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Abstract

A novel optimisation model is presented that uses a control co-design (ccd) methodol-

ogy to optimise the power take-off (pto) and floater design of wave energy converters

(wecs). The model is used to investigate the importance of applying a ccd methodol-

ogy to wec design.

ccd is a design philosophy that integrates the design stages of the physical device

and controller to create a more effective overall design. Conventional design method-

ologies leave the controller design until after device design has been finalised; opening

the possibility that the locked-in wec design can cause difficulties for the subsequent

controller design. If the two stages are integrated – as a part of ccd – the conflict

could be corrected before the design is finalised.

The pto uses a permanent magnet synchronous generator (pmsg) that is simulated

using a lumped parameter model to estimate electromechanical losses within the drive

train giving the output electrical power as a function of input mechanical force and

speed. By using a genetic algorithm, the design of the pmsg (number of pole pairs,

depth of magnets, rotor radius, etc.) is optimised to a user-selected control strategy,

floater design, and wave climate. Candidate pmsg designs are tested in a suite of

monochromatic-sea-state power simulations. Sea states are selected from historical

wave data with the test sample found using a k-means clustering algorithm. The

number of sea states required for a well-optimised design is investigated: finding that

20 sea states is the point of negligible improvement.

First the pmsg is optimised alone, to investigate differences when varying between:

linear damping and impedance matching control; narrow- and broad-banded floaters;

and a low-, medium-, and high-energy site. Results show that the optimal design is

significantly different in each of the three investigations. Devices that can operate

more effectively away from resonance tend to be larger in size and can extract more

power. Devices that operate less effectively away from resonance perform better when

smaller and cheaper, even at the cost of reduced electrical output: it is found that when

using ld control material cost of the generator can be reduced by 60% with only a 5%

reduction in electrical power output.

Then the model is then expanded to allow for Froude scaling of the floater: facil-

itating the novel co-optimisation of pto design and floater scale. The comparison of

performance of wecs designed with: pto optimisation only; serial optimisation of pto
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and floater scale; and co-optimisation of pto and floater scale finds improved perfor-

mance with a more integrated design process, further supporting the case of utilising

ccd methodologies. It is found that co-optimisation of pto and floater can lead to

an up to 90% increase in electrical power output when compared to pto optimisation

alone.

Finally, the pto designs are tested in a polychromatic-sea-state power simulation.

Optimised designs outperform the non-optimised designs: showing that the monochro-

matic approximation is capturing an intrinsic property of the waves.
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Introduction

In the transition to decarbonising electricity generation, power sources such as wind

and solar have grown to be significant contributors to overall electricity production,

whilst marine energy sources – such as wave and tidal – have not. The thesis therefore

investigates whether a control co-design (ccd) methodology can be used to improve

the effectiveness of wave energy converter (wec) designs.

Overview of the thesis

The thesis is structured as follows:

§ I presents the background theory required to design a wave energy converter: start-

ing with a description of the ocean energy resource before moving onto how wecs

are modelled, controlled, and designed. The chapter concludes with the formation

of the research question for the work.

§ II describes the methodology used to develop the model. The chapter begins by

defining a lumped parameter model of a permanent magnet synchronous generator

(pmsg) before incorporating it into a larger drive-train model. Finally, it details

how the power take-off (pto) model is integrated into a genetic algorithm to

optimise the pmsg design.

§ III uses the model developed in § II to investigate differences in optimal pmsg design

when varying the control strategy, wec’s floater design, and the site location.

§ IV expands the model to allow for the co-optimisation of both the pmsg design

and the scaling of the floater. The chapter first introduces the methodology for

Froude scaling the floaters, then investigates the differences in optimal designs

when varying: the control strategy used; the wec’s floater design; and the site

location. Both the serial and simultaneous optimisation of pto design and floater

scale are investigated here.

§V details the creation of synthetic pto designs for a wave-tank-scale wec. These

designs are then used in a polychromatic-sea-state power simulation to investigate

the performance difference in monochromatic and polychromatic electrical power

output, and between optimised and non-optimised pto designs.

§VI presents the final conclusions of the thesis, and options for future work.
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Aims of the thesis

Aims of the thesis

As is explored in more detail in § I.3, there has been a growing interest in the control

co-design (combining the physical device and controller design stages) of wecs but this

has focussed primarily on the design of the wec’s floater, with little consideration of

the design of the pto, or to the effect of the pto’s dynamics and efficiencies on the

optimal floater design.

This thesis therefore details the design of a novel pto-optimisation model to op-

timise the internal geometry of a pmsg (e.g. number of pole pairs and rotor radius).

It then expands the model for both the serial and simultaneous co-design of pto and

floater, investigating the performance benefits of integrating the design of distinct wec

components. Further details regarding the operation of the model and design of the

test wec are provided in § I.5, following the presentation of the background theory.

Contributions to knowledge

This thesis makes the following contributions to knowledge:

• The application of a higher-fidelity pto model than has been used in ccd litera-

ture to date.

• The creation of a novel ccd optimisation model that co-optimises the pto and

floater of a wec according to a defined control strategy.

• The rigorous testing of the optimiser to investigate changes in optimalwec design

when varying the control strategy, floater design, and site conditions.
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Mathematical Notation & Nomenclature

The thesis covers topics in a wide variety of topics – from magnetic field analysis to

control theory – therefore, the mathematical notation of the thesis has been chosen to

help the reader follow which domain the current section of work is contained within.

Any variable in an italic font (e.g. X) is a mechanical, or numerical value; any in a

roman font (e.g. X), is an electrical variable; and any in a calligraphic font (e.g. X ) is

magnetic.

An alphabetised list of the acronyms and initialisms used at multiple points through-

out the thesis is found in the table below; for convenience they are also defined the first

time they are used in any section.

bem Boundary element method

ccd Control co-design

dof Degrees of freedom

emf Electromotive force

emec European Marine Energy Centre

ga Genetic algorithm

im Impedance matching (control)

lcoe Levelised cost of energy

ld Linear damping (control)

mmf Magnetomotive force

pmsg Permanent magnet synchronous generator

pto Power take-off

rms Root mean squared

wec Wave energy converter
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Chapter I

Background & Theory of Wave Energy

This chapter includes an in-depth review of the literature and theory, acting as a

foundation for the rest of the thesis. The chapter builds up the theory: starting with

a discussion on the wave resource; before moving onto how wave energy converters

are modelled, designed, and controlled. The chapter ends with the formulation of the

research question.

– 1 –



Chapter I.1

Ocean Waves

Before discussing how energy is extracted from the oceans, a foundation of wave theory

is required. This section covers the basics: starting with the origins of ocean waves;

before moving onto the statistical and mathematical representations of the waves; and,

ending with a comparison to other renewable energy sources.

I.1.1 Origins of ocean waves

The most common waves in the ocean are called wind waves [1]: which, as the name

suggests, result from interactions between the wind and sea. When the wind first blows

over a still ocean surface, a phenomena known as cat’s paws first appears [2]: a ruffling,

and darkening of the surface, as if a cat was scratching at it. Should the wind keep

blowing, ripples and then waves will begin to appear, the size of which is dependant on

the amount of energy transferred into the water. The size of waves are therefore largely

dependant on the strength, duration, and fetch (the distance the wind blows over) of

the wind. The height and period of the waves grow in tandem at first, then the height

hits a limit (dependant on limiting forces such as the viscosity of the water) at which

point the period will increase alone.

As the waves grow larger, the wind can form new ripples upon them, which in turn

can grow into waves; this creates a complex collection of waves which when combined

with the fact that waves with different periods move at different speeds, results in a

constantly changing interference pattern on the ocean’s surface.

Figure I.1.1 is a recreation from work by Munk [1]. It shows a schematic spectrum

of the frequency of different periods of ocean waves across the globe. The two highest

energy density regions are from the wind waves (1 to 30 s) and from the tides (12 and

24 hr); these two regions are the focus of energy extraction by wave energy conversion

and tidal energy conversion, respectively.

I.1.1.1 A wave of energy

Within an ocean wave individual particles of water do not move over any great distance.

They instead move locally in a circular motion under the water column and it is energy

that is transmitted over long distances. The radius of the circular motions is affected

by the depth of the particles: at the still water level (the level the water would be at if
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I.1.2. Describing sea states

0.
1
s

1
s

30
s

5
m
in

12
hr

24
hr

Wave period

A
rb
it
ra
ry

en
er
g
y
sc
a
le

Figure I.1.1: Schematic spectrum of ocean waves as a function of wave period. (Recre-
ated from [1])

there were no waves) the radius is the wave’s amplitude; and this reduces going deeper

into the water, reaching zero radius at a depth of around half the wavelength [3]. This

point is called the wave base. Here, the majority of the wave power is contained within

the top 10 to 20 m of the seas [4].

I.1.1.2 The geographic distribution

The schematic spectrum in Figure I.1.1 is the spatial average across the globe; how-

ever, the seas in different locations are dramatically different. Places exposed to longer

fetches have larger waves and therefore more power. Figure I.1.2 shows the available

wave power in uk waters, as can be seen the places exposed to the Atlantic have more

power than those in the Irish sea.

The available energy is significant; in uk waters alone, the exploitable wave energy

resource is estimated to be 40 TWhr/yr [6] (approximately 15% of current electric-

ity demand [6]); if this could be effectively harnessed, wave energy could contribute

significantly to the uk electricity supply.

I.1.2 Describing sea states

In order to effectively design devices to harness ocean wave power, a description of

the power distribution, at any location, at any moment is required. Wave energy is

generally described by two data types: wave spectra, and incidence matrices. These

describe the waves in a moment, and over longer time periods, respectively.
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Figure I.1.2: Average annual wave power in uk waters. (Data from [5], averages were
calculated from hourly recordings over seven years.)

I.1.2.1 Wave spectra

There are a variety of spectra used throughout the literature; two of the more com-

monly used spectra include the Pierson-Moskowitz spectrum [7], and the jonswap

spectrum [8]. Here both spectra are described in turn; and then shortcomings of spec-

tral definitions are examined.

The Pierson-Moskowitz spectrum: In 1964, Pierson and Moskowitz proposed

their spectral representation of a fully-developed sea [7]:

S(ω) =
αg2

ω5
exp

[
−β

(ω0

ω

)4
]
, (I.1.1)

where ω is the wave frequency; g is the gravitational acceleration; ω0 = g/u19.5 is

a wind-dependent frequency parameter where u19.5 is the wind speed measured at a

height of 19.5 m above sea leveli; α, called the Phillips constant [10], and β are two

iThe standard measurement height is 10 m to convert it is usually assumed that u19.5 = 1.026uavg

where uavg is the average wind speed [9].
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Figure I.1.3: An example
Pierson-Moskowitz
spectrum.

non-dimensional constants. The value of α and β are variable in time and location; for

their work, Pierson and Moskowitz used values of α = 8.1 × 10−3 and β = 0.74. An

example of the spectra is shown in Figure I.1.3.

The Pierson-Moskowitz spectrum was developed only using only data from fully-

developed seas: the waves have grown as large as the local wind is capable of growing

them. Therefore, in a non-fully-developed sea the representation may be invalid.

The jonswap spectrum: The joint North Sea wave project (jonswap) took place in

1969, investigating the effect of fetch on wave spectra. As a part of the study, empirical

studies by Hasselmann et al. found the following spectral definition [8],

S(ω) =
αg2

ω5
exp

[
−5

4

(ωp

ω

)4
]
γA, (I.1.2)

where ωp is the peak wave frequency; γ is the ratio of maximal spectral energy;

A = exp

[
−(ω − ωp)

2

2σ2ω2
p

]
; (I.1.3)

and,

σ =

σl if ω < ωp,

σr if ω > ωp;
(I.1.4)

σl, σr are the left and right spectrum widths, respectively. The key difference between

jonswap and Pierson-Moskowitz spectra is the inclusion of the peak enhancement fac-

tor, γA, which – as its name suggests – affects the size of the peak of the spectrum.

Examples of the spectra, with a range of γ values are shown in Figure I.1.4. Note

that when γA = 1, the jonswap spectrum reduces to a Pierson-Moskowitz spectrum.

In their report, Hasselmann et al. found that the average sea state across the North

Sea had shape parameters γ = 3.3, σl = 0.07, and σr = 0.09 [8]. By using the peak

enhancement factor, the spectra can be tuned to represent non-fully-developed seas.
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Figure I.1.4: A range of
jonswap spectra, with
different peak
enhancement factors.

Another output of the project was the observation that the Phillips constant is in

fact not a constant but is instead dependant on fetch; they empirically found that

α = 0.076

(
gx

u2∗

)−0.22

, (I.1.5)

where x is the fetch, and u∗ is the friction velocity.

Shortcomings of spectral definitions: Both the Pierson-Moskowitz and jon-

swap spectra are unimodal spectra: meaning they only have one peak. However, the

seas at a particular location often comprise both wind waves, formed locally, and swell,

formed by wind elsewhere and propagated – often over long distances [11]; these sepa-

rate wave systems often have different spectral peaks. Analysis has shown that in the

North Atlantic, bimodal spectra occur on average 22% of the time, and up to 40% in

low-wave-height sea states [12]. Work has therefore been done to define a spectrum that

can describe multimodal sea states. One example is by Mackay which found sea states

can be well described by simply summing two jonswap spectra [13]; similar work into

multimodal spectra has also been done by others, for example in [11, 12, 14].

These different wave systems – as well as having differing spectral shapes – will also

likely be moving in different directions. Hegermiller et al. worked on a methodology for

separating a multimodal spectrum into a set of wave families which are independant

spectra, each with their own peak period, significant wave height, and direction [11].

Whether or not this is important depends on the energy extraction technology: take a

device that needs to be aligned to the direction of the waves; in the case of multidirec-

tional waves, which direction should it face?

It should also be noted that multidirectional waves can also occur from a single

wave system [15], albeit with less spreading; equally, in a multimodal system, the
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Figure I.1.5: Example of
a sea state probability
incidence plot. (Data
from [17])

directionality is not a set of discrete wave directions. In both cases, there is an amount

of direction spreading around the wind direction. Using collected directional data,

Mitsuyasu et al. defined a directional spreading function, D(ω, θ) [15], such that:

S(ω, θ) = S(ω)D(ω, θ), (I.1.6)

where S(ω, θ) is the directional wave spectrum; and

D(ω, θ) = Q(s) cos2s
(
|θ − θm(ω)|

2

)
, (I.1.7)

where θm(ω) is the mean wave direction at frequency ω; Q(s) is a normalisation factor;

and s is the spreading parameter. s is defined differently in different works: see [16] for

examples of different definitions, and for alternative forms of D(ω, θ).

I.1.2.2 Incidence matrices

As well as varying in space, sea states also vary in time; which is represented using an

incidence matrix. Each sea state is reduced to its fundamental components – often just

the significant wave height and peak period – then the matrix records the prevalence

of every combination of values of the variables. Figure I.1.5 gives an example of a sea

state probability incidence plot.

