduction on flexibility factor
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need to be modified for opening bending. For out-of-plane bending, internal
pressure always reduces the flexibility factor.

(3) For both in-plane and out-of-plane bending, internal pressure always reduces the
stress-intensification factor for thin and thick-walled pipe.

(4) The effect of internal pressure on flexibility and stress-intensification is more

pronounced for smaller wall thickness

8.2 Recommendations for Design Formulae

The approximate formulae proposed for design purposes are summarised for
convenience in Appendix A for unpressurised conditions and in Appendix B for
pressurised conditions. It is clear that the structural behaviour of piping elbows is
completely different for in-plane and out-of-plane bending. In addition, the
behaviour of piping elbows under in-plane bending are different under closing and

opening mode.

The formulae given in the Appendices are recommended for using in piping design
as an alternative to the current piping code [120]. It can be seen from the Appendix
for unpressurised conditions that the flexibility factor under in-plane closing bending
for 90-deg bend and larger is very close to the current ASME Code for long-radius
bends. This fact validated the assumption involved in most theoretical development
that the radius of the bend is much bigger than the radius of pipe cross-section.
Formulae for various bend angle and radius ratio developed in this study show that
different formulae should be used for different bend angle, radius ratio, and direction

of bending load,

Design formulae for pressurised conditions summarised in Appendix B are further
recommended for design purposes. For the flexibility factor, the magnitude of the
pressure reduction used in the ASME code [120] is significantly smaller than the
proposed formula developed in this study. However, if the ASME formula is applied

for in-plane opening bending and out-of-plane bending, the pressure reduction is
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much bigger than the proposed formulae. It is clear that different formulae for

pressure reduction on flexibility should also be used for different bend angle and

direction of bending load.

The formula in the ASME code for pressure reduction on stress-intensification is
considerably smaller than the present analysis for in-plane closing bending and out-
of-plane bending. However, if the ASME code is applied to in-plane opening
bending, it overestimates the pressure reduction obtained from the present analysis. It
is again recommend that different formulae for pressure reduction on stress-
intensification should be used for different bend angle and direction of bending load.

8.3 Recommendations for Further Study

The work and analysis conducted in this study has identified several areas where

further research might be required:

(1) A further parameter survey for other large bend angle (120 and 150-deg) to refine
the formulae obtained from the present analysis in order to further simplify the
formula for the pressure reduction effect in term of bend angle.

(2) A study to obtain the end rotation for in-plane bending from the axial
displacement of all nodes at the bend-straight pipe junction rather than from the
axial displacement of only extrados and intrados node at that cross-section.

(3) A review of the concept of end rotation to define the flexibility of a pipe bend
subjected to out-of-plane bending. The concept of end rotation is more suitable
for in-plane bending where the pure bending assumption can be tolerated. For
out-of-plane bending, the pure bending assumption is not truly applicable for out-
of-plane bending. The concept of strain energy might be applied as alternative
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APPENDIX G:

DESIGN FORMULAE FOR UNPRESSURISED CONDITIONS

This appendix summarises approximate formulae and Tables for ovalisation,
flexibility, and stress-intensification factors for bending load. The approximate

formulae for the pressure reduction effect are given in Appendix H.
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(1) Ovalisation factor for in-plane closing bending

&= 0;325 [a+b5In(2)]

in - plane closing bending

G-1)

Table G1-a Value of coeffecient “a” in equation (G-1) for in-plane closing bending

R/ir Bend angle
30-deg 45-deg 60-deg 90-deg 180-deg
2 0.4434 0.6346 0.7722 0.9501 1.1437
3 0.5395 0.7603 0.9193 1.1179 1.2303
4 0.6006 0.8293 0.9936 1.1430 1.2145
5 0.6577 0.8922 1.0509 1.1651 1.1801
6 0.6897 0.9050 1.1024 1.1781 1.1247
7 0.7235 0.9279 1.1187 1.1907 1.0705
8 0.7528 0.9454 1.1096 1.1542 1.0362
9 0.7787 0.9593 1.0751 1.0915 1.0074
10 0.7968 0.9554 1.0115 0.9996 0.9669

