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Abstract

Kerr ring resonators, where laser light circulates and interacts with a nonlinear
medium, have a vast range of applications, especially in the field of metrology
and telecommunications. An important feature that can occur in Kerr ring
resonator setups with two field components is a spontaneous symmetry break-
ing (SSB) of the intensities of the circulating fields. At low input powers, the
two components circulate in the resonator with the same intensity, but this
symmetry may spontaneously break upon a minute change of input conditions
resulting in one component becoming dominant while the other is suppressed.
This thesis concerns the study of this symmetry breaking phenomenon and
the features that can be exploited in wide-reaching applications in photonics
and quantum technologies.

In early chapters we provide an introduction to passive Kerr ring resonators
both in terms of the theoretical and experimental setups, and to the estab-
lished model used to describe a single light beam circulating in a Kerr ring
resonator, the Lugiato-Lefever equation (LLE). Systems of coupled LLEs are
then used to model multiple modes circulating simultaneously in the resonator.
We proceed to describe SSB in the intensities of these modes upon changes of
experimentally controllable parameters. Through a linear stability analysis of
the system of coupled equations we investigate the possible dynamical regimes
starting from useful field oscillations and leading to the novel behaviour of peri-
odic switching between the dominant and suppressed field components. Later,
to describe a wide range of experimental setups, this analysis is generalised to
arbitrary self- and cross-phase modulation strengths.

In subsequent chapters we describe our studies into how Temporal Cavity
Solitons (TCS) evolve within the coupled LLE system. TCS have themselves a
wide range of applications in the generation of, for example, optical frequency
combs. It is shown for the first time and with external experimental verifica-
tion, that TCS may also experience SSB in Kerr ring resonators with orthog-
onal polarization modes, a result which may lead to novel telecommunications
applications. These symmetry broken TCS can, under certain conditions, be-
gin to ‘breath’ in simple and complex manners and even show the periodic
switching of the dominant and suppressed components previously mentioned,
only now in self-localised pulses instead of continuous waves.
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The final chapter of this thesis describes significant advances in two projects
which lay the ground for further study. The first section builds on the bal-
ancing of asymmetric input conditions in a manner that restores a connected
perturbed pitchfork bifurcation. This is important for applications looking to
utilise interchangeable suppressed and dominant field roles in systems with
physical imperfections. In the second we outline the derivation and early sim-
ulations of a new model which expands to four field components. It is shown
how the enlarged degrees of freedom leads to ‘nested’ symmetry breaking bi-
furcations, opening new avenues for applications requiring more diversity and
flexibility than just two coupled components.
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Chapter 1

Introduction

Owed to the demonstration of the �rst laser by Theodore H. Maiman in 1960,
the �eld of nonlinear optics has grown signi�cantly in recent decades. Non-
linear optical e�ects occur as a consequence of a medium's optical properties
being altered by their interaction with light [1], which, although not a necessity
- see the observation of saturation e�ects in the luminescence of dye molecules
by G.N. Lewis et al. in 1941 [2], often requires very high intensity light. This
high intensity light is most commonly supplied through the use of a laser.

As an example of a nonlinear e�ect, consider momentarily the polarisation,
P(t), or dipole moment per unit volume, of a material in response to an ap-
plied optical �eld E(t). In contrary to conventional optics, where the induced
polarisation �eld is often described by

P(t) = � 0� (1) E(t) ; (1.1)

for linear susceptibility � (1) and permittivity of free space � 0, in nonlinear
optics the polarisation �eld is better described by following power series

P(t) = � 0
�
� (1) E(t) + � (2) E(t)2 + � (3) E(t)3 + :::

�
; (1.2)

where � (2� 3) are the second- and third-order nonlinear optical susceptibilities
respectively. From Eq. (1.2) one observes that, at di�erence with Eq. (1.1),
the polarisation of the material depends in a nonlinear manner on the applied
�eld.

Throughout this thesis we concern ourselves with a special type of nonlinear
material - Kerr materials [3,4] - which simplify Eq. (1.2) while still maintaining
the possibility to exhibit nonlinear phenomena. Speci�cally, we study systems
made up of continuous Kerr materials which form a connected path or closed
loop wave guide for light to travel along. These types of setups are commonly
referred to as Kerr ring resonators.
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CHAPTER 1. INTRODUCTION

Kerr ring resonators [5] have seen application in a multitude of di�erent
�elds, including many areas of metrology (for example through the generation
of frequency combs [6{13] and improving rotation sensors through enhancing
the Sagnac e�ect [14{18]), telecommunications (by, for example, storing and
transferring data using temporal cavity solitons [19{22]), and in the production
of components for use in photonic circuits such as isolators and circulators
[23] and acting as logic gates [24]. Many of the recent advancements have
been owed to the development of high-quality factor resonators [25{29], within
which light circulates for many round trips of the closed loop wave guides
before exiting - leading to a strong build up of nonlinear e�ects and allowing
for optical bistability [5,30].

The propagation of a single light �eld around these ring resonators is of-
ten modeled by the Lugiato-Lefever equation [31]. When multiple light �elds
circulate in Kerr ring resonators simultaneously they can interact with one
another as they propagate. This interaction causes coupling e�ects and leads
to coupled equations which can exhibit even more complex dynamics than
the single LLE, thus yielding the potential for yet further applications. In
this thesis we study in particular two physical situations. The �rst involves
the propagation of two light �elds moving in opposing directions, or counter-
propagating, with a shared linear polarisation [14, 32], whereas the second
involves two �elds which co-propagate in the same direction, only now with
orthogonal polarisations [33].

In both of these two-�eld systems, the propagating light �elds can exhibit a
fascinating e�ect: spontaneous symmetry breaking, and it is this e�ect which
forms the basis of study for this manuscript.

This thesis is organised as follows.

In Chapter 2 we provide the reader with an adequate introduction to
passive Kerr ring resonators such that the rest of the thesis is grounded in the
wider research topic and there is understanding of the prerequisite material
that this thesis is based upon. With this said, further background material is
still introduced in subsequent chapters as it becomes relevant. In this main
chapter of introduction we begin by describing the theoretical set up of a
ring resonator and outline some of the key physics involved as light propa-
gates around them. This allows us to derive the well-known Lugiato-Lefever
Equation (LLE), for which we then go on to provide methods for solving.

Chapter 3 then begins the main discussion of this thesis, \The Sponta-
neous Symmetry Breaking of Light in Passive Kerr Ring Resonators". We in-
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CHAPTER 1. INTRODUCTION

troduce the two physical situations that are studied through out this manuscript:
two co-propagating circularly polarised light �elds, a situation modeled with
two coupled LLEs, and two counter-propagating linearly polarised light �elds,
modeled by two coupled Lorentzian equations. It is shown that under cer-
tain conditions, notably when the circulating �eld envelopes are homogeneous
(�eld envelope is constant around the resonator) and stationary (�eld enve-
lope is constant in time), these two systems are mathematically akin. These
homogeneous and stationary solutions (HSS) are then shown in multiple ways
to display the potential for a Spontaneous Symmetry Breaking (SSB), where
of the two �eld intensities, which were circulating as equals, one �eld becomes
spontaneously dominant, while the other is suppressed. We then go on to
access the stability of these HSS by removing the stationary constraint on the
system.

Picking up where we left o�, Chapter 4 continues with the studies of
the time dependent system, only now rather than studying the local stability
of the HSS we investigate the wider dynamics by numerically integrating the
equations. This allows us to predict the �eld evolutions over time and observe,
for example, the oscillations that the �elds undergo when the HSS becomes
unstable to noise. These oscillations can be harmonic in nature, or they can
become extremely complex and chaotic. To visualise the types of oscillations
viable within the system we map out Poincar�e sections, which mark the local
maxima of the oscillations and hence give insight into their complexity. We go
on to demonstrate that for certain input parameters the �eld oscillations can
become so large that the ranges of their intensity evolutions overlap entirely,
a process which can lead to the interesting dynamic of periodic self-switching.

In reading these early chapters it will become apparent that we have limited
ourselves to certain values of the so called self- and cross-phase modulation
(SPM and XPM) within our coupled systems. This choice was made due to
the experimental parameters provided by collaborators. InChapter 5 we
widen the scope of our studies to address the same coupled systems but with
arbitrary strengths of the SPM and XPM. We begin the chapter with a short
introduction describing exactly what SPM and XPM, are and why they arise
within the system, before giving examples of what strengths they can take
in our studied systems - and hence illustrating why it is important for the
analysis to be expanded to incorporate these arbitrary strengths. It is shown
that the SPM and XPM in
uence many behaviours in the system, from the
possible range of the well known optical bistability to the size and shape of the
set of asymmetric solutions. We end the chapter by generalising the stability
analysis of the HSS to arbitrary SPM and XPM strengths and observing the
e�ects of these strengths on the oscillatory behaviour of the �eld evolutions.
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CHAPTER 1. INTRODUCTION

In Chapter 6 we remove the homogeneous character of the solutions. This
allows us to study how the �elds vary during their circulations of the resonator,
leading to behaviours such as Turing patterns and Temporal Cavity Solitons
(TCS). While TCS have been known to exist in LLE systems for some time,
we show here that TCS in our coupled systems can also undergo SSB, leading
to two soliton pro�les with di�erent peak intensities. We go on to show that
these solitons, under certain conditions, can begin to also show oscillatory
behaviours - commonly referred to as `breathing'. Again these oscillation or
breathing dynamics can be simple or very complex, and we show that it is
even possible for the periodic switching behaviour to be observed for TCS.