There is further loss of information in an incidence matrix. Taking the jonswap

spectra as an example: which has the shape variables γ, σl, and σr, information on these

values are not recorded in most incidence matrices, so average values would have to be

selected. Depending on how these values vary in reality, there may be a significant effect

on device performance. The International Electrotechnical Commission’s standards

state that at minimum, the incidence matrix should include information about the

significant wave height and peak period; but where possible, it should be expanded to

include water depth; wave direction; spectral shape and directional spreading; water

current; and tidal range [18].
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I.1.3 Describing ocean waves

A spectrum is useful for describing the sea state in the frequency domain, but a de-

scription is also needed in the time domain. This subsection discusses the conversion,

to both a monochromatic (a single wave frequency), and a polychromatic (many wave

frequencies) representation.

I.1.3.1 Monochromatic waves

Monochromatic waves simply represent the ocean’s surface as a sine wave [19]:

η(t) = imag
[
Aeiωt

]
, (I.1.8)

where η(t) is the ocean surface, A is the amplitude of the wave, ω is the wave frequency,

t is time; and imag[ · ] takes the imaginary component of the argument.ii

There are multiple methods to finding the peak frequency of a spectrum. The

simplest of which is to read the frequency at which the spectrum is at its maximum

value; however, due to variability in measured wave spectra, other methods have been

proposed. The International Association for Hydraulic Research (iahr), have produced

a list of wave parameters and how to calculate them, including a variety of methods for

calculating the spectral peak frequency [20]. An example is the centroid method – also

known as the Delft method – calculated via [21]

ωpeak =

∫ ωa

ωb

ωS(ω) dω∫ ωa

ωb

S(ω) dω

, (I.1.9)

where ωa and ωb are the frequencies – above and below the spectral maximum frequency

respectively – at which the spectra is at 80% its maximum value (60% has also been

proposed as a threshold [21]). This method has been shown to have a 25% lower

variability than reading the spectral peak [22].

Similarly to the peak frequency, there is a variety of methods to calculate different

significant wave heights; again the iahr produced a summary [20]. When starting from

a spectral representation, one of the common definitions is [23]

Hm0 = 4
√
m0, (I.1.10)

where

m0 =

∫ ∞

0
S(ω) dω. (I.1.11)

iiAlternatively, the surface could be represented by a cosine wave found by taking the real component
of Aeiωt.
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Significant wave heights measure the peak-to-trough height of the waves, but the

wave amplitude is from the centre-to-peak; converting between the two simply requires

dividing by a factor of 2.

Modelling and testing with monochromatic seas is often the first step in the design of

a wave energy device: to validate the underlying theory or to model of the device under

simpler conditions. However, due to the inaccuracy of the representation, monochro-

matic waves should not be used as the only form of testing. The European Marine

Energy Centre’s standards on wave tank testing states ‘Whilst regular, monochromatic

trials can be regarded as a method to learn how a device works, irregular, panchromatic

trials begin to reveal how the device will perform.’ [24].

I.1.3.2 Polychromatic waves

A point on the surface of an polychromatic sea state can be represented as [25]

η(t) =

N∑
j=1

Aje
iωjt+ϕj ; (I.1.12)

an extension of the monochromatic-wave sea to the sum of N monochromatic-waves,

each with their own amplitude and frequency, Aj and ωj , and now including a phase

shift, ϕj .

To create a time-domain representation from a spectral definition: the spectra can

be broken into N equally sized bins, each of a width ∆ω; where the centre of the bin

is the wave frequency, ωj . The amplitude of the waves can then be found via

Aj =
√
2S(ωj)∆ω; (I.1.13)

and the phase shift should be randomly chosen from a uniform distribution in the

interval [0, 2π) [25].

I.1.4 In comparison to other renewable energy sources

Now that the method for modelling the wave energy resource and spectrum is described,

this section briefly covers other renewable energy sources, and compares their energy

distributions to that of ocean waves. Hence, the benefits and disadvantages of wave

energy are discussed.

I.1.4.1 Tidal energy

As an energy resource, tidal energy is the most similar to wave energy: they both exist

in the same medium, but at different periods. The tidal energy distribution is shown
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tidal power around the north
coast of Scotland and Orkney.
(Data from [5])

in Figure I.1.1 of the ocean energy spectrum; tidal energy is focussed in two distinct

peaks, at 12 and 24 hr periods, these arise from the relative positions, and motions of

the Earth, Sun, and Moon. The mechanics of astronomical forcing is well known and

this makes the tides the most predictable oceanographic phenomena; with root mean

squared errors in elevation of 10 to 20 cm, and in the time of high water of the order of

10 min [26]. The high level of predictability gives tidal energy a benefit over wave (and

wind) energy, and has led to work on using tidal energy as a base load for electricity

grids [27]. However, the long periods mean that there are spans of time in which there

is very little harvestable energy, so an electrical grid would struggle to operate off of

tidal energy alone.

The biggest limiting factor for tidal energy is its geographic restrictions: tidal en-

ergy is best when constrained by landmasses into narrow waterways or basins that

resonate with the tidal periods [28]. This means that tidal energy is very geograph-

ically restricted, as shown in Figure I.1.6 where the annual average tidal power is

practically zero except for a few places around the Orkney islands.

I.1.4.2 Wind energy

Figure I.1.7 shows the distribution of wind speeds as a function of period – also known

as a van der Hoven spectrum [29]. There are two distinct peaks in the spectrum, at

around 100 and 0.5 hours. The 100 hour peak corresponds to the transit period of a

typical weather system defining the mean wind speed. The 0.5 hour peak corresponds

to turbulence in the wind flow, causing short period variations in the wind speed.

As a result, wind power also has to deal with the moment to moment variations in

the available resource; however research has shown that wave energy is 23% more

predictable than wind [30].

As mentioned in § I.1.1.1, ocean waves are a flow of energy and not matteriii: in-

iiiIn reality, there is some mass transport – known as Stoke’s drift – but it is primarily a flow of
energy. See [31] for more information on Stoke’s drift.
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Figure I.1.7: Schematic power spectrum of wind speeds. (Recreated from [29])

dividual water particles oscillate locally in small circles, which when combined creates

the overall flow of the wave. In wind energy however, individual air particles do move

over long distances and it is their momentum that carries the energy. Wind energy

devices therefore operate by the constant spinning of a rotor in the same directioniv;

whereas wave energy devices typically oscillate with the waves and therefore have many

loading cycles which are one of the main causes of fatigue in floating structures [33].

Another difference is that the two mediums, sea water and air, have vastly different

mass densities: 1025 and 1.2 kg/m3 respectively. The difference in density causes

differences in the energy intensities of the two resources, where wave energy is roughly

five times more energy intense than wind: 2 to 3 and 0.4 to 0.6 kW/m2 respectively [34];

so a wind energy device must be much larger to harness the same amount of energy as a

wave energy device. However, the increased density comes with the downside that the

forces on the wave-energy devices are higher; increasing the forces on the wave-energy

device and hence the cost to produce.

I.1.4.3 Solar energy

The Sun is sometimes modelled as perfect blackbody radiator: it emits all wavelengths

of light, in a spectrum defined by its temperature [35]. The spectral irradiance, arriving

at Earth, assuming the Sun is a perfect blackbody is shown in Figure I.1.8.

In reality though, due to the Sun not being a perfect blackbody, and due to absorp-

tion and scattering from the atmosphere, the irradiance reaching the Earth’s surface

is better described by the bs iso 9845-1:2022 reference spectrum, for designing solar

energy devices [36] is also shown in Figure I.1.8.

Photovoltaic cells produce electrical power as long as the incident light has a higher

energy than their band gap energy (a material property) [37]; so the actual spectral

shape is of less importance than in other energy forms, only that the majority of the

ivThere are some concept devices that do not work this way – e.g. [32] – but they are not the norm.
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body spectrum at 5800K; the
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trum [36].

energy is higher (at a smaller wavelength) than the band gap energy. A smaller band

gap energy is not necessarily better however: larger band gaps increase the maximum

achievable voltage; this comes at the cost of absorption, causing a reduction in the

electrical current. The ideal band gap energy is in the range of 1-1.8 eV [37] (1240 to

690 nm wavelength).

I.1.5 In summary

The wave energy resource exists in a midpoint between wind and tidal, exhibiting some

of the benefits, and drawbacks of both. On the positive side, wave energy has the energy

density of tidal energy, and the geographic freedom of wind. But, on the negative, it

has the high forces of tidal and the unpredictability of wind energy.
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Chapter I.2

Wave Energy Converters

Now that the waves are defined, the following section discusses how the energy in the

waves is harnessed. Individuals have been working towards harnessing wave energy for

a very long time: the first patent dates back to 1799 by a father and son named Girard

in Paris. Their idea was to use a gigantic lever, forced by the motion of the waves to

mechanically power machinery such as pumps and mills. However, nothing is known

of any outcome of the idea [38]. In the uk, there has been an estimated 340 patents

granted by 1973 [39] – showing a continued interest in harnessing wave energy.

The more modern movement of wave energy converters (wecs) for electrical power

capture dates back to the mid-20th century in Japan, where work by Masuda – some-

times titled the father of modern wave energy – investigated powering navigation buoys

using wave power [40]. In Europe, there was a surge in research and development fol-

lowing the 1973 oil crisis, when different European nations sought to increase their

energy independence. Various governmental and private research programmes were set

up throughout the continent, but research was mainly focussed in the uk, Portugal,

Ireland, Norway, Sweden, and Denmark [41].

Of the flurry of European research, one of the best known outputs was by Salter [42]

in the development of what became to be known as Salter’s duck. Salter’s duck had

the theoretical capability to harness 90% of the oncoming wave energy – although in

more realistic conditions this fell to around 50% [43]. By the early 1980s, oil prices had

returned to their pre-crisis levels and interest in renewable energy research was falling,

and therefore research budgets were also falling: the uk national renewable energy

research budget was cut from £14 million to £11 million. And due to wind-energy

research having more promising early results, wave-energy funding was hit the hardest

by the cuts [44].

Since then, wind energy capture has continued to pull further and further ahead

of wave energy. Across Europe there is now 285 GW of installed wind power capacity

(both on- and off-shore), with 31.6 GW in the uk alone [45]. In contrast, there are

no commercially operating wave energy plants anywhere on the planet. Forecasts from

different policy advising groups suggest that this is not likely to change any time soon.

The Supergen ore hubi forecasts that the uk’s energy mix will include 6 GW of wave

iThe hub connects academia, industry, and policymakers to maximise the technological and societal
outputs of offshore renewable energy research in the uk. see [46] for more details.
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Figure I.2.1: Picture of the
CorPower c4 wec. (Picture
taken on a site visit to Porto
de Viana do Castelo)

power by 2050 [47]; by this date, the Climate Change Committee is recommending a

wind energy capacity of 162 GW [48]. This is not to say there has been no progress in

the installation of wecs, at the time of writing the CorPower c4 wec has just been

awarded the world’s first dnv prototype certificate for a wec [49]; Figure I.2.1 shows

a picture of the c4 in the dock, ready to be installed at sea.

A problem with wave energy that is seen throughout this section is that wecs are

made up of the coupling of many components, each with highly complex dynamics, and

inefficiencies within a single component could cause thewec’s performance to massively

drop off. To describe this problem, the remainder of this section first presents the

various types of wec designs before moving onto how they are modelled, and controlled.

I.2.1 Types of wave energy converter

Due to the wave energy sector being in an early stage, there is yet to be any consensus

on standard wec design. Concept wec devices can look extremely different to each

other and interact with waves in completely different ways. Figure I.2.2 shows the

relative popularity of different wec design choices with developers. The wide variety

in wec designs means that there is no standard classification of wecs, different works

use different distinctions, such as: how they interact with the waves (eg. [50]); or the

type of power take-off (pto) they use (eg. [51]). Each of the subplots in Figure I.2.2

could easily be its own classification.

The classification used in this work is of: point absorber, attenuator, or terminator;

as defined by Falnes and Kurniawan [53]. The wecs are separated according to their

geometry in relation to the waves – shown in Figure I.2.3. The point absorber is small

in comparison to the wavelength, the terminator is large in the direction perpendicular

to the wave direction, and the attenuator is large in the direction parallel to the wave

direction. These groups are still very broad: they can be broken down into many

subcategories, and there are wecs that fit into none of the categories; however, this

classification provides a simple way define some of the more popular wec designs.
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Figure I.2.2: The popularity of different wave energy converter technologies used by
developers. (Data from [52])
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Figure I.2.3: Classification of wave energy converter.
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(a) One-body submerged (b) One-body floating (c) Two-body submerged (d) Two-body floating

Figure I.2.4: Examples of point absorber wave energy converters.

I.2.1.1 Point absorber

Point absorbers are one of the simpler wecs to design and manufacture [54], which

has therefore made them very popular within the literature. In the modelling of point

absorbers, the assumption is often made the device is sufficiently small enough that

the diffraction of the waves around the device is negligible; this puts a limit on the

size of point absorbers of around 1/20th the wavelength of the incident waves [55]. For

devices larger than this, but still of a similar design, Falnes and Kurniawan suggest

these devices be called quasi-point absorbers [56].

Figure I.2.4 gives a breakdown of various types of point absorber: for the single

body devices, they extract energy from their motion relative to the sea bed; for the

two body it is the relative motion of the two bodies. Although two-body devices add

dynamical complexity, they are easier to install in deep-sea regions. Some examples of

various types of point absorber devices include: CorPower c4 [57]; ceto 6 [58]; and,

Seabased [59]. The shape of the buoys can also vary between devices, ranging from

simple shapes like spheres and cylinders to more complicated, composite shapes.

A comparison by Sergiienko et al. [60] investigated the performance differences

between floating and submerged point absorbers, finding the floating devices have a

larger power output. This is due to the density of wave power falling off with increasing

depth into the water (as discussed in § I.1.1.1). But this does mean that in times of

extreme storms, a surface-piercing wec is exposed to the harshest of conditions.

The relationship between wave force and depth is important to account for when

considering the survivability of wecs. Different wec designers have used it to come

up with novel solutions to improve survivability. The ceto 6 device is a submerged

wec, and in extreme weather conditions it pulls itself even deeper to avoid the harsher

conditions, and is still able to extract power. Alternatively, the WaveStar device hoists

its floats out of the water, and into the air during a storm to protect them [61].
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Figure I.2.5: Example of an attenuator wave energy converter.

I.2.1.2 Attenuator

The first wave energy converter to reach a pre-commercial level of performance was

an attenuator [51]: the Pelamis device [62]. Attenuators are long snake-like devices,

generally consisting of multiple bodies connected by hinges, as shown in Figure I.2.5;

energy is extracted from the relative motion in each of the hinges.

Designing an attenuator has some additional choices not present in the other wec

designs; namely in scaling up the device, do you increase the size of the bodies, or the

number of bodies? Increasing the number of bodies adds more power take-off points,

but that also adds in the cost of extra power take-offs. Work by Costello et al. [63],

found that the devices with the best power performance were not necessarily the most

economically viable.

An advantage of attenuators is their small cross-sectional area facing the waves,

which increases the ability of the wec to pierce through the waves in stormy conditions,

reducing harmful loads [62].