Table G1-b Values of coefficient “b” in equation (G-1) for in-plane closing bending

Rir Bend angle
30-deg 45-deg 60-deg 90-deg 180-deg
2 0.0543 0.0954 0.1266 0.1682 0.2156
3 0.0686 0.1219 0.1635 0.2177 0.2463
4 0.0756 0.1356 0.1802 0.2251 0.2352
5 0.0800 0.1414 0.1866 0.2161 0.2182
6 0.0816 0.1418 0.1812 0.1966 0.1806
7 0.0792 0.1326 0.1625 0.1705 0.1599
8 0.0732 0.1152 0.1310 0.1261 0.1196
9 0.0636 0.0896 0.0867 0.0673 0.0703
10 0.0526 0.0539 0.0324 0.0001 0.0151
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(2) Ovalisation factor for in-plane opening bending

& =1.656exp(~1.1754)a - bA)

in - plane openng bending

(G-2)

Table G2-a Value of coeffecient “a” in equation (G-2) for in-plane opening bending

R/r Bend angle
30-deg 45-deg 60-deg 90-deg 180-deg
2 0.7216 0.8675 0.9507 1.0393 1.1102
3 0.7194 0.8624 0.9421 1.0254 1.0657
4 0.7172 0.8602 0.9406 1.0244 1.0280
5 0.7140 0.8580 0.9414 1.0242 1.0035
6 0.7108 0.8561 0.9425 1.0239 0.9882
7 0.7076 0.8547 0.9435 1.0147 0.9676
8 0.7044 0.8533 0.9445 1.0105 0.9538
9 0.7012 0.8522 0.9453 1.0062 0.9417
10 0.6954 0.8513 0.9469 1.0000 0.9291

Table G2-b Values of coefficient “b” in equation (G-2) for in-plane opening bending

RAr Bend angle
30-deg 45-deg 60-deg 90-deg 180-deg

2 1.5307 1.4318 1.2443 0.9026 0.4071
3 0.8669 0.7529 0.5938 0.3452 0.1146
4 0.5185 0.4516 0.3747 0.1502 0.1075
5 0.3144 0.2582 0.2086 0.0535 0.0557
6 0.1998 0.1229 0.0644 0.0466 0.0553
7 0.0811 0.0372 0.0188 0.0068 -0.0034
8 0.0082 -0.0319 -0.0405 0.0024 -0.0219
9 -0.0485 -0.0856 -0.0866 0.0009 -0.0363
10 -0.1149 -0.1142 -0.1236 0.0002 -0.0431
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(3) Flexibility factor for in-plane closing bending

1.65

k=

6
A

[a-bIn(2)]

in - plane closing bending

(G-3)

Table G3-a Value of coeffecient “a” in equation (G-3) for in-plane closing bending

R/r Bend angle
30-deg 45-deg 60-deg 90-deg 180-deg
2 0.3340 0.5120 0.5237 0.6715 0.7090
3 0.4545 0.6110 0.6990 0.7800 0.8290
4 0.5659 0.6734 0.7659 0.8133 0.8692
5 0.6280 0.7380 0.8010 0.8551 0.8950
6 0.7097 0.7853 0.8453 0.8775 0.9090
7 0.7644 0.8325 0.8679 0.9183 0.9470
8 0.8118 0.8757 0.8850 0.9433 0.9607
9 0.8536 0.9157 0.8982 0.9654 0.9714
10 0.9028 0.9470 0.9130 0.9880 0.9990

Table G3-b Values of coefficient “b” in equation (G-3) for in-plane closing bending