In the �nal chapter of this thesis, Chapter 7 , we give the results from
two shorter and complementary studies. In the �rst part of the chapter we
address the situation where the �elds within our systems have non-equal input
conditions and what e�ects this may have. Speci�cally we show that although
now the system is heavily asymmetric in its origin, we may restore some typical
features of the equal-input-system by a process of balancing the di�erences in
two di�erent input condition. In the chapter's second part we outline the
derivation and early simulations of a new model which expands studies to four
�eld components - combining the counter-propagating �elds with polarisation
e�ects. It is shown that the enlarged degrees of freedom allows for `nested'
symmetry breaking bifurcations, leading to the possibility of four asymmetric
�elds circulating simultaneously and thus opening new avenues for applications
requiring more diversity and 
exibility than just two coupled components.

We then conclude the thesis with a summary of our �ndings and �nally
provide an explanation of the numerical methods used throughout this thesis
in the appendix.
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CHAPTER 1. INTRODUCTION

\ Begin at the beginning...
and go on till you come to the end:

then stop."

{ Lewis Carroll, Alice in Wonderland
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CHAPTER 2. PASSIVE KERR RING RESONATORS

2.1 Chapter Introduction

In this main introductory chapter we aim to provide a background on passive
Kerr ring resonators, of the physics involved when light propagates around
them and �nally the purely temporal version of the Lugiato-Lefever equation
[31], which has enjoyed much success in accurately modeling the circulating
light �eld's dynamics.

2.2 Theoretical and Physical Passive Kerr Ring
Resonators

Let us begin by �rst discussing the theoretical schematic of a ring resonator.
In its most basic de�nition, a ring resonator is a waveguide which forms a
closed loop coupled to some input and output; an example of this is given in
Fig. 2.1.

Figure 2.1: Basic setup of a ring resonator. Laser light is sent from some
input along a path towards an output, with a coupling mechanism placed
somewhere along the way. This coupling mechanism, with transmissivity,T,
and re
ectively, R, acts as a two way gate, allowing for light to both enter and
leave the waveguide of the resonator, which forms a closed loop.

9



CHAPTER 2. PASSIVE KERR RING RESONATORS

In Fig. 2.1 we have some laser input which sends light along a waveguide
towards an output. At some point along the input-output path there lies a
coupling mechanism of some description (such as a beam splitter, �ber coupler
or evanescent-wave coupling), which allows for the input light to leave its
current path and join the closed loop path of the resonator itself.

The coupling mechanism may be characterised by its power re
ection coe�-
cient, R, and its power transmission coe�cient,T. These coe�cients represent
the respective proportions of light which is re
ected (carries on without inter-
ruption towards the output) and transmitted (enters the closed loop waveguide
of the resonator) by the coupling mechanism.

In this thesis we concern ourselves with high �nesse, or low-loss, resonators
which partially amounts to being able to state that, for the coupling mechanism
of choice,T � 1. This very low rate of transmission, and conversely very high
rate of re
ection, acts in both directions for the coupling mechanism. This
means that a very low proportion of the laser input will enter the resonator,
yet once it has entered the resonator it will remain there, circulating over and
over for many round trips. Eventually the light will leave the resonator, by the
same coupling mechanism, to rejoin its original path and proceed on towards
the output once again.

The material which makes up the resonator itself is extremely important in
determining how the circulating light �eld is a�ected during its propagation. In
this thesis we focus on Kerr media (described in detail momentarily), which are
named as thus for their capacity in displaying the Kerr, or quadratic electro-
optic (QEO), e�ect on propagating light [3,4]. Other types of materials can be
used in the creation of ring resonators, such as a quadratic nonlinear media [34],
but these are not studied here.

Physical manifestation of Fig. 2.1 can be achieved in a number of ways.
Figure 2.2 shows some variations of microring resonators, such as microrod (a)
or microtoroid (b) setups. Various nonlinear materials can also be used to make
up the resonator, such as silica (a,b) and silicon nitride (c) [35,36]. Microring
resonators, as their name suggests, are typically micrometres to millimetres
in size. Similarly Fig. 2.1 may be realised using �ber-loops. For example, in
Ref. [20] �ber loops made from single-mode silica �ber were used to observe
temporal cavity solitons [19]. Contrary to the micrometres to millimetres size
of microring resonators, these �ber cavities are often much larger: 380 m in
length in Ref. [20], 10.5 m in Ref. [37] for example. The relative small size of
microring resonators, in comparison to �ber loops, is of tremendous advantage
when its comes to applications requiring a large free spectral range [38] or
which seek to minimise the required physical space of components - such as in
the generation of frequency combs for use on satellites [39].

10



CHAPTER 2. PASSIVE KERR RING RESONATORS

Figure 2.2: Three physi-
cal realisations of passive
Kerr ring resonators. (a)
shows a 2.7 mm diameter
high-Q whispering-gallery-
mode fused silica micro-rod
resonator with a tapered
�bre (highlighted with red
laser light) [35]. (b) shows
a silica micro-toroid res-
onator with diameter of
approximately 200 µm. [36]
Finally, (c) shows a Si3N4

resonator with a diameter of
approximately 450µm. [36]
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CHAPTER 2. PASSIVE KERR RING RESONATORS

2.3 Modeling Passive Kerr Ring Resonators

In this subsection we �rst introduce two important factors for consideration
when modeling the propagation of light in Kerr materials, with the �rst being
the Kerr nonlinearity and the second being chromatic dispersion. Following
these introductions we will work through the derivation of the highly successful
(purely temporal) Lugiato-Lefever equation from the Nonlinear Schr•odinger
equation with appropriate boundary conditions, introducing other important
considerations, such as cavity detuning and other losses, as we go.

2.3.1 The Kerr Nonlinearity

Nonlinear optics in general is the study of e�ects whose origins lie in a mate-
rial's response to an optical �eld, with the strength of this response depending
in a nonlinear manner on the strength of said �eld.

The Kerr nonlinearity arises from a change in the refractive index of a ma-
terial in response to an applied electric �eld; an e�ect which was discovered
in 1875 by John Kerr, a Scottish physicist [3, 4], whom the e�ect was later
named after. This nonlinearity can be observed when considering the polari-
sation �eld of a material, P(t), in response to an optical �eldE(t), described
by

P(t) = � 0
�
� (1) + � (2) E(t) + � (3) jE(t)j2

�
E(t) ; (2.1)

where � 0 is the permittivity of free space, � is the the susceptibility tensor
speci�c to the medium, with � (1� 3) being the linear, second- and third-order
nonlinear optical susceptibilities respectively, and where we have stopped at
the Kerr nonlinearity under the assumption that higher order terms are neg-
ligible for the materials we study here. We also assume in this thesis that
the resonator materials of choice display inversion symmetry, such that� (2)

vanishes [1], and further that the polarisation �eld in Eq. (2.1) changes in-
stantaneously in response to the �eld strength.

In this manner we may express the polarisation �eld of the propagated
material by splitting the total polarisation �eld into linear and nonlinear parts

P(t) = PL + PNL = � 0
�
� (1) + � (3) jE(t)j2

�
E(t) ; (2.2)

This is used later as a key component of the Nonlinear Schr•odinger equation.
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CHAPTER 2. PASSIVE KERR RING RESONATORS

2.3.2 Chromatic Dispersion for Slowly Varying Envelopes

Chromatic dispersion causes an angular frequency,! , dependence in the refrac-
tive index of a medium,� (! ). It often occurs during the interaction between
an electromagnetic wave and the electronic cloud of a dielectric medium, such
as silica. The e�ect amounts to implying that di�erent spectral components of
a propagating �eld pro�le, such as a pulse, will not travel at the same velocity,
leading to chirping [40,41].

We may vastly simplify discussions on chromatic dispersion if we limit
ourselves to situations where we can validly make the slowly varying envelope
approximation (SVEA), which amounts to assuming that the envelope of a �eld
varies much slower, in space and time, compared to the carrier wave [42, 43],
that is to say

�
�
�
�
@E
@z

�
�
�
� � k0 jEj ;

�
�
�
�
@E
@t

�
�
�
� � ! 0 jEj : (2.3)

When determining the in
uence of dispersive e�ects, the SVEA allows us
to neglect higher-order terms in the Taylor expansion of the mode-propagation
constant k(! ) around the carrier frequency,! 0, such that it is given by

k(! ) � k0 + k0
0(! � ! 0) +

1
2

k00
0(! � ! 0)2 (2.4)

with

k0 = k (! 0) ; k0
0 =

@k0
@!

; k00
0 =

@2k0

@!2
; (2.5)

wherek0
0 = 1=vg and k00

0 are known as the inverse of the group velocityvg and
the group velocity dispersion parameter, respectively.