I.2.1.3 Terminator

One of the best-known terminator wecs is Salter’s duck [42] – also known as the

Edinburgh duck [64] – which can theoretically extract 90% of the energy from a wave

(for a device of infinite width). In more realistic scenarios, the extraction efficiency

fell to around 50%. Terminators were very popular in the early development of wecs,

since they can be well approximated in two dimensions, and tested in narrow wave

tanks [65].

Figure I.2.6 shows some examples of terminator wecs, and it is clear that designs

vary much more than that of the point absorbers. Oscillating wave surge converters

work by flapping in surge as waves force the device – for example: Aquamarine Power’s

Oyster [66]; or Sandia National Laboratories’ floating foswec 2 [67].

I.2.1.4 Other devices

Owing to there being such a large variation in designs, no categorisation of wecs works

perfectly for all designs. The wecs in Figure I.2.7 interact with the seas in completely

different ways to that of the other designs seen so far.

– 17 –



I.2.2. Arrays of wave energy converters

(a) Oscillating wave surge (b) Salter’s duck

Figure I.2.6:
Examples of terminator
wave energy converter.

(a) Overtopping (b) Oscillating water column

Figure I.2.7: Example of an overtopping, and an oscillating water column wave energy
converter.

An overtopping device, Figure I.2.7(a), operates by having the water from the

waves crash into a reservoir, then running that water through a turbine back into the

sea – an example device is the WaveCat [68]. As well as the floating version shown in

the diagram, onshore variations also exist, such as the ssg [69].

Oscillating water columns, Figure I.2.7(b), work by having water moving up and

down in an enclosed column to force air forwards and backwards through a turbine [70].

Examples of oscillating water columns are: the Pico [71] for an onshore example; and,

Wave Swell [72] for a floating example.

I.2.2 Arrays of wave energy converters

In the wind energy sector, the colocation of multiple wind turbines can have a negative

effect on the individual performance of turbines, because the wakes created by one

turbine reduce the power of another downwind [73]. In wave energy, the colocation can

actually improve the individual performance of wecs; as the radiating and diffracted

waves from one wec can constructively interfere with the incident waves at another

wec increasing the available power. However, poor planning in the placement of wecs
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for a single body. Surge is parallel
with the wave direction.

can lead to destructive interference and less available power [74]. The performance of

an array, compared to individual wecs, is often measured by a q factor (eg. in [75])

defined by

q =
Earray

NwecsEwec
, (I.2.1)

where Earray is the total energy absorbed by the array; Nwecs is the number of wecs

in the array; and Ewec the energy absorbed by a single wec, not in an array. Values

of q greater than one signify constructive interference, and values less than one signify

destructive interference.

I.2.3 Numerical modelling of wave energy converters

Now that the designs of wecs has been laid out, this subsection discusses the mathe-

matical theory behind how they are modelled, in both the frequency-, and time-domain.

There are benefits and drawbacks to both: the former is more computationally efficient,

but can not model nonlinear and transient phenomena; the latter can but at the cost

of extra computational work [76]. Hence, frequency-domain models tend to be used in

the early stages of wec design before moving onto time-domain models at the later

stages.

wecs can be modelled with varying degrees of freedom (dof). At the simplest, a

single dof can be used to model the dominant axis of motion of the wec. In a single

rigid-body device, there is a maximum of six dof: surge, sway, heave, roll, pitch, and

yaw – these are shown relative to the wave direction in Figure I.2.8. However, for

a multi–rigid-body device, there can be up to 6(N − 1) dof, where N is the number

of bodies [77]; constraints between the bodies mean there will be less, and flexibility

in the bodies will add more. Modelling more dof obviously improves the accuracy of

the model, but increases the computational workload. The equations in this work are

formulated for a rigid, single-body wec in the full six dof, however the same equations

apply for the modelling of any wec, for any number of dof, by expanding or reducing

the size of the matrices.
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I.2.3.1 Frequency-domain models

The motion of a wec is a highly nonlinear process; however under certain conditions,

it can be simplified. In the case of small-amplitude wec motion, the system is well

described by a linear model [78]. The equations set forth in this section will be for

a monochromatic, sinusoidal wave; but due to the assumed linearity, the principle of

superposition applies and a more complex system could be described via

x̂tot =
∑
j

x̂(ωj), (I.2.2)

where x̂(ω) is the vector of complex amplitude of position, as a function of wave fre-

quency, ω. The generic equation to find x̂(ω) is given by [79]

x̂(ω) = Aωf̂exc

[
− ω2(M+A) + iωR+Kpto + iωBpto +Kmoor +C

]−1

, (I.2.3)

where Aω is the wave amplitude; f̂exc(ω) is the vector of complex amplitudes of the

wave excitation forces in each dof;

M =



m 0 0 0 mzg −myg
0 m 0 −mzg 0 mxg

0 0 m myg −mxg 0

0 −mzg myg J11 J12 J13

mzg 0 −mxg J21 J22 J23

−myg mxg 0 J31 J32 J33


(I.2.4)

is the mass matrix, where m is the mass of the wec; (xg, yg, zg) is the coordinate of

the centre of gravity of the wec; and

Jjk = ρV rjk|rjk| (I.2.5)

is the moment of inertia, where ρ is the density of the wec, V is the volume, and rjk

is the radius of gyration. The added mass accounts for the fact that when the wec is

accelerated it also accelerates the water around it, creating an additional inertial effect

– effectively adding to its mass: it is represented by the matrix A. The hydrodynamic

damping accounts for the energy transferred out of the wec and into the water and is

represented by the matrix R. These two are found via [80]

R+ iωA = −iωρ
∫∫

njϕk dSwet, (I.2.6)

where nj is the jth component of n⃗, the unit normal vector; ϕk is the kth component

of ϕ, the vector of velocity potentials; Swet is the wetted surface area (the surface
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area submerged in the water). Kpto and Bpto are the spring and damping matrices of

the power take-off (pto) respectively; they define the characteristics of the pto, and

typically only have components on the main diagonal. Kmoor is the spring stiffness

matrix for the mooring of the wec. Finally, C is the matrix of hydrostatic restoring

coefficients, and its components are given by [79]

C33 = ρg

∫
n3 dSwet, (I.2.7)

C34, C43 = ρg

∫
yn3 dSwet, (I.2.8)

C35, C53 = −ρg
∫
xn3 dSwet, (I.2.9)

C44 = ρg

∫
y2n3 dSwet + ρgV zb −mgzg, (I.2.10)

C45, C54 = −ρg
∫
xyn3 dSwet, (I.2.11)

C46 = −ρgV xb +mgxg, (I.2.12)

C55 = ρg

∫
x2n3 dSwet + ρgV zb −mgzg, (I.2.13)

C56 = −ρgV yb +mgyg, (I.2.14)

where the subscripts denote the component’s position in the matrix; (xb, yb, zb) is the

coordinate of the centre of buoyancy of the wec. For a wec with no external forces

(xb, yb, zb) = (xg, yg, zg), where (xg, yg, zg) is the coordinate of the centre of gravity of

the wec. Components without an equation above are equal to zero. The numbering

of the components corresponds to the dof. In order these are: surge, sway, heave, roll,

pitch, yaw – as seen in Figure I.2.8. The component shows the effect from the first

number’s dof to the second: i.e. C34 is the effect of motion in heave on roll.

Finding the coefficients for the equation of motion – Equation (I.2.3) – requires

the application of boundary element methods (bem): this involves dividing the wec’s

surface into a mesh of small panels to numerically solve the surface integrals. There

are a number of tools available that implement a bem methodology, both commercial

and open-source: examples of each include wamit [81] and nemoh [82] respectively –

these are the most popular bem codes in literature [83].

The two codes have different implementations for solving Green’s theoremii: wamit

makes various approximations (see [84] for more details); and nemoh interpolates look-

up tables. They broadly give the same results, but wamit does have some advantages

over nemoh: it consistently runs faster – between four and ten times faster, depending

iiGreen’s theorem is a mathematical theorem, which in this context transforms the three-dimensional
equations governing the water’s motion to the two-dimensional surface of the floater.
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on the problem [83]; and it has extra features, such as irregular frequency removal

(ifr). ifr is a purely numerical phenomena resulting in spikes of the hydrodynamic

parameters at certain frequencies, caused by interactions between the edge of the wec’s

mesh and the water’s surface [85]; this can be accounted for when using nemoh (or

other bem codes without ifr) with post-processing of the outputs.

One of the major factors for the slower computation in nemoh is its lack of par-

allelisation (meaning the program cannot utilise more than one core in a computer’s

cpu cores for computation); this has resulted in the development of new generation of

open-source bem codes, such as Capytaine [86, 82] and hams [85]. The former being

a rewrite of nemoh in a modern computer language (Python versus fortran 90);

and the latter’s implementation is closer to that of wamit. Both of these – as well as

wamit – are capable of parallel processing.

In summary, there are a variety of bem solvers available, each with differences in

their implementation. Raghavan et al. undertook two comparisons of bem solvers to

compare their methodologies and outputs; the reader is directed to them for a more

detailed comparison [83, 87].

I.2.3.2 Time-domain models

Originally developed by Cummins [88] for use in modelling of ships, the Cummins

equation has since become foundational in the time-domain modelling of wecs [89]:

(M+A∞)¨⃗x(t) +

∫ t

−∞
K(t− τ) ˙⃗x(τ) dτ +Cx⃗(t) = f⃗exc(t)− f⃗ext(x⃗, ˙⃗x, t), (I.2.15)

where x⃗(t) is the vector of the time domain position of the wec; and

A∞ = lim
ω→∞

A(ω) (I.2.16)

is the added mass at infinite frequency. K(t) is the radiation impulse response function,

or memory function – as the name suggests this term accounts for the fact that previous

motions of the wec created waves and those waves have an effect on the wec in the

present. The fact that the integral only spans from time −∞ to t suggests the system is

entirely causal (it only depends on previous events). This however is not true for control

design, which is explained in § I.2.4. f⃗exc(t) is the vector of the wave excitation forces

and finally, f⃗ext(x⃗, ˙⃗x, t) is the vector of external forces (pto, mooring, etc.); examples

of how these are modelled are presented in turn. The Cummins equation makes the

assumption that the hydrodynamics is linear: the wec’s motions are small, as was

the case for the frequency-domain model (see § I.2.3.1); whilst this may seem limiting,

nonlinearities in the excitation and external forces can still be modelled [89].
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Wave excitation force: The wave excitation force is the force upon the wec by

the waves; it is a function of both the waves properties and the mechanical properties

of the wec’s floater. The first-order formulation of the wave excitation force, which

is usually sufficient – under the assumption of linear hydrodynamics – for a reliable

estimate, is given by [90]

f⃗exc(t) =
∑
j

Γ(ωj)A⃗j cos(ωjt+ ϕ⃗(ωj) + φ⃗) (I.2.17)

where Γ(ωj) and ϕ⃗(ωj) are the matrices of the excitation force coefficient and phase

respectively; these are found by bem solvers. The remaining terms are matrix equiv-

alents of those defined in the description of a polychromatic ocean surface – Equa-

tion (I.1.12).iii

There are higher order representations of the wave excitation force – often referred

to as the non-linear Froude-Krylov force – but the first order is generally suitable for

most uses. The reader is directed to [91] for a detailed description of the higher-order

forces.

Power take-off systems: At its most fundamental, the function of a pto can be

described as

Pelec = ηptoPmech (I.2.18)

where ηpto ∈ [0, 1] is the electrical efficiency of the pto; this results in a lower electrical

power output, Pelec, from the wec than the mechanical power input, Pmech. How ηpto

is defined varies in the literature: the simplest is just a constant efficiency factor (eg.

in [92]); a step up from that is using a look-up table to get efficiency as a function of

operational variables (eg. in [93]); and at the highest fidelity, the inner workings of the

pto are modelled as part of the overall wec simulation (eg. in [94]).

There are a variety of different pto technologies used for the extraction of power.

Returning to Figure I.2.2 on the popularity of various wec designs, the two most

popular pto designs are hydraulic, and direct-drive ptos. This subsection describes

the two in turn. For a review of ptos more generally, the reader is directed to [95, 96].

In hydraulic ptos, the wec’s mechanical motion is used to drive a piston which

forces a flow of hydraulic fluid to run through a hydraulic motor; a schematic example

of which is shown in Figure I.2.9. The motion of the floater causes a bidirectional flow

of fluid in the tubes between the cylinder and the control manifold, which then rectifies

the flow such that beyond the manifold the flow is unidirectional. This flows through

a hydraulic motor that in turn forces an electrical generator. High and low pressure

iiiNote that removing Γ(ωj) and ϕ⃗(ωj), reduces the Equation (I.2.17) to Equation (I.1.12) – but
in matrix form to account for the different dof.
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Hydraulic
Cylinder

Control manifold

Hydraulic flow

Low pressure
accumulator

High pressure
accumulator

Motor

Generator

Figure I.2.9: Generic hydraulic circuit for a wave energy converter’s power take-off.
(Recreated from [34])

ẋpstn

A

B

Apstn

QA

QB

Figure I.2.10:
Example of a hydraulic
cylinder, showing the
motions of the piston
and fluid.

accumulators are often added as energy storage to regulate the electrical power output

over a few wave periods [34]. The dynamics of hydraulic systems are well suited towecs:

the waves apply large forces at low speeds, which hydraulic systems are well suited to

absorb, and store [97]. A hydraulic pto system designed for the WaveStar wec, was

found to have an average efficiency of 80%, and in the smallest wave conditions tested

its efficiency remained above 70% [98].

The modelling of a hydraulic pto involves considering the motion and pressure of

the fluid through the tubes and components. Take the cylinder in Figure I.2.10 as an

example. The pressure dynamics of the fluid in the two chambers (A and B), can be
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described via the continuity equation to be [99]

ṗA =
βeff(pA)

VA +Apstnxpstn
(QA − ẋpstnApstn), (I.2.19)

ṗB =
βeff(pB)

VB −Apstnxpstn
(ẋpstnApstn −QB), (I.2.20)

where βeff(p) is the bulk modulus of the fluid; QA and QB is the flows exiting each

chamber (ignoring leakages); xpstn, ẋpstn, and Apstn are the position, velocity, and area

of the piston; and VA and VB are the volumes of each chamber when chamber A is at

a minimum. The pto force a floater experiences is [99]

Fpto = Apstn(pB − pA) + Ffric + Fin, (I.2.21)

where Ffric and Fin are the friction and inertial forces within the cylinder. Similar

modelling takes place throughout all components of the hydraulic circuit to create a

full model of the pto: see [99] for a full description of the model.

In direct-conversion ptos, the mechanical motion of thewec is directly used to force

an electrical generator; sometimes with a mechanical transmission system to converter

between linear and rotational motion. Linear to rotational transmission systems can

be incredibly efficient: reaching efficiencies of up to 97% for rack and pinion systems,

although they can have issues with durability [100]. The direct coupling of mechanical

and electrical subsystems also has benefits for efficiency and there is one less energy

conversion step when compared to hydraulics – so one less stage for an energy loss [96].