.74 Bend angle
30-deg 45-deg 60-deg 90-deg 180-deg
2 0.2142 0.1866 0.1911 0.1716 0.1812
3 0.2000 0.1744 0.1593 0.1485 0.1624
4 0.1707 0.1565 0.1520 0.1560 0.1499
5 0.1558 0.1486 0.1421 0.1450 0.1397
6 0.1177 0.1201 0.1240 0.1364 0.1278
7 0.0912 0.1019 0.1120 0.1230 0.1180
8 0.0647 0.0837 0.1012 0.1120 0.1089
9 0.0382 0.0655 0.0914 0.1010 0.1005
10 0.0074 0.0433 0.0820 0.0774 0.0901

474




(4) Flexibility factor for in-plane opening bending

1.65

k=—=

A

[a-bIn(4)]

in - plane opening bending

G-4

Table G4-a Value of coeffecient “4” in equation (G-4) for in-plane opening bending

Rir Bend angle
30-deg 45-deg 60-deg 90-deg 180-deg
2 0.5483 0.8000 0.9438 1.0926 1.2190
3 0.6131 0.8140 0.9352 1.0580 1.1480
4 0.6797 0.8360 0.9268 1.0217 1.0931
5 0.7307 0.8566 0.9250 0.9980 1.0497
6 0.7690 0.8735 0.9280 0.9800 1.0215
7 0.8149 0.8993 0.9358 0.9770 1.0007
8 0.8509 0.9214 0.9484 0.9797 0.9951
9 0.8840 0.9440 0.9658 0.9912 1.0021
10 0.9220 0.9700 0.9900 1.0084 1.0266

Table G4-b Values of coefficient “b” in equation (G-4) for in-plane opening bending

R Bend angle
30-deg 45-deg 60-deg 90-deg 180-deg

2 0.0961 0.0286 -0.0135 -0.0584 -0.0970
3 0.0865 0.0304 -0.0076 -0.0475 -0.0750
4 0.0613 0.0300 0.0009 -0.0261 -0.0466
5 0.0391 0.0247 0.0029 -0.0156 -0.0290
6 0.0305 0.0120 0.0020 -0.0077 -0.0144
7 -0.0053 0.0039 -0.0051 -0.0096 -0.0124
8 -0.0275 -0.0116 -0.0151 -0.0141 -0.0134
9 -0.0497 -0.0305 -0.0291 -0.0236 -0.0206
10 -0.0719 -0.0581 -0.0472 -0.0385 -0.0316
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(5) Flexibility factor for out-of-plane bending

1.65

k=—

A

[a+bIn(A)]

out - of - plane bending

(G-5)

Table G5-a Value of coeffecient “a” in equation (G-5) for out-of-plane bending

Rr Bend angle
30-deg 45-deg 60-deg 90-deg 180-deg
2 0.8110 1.0880 1.2427 1.1760 0.4617
3 0.8650 1.1224 1.2618 1.1930 0.5860
4 0.9181 1.1440 1.2714 1.2039 0.6468
5 0.9570 1.1633 1.2772 1.2132 0.7037
6 0.9890 1.1850 1.2800 1.2180 0.7480
7 1.0187 1.1930 1.2840 1.2272 0.7894
8 1.0443 1.2050 1.2861 1.2328 0.8234
9 1.0674 1.2157 1.2877 1.2378 0.8535
10 1.0910 1.2322 1.2900 1.2440 0.8788

Table G5-b Values of coefficient “b” in equation (G-5) for out-of-plane bending

R Bend angle
30-deg 45-deg 60-deg 90-deg 180-deg
2 0.1320 0.2001 0.2510 0.2520 0.0020
3 0.1603 0.2300 0.2800 0.2727 0.0346
4 0.1871 0.2404 0.2967 0.2904 0.0552
5 0.2143 0.2636 0.3179 0.3107 0.0818
6 0.2424 0.3000 0.3385 0.3341 0.1062
7 0.2687 0.3100 0.3603 0.3558 0.1350
8 0.2959 0.3332 0.3815 0.3807 0.1616
9 0.3231 0.3564 0.4027 0.4074 0.1882
10 0.3501 0.3880 0.4242 0.4348 0.2146
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(6) Stress-intensification factor for in-plane closing bending