Focusing on only the last two terms of Eq. (2.4) and applying the inverse
Fourier transform returns

F � 1

�
k0

0(! � ! 0) +
1
2

k00
0(! � ! 0)2

�
= ik 0

0
@E
@t

�
k00

0

2
@2E
@t2

; (2.6)

which is used in combination with Eq. (2.2), details in Ref. [42], to derive the
well known Nonlinear Schr•odinger equation, Eq. (2.7).

2.3.3 The Purely Temporal Lugiato-Lefever Equation

The model which forms the basis of the more complex models later used in
this thesis, and which would later be described as the purely temporal version

13
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of the Lugiato-Lefever equation, was �rst derived by Halterman, Trillo and
Wabnitz in their 1992 publication \Dissipative modulation instability in a
nonlinear dispersive ring cavity" [44]. At its core, this model builds upon the
Nonlinear Schr•odinger equation [42,45], which combines the Kerr nonlinearity
and chromatic dispersion by

@En
@z

= � i
k

00

0

2
@2En

@�2
+ i
 jEn j2En ; (2.7)

where, in the context of Fig. 2.1,En (z; � ) describes the envelope of the circu-
lating �eld at some distancez from the coupling mechanism (placed atz = 0)
around the resonator, on itsnth round trip. � is measured in a frame of refer-
ence traveling at the group velocity of the carrier wave, such that� = t � z=vg

(which collapses Eq. (2.6)), and
 is the self-phase modulation coe�cient (see
section 5.1.1). In �bers for example,
 is given by 
 = ! 0n2=cAe� , wheren2

is the nonlinear index coe�cient of the medium, Ae� is the e�ective area of
the medium's core,c is the speed of light in a vacuum and! 0 is the central
frequency of the spectrum.

Equation (2.7) is combined with the following longitudinal boundary con-
ditions

En+1 (z = 0; � ) �
p

TEin +
p

Re� i� GL En (z = 0; � ) ; n = 0; 1; 2; ::: ; (2.8)

which amount to stating that the �eld just after the coupling mechanism is
equal to the transmitted input �eld, E in , plus the intracavity �eld which has
just propagated one round trip. Within Eq. (2.8), T; R are the transmission
and re
ection coe�cients of the coupling mechanism respectively, withT+ R =
1, � is the cavity detuning (the di�erence between the carrier frequency,! 0,
and the closest cavity resonant frequency) and we de�ne the operatorGL to
account for the propagation ofEn through the nonlinear medium over some
distanceL, which here we assume to be the length of the ring resonator, i.e.

GL En (z = 0; � ) =
Z L

0

�
@En
@z

�
dz; (2.9)

which amounts to the integration of the Nonlinear Schr•odinger equation, Eq.
(2.7) over the longitudinal rangez = (0 ! L).

Equations (2.7) and (2.8) together describe an in�nite-dimensional Ikeda
map [46] which completely describes the dynamics of the system, however un-
der the assumption that we are dealing with high �nesse (low-loss) resonators,
such that T << 1, we can, via the following method, combine Eq. (2.7) and
(2.8) into a single partial di�erential equation.
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The limits described under the assumption of low-loss resonators imply that
the length of time that a single photon may be expected to stay within the
cavity, before exiting via the coupling mechanism, is very high in comparison
to the roundtrip time tR . The low entry and exit rates to the cavity of photons
means that it is reasonable to assume that the intracavity �eld has very little
variation over one round trip, known as the mean-�eld approximation, and
hence we may perform the integration of Eq. (2.9) trivially by the �rst-order
Euler method [19], resulting in

GL En (0; � ) =
Z L

0

�
@En
@z

�
dz;

� En (0; � ) + L
@En (0; � )

@z

� En (0; � ) � iL
k

00

0

2
@2En (0; � )

@�2
+ iL
 jEn (0; � )j2En (0; � ):

(2.10)

This assumption, that the round trip variation of the �eld is very small,
also allows to to de�ne new temporal variablet, known as the `slow'-time,
which describes the �eld on each pass of the coupling mechanism atz = 0
such that E(t; � ) is de�ned as

E(t = ntR ; � ) = En (z = 0; � ) ; n = 1; 2; ::: (2.11)

with its derivative de�ned in a similar manner by

@E(t = ntR ; � )
@t

=
En+1 (z = 0; � ) � En (z = 0; � )

tR
; n = 1; 2; ::: (2.12)

Returning attention to Eq. (2.8), we proceed by making the substitutions
e� i� � 1 � i� and R = 1 � T to obtain

En+1 (z = 0; � ) �
p

TEin +
p

1 � T(1 � i� )GL En (0; � )

�
p

TEin +
��

1 �
T
2

�
(1 � i� )

�
GL En (0; � )

�
p

TEin +
�
1 �

T
2

� i� + i
T �
2

�
GL En (0; � ) :

(2.13)

By the slowly varying envelope and low-loss assumptions stated earlier,
with the latter further amounting to assuming that both the cavity detuning
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and self-phase modulation are small� � 1; L
 jE j � 1 [44], we may assume
that T, � and the latter two terms of Eq. (2.10) are of �rst order smallness
and proceeding to drop higher order terms from Eq. (2.13), one arrives at

En+1 (z = 0; � ) �
p

TEin + En (0; � ) �
T
2

En (0; � ) � i�E n (0; � )

� iL
k

00

0

2
@2En (0; � )

@�2
+ iL
 jEn (0; � )j2En (0; � )

�
p

TEin +
�

1 �
T
2

� i� � iL
k

00

0

2
@2

@�2
+ iL
 jEn (0; � )j2

�
En (0; � ) :

(2.14)

Making use of Eq. (2.12) and (2.14) then gives the result:

tR
@E(t; � )

@t
�

p
TEin +

�
�

T
2

� i� � iL
k

00

0

2
@2

@�2
+ iL
 jEn (t; � )j2

�
En (t; � ) ;

(2.15)
which, by the following de�nitions

� =
T
2

; �� =
�
�

; �E =

r
L

�

E ; �E in =

s
� 3

T2L

E in ; (2.16)

and transformations

t !
tR

�
�t ; � !

s
L

�
�k00

0

�
�

2�
�� ; (2.17)

can be expressed in its dimensionless form as:

@E(t; � )
@t

= E in +
�
� 1 � i� � i�

@2

@�2
+ i jE j2

�
E ; (2.18)

where, for ease of notation, we have dropped all bar notation and have also
introduced � = � 1, which depends on the sign ofk

00

0 and indicates normal
and anomalous dispersion respectively. Note that the term� de�ned here
generally refers to the total cavity losses studied within the system, such that,
if one wishes to account for further factors, such as internal cavity loss in
�bers, splice loss or intracavity component losses, these can also be included,
or excluded, as required [19].

The fully temporal LLE is in fact equivalent to the spatio-temporal LLE
in one dimension [19, 42]. The spatio-temporal LLE takes into account the
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di�raction of the �eld and has its origins in the Maxwell-Bloch equations for a
two-level system with assumptions introduced by the mean-�eld limit [31,42].
An extension to this model that we do not consider here is the inclusion of
thermal e�ects which may arise in micro-resonator devices . These thermal
e�ects can lead to further changes in the refractive index of the resonator as
a function of the pump power [6].

2.3.4 Solving the Lugiato-Lefever Equation

Homogeneous Stationary States and Optical Bistability

Homogeneous solutions are here de�ned as solutions where the circulating �eld,
E(t; � ) remains constant during a round-trip i.e. E(t; � ) = E(t), and implies
that @2E=@�2 = 0 in the LLE (2.18). Stationary solutions on the other hand
are here de�ned as solutions within which the �eld pro�le over a full round
trip repeats exactly on subsequent circulations, i.eE(t; � ) = E(� ), and de�nes
@E=@t= 0 in the Eq. (2.18).

The set of homogeneous stationary solutions to the LLE (2.18) is therefore
given by:

0 = E in +
�
� 1 � i� + i jE j2

�
E ; (2.19)

and we may multiply Eq. (2.19) by its complex conjugate and simplify to
obtain the following equation

jE j2 =
E 2

in

1 + ( � � j E j2)2 ; (2.20)

which describes the set of homogeneous and stationary �eld intensitiesjE j2

and amounts to a cubic equation of the form

y3 � 2�y 2 +
�
1 + � 2

�
y = I ; (2.21)

where we de�ney = jE j2 and E 2
in = I . This equation, as shown in Fig. 2.3,

may display a phenomena known as optical bistability [30, 47, 48], de�ned in
general as a range of x-axis (hereI or � ) values for which there are multiple
possible y-axis values (jE j2).