However, electrical generators are at their least efficient when experiencing high forces

at low speeds [101] – the region in which wecs operate most often.

Modelling of direct-conversion ptos varies in the literature. Stock [93] uses a look-

up table where the efficiency of the wec has been parameterised as a function of

operating variables: mechanical force and velocity. Grasberger et al. [102] models the

pto as using a two-port network, connecting the mechanical and electrical systems.

An example is shown in Figure II.2.19: on the left is an equivalent mechanical circuit,

where instead of current, I, and voltage, v; there is instead angular speed, ω, and torque,

T ; which is then connected to the electrical circuit on the right. In the figure: Zi, Zd,

Zg, Zl are the impedances of the floater, drive train, generator, and load respectively.

Mathematically, the system can be described as[
T

v

]
=

[
ZTω ZT I

Zvω ZvI

][
ω

i

]
; (I.2.22)

where the impedances Zxy give the impedance from y to x. The instantaneous electrical

power is then simply

Pelec = real[i]real[v], (I.2.23)

where real[ · ] returns the real component of the argument.
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Two-port pto model

Mechanical
subsystem

Electrical
subsystemTexc

ZdZi Zg

Zl

ω I

T v

Figure I.2.11: Example circuit for a two-port direct drive power take-off model.
(Adapted from [102])

Moorings: The purpose of the moorings is to keep the wec in place; this is the

antithesis of what is wanted from a power production viewpoint – where the more the

wec moves, the more power can be produced. Therefore the idealised mooring system

would be one that fully constrains the motion of the wec in dof that are not being

used for power generation, and is fully unconstrained in dof that are. Of course, in

reality such a design is not possible and compromises have to be made.

A variety of mooring systems have been developed over time for applications for a

wide variety of floating structures. Harris et al. [103] reviewed a selection of mooring

types to assess their suitability for use with wecs; they analysed the different config-

urations according to installation cost, and reliability. One of the configurations they

ranked as highly suitable is shown in Figure I.2.12: it is a catenary mooring system, in

which the lines are free hanging, and arrive at the anchor points on the sea bed horizon-

tally – this means they do not exert any vertical forces on the anchors. The restoring

forces on the wec generally come from the weight and elasticity of the mooring lines

trying to return to equilibrium.

When it is not the focus of the work, the modelling of moorings is often neglected

in the literature. In these works the moorings are either not mentioned, or the wec

is said to be moored perfectly such that it is unconstrained in the dof used for power

extraction, and fully constrained in the others. Functionally, these two approaches are

the same; it is just that one is implicit in its assumptions, and the other is explicit.

I.2.3.3 Computational fluid dynamics

Another method of modelling wecs is by using computational fluid dynamics (cfd)

simulations: these are the highest fidelity numerical simulations that can be under-

took. cfd implements the Navier-Stokes and continuity equations to fully describe
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Figure I.2.12: Example of
a catenary mooring config-
uration.

the interactions between wave and wec. Generally, these equations are systems of

partial differential equations and can not be solved analytically. Therefore numerical

solutions are used, which get very computationally expensive [104] and can make them

unattractive to researchers, especially in optimisation work which requires running a

model many times under different scenarios. In a review of geometric optimisation of

wec floaters, it was found that only 9% of the reviewed work utilised cfd techniques

at any point in their optimisation [105].

The use of cfd is better aligned to tank testing than other numerical methods.

They are on the more expensive side of techniques – monetarily for tank tests and

computationally for cfd (therefore typically requiring a lot of money to acquire the

computational resources) – but they have the best physical accuracy, beaten only by

sea trials. Advantages that cfd has over tank testing includes being able to test on

a full-sized device, so scaling effects do not have to be accounted for; and being able

to obtain data from any point in the simulation. In a tank test, to measure data at

a point a probe would need to be added, further increasing the monetary cost and

complexity. Conversely, cfd does not properly model every physical phenomena due

to scaling effects (see § IV.2.1 for more details), so if the wecs motion relies upon that

phenomena and the cfd model does not account for it results will be inaccurate [104].

An in-depth review of cfd modelling is beyond the scope of this thesis. For that,

the reader is directed to [106].

I.2.4 Control of wave energy converters

The control of wecs is a complex problem: take a wec that is perfectly moored such

that it is free to move in heave, but fixed in every other dof. The equation of motion

of this wec is

Z(ω)ẋ(ω) = Fexc(ω) + Fpto(ω), (I.2.24)

z(t)ẋ(t) = fexc(t) + fpto(t), (I.2.25)

where Z(ω) and z(t) are the mechanical impedances of the wec, in the frequency-, and

time-domain respectively. It is assumed that Fpto(ω) < 0 and fpto(t) < 0 to oppose
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the natural motion of the wec. The extracted mechanical power is found via

Pmech = fpto(t)ẋ(t), (I.2.26)

where a large negative value is desired. To increase power capture, a simple solution

is to increase the magnitude of the resistive pto force; however the increased resistive

force causes the wec to slow down which reduces (or even removes) any gains from

the increased force. This is a well known problem in wave energy control for which a

theoretical optimal has been found. Start by considering the harnessed energy

W =

∫ ∞

−∞
fpto(t)ẋ(t) dt, (I.2.27)

by utilising the frequency convolution and algebraic manipulation, one can find that

W = − 2

π

∫ ∞

0

|Fexc(ω)|2 − α(ω)

8R(ω)
dω, (I.2.28)

where

α(ω) = Fexc(ω)F
∗
exc(ω) + 2R(ω)

[
Fpto(ω)ẋ

∗(ω) + F ∗
pto(ω)ẋ(ω)

]
, (I.2.29)

R(ω) =
Z(ω) + Z∗(ω)

2
, (I.2.30)

and ∗ represents the complex conjugate. From observation of Equation (I.2.28), it is

seen that to maximise the energy extracted, α(ω) must be minimised. Re-arranging

Equation (I.2.24), and multiplying itself by its complex conjugate givesiv

FexcF
∗
exc = FptoF

∗
pto + ZZ∗ẋẋ∗ − FptoZ

∗ẋ∗ − F ∗
ptoZẋ. (I.2.31)

Inputting Equations (I.2.30) and (I.2.31) into Equation (I.2.29) and simplifying finds

α(ω) =
∣∣Fpto(ω) + Z∗(ω)ẋ(ω)

∣∣2, (I.2.32)

so α(ω) is minimised, to zero, when

Fpto(ω) = −Z∗(ω)ẋ(ω). (I.2.33)

Owing from the Z∗(ω) term, this is often called complex-conjugate control. For a more

thorough derivation, the reader is directed to [107].

Now, consider the inverse Fourier transform of Z(ω) and Z∗(ω):

F−1
[
Z(ω)

]
= z(t), (I.2.34)

F−1
[
Z∗(ω)

]
= z(−t). (I.2.35)

ivFor readability, the argument ω is omitted; each variable in the equation is frequency dependent.
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z(t) corresponds to a causal impulse response, i.e. an impulse on the wec causes an

effect on its future motions. Conversely, z(−t) corresponds to a anti-causal impulse

response: i.e. future waves have an effect on the optimal wec motion in the present.

For the case of a monochromatic wave, calculating this is trivial; but for a polychromatic

wave, one would require foreknowledge of the future conditions to track the optimal

control force. It is therefore evident that approximations and estimations are required.

The various controllers can be split into two groups: resistive, and reactive. The for-

mer only extracts power from the wec; whereas the latter extracts and inputs power at

opportune times – if implemented correctly, this results in better energy capture [108].

I.2.4.1 Resistive control

Resistive controllers are the simpler class of controller. They involve purely extracting

power at opportune rates and times to extract the highest average power. Linear

damping – also called resistive loading – is often used as a starting or reference point

in the design of wecs. Under this regime, the pto force is defined as

Fpto = −Rẋ, (I.2.36)

where R > 0 is a constant over short time scales; but often varies on longer time scales,

to be the optimal value for a given sea state [108].

Latching and clutching controllers can be seen as an add-on to the linear damping

controller. When in wave conditions far away from the wec’s resonant frequency, the

wec’s motion can move away from resonance with the excitation frequency, hindering

its performance; so a phase correction can be useful to get the wec back into a good

operating point. Latching and clutching implement phase correction differently: latch-

ing holds the position of the wec at an extreme point in its motion, then releases at

the right moment; clutching sets Fpto = 0 to allow the wec to get back into phase

before re-engaging the pto force. Once again in the case of monochromatic waves,

calculating the optimal times to do this is trivial; in the case of polychromatic it gets

more complicated. See [108] for a more in depth discussion of the timings, and how

each of these controllers operate more generally.

I.2.4.2 Reactive control

Reactive control allows both the extraction and injection of power from and to thewec;

having this freedom allows the controller to better track Z∗(ω) and hence improve the

power capture. There are many controllers that fit into the classification of reactive

control, two examples are optimal velocity tracking, and model predictive control. They

are discussed in turn.
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Figure I.2.13: Structure of a (mechanically focussed) optimal velocity tracking con-
troller. Tildes represent estimated values.

Optimal velocity tracking: Optimal velocity tracking (ovt) estimates the op-

timal velocity the wec should be travelling at and attempts to track that. First im-

plemented by Fusco and Ringwood [109], the controller tracked the optimal velocity

for mechanical power capture. Stock [93] later developed an alternative that tracks for

optimal electrical power capture. Only Fusco and Ringwood’s methodology is covered

here; see [93] for Stock’s methodology.

Figure I.2.13 shows the structure of a mechanically-focussed ovt controller, the

position, velocity, and acceleration – collectively x⃗ – of the wec are fed into an inverse

model of the wec to estimate the total force on the wec, F̃tot. An extended Kalman

filter is then used to estimate both the amplitude and force of the exicitation force – Ãex,

and ω̃ex respectively; these are then used to set the gain of 1/H(t) such that

ẋref =
F̃ex

H(t)
≈ Fex

2B(ω)
= ẋopt, (I.2.37)

where ẋopt is the theoretical optimal velocity. Finally, a standard error correcting

controller can be used to minimise the error between ẋref and ẋ.

Instead of an extended Kalman filter, there is a variety of methods for estimating

the excitation force: see [110] for a review. The estimators tend to have an accuracy

in the region of 80-90%, but another – often competing – property of an estimator is

the time to get to the estimation, as the wec can not respond to the waves until the

force estimation is evaluated; therefore the highest accuracy estimator may not be the

best performing. There has also been some work on measuring the force up-wave of

the wec (e.g. [111, 112]v), but estimates are a lot more popular as they do not require

installing another device.

vNote that these are for oscillating water columns, and therefore would not work with ovt, and
are presented as a solution to other control problems.
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Figure I.2.14: Comparison between a classical feedback, and a model predictive control
loop.

Model predictive control: Model predictive control (mpc) is a class of controller

with uses throughout many disciplines – from the optimal heating of residential build-

ings [113] to controlling free-floating space robots [114]. mpc controllers use models

of the system to predict what the optimal control would be to maximise performance,

both in the present and the future. Figure I.2.14 gives a comparison between classical

feedback loops and mpc. In the classical feedback, the controller has to determine

a reasonable value to minimise the error between the reference and measured value;

finding this value relies solely on current and past information, with no consideration

of the future conditions of the system. This is where mpc differs; by using a math-

ematical model of the system the controller optimises the control signal to follow –

what it believes is – the optimal trajectory to reach the reference [115]. The model is

also constantly updated with the true response of the system as a form of continual

validation and error correction to ensure it is following the optimal trajectory. As could

be expected, including a model of the system comes at a computational cost; therefore,

depending on the complexity of the system, it may not be suitable for all applications.

In fact, the original developers of mpc controllers have stated that classical controllers

suit more than 90% of problems perfectly [116].

Nevertheless, mpc has been applied towec control. In the control of a the WaveSub

wec – a mutli-dof, submerged point absorber with variable geometry – it was found

that mpc increased power capture by 200% in idealised conditions when compared to a

linear damping controller [117]. In more realistic simulations, this fell to 30% – showing

the controller’s reliance on the quality of its model.

I.2.5 Measuring performance

Now that the dynamics and modelling of wecs has been defined, the final piece needed

in the discussion of wecs is a way to compare the performance of different wecs. This

subsection describes a few popular metrics.
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I.2.5.1 Capture width ratio

Capture width ratio (cwr) is a measure of the hydrodynamic performance of a wec.

It is defined by [118]

cwr =
Pabs

Ewave
, (I.2.38)

where Pabs (in kW) is the absorbed wave power, and Ewave is the wave resource (in

kW/m). This gives the cwr units of metres, and can be thought of as the width of

a wave crest that can be completely absorbed by the wec. A database of cwrs for

various wecs can be found in [118].

Dividing the cwr by a characteristic dimension of the wec (eg. the diameter of a

cylindrical or spherical floater) gives a hydrodynamic efficiency of the device: a measure

of how much of the wave energy is absorbed by the wec, and how much passes through.

I.2.5.2 Response amplitude operator

The response amplitude operator (rao) is used widely in the design of ships [119]

and floating structures more generally [120]. It is a measure of the object’s motion

in relation to the water’s motion; a unique rao exists for every dof. In terms of the

heaving motion of a wec, the rao is

rao(ω) =
Awec

Awave
=

Γ(ω)

C − (M +A(ω))ω2 + iB(ω)ω
. (I.2.39)

where Awec is the amplitude of the wec’s motion, and Awave is the amplitude of the

wave; Γ(ω) is the amplitude of the wave excitation force – see Equation (I.2.17); and

the denominator comes from the equation of motion of a wec – Equation (I.2.3).

The rao does not directly measure power capture like the cwr does but a wec

that moves more likely produces more power so it can be used as a proxy. It is also a

function of the wave frequency; therefore it gives an insight into how the performance

of the wec varies in varying wave conditions.

I.2.5.3 Levelised cost of energy

Popular across the power production industry, the levelised cost of energy (lcoe) is

defined as [121]

lcoe =
Ccap + Cop + Cdec

E
, (I.2.40)

where Ccap, Cop, and Cdec are the capital, operational, and decommissioning expendi-

tures of the wec; and E is the total energy harvested over the lifetime of the device. It

is a measure of the average cost over a device’s lifetime to produce one unit of energy.

The main benefit of lcoe is it makes for easy comparison between different energy
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sources as it does not directly depend on the resource as the other two performance

metrics do.

The downside of lcoe is the requirement of knowledge about the operational and

decommissioning costs of running any power station. This is especially hard for wecs

because there has not been any used in commercial operation to date. This therefore

brings a lot of uncertainty into the value.

I.2.6 In summary

The concept of a wec is introduced, as well as methods for modelling its various

components. Independently, each component’s interaction with the waves is fairly

complex, and these complexities compound when accounting for multiple components

at once. Therefore it is very challenging to create an effective wec design; made evident

by the fact there is currently no commercially operating wec.
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Chapter I.3

Control Co-design

In a conventional design methodology, the physical system tends to be designed first,

then the controller is designed only once the design of the physical system is finalised;

a schematic example methodology is shown in Figure I.3.1(a). The serial design

process is the simplest design methodology, but it does not necessarily produce the most

optimal design (for any definition of optimal: efficient, fastest, long lasting, powerful,

etc.). This is because a decision in the physical system design could cause difficulties in

the controller design, resulting in a decrease in overall performance. Therefore, making

tweaks to the physical design could result in much higher performance – even if it makes

the device mechanically less optimal – due to improvements in controller performance.