1.89

k =—y[a—bln(l)] (G-6)
,1 3

in - plane closing bending

Table G6-a Value of coeffecient “a” in equation (G-6) for in-plane closing bending

Rir Bend angle
30-deg 45-deg 60-deg 90-deg 180-deg

2 0.2558 0.4175 0.5823 0.5617 0.7706
3 0.3932 0.5748 0.7312 0.7715 0.8953
4 0.4866 0.6576 0.7897 0.8617 0.9126
5 0.5476 0.7318 0.8287 0.9241 0.9087
6 0.6032 0.7620 0.8547 0.9342 0.8944
7 0.6414 0.7948 0.8733 0.9150 0.8826
8 0.6716 0.8203 0.8872 0.9019 0.8723
9 0.6961 0.8407 0.8980 0.9018 0.8633
10 0.7215 0.8410 0.9067 0.8785 0.8537

Table G6-b Values of coefficient “b” in equation (G-6) for in-plane closing bending

R/fr Bend angle
30-deg 45-deg 60-deg 90-deg 180-deg

2 0.1333 0.1637 0.1540 0.2092 0.2145
3 0.1256 0.1437 0.1276 0.1650 0.1674
4 0.1218 0.1298 0.1106 0.1550 0.1508
5 0.1180 0.1210 0.1010 0.1500 0.1427
6 0.1158 0.1128 0.0952 0.1390 0.1440
7 0.1137 0.1103 0.0977 0.1516 0.1501
8 0.1118 0.1118 0.1070 0.1656 0.1607
9 0.1102 0.1173 0.1231 0.1884 0.1636
10 0.1092 0.1311 0.1501 0.2054 0.1711
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(7) Stress-intensification factor for in-plane opening bending

in - plane opening bending (G-7

Table G7-a Value of coeffecient “a” in equation (G-7) for in-plane opening bending

Rir Bend angle
30-deg 45-deg 60-deg 90-deg 180-deg
2 0.4320 0.7277 0.9776 1.2553 1.4185
3 0.5314 0.7992 1.0033 1.1992 1.3031
4 0.6005 0.8266 1.0045 1.1541 1.1765
5 0.6422 0.8452 1.0017 1.1085 1.1033
6 0.6685 0.8692 0.9931 1.0606 1.0413
7 0.6934 0.8666 0.9861 1.0227 1.0014
8 0.7102 0.8733 0.9699 0.9823 0.9636
9 0.7236 0.8785 0.9481 0.9435 0.9314
10 0.7400 0.8826 0.9217 0.9078 0.9029

Table G7-b Values of coefficient “b” in equation (G-7) for in-plane opening bending

R/ir Bend angle
30-deg 45-deg 60-deg 90-deg 180-deg
2 0.0380 -0.0052 -0.0616 -0.1259 -0.1389
3 0.0283 -0.0140 -0.0638 -0.1062 -0.1182
4 0.0246 -0.0166 -0.0627 -0.0802 -0.0896
5 0.0220 -0.0181 -0.0573 -0.0555 -0.0651
6 0.0203 -0.01585 -0.0476 -0.0355 -0.0330
7 0.0191 -0.0139 -0.0345 -0.0061 -0.0161
8 0.0182 -0.0082 -0.0171 0.0186 0.0084
9 0.0175 -0.0001 0.0043 0.0433 0.0329
10 0.0169 0.0129 0.0309 0.0706 0.05639
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(8) Stress-intensification factor for out-of-plane bending

1.89
k=22
F

[a+bin(2)]

out - of - plane bending

(G-8)

Table G8-a Value of coeffecient “a” in equation (G-8) for out-of-plane bending

Rir Bend angle
30-deg 45-deg 60-deg 90-deg 180-deg
2 0.4749 0.5725 0.6331 0.6726 0.7468
3 0.5473 0.6564 0.7074 0.7818 0.7964
4 0.5965 0.7227 0.7707 0.8229 0.8159
5 0.6343 0.7578 0.8168 0.8297 0.8352
6 0.6793 0.8096 0.8494 0.8509 0.8461
7 0.6913 0.8100 0.8622 0.8276 0.8486
8 0.7140 0.8136 0.8615 0.8248 0.8427
9 0.7339 0.8244 0.8452 0.8219 0.8284
10 0.7424 0.8332 0.8167 0.8065 0.8081