In Fig. 2.3 (a) the input intensity is scanned for various cavity detuning
parameters. A bistability is not always seen since it is dependent on, here, the
cavity detuning. The red, blue and green lines show input intensity scans for
three di�erent cavity detunings, but only the green line displays the bistability.
This is because input intensity bistability of Eq. (2.20) is limited by a minimum
detuning value of� =

p
3 (blue line).
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Figure 2.3: Input intensity, (a), and cavity detuning, (b), scans of Eq. (2.20)
for three values of the cavity detuning, (a), or input intensity (b). In (a,b)
the red line gives an example of a scan which is below the respective threshold
for bistability, the blue line is a scan for the limit value where the possibility
for optical bistability begins and �nally the green line gives an example of
a scan above the limit value, with the bistable region shaded with a green
background.
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Similarly, in Fig. 2.3 (b) the cavity detuning is scanned for various input
intensity parameters. Again a bistability is not always seen since it is depen-
dent on, now, the input intensity. The red, blue and green lines now show
cavity detuning scans for three di�erent input intensities, and again only the
green line displays the bistability. This is because input cavity detuning bista-
bility of Eq. (2.20) is limited by a minimum input intensity of E in = 8

p
3=9

(blue).
To observe physically the e�ect of the nonlinearity in Eq. (2.20), we plot

in Fig. 2.4 the normalised circulating �eld power,jE j2=E2
in , against the cavity

detuning, � . It can be seen that as the input intensity is increased the required
cavity detuning to maximise the circulating power shifts away from 0, that is
to say the nonlinearity causes a resonance shift.

Figure 2.4: Tilted resonance curves. For various input intensities the nor-
malised powerjE j2=E2

in is plotted using a recasting of Eq. (2.20). The vertical
dashed lines indicate the resonant cavity detuning,� R , which maximises the
normalised power for each given input intensity,E 2

in , { note how this resonant
detuning is shifted away from 0 as the input intensity is increased.
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Dynamical Solutions

When it comes to accessing the solutions to dynamical equations the homo-
geneous or stationary solutions of the system are but one aspect to consider.
For example, in the system of a simple pendulum, the system state where the
pendulum is perfectly inverted is a stationary state of the system. That is to
say, unless the system is perturbed in some way, it will not change over time.
Once such perturbations are taken into account however, even the slightest
nudge to the inverted pendulum will cause it to begin to swing away from the
perfectly inverted state - the state is unstable to perturbations.

The stability of a solution is thus an important indication of the dynamics
of the system (where derivative components are not forced to 0). Our system
can become unstable in two ways. The �rst occurs whendE=dt 6= 0 and is
characterised by the emergence of Hopf bifurcations, see section 3.3 for more
information. This instability amounts to the circulating �eld slowly varying
over multiple round trips. The second occurs whend2E=d� 2 6= 0, which is
caused by a Turing instability and leads to Turing patterns [49{51]. This type
of instability amounts to the circulating �eld varying within a round trip.

Using an appropriate technique for integrating Eq. (2.20), such as the
combination of the split-step Fourier and Runge-Kutta methods, appendix A,
one can study the full dynamics of the equation and observe, for example,
some of these Turing pattern states. In Fig. 2.5(a) we show again the solutions
of Eq. (2.20) for a scan of the input intensity for� = 1, in the anomalous
dispersion regime and with self-focusing media. The previously discussed HSS
of the equation are shown in black, only now the stability of the solution is also
shown, solid black - stable, dashed black - unstable. We show in (b) a possible
pattern solution which occurs in the fast-time pro�le when the HSS becomes
unstable to in-homogeneous perturbations; the blue curve in (a) tracks the
maxima and minima of this pattern state.

Temporal Cavity Solitons
Connected to the pattern states of the previous section is the topic of

Temporal Cavity Solitons (TCS). To avoid repeated similar content, the main
discussions on TCS are left to their own dedicated chapter later in this thesis,
Chapter 6, however this may su�ce as a suitable place to provide a brief
introduction.

To give a basic description, TCS are locally inhomogeneous solutions which
propagate without changing their shape due to their ability to counter e�ects
such as losses, and self-reinforce [19]. The reason we brie
y introduce them
here is due to the capacity of the LLE to sustain them through the use of

20



CHAPTER 2. PASSIVE KERR RING RESONATORS

Figure 2.5: (a) An intensity scan of Eq. (2.18) for� = 1 and � = � 1,
with the homogeneous stationary states, given by Eq. (2.20), shown in black
(solid - stable states, dashed - unstable states) and the maxima and minima
of simulated pattern states shown in blue. Scan in (a) runs right to left. Note
that there may be multiple possible pattern states - only one state is tracked
here. (b) shows the pro�le of the tracked pattern state forE 2

in = 1:5.

Figure 2.6: Soliton and pattern states of Eq. (2.18) forE in =
p

2, � = 2:1
and � = � 1 (anomalous dispersion). It can be seen that the TCS (red) locally
locks to the pattern state (blue). The base of the TCS `sits' on the lower
branch of the HSS optical bistability.
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pattern states. Figure 2.6 shows how the previously described Turing pattern
states can provide a mechanism for the HSS to locally become inhomogeneous
yet remain a stable solution.

In Fig. 2.6, the majority of the circulating �eld's fast time pro�le consti-
tutes the HSS solution which forms the lower branch of the optical bistability
however it can be seen that for a small region the pro�le can locally `lock' to
one of the peaks of the Turing pattern - resulting in a solitary wave or soliton.

2.4 Chapter Summary

In this preliminary chapter we strived to introduce the reader to the basic con-
cepts surrounding light propagation in passive Kerr ring resonators. To do this
we began by presenting and explaining the basic schematic of a passive Kerr
ring resonator, followed up with a few examples of their physical realisation.

The next section of the chapter concerned itself primarily with the physics
involved within the resonator setup, notably the Kerr nonlinearity and chro-
matic dispersion, and how these phenomena are modeled mathematically.
By making the slowly varying envelope approximation the Kerr nonlinear-
ity and chromatic dispersion were combined to form the well known Nonlinear
Schr•odinger equation.

Using the Nonlinear Schr•odinger equation as a base, we proceeded to work
through the derivation of the highly successful (fully temporal) Lugiato-Lefever
equation (LLE). The derivation involved combining the Nonlinear Schr•odinger
equation with boundary conditions imposed by the resonator itself (leading to
an in�nite-dimensional Ikeda map), applying the mean-�eld approximations
and neglecting high order terms.

We then went on to describe the various methods for solving the LLE. The
homogeneous stationary states (HSS) of the equation could be derived exactly,
and these were presented in various manners, such as input intensity and
cavity detuning scans. Both scans were shown to display a phenomena known
as optical bistability, which occurs when there are multiple possible states
available to the system for a given scanned parameter. It was further shown
how the presence of the nonlinearity in the system resulted in a resonance shift
in the cavity detuning.

Finally, in this chapter we began discussions on possible dynamical solu-
tions to the LLE, showing how it was possible for HSS to become unstable
to perturbations. This instability would occur unconditionally on the middle
branch of the bistability but could also occur else wear when inhomogeneous
perturbations were used - leading to pattern states. It was then shown how
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temporal cavity solitons could emerge within the system by locking to said
pattern states while `sitting' on the lower branch of the HSS bistability.

With the fully temporal LLE introduced, in subsequent chapters we will
begin to introduce more complex models which use the LLE as their base
and show how these models can display incredibly interesting and useful be-
haviours such as the umbrella behaviour of this thesis: the spontaneous sym-
metry breaking of light.
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\ There's nothing more exciting than science. You get all the fun of sitting
still, being quiet, writing down numbers, paying attention.

Science has it all."

{ Seymour Skinner, The Simpsons
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CHAPTER 3. SPONTANEOUS SYMMETRY BREAKING

3.1 Chapter Introduction

Most people will have some general interpretation of what is meant by sym-
metry and, by extension, symmetry breaking. The �rst explanations to a child
on the subject usually involve some image printed on a piece of paper where
they are shown that upon placing a mirror along some certain line, or axis, the
image they see in the mirror's re
ection is the same as the unaltered picture.
This simple type of symmetry is known as `re
ection' (or `mirror') symmetry.

More broadly de�ned, symmetry can be used to describe any common
characteristic shared between two de�ned objects which happens to be equal,
with spontaneous symmetry breaking describing the point in some parameter
space at which that equality suddenly ceases to hold.

Spontaneous symmetry breaking is fundamental to the description of many
physical phenomena; from the modelling of magnetism and superconductiv-
ity [52] and the generation of mass via the Higgs mechanism [53] in the case

Figure 3.1: Examples of a mirror symmetry and asymmetry. Left: Placing a
mirror down the central axis of a square, as illustrated by the grey line with
dashing, will result in the re
ection seen in the mirror appearing to overlay the
non-re
ected part of the square. Right: Placing a mirror again in the position
of the grey line with dashing will now result in the re
ection looking di�erent
to the unaltered image. Thus, in this case there is not mirror symmetry, but
asymmetry.
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of continuous symmetries, to many areas in optics which exhibit discrete sym-
metries; such as time-reversal [54,55] and parity-time symmetries [56] and the
interplay between two types of symmetry breaking [57].

Spontaneous symmetry breaking has been studied recently in photonic lat-
tices [58{60], and in spin-orbit interactions in metasurfaces [61], with chirality
symmetry breaking [62] studied in metamaterials [63], during crystalisation
processes [64], and in nonlinear microresonators [65]. The breaking of mirror
symmetry in coupled photonic-crystal nanolasers [66] and rotational symmetry
breaking in photonic spin Hall e�ect in dielectric metasurfaces [67] have also re-
cently been studied. More generally, symmetry breaking has been observed in
many other nonlinear systems such as in symmetric plasmonic oligomers [68],
Aharonov-Bohm cages [69], double-well structures [70], and photometamate-
rials [71].