In the type of device that regularly updates (e.g. yearly releases of smartphones)

knowledge of flaws can be used to improve the next model, in a form of iterated serial

design, Figure I.3.1(b); however, this both requires a potentially flawed product be

released for at least one generation, and does not help in the design of more bespoke

products (e.g. a power station). Therefore, a more holistic design philosophy could be

useful, especially for more complex design problems; of which the design of wave energy

converters (wecs) is one.

Physical system
design

Control system
design

Physical system
design

Control system
design

(a) Serial (b) Iterated serial

Physical system
design

Physical system design

Control system
design

Physical system design

Control system
design

Physical system
design

Control system
design

Physical system
design

Control system
design

(c) Nested (d) Simultaneous

Figure I.3.1: Schematic examples of different design processes.
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I.3.1. What is control co-design?

I.3.1 What is control co-design?

The idea of control co-design (ccd) is to combine the physical and control system

design steps to help solve any potential conflicts between the two before any designs

get finalised. ccd philosophies have previously been applied to a wide variety of design

challenges: from bicycles [122] to chemical reactors [123, 124]. It should be noted

however, this is not a new design philosophy and used to be standard: well known

designers of the late 19th century – such as Nikola Tesla, and the Wright brothers –

tended to have a multidisciplinary approach to their work, resulting in them applying

ccd-esque methodologies [125]. The popularity of ccd later fell off as engineering

problems have become much more complex, and individual engineers specialised into

separate disciplines.

Figures I.3.1(c), and I.3.1(d) show two types of ccd methodologies: nested and

simultaneous design. The nested design process involves designing a bespoke controller

for a candidate physical design; then tweaking and iterating the physical design, cre-

ating a new controller for each new iteration of the candidate physical design. Whilst

on the surface this seems very similar to the iterated serial design process, the nested

design does not produce a final product before analysing and evaluating design choices –

data would generally come from numerical models (e.g. [126, 127]), as the production

of physical prototypes for each small change would quickly become cost-prohibitive.

The final design process is the simultaneous design: where both the physical and

control systems are altered in tandem. As could be expected, integrating the design of

the two components can make the problem much more complex, and greatly increase

the size of the problem [128]. But in some problems, where the design of plant and

controller are highly coupled, the simultaneous approach may converge faster to an

optimal solution [129].

I.3.2 Control co-design of wave energy converters

As is shown in § I.2, wecs are dynamically complex; there has therefore been increasing

interest in applying ccd methodologies to the design of wecs, in areas such as: the

geometry of the wec’s floater; positioning of wecs in an array; power take-off (pto)

design; and mooring design. The popularity of literature in each of these areas decreases

in the order listed [130]. This section will give an overview of some examples in each

area, investigating what questions have been asked, and what answers they found. More

in depth reviews into pto and floater co-design methodologies and models take place

in § II.1 and § IV.1 respectively.
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Figure I.3.2: Popularity of different wave energy converter types in floater geometry
control co-design literature. (Data from [105])

I.3.2.1 Floater geometry co-design

Floater geometry co-design involves the optimisation of the physical shape of the bodies

that interact with the waves. Figure I.3.2 shows the relative popularity of different

wec types in floater ccd literature; one-body point absorbers dominate the field, but

within this section, there is a wide variety of work with different levels of detail for the

floater design.

On the lower end of floater design fidelity, optimising the radius and draught of a

heaving cylinder has been well covered in the literature, eg. [131, 132, 133]; of these,

Garcia-Rosa and Ringwood [133] went to the most detail in their controller designs.

They investigated how the optimal design – for mechanical power capture – varied

between using linear-damping, latching, declutching, and mpc controllers. It was found

that the optimal design of a linear-damping controlled wec tried to align its resonant

frequency with that of the peak period of the irregular waves, whereas an optimal

latching controlled wec has its resonant frequency slightly below the peak period, and

the optimal declutching slightly higher: these differences arise due to how the two

controllers work to get the wec back into phase with the waves (see § I.2.4.1). Finally,
mpc control was (not unexpectedly) able to extract a significant amount of power

from the waves regardless of the floater design; but favoured wider, shorter wecs for

maximising power capture. The resonant frequency was closer to the peak period than

both latching and declutching controlled devices. Garcia-Rosa and Ringwood concluded

that the nature of the control type must be included when designing the wec to get

the optimal performance.

An example of a step up in geometry detail is work by Edwards [134], who created

axisymmetric point absorbers about the heave axis. Edwards defines the profile of the

wec, then revolves the profile around the heave axis to design the floater. Through the
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I.3.2. Control co-design of wave energy converters

selection of the parameters, this method allows for the creation of piecewise continuous

profiles, and therefore any desired profile. Edwards used linear-damping controllers

and found that the more complex shapes could produce the same maximum power as

optimised cylinders with: 72% less surface area and 93% less volume in a heave-only

case; 31% less surface area and 56% less volume in a heave-surge-pitch case. It was also

found that a complex shape can produce nine times more power than a cylinder whose

radius and draught are equal to that of the maximum points in the complex shape.

At the highest level of geometry fidelity there is work by Garcia-Teruel [135]; who

builds upon work by McCabe [136]. In these works, the shape is defined by a number

of control points that are placed freely within three-dimensional space. A smooth

surface is then drawn between the points to create a floater for the wec. McCabe

investigated wecs that moved only in surge and had a plane of symmetry about the

heave-sway axis; finding that when no penalties were place on the size of the floater,

very large, almost hemispherical floaters performed best; but once penalties on size were

included smaller, asymmetric shapes with pronounced prows and sterns were favoured.

Garcia-Teruel investigated varying dof (different combinations of surge, heave, and

pitch) finding that, when used with perfect complex-conjugate control the floaters had

an increased surface area perpendicular to their modes of energy extraction; including

volume penalties led to smaller designs that had larger percentages of their power

coming from heave; and including surface area penalties led to rounder designs that

had higher pitch power contributions.

For all these works: once their floater geometries have been defined, they follow

very similar methodologies to calculate the wec’s response to the waves. That is

using boundary element method (bem) software to calculate the hydrostatic and hy-

drodynamic properties of the floater, and using Cummins’ equation to find the wec’s

motion – see § I.2.3 for definitions of both of these.

I.3.2.2 Array co-design

The effects of controllers on array layout is shown well by Garcia-Rosa et al. in [75].

Figure I.3.3 is recreated from that paper, showing the optimal array spacing, for

different types of layouts, for different controllers: a linear-damping controller and a

global pseudospectral controller (one that works to maximise array performance). The

linear damping controller was found to have a better q factori at very small spacings but,

using a global controller, had a higher overall power than when using linear-damping.

As the spacing increases, the effect of radiated waves diminishes, and for all controllers

q → 1. Garcia-Rosa et al. found that the optimal orientation of the array relative to

iThe ability of the array to extract energy when compared to the performance of an equivalent
number of individual wecs – see § I.2.2.
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(a) Triangular (b) Rectangular

Figure I.3.3: Optimal spacings for wave energy converter arrays with varying con-
trollers. Light wecs use a linear damping controller; dark wecs use a globally aware
controller. (Recreated from [75])

the waves is independent of control type, but optimal array spacing was affected; and

independent of array design, the performance of the array can improve by up to 40%

by using a controller designed for array performance.

There has also been work on the simultaneous co-design of floater geometry and

arrays, eg. [137, 138]. Ermakov et al. [138] optimised both wec positioning in the

array, and the scale of the floater geometry – via Froude scaling – of each individual

wec in the array. They found that the optimal design involved having smaller wecs

surrounding larger ones.

I.3.2.3 Power take-off co-design

Within the pto co-design literature, there are many differing definitions of what a pto

is. Peña-Sanchez et al. [139] modelled the pto purely as a limit on the maximum force

and displacement, adding a cost penalty to expand those limits; these constraints are

the limits in the space the controller operates in. Whereas Michelén Ströfer et al. [140]

model the internal mechanical and electrical impedances of the drive train to estimate

losses; and select an optimal sprocket out of a predefined list. Their methodologies are

not disscussed here, that is the focus of § II.1
Again, literature exists that combines multiple component categories, namely pto

design and array layout by Neshat et al. [141] who modelled each of their wec’s ptos

as a spring and damper – finding the optimal coefficients of each of those. For the

two locations tested, and with four wecs being positioned, average power with pto

optimisation was increased by 4.5% and 2.5% when compared to the manufacture’s

default values.
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I.3.2.4 Mooring co-design

As previously mentioned, mooring co-design has been covered the least in the literature,

but there has been some work done. Paduano et al. [142] investigated the optimal

mooring pattern for a three-tethered point absorber wec with a proportional-derivative

controller approximating complex conjugate control. They found that neglecting the

mooring system in the design of the controller can reduce the wec’s average power

output by up to 15%; and optimising the angular positions of the tethers gave an

improvement in power capture of 5.6% when compared to equally spaced tethers.

I.3.3 Research gaps

The majority of the literature has focussed on the optimisation of floater designs; and

within the other components, there has been nothing of the fidelity of the work by

Garcia-Teruel [135], and Edwards [134] in floater design.

Edwards found improvements in power production of 800% from optimising the

floater geometry. Whilst Neshat et al. [141] found improvements of only 2.5% from

pto optimisation, and Paduano et al. [142] found improvements of 5.6% from mooring

optimisation. The fidelity of the simulations by Neshat et al. and Paduano et al., was

much less than that of Edwards. The problem of wec design has been shown in the

previous section to be very complex, therefore a higher-fidelity ccd study into pto or

mooring designs could be found to show improvements above that of Neshat et al. or

Paduano et al. Work by Stock [93] supports this theory: when designing controllers

which account for pto efficiency electrical output increased when compared to those

optimised for mechanical power capture in all sea states tested – and in some sea states,

the mechanically optimised controller absorbed electrical power rather than outputted

it. So whilst Stock did not directly optimise the pto design, he found that accounting

for it at a higher fidelity improves the overall performance of the wec.
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Optimisation Algorithms

The design space of a control co-design problem is typically so large and complex that

an optimal design can not be found analytically. This therefore necessitates the use

of an optimisation algorithm. They work by defining a cost function, then using an

algorithm to find the set of inputs – subject to constraints – that give the optimal

cost. It is convention in optimisation for an algorithm to work to minimise a cost; so

if the aim is to maximise an output: say the power output from a system, convention

would be to define that power as negative, and seek the largest negative value. This

section explores examples of different optimisation algorithms, with increasing levels of

complexity.

I.4.1 Exhaustive search

Exhaustive search (also known as brute-force search) is the simplest of the algorithms:

it involves systematically testing every possible combination of inputs to find the best

cost. For a problem that only takes a discretised input, the exhaustive search will

return the optimal value. However, for a problem that takes a continuous input, the

inputs must be discretised, meaning that the search will return the closest tested value

to the optimal; but a sufficiently high enough resolution of test points will ensure that

this is not a problem.

Their ease of implementation makes exhaustive searches a popular choice as a first

attempt at optimisation. However, for a problem that has: a high dimensionality

(number of inputs), a large bound on its inputs, or requires a particularly high resolution

of input; the number of test points can quickly become prohibitively high, resulting in

very long computation times, and is the point at which one should look into other types

of algorithm.

I.4.2 Hill-climb search

The hill-climb search breaks the convention of minimising the cost, and instead max-

imises – working to reach the top of the hill. Take a random starting point in the

design space, the algorithm searches for a change in a single input that improves the

cost; it then searches from this new position and does the same procedure; this repeats

until no changes in the inputs give an improved cost [143]. There are variations in
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Figure I.4.1: Example of how
the scale factor affects the
convergence of a gradient
descent algorithm. All runs
start at x = 2, with a scale
factor shown in the legend.

the algorithm that affect how the algorithm chooses an improvement. For example the

algorithm could take the first improvement it finds, or calculate all possible moves then

select the best.

For a cost function that monotonically increases to a single maxima, the selection of

the starting point only affects how long the algorithm will take to complete. However, in

a problem with multiple local maxima, an algorithm will simply find the closest maxima.

This is because the hill-climb search is a greedy algorithm: it always takes a move for

the best improvement in the present, with no consideration for larger improvements in

the future. One simple solution to this is the random-restart hill climb: simply running

the algorithm multiple times, each with a randomly generated starting position.

I.4.3 Gradient descent

Gradient descent is another popular optimisation algorithm; it is similar to the hill

climb search but where the hill climb searches in the cost function, gradient descent

searches in the derivative of the cost function.

Starting from a location, x1, the algorithm iterates according to:

xj+1 = xj − α∇xj , (I.4.1)

where j is the iteration number, α is a step size factor, and∇ is the differential operator.i

Another difference to the hill climb is that it alters all elements of the input at once

rather than just a single one.

Choosing the value of α can have large effects on the computational speed of the

algorithm, but can prevent the algorithm converging. Figure I.4.1 shows the effect

of changing the scale factor for a simple problem: having a scale factor less than one

affects how quickly the algorithm converges on the minima; having a scale factor equal

to one causes the algorithm to oscillate between two and negative two, never making

any progress; and having a value greater than one causes the algorithm to diverge.

iNote the minus in the equation, this is for finding the local minima; to find a maxima, this will
become a plus.
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Figure I.4.2: Flowchart of
the operation of a genetic
algorithm.

Note that these values are unique to this problem, and will likely not be true for other

problems.

I.4.4 Genetic algorithms

Genetic algorithms (gas) are more complex than the algorithms seen so far: they

utilise Darwinian evolutionary theory to iterate towards an optimal solution. This is

done by breeding and mutating candidate solutions over many generations; a schematic

flowchart of the operation of a ga is shown in Figure I.4.2.

In gas, a solution to an optimisation problem is represented as a genome (array

of inputs), where each individual gene (element) represents a property of the solution.

gas have been utilised across a wide variety of applications, from the design of wind

turbine blades [144] to credit risk analysis of supply chain finance [145] and have even

being used to guide the editing of real genes in cprispr studies [146].

First, a population – of size Npop – of candidate solutions are randomly initialised,

within defined bounds; these are then evaluated using a cost function to find the relative

ranking of the designs.

Then on each iteration, new designs are created via breeding of existing solutions,
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then mutation of the genome of the new solutions. The first step of this process is

the selection of parent solutions. There are a variety of methods to do this; one of

the more common methods is called roulette wheel selection; in which the solutions

are randomly selected, but weighted towards selecting the better performing solutions.

Using the roulette wheel method, the probability of selecting individual i is

P (i) = e−βC̄(i); (I.4.2)

with

C̄(i) =
C(i)∑Npop

j=1 C(j)
(I.4.3)

being the cost of individual i; and β is a selection pressure factor (where a higher value

leads to a more uniform distributionii). This is just one of many selection methods, for

a review of different types, the reader is directed to [147].