Table G8-b Values of coefficient “b” in equation (G-8) for out-of-plane bending

R/ir Bend angle
30-deg 45-deg 60-deg 90-deg 180-deg
2 -0.0031 -0.0217 -0.0163 0.0236 0.0143
3 0.0038 -0.0049 0.0001 0.0573 0.0239
4 0.0103 0.0239 0.0335 0.0650 0.0353
5 0.0145 0.0390 0.0491 0.0648 0.0403
6 0.0176 0.0493 0.0620 0.0610 0.0404
7 0.0175 0.0494 0.0551 0.0554 0.0383
8 0.0163 0.0447 0.0455 0.0408 0.0313
9 0.0133 0.0334 0.0275 0.0196 0.0203
10 0.0099 0.0114 0.0041 -0.0029 0.0005
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APPENDIX H:

DESIGN FORMULA FOR PRESSURISED CONDITIONS

This appendix tabulated approximate formulae for pressure reduction for ovalisation,

flexibility, and stress-intensification factors.

Continue to the next pages...—
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Table H1.1 Ovalisation factor

o, deg In-plane closing bending In-plane opening bending Out-of-plane bending
30 £ - £ 3 3
p 19/ 0.165 r % 0.206
110.405(315) 3(5) 1+175(3) (5)
E At r t r
45 £ - £ £ - £
P 1% 0275 ) 4 % 0333
110.305(315) [5) 1+126(£Il) (5)
EMNt r ENt r
60 £ - & 7 £ - 3
7 19/ 0355 14 % 0.43
1£0 255(£— 5) (5) 1+100(£I£) (ﬁ)
EAt r EMNt r
90 £ - & £ = &
7 1% 0464 P % 057
1i0.205(£ 5) (5) 1+7 215) (5)
EANt r EMNt r
180 £ = & £ = &
= 1y 0.590 r- %4 0.725
110155(3 1) 3(5) 1452 2 i) (5)
EAMNt r EAt r
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Table H1.2 Ovalisation factor (Continuied)

a, deg In-plane closing bending In-plane opening bending Out-of-plane bending
30 & &
5 = f = 1.1
p 10110 22 |1 R\ " less !i’iﬂ%(i) ;
T 3D N4 \r 3D R
45 & &
S, = Sp =
" oo 22 Y LY(R)T BT Lud ﬂ%(L]ms
- 3D ANA) \r 3D
60 & &
& = 6p =
3 Y 0.765 14 3 0.905
prPY1Y?(R pr }g(r)
+ 2 1= — 1+27. -
oo YT () S(w}‘ ;
90 &
$p = &=
3 JA 0.36 P 0.765
pr’Y1Y3(R (L)
1£0 —1— — 1+21
05{3 3 %) ﬂ( )‘ R
180 £
S = $, =
3 Y 097 4 3 061
pr {1)°(R 1414 .EL %(L)
R EATRE N EArE
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Table H2.1 Flexibility factor

k
k =
4 % 0412
1+9.2s(£I£) (5)
EAt r

a, deg In-plane closing bending In-plane opening bending Out-of-plane bending
30 k k k
k = k = k =
d % 0.096 P 19 0.037 P 19 0.033
1+18.{£Ii) (5) 1¢0.300(£X5) (5) 1+o.385(£X5) 6(5)
EAt r E\Nt r EANt r
45 k k k
k = k = k =
4 % 0177 P 1 0.174 P 19 0.149
1+15.6S(£X£) 4(5) 110.225(3\ (1) %(5 140205 2| - %R
E\t r EAt r EAt r
60 k k k
k = k = k =
4 9 P 1 y P 19 y
QT || e
EAt r E\t r TT\EAt r
90 k k k
p 9 031 4 16, 0.376 P 19 0.322
1+11.75(£Ii)/4(5) 1i0.145(£\ (—)A(ﬁ 1+0.175 21 Z & 5)
ENt r At r EAt r
180
k = k k = k
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Table H2.2 Flexibility factor (Continuied)