This chapter will describe a type of spontaneous symmetry breaking which
occurs between coupled light components circulating ring resonators - a sym-
metry breaking which is highly applicable in communications, meteorology
and integrated photonic circuits.

3.1.1 Coupled Equations

In the previous chapter it was described how a single light �eld component cir-
culating a ring resonator may have its envelope described by a LLE, but what
if multiple components circulate simultaneously? How do you model their
interactions with each other, and does this a�ect the possible solutions and
dynamics which are possible? This subsection will go into detail on the theo-
retical modelling of two situations in ring resonators: where a linearly polarised
component is split into its left- and right-circularly-polarised components, and
where two components circulate simultaneously counter-propagating with re-
spect to one another.

Left- and Right-circularly-polarised Components

A linearly polarised �eld can be split into two components, one with its polar-
isation rotating in a direction to the right and the other with its polarisation
rotating to the left, see Fig. 3.2. This is the �rst situation that we will intro-
duce.

J. B. Geddes et al. derive in Ref. [33] what can be described as coupled
LLE(s), which take into account the polarisation of a �eld circulating within a
ring resonator. Whereas in the case of the single LLE the third-order nonlinear
polarisation was given byP (3) = 3� 0� (3)

1111jE j2E, it is now given by
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Figure 3.2: A linearly polarised �eld can be split into its left- and right-
circularly-polarised components. This separation results in observing two,
co-propagating, �eld envelopes circulating the resonator simultaneously.

P (3) = 3� 0� (3)
1111

�
A (E � E � ) E +

B
2

(E � E) E �

�
; (3.1)

with

A =
�

� (3)
1122 + � (3)

1212

�
=� (3)

1111; B = 2� (3)
1221=� (3)

1111 (3.2)

where� (3) is the third order susceptibility tensor, with � (3)
nmlj being its elements.

Applying Eq. (3.1) to the purely temporal LLE gives:

@E
@t

= E in � E � i� E � i�
@2E
@�2

+ i
�

A (E � E � ) E +
B
2

(E � E) E �

�
(3.3)

whereE = Ex x̂ + Ey ŷ.
Proceeding to follow the method of Geddes et al., a transformation to a

cirularly polarised basis de�ned byE � = 1p
2

(Ex � iE y) is made on Eq.(3.3),
which sends it to its �nal form:

@E�
@t

= E in � E � � i�E � � i�
@2E �

@�2
+ i

�
AjE � j2 + ( A + B)jE � j2

�
E � (3.4)
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where we assume that that input �eld is linearly polarised along the x-direction
such that E in =

p
2E in x̂. There are many mathematical advantages of choos-

ing this basis for study, mostly owed to removal of the complex conjugate term
within the nonlinearity of Eq. (3.3). This ensures a simple method of calculat-
ing the homogeneous stationary states of the system and their stability, both
discussed momentarily.

Eq. (3.4) should be readily identi�able as being of the same form as two
standard LLEs, up to the inclusion of the second �eld within the nonlinearity.
The constantsA and (A+ B) are known as the self- and cross-phase modulation
constants respectively and loosely they describe how strongly the two �elds
interact with each other. The exact values that these constants can take and
a more in-depth explanation of their physical meaning will be left to Chapter
5 to describe.

Counter-propagating Fields

Turning our attention to the second situation for study; in the previous setup
there is one input beam which enters the resonator in a set direction and
proceeds to circulate, again, in one set direction. If two input beams are used
however, two �elds counter-propagating within the resonator can be easily
achieved { one circulating in a `forward' direction and one in a `backwards'
direction, see Fig. 3.3.

This system was �rst studied theoretically in the 1980s by A. E. Kaplan,
P. Meystre and others [14,32,72]. Here they modelled the total �eld at some
position z within the resonator asE(z) = E+ (z)eikz + E � (z)e� ikz where E �

are the envelopes of the �elds circulating in the clockwise or anticlockwise
directions respectively. Similar to the polarisation model, this additional �eld
has an e�ect on the nonlinearity which becomes dependent upon the direction
being observed. The nonlinear termsP (3) for each �eld respectively are given
by

P (3) = 
 2(jE � j2 + 2jE � j2): (3.5)

where
 2 describes the strength of the nonlinear susceptibility.
Utilising Eq. (3.5), steady state equations describing the envelope ampli-

tudes of the two counter-propagating �elds are given in Ref. [14, 32], which
may be normalised to:

E � =
E in

1 + i (jE � j2 + 2jE � j2 � � )
: (3.6)

30



CHAPTER 3. SPONTANEOUS SYMMETRY BREAKING

Figure 3.3: Counter-propagating �elds circulating a ring resonator. Two iden-
tical input beams enter the resonator in opposing directions. Both beams
circulate simultaneously but in counter-propagating directions.

3.1.2 Homogeneous Stationary States

Returning momentarily to the polarisation system and subjecting the �eld
envelopesE � in Eq. (3.4) to the constraints of being both stationary and
homogeneous, and multiplying by respective complex conjugates yields the
steady state equation for the intensities of the envelopes of the coupled �eld
components:

P1;2 =
I

1 + ( � � AP1;2 � (A + B)P2;1)2
; (3.7)

which corresponds to two coupled Lorentzian equations, withP1;2 = jE � j2 and
I = E 2

in denoting the �eld envelope intensities and input intensity respectively.
Similarly for Eq. (3.6), multiplying by complex conjugates one obtains

P1;2 =
I

1 + ( � � P1;2 � 2P2;1)2
; (3.8)

where nowI = E 2
in is the intensity of the two input pumps, one in each di-

rection. Note that although the inputs act in opposite directions, they are
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otherwise identical. This equation should be easily recognised as being in the
exact same mathematical form, up until the self- and cross-phase modulation
constants, as Eq. (3.7). This is an extremely important observation since it
means that although the polarisation system and the counter-propagating sys-
tem are physically very di�erent, mathematically the homogeneous stationary
states (HSS) are described by the same type of equations. For the rest of this
section therefore we focus on the following general equation which should be
understood to be applicable to both separate systems:

P1;2 =
I

1 + ( � � AP1;2 � BP2;1)2
: (3.9)

whereA and B are now new dummy variables representing the self- and cross-
phase modulation constants respectively.

3.2 Spontaneous Symmetry Breaking

With much of the preamble now complete, �nally the �rst discussions of sym-
metry breaking within ring resonators can begin. Our focus for now remains
with the HSS equations, Eq. (3.9) and how these can be manipulated to show
symmetry breaking in various ways. The easiest way, of four that we discuss
here, to visualise symmetric and asymmetric solutions is by solving a variation
of Eq. (3.9) with one �eld intensity, P2, plotted against the other,P1.

Method 1: A Simple Bubble
Since Eq. (3.9) can be expressed as

I =
�
1 + ( � � AP1 � BP2)2

�
P1

=
�
1 + ( � � AP2 � BP1)2

�
P2;

(3.10)

one can solve these equations simultaneously, by eliminatingI to obtain:

�
1 + ( � � AP1 � BP2)2

�
P1 =

�
1 + ( � � AP2 � BP1)2

�
P2; (3.11)

which, for A = 1, B = 2 and � = 2, is plotted in Fig. 3.4a.
These plots can be interpreted as a simultaneous mapping of the stationary

solutions of P1 and P2 for variations in the value of I and some constant
detuning value� . They may be considered to be the simplest way of visualising
symmetric and asymmetric solutions since the solutions whereP1 = P2, the
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symmetric solutions, form a very obvious diagonal line with the asymmetric
solutions forming an intercepting ellipse.

The points at which the asymmetric solutions occur indicate that a spon-
taneous symmetry breaking is possible, but whether this physically occurs, or
not, is down to the stability of the system - which is left to Section 3.3.

Method 2: \The Stingray"
While the above method generates an input intensity mapping, it is also

possible to obverse the circulating intensities' variation with the other inde-
pendent input variable, the cavity detuning. These maps again utilise Eq.
(3.9), but now one proceeds to eliminate the cavity detuning. Rearranging
Eq. (3.9) one may obtain:

Figure 3.4: Spontaneous symmetry breaking of coupled powersP1 and P2.
(a), the solution sets of Eq. (3.11) forA = 1, B = 2 and � = 2. Note the
symmetric solutions, whereP1 = P2, form an in�nite diagonal line, while the
asymmetric solutions form an ellipse which crosses this diagonal line in two
places, or bifurcation points (red crosses). (b), the solution sets of Eq. (3.13)
for A = 1, B = 2 and I = 3. Note the now �nite diagonal line holding the
symmetric solutions and how the asymmetric solutions takes the form similar
to that of a stingray. The �ns of the stingray shape imply a bistability is
possible within the asymmetric curve itself.
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� = + AP1;2 + BP2;1 �

s
I

P1;2
� 1

= AP2;1 + BP1;2 �

s
I

P2;1
� 1:

(3.12)

Which can then be solved for� :

AP1;2 + BP2;1 �

s
I

P1;2
� 1 = AP2;1 + BP1;2 �

s
I

P2;1
� 1 (3.13)

A plot of this equation, for A = 1, B = 2 and I = 3, can be seen in Fig.
3.4b. The symmetric solutions can be seen as a �nite diagonal line while, for
intensities above a threshold required for symmetry breaking, the asymmetric
bubble forms a warped ellipse. Interesting above a second threshold the bubble
bends back on itself, showing a bistability, to form a shape similar to a stingray.