Whilst gas are more resilient to local minima, there is still a chance they become

stuck; this has resulted in the development of various methodologies to try and reduce

the chance of premature convergence, or stagnation. One such method is of an incest

prevention algorithm, in which an extra factor is added to the probability of selecting

the second parent, to encourage the selection of genetically diverse parents. This extra

term can be defined as

S(j) =

(∑Ngene

a=1 |g(j, a)− p(a)|
)γ

∑Npop

k=1

∑Ngene

b=1 |g(k, b)− p(b)|
, (I.4.4)

where S(j) is the selection factor to individual j’s probability; Ngene is the number of

genes; g(j, a) is the ath gene of individual j; p(a) is the ath gene of the first parent;

finally γ is a selection factor, where a higher value favours the selection of genetically

distinct second parent from the first. The probability of selecting the second parent

would then be

P (i) = e−βS(i)C̄(i). (I.4.5)

A review of other approaches to preventing early convergence is found in [148].

Now that two parents have been selected, the next step is creating the offspring.

One method for how this can be achieved – for a pair of offspring – is via an arithmetic

crossover

c1(i) = αp1(i) + (1− α)p2(i), (I.4.6)

c2(i) = (1− α)p1(i) + αp2(i); (I.4.7)

iiβ = ∞ would result in a uniform distribution: i.e. parents are selected randomly.
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where c1(i), and c2(i) are the i
th genes of child 1 and 2 respectively; p1(i), and p2(i) are

the ith genes of parent 1 and 2 respectively; and α ∈ [−β, 1+β] is randomly chosen. For

integer genes, the values would need to be rounded. A value of β = 0 causes the search

space to slowly reduce through the iterations of the algorithm: the children’s genomes

must be contained between the parent’s genomes, so the difference between the two

children must be equal to, or smaller than the gap between the parents, resulting in

a reduction of the design space without necessarily honing in on the optimal solution.

Therefore, making β > 0 gives the algorithm more ability to explore the design space, by

increasing the average difference in children’s genomes. Typically a value of β = 0.25

is recommended [149]. Again, there are a variety of methods to undergo crossover;

see [150] for a summary.

Finally, the children are mutated. The aim of mutating is to further help the ga

explore the design space. Typically, the operation looks like this

g′ = g + ψ(µ, σ), (I.4.8)

where g and g′ are the genenomes pre- and post-mutation. ψ(µ, σ) is a statistical

function for selecting a random number, usually a normal distribution [151]. It is

recommended that the mutation rate (number of mutated genes) be equal to the inverse

of the number of genes [149]; this is so that, on average, a single gene gets mutated. If

multiple mutations happen, then a very poor mutation in one gene could overshadow

a slightly good mutation in another.

The new generation are combined with the existing population and the worse per-

forming cut such that the combined population is still of size Npop – whether or not

they are from the new or previous generation. It is generally recommended to keep the

size of the new generation of children less than Npop such that there are always some

designs continuing between generations.

The ga iterates until either the population has converged on a solution, or a pre-

defined maximum number of iterations has been reached; the former being a more

rigorous way of ensuring the optimal solution has been found.
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Chapter I.5

The Research Problem

Throughout the chapter, it has been shown that the ocean waves are complex and

unpredictable, with wave energy having to deal with similar strong forces as to tidal

energy, but with the unpredictability of wind energy. This means that the design of wave

energy converters (wecs) involves the interaction of many complex components. As

a result, increasing numbers of researchers have been implementing control co-design

(ccd) methodologies into their work, finding that this improves the performance of

wecs; but so far investigations in to power take-off (pto) ccd has been lacking.

This work introduces a fundamental, low-level co-optimisation framework that in-

creases the fidelity of pto ccd methodology within wec ccd literature. The internal

permanent magnet synchronous generator geometry parameters (rotor radius, number

of pole pairs, etc.) are optimised alongside the floater scale to account for nonlinear

electromechanical losses early in the design stage.

gas have previously been shown to work in wec ccd of floater geometry [135],

arrays [137], and moorings [142]. Using gas for this work introduces the possibility of

integrating previously developed methods for the ccd of other components by expand-

ing the size of the genome.

I.5.1 The chosen wave energy converter

The main focus of the work is the development of a model of the pto, but because it

is part of a ccd methodology, it is important to account for the designs of the other

components of the wec. Therefore, the overall wec design is chosen to be detailed

Generator

Pinion

Rack

Floater

Figure I.5.1: Schematic
of the chosen wave energy
converter’s drive train.
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enough to be sufficiently accurate, but not too complex that its dynamics obscure the

dynamics of the pto. The chosen wec is shown in Figure I.5.1. It is a point absorber;

assumed to be perfectly moored such that its motion is unconstrained in heave, but it is

fixed in all other dof; and the floater is connected to a permanent magnet synchronous

generator via a rack-and-pinion drive train.

The rack-and-pinion drive train was selected for its practical applicability, as the

design is used at the core of both industrial (e.g. CorPower c4 [57]) and academic

(e.g. Liang et al. [152]) designs. The CorPower c4 [57] uses a ‘cascade gearbox’ which

consists of many smaller pinions connected to a single rack. Liang et al. designed a

wec with a ‘mechanical motion rectifier’ gearbox which at its core has two separate

rack-and-pinions, one engages in the rising motion and one in the falling motion of the

floater such that the bidirectional motion of the floater is converted into a unidirectional

input to the generator.

I.5.2 Overview of the remainder of the thesis

The remainder of the thesis is structured as follows:

§ II develops the model, detailing the theory behind the model and the implementa-

tion into a genetic algorithm. A flow chart of the model’s operation is shown in

Figure I.5.2.

§ III uses the model is to investigate differences in the optimal ptos design when

varying: control strategy; floater design; and location.

§ IV discusses previous methods of optimising the floater design expands the model to

allow for the novel co-optimisation of pto and floater, the altered flow chart is

shown in Figure I.5.3. The chapter ends with an investigation into differences

in optimal wec designs when varying the level of ccd integration.

§V adapts the model to create synthetic pto designs for a wave-tank scalewec. Then

the monochromatic-sea-state power simulation is replaced with a polychromatic-

sea-state power simulation to investigate how the power output changes in more

realistic conditions.

§VI gives the final conclusions, recommendations for wec design in the future, and

avenues for future work.
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Chapter II

Modelling & Optimisation of Power

Take-off Systems for use in Wave

Energy Converters

This chapter details the formulation of a novel method for optimising the design of

power take-off systems (ptos) specifically for use in wave energy converters. The

chapter opens with a literature review on previous methods of modelling ptos – both

in wave energy and beyond – then describes how the permanent magnet synchronous

generator is modelled and optimised as part of a control co-design methodology.

The theory is presented here in a pure mathematical format, agnostic of any com-

putational framework. For the results in later chapters, this model is implemented in

matlab.

– 62 –



Chapter II.1

Review of Modelling & Optimisation of Power Take-off

Systems

As discussed in § I.3.2, there is not a great quantity of literature on the control co-design

(ccd) of power take-offs (ptos) in wave energy converters (wecs); § I.3.2 briefly covers

the results of the pto ccd literature that do exist, this chapter will cover the pto

models used in those works, and the methodologies for optimisation. Here more details

of the methodologies of pto ccd both within wave energy – in § II.1.1 – and in other

fields – in § II.1.2 – are discussed.

II.1.1 For wave energy converters

What does and does not class as a pto for the sake of optimising varies in different

works, but it can broadly be separated into two categories: constraints on the wec’s

operating zone; and modelling of the drive train’s dynamics and efficiency.

Modelling constraints: Bacelli and Ringwood [1] created a geometric tool for

analysing force and position constraints of ptos. Taking Figure II.1.1 as an example,

the optimal pto force would be at position Popt, but limits on the force and stroke

(maximum displacement) of the ptomean the controller can only operate in the shaded

blue region; this means that the best place the controller can operate in is at point

Pcon. Intuitively, one can see that expanding the force constraint would lead to a

greater improvement in performance than expanding the position constraint. Bacelli

and Ringwood did not optimise the system within [1], but designed the tool for use in

later optimisation.

Peña-Sanchez et al. [2] sought to account for the economic performance of the wec

by placing a monetary cost on expanding the constraints. The aim was to minimise the

levelised cost of energy (lcoe). Calculating the capital and operational expenditures

for an early stage technology such as wecs is incredibly difficult and requires lots of

estimations and approximations, for example: in [2] the operational costs were assumed

to be a fixed proportion of the capital costs; which were then assumed to be five times

the cost of the pto, Cpto; which were then dependant on the material costs of the

different components of the pto; which were then scaled to account for the varying
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Figure II.1.1: Schematic pseudo-
spectral representation of power
take-off force constraints. (P1, P2)
are arbitrary coefficients of the pto
force. The blue shaded region
shows the area of allowable control.
(Adapted from [1])

stroke and force limits. Putting all these together gets

lcoe ∝ Cpto(Smax, Fmax)

E(Smax, Fmax)
= lcoe, (II.1.1)

where Smax and Fmax were the limits of the stroke and force respectively. lcoe was then

used as the cost to minimise. For the optimisation, Peña-Sanchez et al. used a simple

brute forcing methodology to find the best performing combination of (Smax, Fmax),

using Bacelli and Ringwood’s methodology for optimising the control strategy.

Modelling drive train efficiency: A series of work by Grasberger [3], Michelén

Ströfer et al. [4], Michelén Ströfer et al. [5] and Grasberger et al. [6] detailed the ccd

optimisation of ptos by considering the dynamics of the drive train – each work was for

a different type of wec: ranging from selecting the optimal sprocket [4] to abstractly

selecting optimal values for the drive trains inertia, and stiffness [3, 5, 6].

The methodology involved considering the impedances between torque and speed,

and current and voltage, to estimate the electrical losses in the generator. It is used

as the foundation of this work’s drive-train model, so is discussed in detail as part of

the methodology, in § II.2.8. On the topic of their optimisation algorithms, the method

works with different algorithms: they used both brute forcing [4, 5], and pseudo-spectral

optimisation [3, 6].
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II.1.2 In other fields

Beyond wave energy, there has been research in the ccd of ptos and pto-like systems.

This subsection covers them in turn.

Wind turbine generators: Yazdanpanah et al. [7] used an analytical model of a

permanent magnet synchronous generator (pmsg): based upon the magnetic equivalent

circuit, and flux throughout the pmsg. The model designs a pmsg according to a given

specification (power target, rated speed, etc.) and works to optimise according to one

of five cost functions: total weight; total cost; temperature rise; efficiency; total weight

times total cost times temperature rise over efficiency. All of these are minimised,

except efficiency which was maximised. This optimisation was done using a genetic

algorithm (ga).

The model was validated against a finite element method model and had a 2 kW

(14%) disagreement in core losses, 0.3 mH (6.7%) in synchronous inductance, 0.40% in

efficiency, and 3 ◦C (3.7%) in temperature rise. Yazdanpanah et al. investigated the

difference between inner and outer rotor pmsgs, and found that the optimal inner rotor

pmsgs tended to have a smaller temperature rise but a larger cost than the outer rotor,

across all cost functions.

The optimisation of generators for wind turbines has been covered multiple times

beyond the example by Yazdanpanah et al., eg. [8, 9, 10, 11]. They all follow broadly

the same methodology – using an analytical model of the magnetic equivalent circuit,

and flux throughout the generator.

Motors: Cassimere [12] developed a model of a permanent magnet synchronous

machine, designed to be used in a ga – this work was interested in developing motors

but fundamentally the physics is the same for motors and generators, the inputs and

outputs just swap between motion and electrical current. Cassimere’s model builds

up the machine from the fundamental geometry of the device (rotor radius, number

of magnets, etc.) and creates a lumped parameter model of the machine. The main

difference between this and the wind turbine models above was the lack of a necessity

for a design specification.

The methodology will not be covered in detail here as it forms the foundation of the

generator model for this work, so is discussed as part of the methodology – in § II.2.
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II.1.3 In summary

Whilst there has been some examination of ccd of ptos for wecs in the literature,

there has yet to be anything to the fidelity of that seen in the other fields. So this

model will combine the pmsg model from Cassimere [12] and the wec drive train

modelling from [3, 4, 5, 6] to investigate if the application of a higher fidelity model

shows significant changes between different wec floaters and locations.

Cassimere’s motor model is chosen over the generator models, as it is found to be

more adaptable: the wind turbine generator models tend to require a specification for

the generator. The motor model on the other hand does not have those requirements,

as is shown in page II, this gives it the potential of finding that a slightly smaller, less

powerful generator is better economically.
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Chapter II.2

Modelling Power Take-off Systems for Wave Energy

Converters

This chapter details the theory of a model for a power take-off (pto) system designed

for a wave energy converter (wec). As part of the wider pto model, there is a lumped

parameter model of a permanent magnet synchronous generator (pmsg): the model

can be seen as a function that takes in inputs of the generator’s geometry; and outputs

the impedance, resistance, moment of inertia, and torque constant of the generator.

This work mostly builds upon work by Cassimere [12], and Krause et al. [13].

The pmsg model is then included as part of a wider pto drive train model, based

upon works by Grasberger [3], Michelén Ströfer et al. [4], Michelén Ströfer et al. [5]

and Grasberger et al. [6] for connecting the mechanical and electrical components, but

in this work it is applied to a different drive train: a rack-and-pinion connecting the

floater and pmsg.

At the outset it is important to note the pmsg model is a simplified model, but

this is required for operation within a genetic algorithm where the pmsg model is

run hundreds of thousands of times for a single algorithm run. So, in the interest of

computational speed: structural, and thermal issues are not accounted for; and several

loss mechanisms are neglected [14]. However, the model has been validated against

hardware measurements by Cassimere in [12].

This section is laid out as follows: § II.2.1, and § II.2.2 define the physical design of

the pmsg, namely the geometry and stator windings, respectively. Then § II.2.3 analy-

ses the magnetic fields within the device. Using the physical, and magnetic definitions,

§ II.2.4, § II.2.5, § II.2.7, and § II.2.6 finds the inductance, winding resistance, moment

of inertia, and generator constants, respectively. Finally, these properties are used in

the drive train model in § II.2.8 to create an electrical power map of the pto: taking

inputs of force and velocity, and giving an output of the electrical power.

II.2.1 Geometry of a permanent magnet synchronous generator

The geometry of the pmsg is separated into three parts based of the dimensions:

Lengths and angles in § II.2.1.1; Areas and volumes in § II.2.1.2; and a rectangular

approximation of a slot in § II.2.1.3.
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Figure II.2.1: Cross-sectional view of a permanent magnet synchronous generator
showing key dimensions of the device. (Adapted from [12])

II.2.1.1 Lengths and angles

Shown in Figure II.2.1 is a collection of radii, rxx, and depths, dxx of the different

components of a pmsg. The radii are as follows: rhc is the radius of the hollow core;

rri is the radius to the outer edge of the rotor iron; rpm is the radius to the outer edge

of the permanent magnets; rag is the radius the outer edge of the air gap; rst is the

radius to the outer edge of the stator teeth; and rsb is the radius to the outer edge of

the stator backiron. The depths can be found from the radii, where

dri = rri − rhc, (II.2.1)

is the depth of the rotor iron;

dpm = rpm − rri, (II.2.2)

is the depth of the permanent magnets;

dag = rag − rpm, (II.2.3)

is the depth of the air gap;

dst = rst − rag, (II.2.4)
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Figure II.2.2: Detailed view
of a stator tooth showing the
important widths and depths.
Curvatures are exaggerated.
(Adapted from [12])
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Figure II.2.3: Detailed view of the stator teeth showing the important radii and angles.
Curvatures are exaggerated. (Adapted from [12])

is the depth of the stator teeth; and finally,

dsb = rsb − rst, (II.2.5)

is the depth of the stator backiron.