k =
p 33 0338
1425 ﬂﬂx(i
30 /" \R

o, deg | In-plane closing bending In-plane opening bending Out-of-plane bending
30 k k
= r? }/ r 0.654 kP - 3V 1 )4 R 037 kP = 3 JA 0.199
l+5.10(—p—}14 —) 1+0.084 27| ~ (_) 1+0.106 £2— 1)*R
3D R 3D A A r 3D \A r
45
r 0.573 kp = 3;(1 }A R 0.507 kP = 3 u }A R 0316
1+43({ }1 —) 1+0.062] 22 —) (—) 1+0.080 22 l) (—)
R A4 r 3D AA r
60 k k
k k = k =
P 0503 P v 1 \X4 0.599 r 3 ¥ 0.411
3 34(L 140,051 £ l) 3(5) 1+0.062 2 Vl) 6(5
R AA r 3D A4 r
90 k k
kp = rﬂ y(r 044 kp = Y1 Y R 0.709 kP = 3\(1 }A R 0.489
1+3.29 22 1a ‘(——) 1+0.040l 27— _) (_) 1+0.048 27— _) (_)
3D) \R 3D AA) \r 3D ,U r
1
80 K = k=

4

1 % 0.553
1+0.057 —
H018




Table H3.1 Stress-intensification factor

o, deg | In-plane closing bending In-plane opening bending Out-of-plane bending
30
Y, = \:r\% R 0.197 P , l% 0245 Y, = \ z A R\ono
1+16.90(£ r (—) 1+0.330(£X—) ( ) 1+19.o( ) (
EANt) \r E At E M\t r)
45
yp: \tr\% R 0318 71’ \ r\l% R 0.393 7”: \7 % R\°29°
1+12 50(” r (—) 1+0.230| £ (— 1+12.3(1’ ) (
At) r EA:) \r E\t r)
60 y 4
% R 0.407 Y= Vr\l% R 0.502 Y, = , % R 0.394
1+10. 25(—1 (—) 1+0.183(—p— r (—) 1+9.7(£X—) (—)
r E)Kt) r E At r
90 ¥
% R 0435 Y,= v \l% R 0.546 % R 0426
1+1025( X (—— 1+0172(£ r (—) 1+92§( Ii) ( )
r E)Lt) r t r
180 Y /4
Y, = 19/ 0685 Y=

B ()
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Table H3.2 Stress-intensification factor (Continuied)

o, deg | In-plane closing bending In-plane opening bending Out-of-plane bending
30 y, = z y, = z y, = z
4 oy pr \,1% (L)o.n P 1 +0.001 ﬂi\ (l)}g(i)o.m P 1452 pr /%%(L)o.m
D) R T 3D AA) \R 3D) \R
45 /4 4 4
7P = 3 / 0.35 yP = 3 }' =
A2 }/ 0.726 b4 3\ 0.378
13 22 J4( ) 1006 22 LY (2 134 22 (£
3D; \R 3D A1) \R 3D) R
60 7/ = 7 }/ =
p 3 }/ 0.835 P 0273
1+282(”' }ly L 1+0.050 2 l)’(i) 142,67 £~ )ﬂ%(i)
R 3D \A) \R R
90 ¥ ¥y
7p = yp = 0.240
,. AV 1 JA 5" pr3 %(r )"
1+2.8 — 1+0.047| £ _) (_) 142,53 = (A3 —
({ )A R (31) A1) \R 3D R
180 4 /4
Yo = ; Y, = 0201
Y 1\4% 1.019 P
1+205( % 1+0.03 13”D %) 3(% 1+229( ),1%( )
N
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