Method 3: True Intensity and Detuning Scans
While the plots produced under methods 1 and 2 can be described as maps

showing the e�ects of varying the input intensity and cavity detuning respec-
tively, to obtain scans of these variables closer to experiments it is required
to plot the independent variable along the horizontal axis, with the stationary
states of the circulating �eld powers along the vertical axis. To do this requires
much more complex equations than those given above, but it also highlights
that the simplicity of the symmetry breakings shown in Fig. 3.4(a,b) hide
many of the interesting results underlying within the system.

In order to plot either the input intensity or cavity detuning along the x-
axis the objective is to once again eliminate one of the variables from Eq. (3.9),
but rather than choosing one of the independent variables, the elimination of
a dependent variable is sought,P1 or P2.

Taking one equation of Eq. (3.9) and rearranging to makeP1 or P2 the
subject yields:

P1;2 =
AP2;1 � � �

q
I

P2;1
� 1

� B
; (3.14)

which in turn can be substituted into the remaining equation of Eq. (3.9),
giving:
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Figure 3.5: Intensity scans for low and high values of the cavity detuning. (a)
for A = 1, B = 2 and � = 1:7 { with this sub-threshold detuning neither the
bistability of the symmetric solution line, or asymmetric solutions are possible,
there is no spontaneous symmetry breaking. (b) forA = 1, B = 2 and � = 2 we
are now above the threshold for symmetry breaking, with asymmetric solutions
shown in red. (c) forA = 1, B = 2 and � = 7. For this well-above-threshold
value of the input intensity one can see that the asymmetric solution bubble
folds in on itself, creating a bistability in the asymmetric powers.

AP1;2 � � �
q

I
P1;2

� 1

� B
=

I

1 +
�
� � A

�
AP 1;2 � � �

q
I

P1;2
� 1

� B

�
� BP1;2

� 2 : (3.15)

This equation is then readily usable to produce the required scans of either
the cavity detuning or the input intensity.

The solution set of Eq. (3.15) forA = 1 and B = 2 is shown in Fig. 3.5
with the circulating intensities, P1;2 plotted against the input intensity, I , for

35



CHAPTER 3. SPONTANEOUS SYMMETRY BREAKING

Figure 3.6: Detuning scans for various values of the input intensity. (a):A = 1,
B = 2 and I = 1:5. This input intensity is below the threshold for asymmetric
solutions, but there is a bistability on the symmetric solution line. (b):A = 1,
B = 2 and I = 2. This input is above the threshold for both symmetric
solution bistability and symmetry breaking, with asymmetric solutions shown
in red. (c): A = 1, B = 2 and I = 6. For this well-above-threshold value of
input intensity one can see that the asymmetric solution bubble (red) folds in
on itself, creating a bistability in the symmetry broken powers.

various values of the cavity detuning. This reveals the true complexity, and
interest, of the system described by Eq. (3.9). The symmetric solution line
now takes on, what often appears to be, an elongated `S' shape, Fig. 3.5 (a),
while the asymmetric `bubble' forms a slightly warped ellipse, Fig. 3.5 (b). As
with the emergence of asymmetric solutions in Fig. 3.4 (a), the asymmetric
solution bubble, and s-shaped bistability are reliant on the cavity detuning
being above some limit value, i.e. note no asymmetry for Fig. 3.5 (a). Above
a second detuning limit the asymmetric bubble can fold in on itself, creating a
further region of bistability only this time in the asymmetric solution set, see
Fig.3.5(c).
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Equation (3.15) is also usable to yield a scan of the cavity detuning, where
the coupled powers are now plotted against the detuning along thex-axis.
Figure 3.6 shows Eq. (3.15) for a variety of input intensities. Panel (a) shows
a scan for an input intensity which is below the threshold for symmetry break-
ing, and shows only the symmetric tilted Lorentzian solution line. The scan for
an increased input intensity, this time one above the threshold for symmetry
breaking, is shown in panel (b). One should be able to note the asymmetric
bubble which appears on the upper path of the symmetric solution line. In-
creasing the input intensity further causes the folding-over of the bubble to
occur once more, showing a bistability of the asymmetric solutions.

3.3 Time-dependent Model and its Stability
Analysis

Returning focus momentarily to only the system of two counter-propagating
�elds, in Ref. [73] we described the time-dependent coupled equations which
return the coupled Lorentzians of Eq.(3.6):

@E�
@t

= E in �
�
1 + i (jE � j2 + 2jE � j2 � � )

�
E � ; (3.16)

where the introduced time variablet has been normalised by the photon life-
time in the cavity.

Small perturbations on the �eld envelopes,E � , were then used to assess
the stability of the system. By de�ning E+ = E+ S + � 1 and E � = E � S + � 2,
where� 1;2 were the small perturbations on the steady-state solutions,E � S, Eq.
(3.16) becomes:

@E�
@t

= E in �
�
1 + i (jE � S + � 1;2j2 + 2jE � S + � 2;1j2 � � )

�
(E � S + � 1;2) : (3.17)

The steady state solutions,E � S, occur when@E� =@t= 0 hence Eq. (3.16)
may be used to �nd the following expression ofE in

E in =
�
1 + i (jE � Sj2 + 2jE � Sj2 � � )

�
E � S: (3.18)

Inserting Eq. (3.18) into Eq. (3.17), expanding the resultant and simplifying
then yields the following set of coupled equations

@E�
@t

=
@�1;2

@t
= � [1 + i (2jE � Sj2 + 2jE � Sj2 � � )]� 1;2

� iE 2
� S� �

1;2 � 2iE � SE � S� �
2;1 � 2iE � SE �

� S� 2;1:
(3.19)
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Without loss of generality, the phase of the inputE in was adjusted such
that E � S were real which then allows us to split� 1;2 into real and complex
components,x1;2 and y1;2 respectively, such that� 1;2 = x1;2 + iy1;2

@(x1;2 + iy1;2)
@t

= � [1 + i (2E 2
� S + 2E 2

� S � � )](x1;2 + iy1;2) � iE 2
� S(x1;2 � iy1;2)

� 2iE � SE � S(x2;1 � iy2;1) � 2iE � SE �
� S(x2;1 + iy2;1):

(3.20)

which, expanded and simpli�ed, is equivalent to the following:

@
@t

0

B
B
@

x1

y1

x2

y2

1

C
C
A =

0

B
B
@

� 1 A1 0 0
� B1 � 1 � C 0

0 0 � 1 A2

� C 0 � B2 � 1

1

C
C
A

0

B
B
@

x1

y1

x2

y2

1

C
C
A = J

0

B
B
@

x1

y1

x2

y2

1

C
C
A (3.21)

with

A1;2 = E 2
� S + 2E 2

� S � �;

B1;2 = 3E 2
� S + 2E 2

� S � �;

C = 4E+ SE � S:

(3.22)

The eigenvalues ofJ, calculated by solving detjJ � � 1j = 0, where 1 is the
identity matrix, are given by:

� 1! 4 = � 1 �

r
� A1B1 � A2B2 � S

2
; (3.23)

with

S =
q

(A1B1 � A2B2)2 + 4A1A2C2; (3.24)

where the ± signs are independent, giving four distinct eigenvalues,� 1! 4.
These eigenvalues then de�ne the stability of the system state. If ALL the
eigenvalues have a negative real part then the system will decay to the sta-
tionary state; the state is thus de�ned as `stable'. If any of the eigenvalues
have a positive real part then the system will immediately evolve away from the
stationary state; the state is de�ned as being `unstable'. If there is a complex
component to the eigenvalue then the system is susceptible to either growing
or decaying oscillations, depending on the value of the real component, during
its evolution. A summary of how the eigenvalues of a linear stability analysis
give insight into the response of a system to small perturbations is given in
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Eigenvalue Condition Stability Implication

All real components are negative Stable
At least one real component is positive Unstable
At least one real component is positive and this
eigenvalue has an imaginary component

Unstable to oscilla-
tions

Table 3.1: Stability conditions based upon the eigenvalues of a linear stability
analysis. The onset of instability to oscillations is known as a Hopf bifurcation.

Figure 3.7: (a) Tilted resonances for various pump powers, showing the
symmetry-broken region. Dark solid curves indicate stable solutions, faint
curves show unstable solutions, and dashed curves correspond to oscillatory be-
haviour. (b) Amplitude of the di�erence in the coupled powers. The grey area
corresponds to time-oscillating solutions (white denotes symmetric states). (c)
Isolated asymmetric solution curve for I = 3.8, from (a). (d) Real part of the
stability eigenvalue, � , of (c). (e) Imaginary part of the stability eigenvalue
of (c). Note that there always exists at least one eigenvalue with non-zero
imaginary part, implying strong susceptibility to oscillations.
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table 3.1. Figure 3.7 shows the eigenvalues,� 1! 4, and conditions being used
to calculate the local stability of Eq. (3.6) for detuning scans at various input
intensities.