Figure II.2.2 gives a detailed view of tooth dimensions, these are as follows: dtt is

the depth of the tooth tip;

rtt = rag + dtt, (II.2.6)

is the outer radius of the tooth tip; θtt is the angle subtended by the tooth tip; wtb is

the width and the tooth base; and

dtb = dst − dtt, (II.2.7)
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II.2.1. Geometry of a permanent magnet synchronous generator

is the depth of the tooth base.

Figure II.2.3 gives a more detailed view of the slot dimensions.

θtb,i = 2arctan

(
wtb

2rtt

)
, (II.2.8)

is the angle subtended by the tooth at innermost point of the tooth base, and

θtb,o = 2arctan

(
wtb

2rst

)
, (II.2.9)

is the angle subtended by the tooth at the outermost point; these are different due to

the tooth base having a constant width, therefore having a different angular span at

different radii.

θbtt =
2π

Nst
− θtt, (II.2.10)

the angle subtended between adjacent tooth tips, where Nst is the number of stator

teeth (or slots).

There are some other important quantities for describing a pmsg that have not

been described so far. These are: the proportion of the permanent magnet region using

magnetic material, αpm ∈ [0, 1]; and the axial length of the generator (the length into

the page), lg.

II.2.1.2 Areas and volumes

The cross-sectional area of the rotor iron, and permanent magnets is given as:

Ari = π
(
r2ri − r2hc

)
, (II.2.11)

Apm = π
(
r2pm − r2ri

)
αpm; (II.2.12)

their respective volumes are then

Vri = Arilg, (II.2.13)

Vpm = Apmlg. (II.2.14)

Similarly, the cross-sectional area of the stator backiron and the stator slot-teeth

region are:

Asb = π
(
r2sb − r2st

)
, (II.2.15)

Aslst = π
(
r2st − r2ag

)
; (II.2.16)

and their respective volumes are

Vsb = Asblg, (II.2.17)

Vslst = Aslstlg. (II.2.18)
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The area of a single stator tooth can be found by seperating the total area into two

separate regions: Att, and Atb – shown in Figure II.2.2 – the value of these arei

Att =
θtt
2
(r2tt − r2ag), (II.2.19)

Atb = wtbdtb; (II.2.20)

the total area of a single stator tooth is then

Ast,single = Att +Atb. (II.2.21)

The volume of a single stator tooth can then be found by

Vst,single = Ast,singlelg. (II.2.22)

This can then give the area and volume of all the stator teeth through multiplication

by Nst:

Ast = Ast,singleNst; (II.2.23)

Vst = Vst,singleNst. (II.2.24)

The areas and volumes of all slots and a single slot are then simply

Asl = Aslst −Ast, (II.2.25)

Vsl = Vslst − Vst, (II.2.26)

Asl,single =
Asl

Nst
, (II.2.27)

Vsl,single =
Vsl
Nst

, (II.2.28)

II.2.1.3 Rectangular approximation of a slot

In the calculations of the inductance, it is useful to have a rectangular approximation

of the stator slots; this subsection derives that approximation. For clarity, all variables

that utilise the rectangular approximation will have a ‘,r’ appended to their subscript.

Figure II.2.4 shows the rectangular approximation of the slot dimensions. In

this approximation, the depth of the tooth tip and width of the tooth base remain

unchanged. The width of the tooth tip and the gap between tooth tips is chosen to be

iDescribing the tooth base as a rectangle is not entirely correct. At the interfaces with the tooth
tip, this introduces gaps between the base and tip at the edges of the base. Conversely, at the interface
with the backiron, there is an overlap at the edges of the base where the base would intersect with the
backiron. However, the errors mostly counteract each other, leaving minimal error.
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Figure II.2.4: Rectangular approximation of the stator slot dimensions. (Adapted
from [12])

the length of the arc at a distance halfway through the depth of the tooth tip:

wtt,r =

(
rag +

dtt
2

)
θtt, (II.2.29)

wbtt,r =

(
rag +

dtt
2

)
θbtt. (II.2.30)

The width of the slot is taken to be the mean of the widths and the inner- and outer-

most points:

wsl,r =
wsl,i + wsl,o

2
, (II.2.31)

where the chords at the inner- and outer-most point of the slot are found by

wsl,i = rtt

(
2π

Nst
− θtb,i

)
, (II.2.32)

wsl,o = rst

(
2π

Nst
− θtb,o

)
. (II.2.33)

The distance between the centres of adjacent teeth is

wbt,r = wsl,r + wtb. (II.2.34)

The depth of the tooth base is chosen to preserve the total area of a slot:

dtb,r =
Asl,single

wsl,r
. (II.2.35)

Finally, the total depth of a tooth is:

dst,r = dtb,r + dtt. (II.2.36)

The final length in Figure II.2.4 is dw,r, this is the depth of the windings within

the slot; this requires knowledge of the stator windings, so it is defined in § II.2.2.4.
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II.2.2 Stator windings

This subsection discusses how the windings for the machine are formulated. Firstly,

equations are found for a discretised number of conductors, both within the slots – in

§ II.2.2.1 – and between the slots – in § II.2.2.2. Then a continuous function for the

number of turns is found in § II.2.2.3. Finally, the conductor area is found in § II.2.2.4.

II.2.2.1 Slot turns

Before finding the discrete number of windings located in each slot, it is first useful to

define a continuous stator winding function for the conductor density: the number of

conductors per unit angle as a function of position. The continuous density function is

defined as

c⃗abc(ϕ) =

ca(ϕ)cb(ϕ)

cc(ϕ)

 =


N †

cd sin
(
Nppϕ

)
N †

cd sin

(
Nppϕ− 2π

3

)
N †

cd sin

(
Nppϕ− 4π

3

)
 , (II.2.37)

where ca(ϕ), cb(ϕ), and ca(ϕ) are the conductor densities for each of the a-, b-, and

c-phases respectively; Npp is the number of pole pairs; ϕ is the angular position in the

stator; and N †
cd is the desired amplitude of the conductor density.

The discrete number of conductors in a slot can then be found via integrating the

function between the centres of adjacent stator teeth:

C⃗abc(j) =

Ca(j)

Cb(j)

Cc(j)

 = round

[ ∫ ϕsl(j)+π/Nst

ϕsl(j)−π/Nst

c⃗abc(ϕ) dϕ

]
, (II.2.38)

where round[ · ] is a function which rounds the argument to the nearest integer; ϕsl(j)

is the angular position of the centre of slot j given by

ϕsl(j) =
2π(j − 1)

Nst
. (II.2.39)

Evaluating Equation (II.2.38) for each of the phases gives

Ca(j) = round

[
2N †

cd

Npp
sin

(
Nppϕsl(j)

)
sin

(
Npp

Nst
π

)]
, (II.2.40)

Cb(j) = round

[
2N †

cd

Npp
sin

(
Nppϕsl(j)−

2π

3

)
sin

(
Npp

Nst
π

)]
, (II.2.41)

Cc(j) = round

[
2N †

cd

Npp
sin

(
Nppϕsl(j)−

4π

3

)
sin

(
Npp

Nst
π

)]
. (II.2.42)
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These equations can provide positive and negative results: a positive value represents

turns coming out of the page, and a negative value represents a turn going into the

page. Therefore, the total number of turns in slot j can be found by summing the

magnitude of each phases contribution in that slot:

Ctot(j) = |Ca(j)|+ |Cb(j)|+ |Cc(j)| . (II.2.43)

Due to the rounding in the evaluation of C⃗abc(j), the true value of Ncd is different

from the desired value; the true value can be estimated via Fourier analysis. Taking a

generic equation of the form

y = a1 sin(ωt), (II.2.44)

where the coefficient a1 can be found via [15]

a1 =
2

T

∫ T

0
y(t) sin(ωt) dt, (II.2.45)

where T is an integer multiple of the period of the fundamental. From comparison with

Equation (II.2.40), it is found thatii

Ncd ≈ Npp

2 sin

(
Npp

Nst
π

) 2π

Nst

Nst∑
i=1

Ca(i) sin(Nppϕsl(i)); (II.2.46)

noting that [16] ∫ T

0
y(t) dt ≈ T

N

N∑
i=1

Y (i), (II.2.47)

where Y (i) is the discretised formulation of y(t), and assuming that there are N points

in the discretisation, and that they are equally spaced.

II.2.2.2 End turns

The number of end turns between slots j − 1 and j is defined as

K⃗abc(j) =

Ka(j)

Kb(j)

Kc(j)

 = K⃗abc(j − 1) + C⃗abc(j − 1), (II.2.48)

where Ka, Kb, and Kc are the number of end turns associated with the a-, b-, and

c-phase respectively. A positive value of one of the components of K⃗abc(j) represents

turns in an anticlockwise direction, as viewed from the front of the machine; this is

shown diagrammatically in Figure II.2.5.

iiSimilar equations can be found using Cb and Cc; they should all yield the same value.
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K⃗abc(4) K⃗abc(3) K⃗abc(2)
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Figure II.2.5: Radial view of the uncurled stator slot-tooth region of a permanent
magnet synchronous machine to show the end turns. Arrows show the direction of a
positive value. (Adapted from [17])

Equation II.2.48 can be rewritten as the sum of contributions of many teeth from

a reference point, say tooth Nst:

K⃗abc(j) = K⃗abc(Nst) +

j∑
k=1

C⃗abc(k); (II.2.49)

to get a general form, a value for K⃗abc(Nst) needs to be found. By restricting the

number of stator teeth to

Nst = 6kNpp, (II.2.50)

where k is an integer value – the factor of six comes from a factor of two and a factor

of three, to have at least one tooth per pole per phase to ensure the phases are bal-

anced [8].iii K⃗abc(Nst) is now findable by considering the symmetry of the pmsg. The

number of slot turns and end turns are odd-half wave symmetric over the number of

slots corresponding to a pole:

C⃗abc

(
j +

Nst

2Npp

)
= −C⃗abc(j), (II.2.51)

K⃗abc

(
j +

Nst

2Npp

)
= −K⃗abc(j). (II.2.52)

By inputting Equation (II.2.52) into (II.2.49) with j = Nst +Nst/2Npp, one can find

K⃗abc(Nst) = −1

2

Nst/2Npp∑
j=1

C⃗abc(j), (II.2.53)

giving

K⃗abc(i) =
i∑

j=1

C⃗abc(j)−
1

2

Nst/2Npp∑
k=1

C⃗abc(k), (II.2.54)

iiiIt should be noted that it is possible to create a pmsg that does not adhere to this condition, but
the vast majority of pmsgs do [17].
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which is the desired relationship: an equation for the number of end turns independent

of the number of end turns between any other pair of slots.

Finally, the total number of end turns between slots j − 1 and j is simply

Ktot(j) = |Ka(j)|+ |Kb(j)|+ |Kc(j)| . (II.2.55)

II.2.2.3 Continuous winding function

So far, the conductors have been described in relation to the physical slots of the

generator; however, to calculate the inductances it is beneficial to have a continuous

description of the conductors as a function of angular position. The continuous winding

function defines the effective number of turns linking the magnetic flux at an angular

position.

Let W⃗abc be the vector of the winding functions for each phase such that

W⃗abc(ϕ) =

Wa(ϕ)

Wb(ϕ)

Wc(ϕ)

 , (II.2.56)

where Wa(ϕ), Wb(ϕ), and Wc(ϕ) are the winding functions associated with the a-, b-,

and c-phase respectively. Taking a small change in the angle, ∆ϕ, one finds

W⃗abc(ϕ+∆ϕ) = W⃗abc(ϕ) + c⃗abc(ϕ)∆ϕ; (II.2.57)

and in the limit ∆ϕ→ 0,

dW⃗abc(ϕ)

dϕ
= −c⃗abc(ϕ); (II.2.58)

thus

W⃗abc(ϕ) = −
∫ ϕ

0
c⃗abc(ϕ) dϕ+ W⃗abc(0). (II.2.59)

To find W⃗abc(0), the same symmetry constraint on the discretised slot turns is used,

Equation (II.2.51), such that

W⃗abc

(
ϕ+

π

Npp

)
= −W⃗abc(ϕ), (II.2.60)

and by setting ϕ = π/Npp in Equation (II.2.59) one finds

W⃗abc(0) =
1

2

∫ π/Npp

0
c⃗(ϕ) dϕ; (II.2.61)

finally, substituting this into Equation (II.2.59) gives

W⃗abc(ϕ) =
1

2

∫ π/Npp

0
c⃗(ϕ) dϕ−

∫ ϕ

0
c⃗(ϕ) dϕ. (II.2.62)
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Evaluating for each of the phases results in

Wa(ϕ) =
Ncd

Npp
cos(Nppϕ), (II.2.63)

Wb(ϕ) =
Ncd

Npp
cos

(
Nppϕ− 2π

3

)
, (II.2.64)

Wc(ϕ) =
Ncd

Npp
cos

(
Nppϕ− 4π

3

)
. (II.2.65)

II.2.2.4 Winding area

The final objective of this section is to calculate the area taken up by the windings.

Taking the area of a single turn of the windings to be Aw,single, the total area taken by

the windings is

Aw =
Aw,singlemax[Ctot(i)]

αpf
(II.2.66)

where αpf ∈ [0, 1] is the packing factor, and max[ · ] is a function that returns the

maximum element of the argument. The maximum value of Ctot is used because there

can be slight variations in the number of turns on each slot; however, it should be noted

that variations are minor. Using the winding area, the depth of the windings – in the

rectangular approximation of the slot – can be found via:

dw,r =
Aw

wsl,r
, (II.2.67)

II.2.3 Magnetic field analysis

This subsection describes how the magnetic field moves throughout the generator, for

later use in § II.2.4 to find the inductance of the generator. Figure II.2.6 shows the

relationship between the abc reference frame for the phases, and the qd0 reference

frame. In here, ϕfa,m and ϕfq,m are the mechanical angles from the a- and q-axis

respectively; they are related to their electrical counterparts via

ϕfa,e = Nppϕfa,m, (II.2.68)

ϕfq,e = Nppϕfq,m. (II.2.69)

Similarly ϕr,m is the mechanical rotor position, which is related to the electrical rotor

position via

ϕr,e = Nppϕr,m. (II.2.70)

For the magnetic field analysis, it is assumed that the magnetomotive force (mmf)

drops across the steel portions of the machine are negligible; due to the relative per-

meability of the permanent magnets being very small compared to the steel, the mmf

drop over the permanent magnet will dominate the drop over the steel [14].
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Figure II.2.6: Cross-sectional view of a permanent magnet synchronous generator,
showing the axis and angles used in the calculation of the generator’s inductance. The
red dot-dashed line shows the path of the integral for Equation (II.2.84). (Adapted
from [12])

The subsection is separated into two parts: § II.2.3.1 which derives an equation for

the radial component of the flux density in the region containing the permanent magnets

and airgap; and § II.2.3.2 which derives equations for the flux density in different parts

of the steel.