The �rst result here worthy of discussion is the veri�cation of a claim made
in Ref. [32]; that part of the symmetric solution line which exists between the
symmetry breaking and restoring bifurcation points is unstable. This is a very
important result since it means that in an imperfect version of the system, one
which contains random noise, where possible the two �elds will evolve over
time away from the symmetric solution line towards the asymmetric solution
line - one �eld will become dominant while the second �eld is suppressed,
explaining the some experimental observations of Refs [35,37].

Figure 3.7(a) shows the detuning scans of Eq. (3.9) forA = 1, B = 2
and for various input intensities. It can be seen that there exists a critical
value of the input pump for the system to be susceptible to oscillations, this
value was calculated to beI = 2:87. Panel (b) shows the di�erence between
the two asymmetric �elds and panels (c-e) show the eigenvalue analysis for a
selected intensity ofI = 3:8. (c) shows the isolated asymmetric bubble with
panels (d) and (e) showing the calculated eigenvalues of these asymmetric
coupled powers. Recalling table 3.1, for the majority of the values shown for
the normalised cavity detuning the real part of the eigenvalues is negative, i.e
Re (� 1! 4) < 0, implying that the asymmetric solutions are stable. However,
this is not true for all detuning values. Note in Fig. 3.7(d) that between
detuning values of approx. 4.5 and 10 the real part of two of the eigenvalues is
greater than 0, implying that even the asymmetric solutions in this region are
unstable. There also exist imaginary components to these eigenvalues implying
the solutions are unstable to growing oscillations. These oscillations will be
studied in subsequent chapters.
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3.4 Chapter Summary

In this chapter the coupled Lorentzian equations, Eq. (3.9), which form the
homogeneous stationary states of two di�erent nonlinear optical systems were
introduced. Both systems at their core involve the propagation of light in Kerr
ring resonators, but while in the �rst system one input beam is used to induce
two circularly polarised co-propagating light components, in the second two
input beams are used, which in turn leads to two counter-propagating light
�elds circulating within the resonator.

It was shown how the two coupled Lorentzian equations can exhibit a
spontaneous symmetry breaking, and restoration, in the intensities of the two
circulating components for a multitude of variable scans provided one is op-
erating in a speci�c region of the input pump and cavity detuning parameter
space.

Restoring a temporal derivative to the Lorentzian system, Eq. (3.16), a
stability analysis of the system was completed and this con�rmed that the
asymmetric solutions which become possible following the system symmetry
breaking are dynamically favoured over the unstable symmetric solution. The
stability analysis also revealed that within some regions of the parameter space
even the asymmetric solutions can also become unstable, unstable to growing
oscillations.
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\ Absorb what is useful, discard what is useless
and add what is speci�cally your own"

{ Bruce Lee
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CHAPTER 4. SIMPLE AND COMPLEX OSCILLATIONS; CHAOTIC
AND PERIODIC SELF-SWITCHING DYNAMICS

4.1 Introduction

The Logistic map [74], Eq.(4.1), is often used as an example of how simple
nonlinear dynamical equations can lead to very complex behaviours. This
mapping is mathematically expressed by:

xn+1 = rx n (1 � xn ) ; (4.1)

where 0< x n < 1, which originally described the ratio of some existing popula-
tion to the maximum possible population, and, to ensure nontrivial solutions,
1 < r < 4. By seeking the �xed points of Eq.(4.1), wherexn+1 = xn , it is
possible to build up a diagram of the successive iterations in �nding these �xed
points against the value ofr , Fig. 4.1. It can be seen on such a diagram how
initially the employed algorithm successfully �nds a �xed point however, at
r = 3, successive iterations begin to alternate between two non-�xed points,
further increases ofr lead to successive iterations alternating between now 4
non-�xed points. The number of points which successive iterations cyclically
alternate between increases further withr leading, eventually, to resemble
chaos. The values ofr at which the number of alternating points change are
know as bifurcations,r = 3 for example is known as a bifurcation point, and
hence Fig. 4.1 is often referred to as a bifurcation diagram.

Figure 4.1: Bifurcation diagram of the late iterations of seeking the �xed
points, wherexn+1 = xn , for Eq.(4.1) against the value ofr . Image taken from
the public domain[75]
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The previous chapter's prediction, that the system of coupled equations
(3.16) describing the counter-propagating setup was locally susceptible to os-
cillations, prompted the dynamics of the system to be explored in more depth.
This study was spurred on since oscillations due to the Kerr nonlinearity have
been previously noted to occur in other systems of microcavities, including
those with multiple coupled resonators [76{78], in a single resonator due to:
linear coupling which is achieved between the two cavity modes via Rayleigh
backscattering [79], thermal instabilities [80] and external forcing [81]. In
this chapter we speci�cally report on how the growth of the predicted local
oscillations is eventually suppressed and how the dynamics of the resulting os-
cillations can become extremely complex and may even lead to apparent chaos
and the interesting dynamic of self-switching.

In addition to passive systems, the results of this chapter may be of conse-
quence for the gain dynamics of ring lasers [82,83], and for systems that host
Kerr solitons [84{88] especially those with counterpropagating modes [89].

From a practical perspective, self-switching periodicity of the counterprop-
agating modes can be applied in the controlled generation of twin waveforms
and signal encoding, while the chaotic states that we imminently report could
be potentially be employed in the generation of chaotic-cryptographic algo-
rithms [90] as well as chaos-induced stochastic resonance [91].

In photonics, noisy [92] and chaotic [93] switching between two polariza-
tion states, as well as in-phase and antiphase frequency combs [94], have been
described in semiconductor lasers. Recently, similar e�ects have also been
described in the simulation of driven dissipative dimers of Bose-Einstein con-
densates [95].

4.2 Simple Temporal Evolutions and Oscilla-
tions

As mentioned in Chapter 3, the onset of the system of Eq. (3.16) becoming
susceptible to growing oscillations (a Holf bifurcation) is described by the set
of eigenvalues,� 1! 4, Eq. (3.23), where for at least one eigenvalue,� , R(� ) > 0
and Im (� ) 6= 0. However, this eigenvalue analysis only describes the local
susceptibility of the state to said oscillations. To obtain the full picture of the
resulting temporal dynamics one must complete direct numerical integrations
of Eq. (3.16). In this instance this was completed using the Runge-Kutta
method of integration, as outlined in the appendix on numerical methods.

Early results of the numerical integrations of the system of Eq. (3.16),
with A = 1, B = 2, I = 3:8 and initial conditions E+ = 2:0000 + 0i and
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E � = 2:0001 + 0i , are displayed in Fig. 4.2. The imposed 0:0001 di�erence
in the initial conditions and programmed random noise at each iteration is
to create a very small imbalance in the two �elds and avoid the situation of
Buridan's principle [96]. This �gure is complementary to the depiction of the
eigenvalue analysis for this system in Fig. 3.7.

The �rst two panels of Fig. 4.2, (a)-(b), occur with � = 1:5, where for all
eigenvalues of the stationary symmetric solutionR(� ) < 0, i.e the condition
for it being stable is satis�ed, and further the detuning value is below thep

3 requirement for symmetry breaking to occur. In (a), one can see how the
system therefore spirals away from the initial conditions onto the attractor
of the stable stationary solution. This can be seen also in (b) as the system
relaxes to a stable, symmetric, intensity.

In panels (c)-(d) � = 5. This higher detuning value now allows for at least
one eigenvalue of the symmetric stationary state to have a real component
greater than 0, i.e the state is unstable. This detuning value however is also
above the threshold for symmetry breaking, see Fig. 3.7 (c). Fig. 4.2 (c)
shows how the system once again evolves away from the initial conditions to
the initially attractive symmetric solution, however, as is expected since this
solution is unstable, upon the system getting suitably close to the symmetric
attractor, the system rapidly jumps away, before spiraling in on the two stable
attractors of the asymmetric stationary state. This can also be seen in (d)
where the two �elds' intensities initially evolve together before separating into
two unequal constant intensities.

Finally, in panels (e)-(f), there is an example of how the system evolves
in the parameter space where both the symmetric and asymmetric stationary
states are unstable. Here� = 5:5, and one can observe in (e) how the system
again spirals towards the unstable symmetric attractor before jumping away, as
before, to spiral towards the asymmetric attractors, however this time, rather
than crashing in on the asymmetric stationary state, as in (c), the system
now settles to periodically orbit around the two asymmetric states, leading
to a sinusoidal variation in the two circulating intensities (f), with a single
characteristic frequency.

It may be odd to note that the system's oscillations in Fig. 4.2(e,f) eventu-
ally stop growing and become regular. The prediction of growing oscillations
made by the linear stability analysis only holds true for a small area surround-
ing the stationary solution, when the oscillations become so large that they
fall out of this region of validity other e�ects can occur. I.e. the system can
become saturated, imposing a limit on the magnitude of the oscillations.
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Figure 4.2: Temporal evolutions ofE+ , in red, and E � , in blue, (with brown
implying an overlap) using Eq.(3.16), from initial conditions ofE+ = (2 :000; 0)
and E � = (2 :0001; 0) with A = 1, B = 2, I = 3:8 and a time step ofdt = 0:001.
LHS panels show the temporal evolutions through the complex phase space,
while the RHS panels show how the coupled �eld intensities vary over the same
evolution. For (a,b) � = 1:5, for (c,d) � = 5, and for (e,f) � = 5:5.
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4.3 Periodic Doubling Bifurcations, Cascades,
Chaos and Crises

When analysing the region of Fig. 3.7 which is susceptible to growing oscilla-
tions, it was noted that the system would not always settle on some regular
temporal oscillation. Instead at times the system would appear to evolve
chaotically. This prompted an investigation into the types of oscillation which
may be possible for Eq. (3.16).

By the numerical integration of Eq. (3.16) for many iterations it is possi-
ble to begin to build up a picture of how the oscillations themselves evolve
over time, i.e. whether or not they establish a stable singular character-
istic frequency of oscillation or if they in fact have some other second, or
many, frequency components. Tracking the circulating �eld intensitiesP1;2

and recording their local maxima, where the �rst derivative is zero and the
second derivative is negative, it was possible to evaluate a Poincar�e section
for a variation in the cavity detuning. Figure 4.3, shows an example of this,
with forward scans of detuning changing� from 5 to 11 at I = 3:4 for (a)
and I = 3:8 for (b), and a reverse scan:� from 11 to 5 at I = 3:4 for (a)
and I = 3:8 for (c). Note that this �gure does not show the early iterations,
only the late, i.e. once the system has been given suitable time to evolve and
potentially settle.

The points on Fig. 4.3 begin (end) with Hopf (inverse-)bifurcations which
occur when the real part of one or more of the eigenvalues, Eq. (3.23), become
positive (negative) and rather than the system settling on focused points it
instead follows some closed curve [97, 98]. The Hopf bifurcation indicates
the start of oscillations, initially with one local maxima which is repeatedly
plotted, but, upon suitably increasing the detuning, eventually the system may
then also be susceptible to a period doubling bifurcation [99] - leading to a
second local maxima being present on the Poincar�e section, as seen in Fig. 4.3
(a).

Increasing the input pump power can lead to increases in the complexity
of the Poincar�e sections. Below some input limit the period doubling bifurca-
tion does not occur for any value of the cavity detuning, whereas increasing it
can lead to the simple situation of (a) or increasing it further, to many subse-
quent (or a cascade of) period doubling bifurcations, as seen in the column of
points marked for some detunings in Fig. 4.3 (b,c). An example of a complex
oscillation in this region is given in Fig. 4.4.

This sequence of many period doubling bifurcations can lead to the system
exhibiting deterministic chaos, collision of Feigenbaum cascades [100], and
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Figure 4.3: Detuning scans of the oscillatory regimes of Eq.(3.16) between two
Hopf bifurcations. The �eld intensity is sampled at its maximum during the
oscillation. A single value ofP1 for a given � means that only one (maximal)
value of P1 intersects the Poincar�e section during its trajectory with a single
periodicity. In contrast, two values of P1 for a speci�ed � means that the
maximum of P1 is cycling between two distinct values with an overall period
that has doubled. Further period-doublings are observed for larger values of
� , which eventually transition into chaos. The arrows indicate the direction
of scanning the detuning. (a) Scan forI = 3:4 (showing no dependence on
direction). Forward (b) and backward (c) scans forI = 3:8.
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Figure 4.4: Complex temporal evolutions ofjE+ j2, red, and jE � j2, blue, using
Eq. (3.16) with A = 1, B = 2, I = 3:8 and � = 7. Note the more complex
nature of the intensity oscillation, when in comparison with Fig. 4.2, with the
apparently random 
uctuations in the heights of the local peak intensities of
the two circulating �elds, further note the small overlap of the �elds' intensities.

crises. It is interesting to note that a bistability is also observed between these
dynamical regimes, as shown in Fig. 4.3(b,c), i.e. when the direction of the
detuning scan is reversed, leading to an alternate Poincar�e section.

4.4 Self-switching Dynamics

As can be seen in the relatively complex oscillations of Fig. 4.4, given an
appropriate set of input conditions the size, or range, of the oscillatory paths
which the two �elds take can partially overlap. The obvious question for
investigation therefore was whether the system could be fed input conditions
suitable enough to force the range of the oscillatory paths to overlap entirely,
and to see if this could produce yet further complex or novel behaviours.

Figure 4.5 is a similar Poincar�e section to Fig. 4.3 only now both the local
maxima and minima of the two circulating �elds are plotted in red. The full
range of the oscillations can also be seen, shaded in semi-transparent blue
and yellow. The semi-transparent shading has the nice e�ect of showing a
green colour where the two intensity oscillations begin to overlap. To show
the relationship, the Poincar�e and shading are overlaid atop the HSS. With a
higher input intensity, I = 4:0, it can easily be seen in this �gure that one may
classify three distinct regions of the intensity oscillations. In region (1) the two
circulating �elds have intensities which oscillate with no overlap, such as with
Fig. 4.2 (e,f), contrary to region (2) where there is partial overlap, such as
Fig. 4.4, but the dominant and submissive �elds maintain their respective
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roles, and �nally there is a third region, where the overlap of the two �elds
becomes the entire range of the intensity variation, and the dominant role is
often exchanged between the two �elds.

An alternative method of observing this region (3), where there is complete
overlap, is by plotting the averages of the two �elds over an extended period of
time. Figure 4.6 shows the same simulation as Fig. 4.5 but now, in green and
red respectively, the mean �eld intensity is plotted. Outside of the highlighted
yellow region lies regions (1,2) of Fig. 4.5, and one observes that although the
two �elds oscillate, and even partially overlap, one of the two �elds can always
be described as being dominant. Within the yellow highlighted region however
the averages intensities of the two �elds over a long time scale become equal
and now neither �eld can be singled out as being consistently dominant over
the other, this is an example of a symmetry restoration crisis [101].

Figure 4.6: Similar to Fig. 4.5, only now the average intensities of the �eld's
oscillations are shown in green and red. The highlighted region indicates (3) of
Fig. 4.5, where one can observe the symmetry restoration of the average �eld
intensities when observed over long time scales. Black and blue line are the
asymmetric and symmetric HSS solutions respectively, shown for comparison.

53



CHAPTER 4. SIMPLE AND COMPLEX OSCILLATIONS; CHAOTIC
AND PERIODIC SELF-SWITCHING DYNAMICS

It is also interesting to note in Fig. 4.5, and Fig. 4.3 for that matter,
that, similar to the logistic map of Fig. 4.1, there are very thin regions within
the chaotic columns where spontaneously a very thin gap appears with only a
couple of dots, implying a switch from complex to relatively simple dynamics.
Shown in Fig. 4.7, this spontaneous emergence of order from apparent chaos
is caused by the momentary merging of two attractors.

Similar to Fig. 4.2, Fig. 4.7 shows the evolutionary paths carved out by
the two circulating �elds. The panels on the left hand side show the movement
through the complex plane whereas those in the middle show the intensity evo-
lutions. The right column shows the power spectra. In panels (a-c) one initially
observes two separate attractors for� = 6 with no overlap of the oscillatory
intensities. These panels have reletivly simple dynamics with relatively few
(asymmetric) frequency components. Increasing the detuning to� = 6:5, pan-
els (d-f), the two �eld's phase space paths begin to overlap with each other and
this interactions begins to cause complex and non-repeating dynamics, lead-
ing to some variation in the circulating intensities and the emergence of many
small frequency components in the spectra. Panels (g-i) show the evolutions
for � = 7 which causes a much closer overlap of the two evolution paths, note
that the overlap is still imperfect. This can lead to very complex dynamics
and is indicated by a column of points on the various Poincar�e sections and is
also shown by the large number of signi�cant frequency components. Finally,
in panels (j-l) we show the case when� = 8:8. One can now see that the two
attractors have completely merged leading to the two �elds taking the exact
same paths, but out of phase to one another, characterised by the periodic
switching of the dominant and suppressed �eld roles. This periodic switching
thus restores on average over a short time scale the symmetry of the system
and one can see that this leads to a very well structured, and symmetric,
spectra.

The existence of these switching dynamics was experimentally observed by
collaborators in Ref. [102], reproduced in Fig. 4.8. Although not perfect peri-
odic switching, due to experimental di�culties in obtaining perfectly balanced
input conditions, Fig. 4.8 shows close replication of the periodic interchange of
the dominant and suppressed �elds. In the next chapter methods of increasing
the robustness of the perfectly periodic interchange are discussed which should
alleviate some of these experimental di�culties for future study.
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Figure 4.7: Temporal evolutions and spectra of the circulating �elds forA = 1, B = 2,
I = 3:8 and � = 6; 6:5; 7; 8:8 for panels (a-c), (d-f), (g-i) and (j-l) respectively. The left
column shows the evolutions ofE � in complex phase space. The middle column of panels
shows the intensitiesjE � j2 over a late time period, and �nally the right column shows the
frequency components of the intensity evolutions of the two �eldsjE � j2. It can be seen how
the system initially orbits two separate attractors yet, as the cavity detuning is increased
through the rows, the two attractors begin to increasingly overlap, furthering the complexity
of the oscillations, before overlapping completely, leading to the ordered periodic switching of
the two �elds. For all panels the red line refers to theE+ �eld and the blue refers toE � �eld.
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