II.2.3.1 The radial component of flux density

Consider a small angular section of the machine of size ∆ϕ; at radii r = r1 and r = r2,

with r1, r2 ∈ (rri, rag). The flux going through these surfaces is

Φ1 = B(r1, ϕ)lgr1∆ϕ, (II.2.71)

Φ2 = B(r2, ϕ)lgr2∆ϕ; (II.2.72)

where B(r, ϕ) is the equation of the magnetic flux density at that point.

It is assumed that (near the permanent magnet interface) the magnetic field is

purely radial; this means that, from Gauss’ law, the flux going through each surface
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Figure II.2.7: Magnetisation in the permanent magnet region. Top plot shows the
position on the pole pair within the radial interval. Middle plot shows the flux density.
Bottom plot shows the permeability in this region.

must be equal, Φ1 = Φ2. Using this fact, and setting r1 = r and r2 = rri, one can find

B(r, ϕ) = rri
r
B(rri, ϕ), (II.2.73)

it is important to note that this loses accuracy when r < rri, as the field takes on a

significant tangential component; and when r > rag due to effects from the slots [12].

Magnetism in the permanent magnet region: The pmsg includes a series of

magnets, alternating in polarity, placed around the edge of the rotor, with spacers in

between (in this case, air gaps); one pair of magnets is shown in Figure II.2.7 (top).

Due to the alternating polarity of the magnets, the magnetic flux density in this region

is given by

Bpmr(ϕ) = µpmr(ϕ)H(ϕ) + Bres(ϕ), (II.2.74)
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which is shown in Figure II.2.7 (middle). H(ϕ) is the magnetic field strength; and

µpmr(ϕ) is the permeability of the permanent magnet region, this is shown in Fig-

ure II.2.7 (bottom).

The mmf drop over the permanent magnet region (the annular region of the pmsg

where rri < r < rpm) is found via

Fpmr(ϕ) =

∫ rpm

rri

H(r, ϕ)dr, (II.2.75)

using this with Equations (II.2.73) and (II.2.74), one finds

Fpmr(ϕ) = Rpmr(ϕ)B(rri, ϕ)−Fpm(ϕ), (II.2.76)

where Rpmr(ϕ) is a reluctance area (with units of m2/H) of the permanent magnet

region; this can take on two values depending on whether the region contains a magnet,

Rpm =
rri
µpm

ln

(
1 +

dpm
rri

)
; (II.2.77)

or a spacer,

Rsp =
rri
µsp

ln

(
1 +

dpm
rri

)
. (II.2.78)

µpm and µsp are the permeabilities of the permanent magnet and spacer respectively.

Fpm(ϕ) is the mmf from the permanent magnet:

Fpm(ϕ) =
dpm
µpm

Bres(ϕ). (II.2.79)

Magnetism in the air gap: Finding the flux density in the air gap follows a similar

process to that of the permanent magnet region, however it is a simpler case given there

is no mmf source. The magnetic flux density of this region is

Bag(r, ϕ) = µ0H(r, ϕ), (II.2.80)

and the mmf drop over this region is found via

Fag(ϕ) =

∫ rag

rpm

H(r, ϕ)dr, (II.2.81)

substituting in Equations (II.2.73) and (II.2.80), and evaluating yields

Fag(ϕ) = RagB(rri, ϕ); (II.2.82)

where

Rag =
rri
µ0

ln

(
1 +

dag
rpm

)
(II.2.83)

is the reluctance area of the air gap.
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Finding the radial flux density: In Figure II.2.6, the red dash-dotted line

shows a path through the generator. Applying Ampere’s law to this path – in a counter

clockwise direction – gives

Fpmr(0) + Fag(0)−Fag(ϕfa,m)−Fpmr(ϕfa,m) = ienc(ϕfa,m), (II.2.84)

where ienc(ϕfa,m) is the current enclosed by the path, and ϕfa,m is the mechanical angle

from the a-axis. The enclosed current is found via

ienc(ϕfa,m) =

∫ ϕfa,m

0
c⃗(ϕ).⃗iabc(ϕ) dϕ, (II.2.85)

where i⃗abc is the vector of the currents of the a-, b-, and c-phase respectively; it will be

assumed to be of form

i⃗abc(ϕr) =

iaib
ic

 =


ipeak cos(ϕr,e + ϕa)

ipeak cos(ϕr,e + ϕa −
2π

3
)

ipeak cos(ϕr,e + ϕa −
4π

3
)

 (II.2.86)

where ipeak is the peak magnitude of the phase current; and ϕa is the phase of the

a-phase current. Evaluating Equation (II.2.85) gives

ienc = Fi(0)−Fi(ϕfa,m), (II.2.87)

where

Fi(ϕ) =
3Ncdipeak
2Npp

cos (Nppϕ− ϕr,e − ϕa) . (II.2.88)

Substituting Equations (II.2.76), (II.2.82), and (II.2.87) into Equation (II.2.84)

and solving for B(rri, ϕfa,m) gives

B(rri, ϕfa,m) =

Fpm(ϕfa,m)−Fpm(0) + Fi(ϕfa,m)−Fi(0) + (Rpmr(0) +Rag)B(rri, 0)
Rpmr(ϕfa,m) +Rg

.
(II.2.89)

All that remains is a solution for B(rri, 0): it is found by considering the symmetry

of the field. From observation of Figure II.2.7 (middle and bottom), one can see that

Bres

(
ϕ+

π

Npp

)
= −Bres(ϕ), (II.2.90)

meaning the flux density is odd-half wave symmetric; and

µpmr

(
ϕ+

π

Npp

)
= µpmr(ϕ), (II.2.91)
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meaning the permeability is half wave symmetric. Therefore,

Rpmr

(
ϕ+

π

Npp

)
= Rpmr(ϕ). (II.2.92)

Combining with Equation (II.2.76) gives

Fpmr

(
ϕ+

π

Npp

)
= −Fpmr(ϕ). (II.2.93)

From observation of Equation (II.2.88), since the cosine function is odd half wave

symmetric, Fi must be as well:

Fi

(
ϕ+

π

Npp

)
= −Fi(ϕ). (II.2.94)

Lastly, it is assumed that the flux density is opposite in sign at diametrically opposed

electrical positions, such that

B
(
rri, ϕ+

π

Npp

)
= −B(rri, ϕ). (II.2.95)

Substituting all of these, and setting ϕfa,m = π/Npp gives

B(rri, 0) =
Fpm(0) + Fi(0)

Rpmr(0) +Rag
; (II.2.96)

and substituting this into Equation (II.2.89) gives

B(rri, ϕfa,m) =
Fpm(ϕfa,m) + Fi(ϕfa,m)

Rpmr(ϕfa,m) +Rag
. (II.2.97)

Finally, with substitution into Equation (II.2.73), one finds

B(r, ϕ) = rri
r

Fpm(ϕ) + Fi(ϕ)

Rpmr(ϕ) +Rag
, (II.2.98)

which is the general equation of the magnetic flux density in the radial direction, in

the domain r ∈ (rri, rag).

– 82 –



II.2.3. Magnetic field analysis

II.2.3.2 Ferromagnetic field analysis

This subsection derives equations for the flux density within the stator tooth base and

in the rotor iron.

Stator tooth base: Because stator slots do not conduct magnetic flux well, the

flux converges into the stator teeth within the slot-tooth region; this causes a high flux

density within the teeth. Consequently, the total amount of flux within tooth i is

Φst(i) = wtblgBtb(i), (II.2.99)

where Btb(i) is the flux density in the base of tooth i.

The flux in a span from the centre of one slot to the centre of the next is given as

Φsl(i) = rrilg

∫ ϕst(i)+π/Nst

ϕst(i)−π/Nst

B(rri, ϕ) dϕ, (II.2.100)

where

ϕst(i) =
2π(i− 1)

Nst
(II.2.101)

is the angular position of the centre of tooth i.

Assuming that all of the flux from the span enters the tooth, Equations (II.2.99)

and (II.2.100) can be equated, and rearranged for the flux density in the tooth base:

Btb(i) =
rri
wtb

∫ ϕst(i)+π/Nst

ϕst(i)−π/Nst

B(rri, ϕ) dϕ. (II.2.102)

Rotor iron: For the rotor iron, depending on the current situation and design, the

maximum flux density can be at any of a number of points [12]. These points are, for

a rotor position ϕfq,e = 0: the point just beyond the boundary of a magnet,

Bri(1) =
1

Rsp +Rag

(
3Ncdipeak
2Npp

cos

(
(1− αpm)π

Npp

))
; (II.2.103)

the point just within the permanent magnet,

Bri(2) =
1

Rpm +Rag

(
dpmBres

µpm
+

3Ncdipeak
2Npp

cos

(
(1− αpm)π

Npp

))
; (II.2.104)

the point just within the permanent magnet on the other side,

Bri(3) =
1

Rpm +Rag

(
dpmBres

µpm
+

3Ncdipeak
2Npp

cos

(
αpmπ

Npp

))
; (II.2.105)

the point just beyond the permanent magnet on the other side,

Bri(4) =
1

Rsp +Rag

(
3Ncdipeak
2Npp

cos

(
αpmπ

Npp

))
; (II.2.106)
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4 3 2 1

Figure II.2.8: The points at which the rotor flux density is evaluated. The positions
of the points are not to scale; in reality the points are infinitesimally inside or outside
of the magnet.

and the point of peak stator mmf,

Bri(5) =
1

Rpmr(ϕa/Npp) +Rag

(
Bres(ϕa/Npp) +

3Ncdipeak
2Npp

)
. (II.2.107)

The first four points are shown in Figure II.2.8; the fifth is not shown because it

can appear anywhere depending on the present phase shift. Due to only the magnitude

of the flux density being important, only one pole of magnet needs to be considered.

II.2.4 Inductance

The inductance of the pmsg is found from consideration of the paths of permeance

through the generator. These paths can be split into two categories: magnetising

inductance and leakage inductance. The distinction between magnetising and leakage

inductance can differ depending on the source; this work follows the definition from

Krause et al. [17] in that magnetising inductance is that associated with the flux crossing

the air gap, and leakage is associated with the flux that does not.

The equations of the inductance in qd0 variables are

Lq = Lqm + Lls, (II.2.108)

Ld = Ldm + Lls, (II.2.109)

L0 = Lls + 3Llm, (II.2.110)

where Lqm and Ldm are the magnetising inductances in the q- and d- axis respectively.

They are derived in § II.2.4.1.
Lls = Llp − Llm (II.2.111)

where Llp and Llm are the self- and mutual-leakage inductances. They are derived

in § II.2.4.2.
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II.2.4.1 Magnetising inductance

The magnetising inductances in the q- and d-axis are found via

Lqm =
λqm
iq

, (II.2.112)

Ldm =
λdm
id

, (II.2.113)

where λqm and λdm are the magnetising flux linkages in the q- and d-axis respectively;

and iq, id are the q- and d-axis currents respectively.

The flux linkage in abc variables is given as

λ⃗abc =

λaλb
λc

 = λ⃗m,abc + λ⃗l,abc, (II.2.114)

where λ⃗ is a vector of flux linkages for the a-, b-, and c-phases; similarly, λ⃗m,abc, and

λ⃗l,abc are vectors for the magnetising and leakage flux linkages, respectively.

The magnetising flux linkages are given by

λ⃗m,abc = lgrag

∫ 2π

0
B(rag, ϕfa,m)W⃗abc(ϕfa,m) dϕfa,m. (II.2.115)

where ϕfa,m is the angle measured from the a-axis.

However, given that both B(rag, ϕ), and W⃗abc(ϕ) are periodic over 2π/Npp and odd

half wave symmetric (see § II.2.3.1 and § II.2.2.3, respectively) the magnetising flux

linkages can be rewritten as (with a change of variable to ϕfq,e)

λ⃗m,abc = 2lgrag

∫ π

0
B
(
rag,

ϕfq,e
Npp

+ ϕr,m

)
W⃗abc

(
ϕfq,e
Npp

+ ϕr,m

)
dϕfq,e, (II.2.116)

where

ϕfa,m =
ϕfq,e
Npp

+ ϕr,m. (II.2.117)

Due to the symmetries of the function, the bounds of the integral can be shifted

without affecting the value – as long as they span an angle of π. By shifting the limits

by −(1− αpm)π/2 the integral can be split into a region consisting of just spacer, and

a region of just magnet:

λ⃗m,abc =2lgrag

∫ (1−αpm)π/2

−(1−αpm)π/2
Bsp

(
rag,

ϕfq,e
Npp

+ ϕr,m

)
W⃗abc

(
ϕfq,e
Npp

+ ϕr,m

)
dϕfq,e

+ 2lgrag

∫ π−(1−αpm)π/2

(1−αpm)π/2
Bpm

(
rag,

ϕfq,e
Npp

+ ϕr,m

)
W⃗abc

(
ϕfq,e
Npp

+ ϕr,m

)
dϕfq,e,

(II.2.118)
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where Bsp(rag, ϕ) and Bpm(rag, ϕ) are the flux densities in the spacer and permanent

magnet respectively; they are given by

Bsp(rag, ϕ) =
rri
rag

Fi(ϕ)

Rsp +Rag
, (II.2.119)

Bpm(rag, ϕ) =
rri
rag

Fpm(ϕ) + Fi(ϕ)

Rpm +Rag
. (II.2.120)

From rewriting Equation (II.2.88), one can express the stator mmf as

Fi

(
ϕfq,e
Npp

+ ϕr,m

)
=

√
3

2

Ncd

Npp

(
iq sin(ϕfq,e) + id cos(ϕfq,e)

)
, (II.2.121)

where iq, and id are the currents in the q- and d-axis respectively. They are found via

the length invariant a-phase to q-axis alignment Park transformation:

Kp(θ) =
2

3


cos(θ) cos

(
θ − 2π

3

)
cos

(
θ − 4π

3

)
sin(θ) sin

(
θ − 2π

3

)
sin

(
θ − 4π

3

)
1

2

1

2

1

2

 ; (II.2.122)

The current in qd0 variables can therefore be found to be

i⃗qd0 =

iqid
i0

 = Kp(ϕr)⃗iabc(ϕr) =

√
3

2
ipeak

cos(ϕa)sin(ϕa)

0

 . (II.2.123)

Similarly, the winding function transformed into qd0 variables is

W⃗qd0

(
ϕfq,e
Npp

+ ϕr,m

)
=

Wq

Wd

W0

 = Kp(ϕr)W⃗abc

(
ϕfq,e
Npp

+ ϕr,m

)
=
N∗

c1

Npp

 cos(ϕfq,e)

− sin(ϕfq,e)

0

 .
(II.2.124)

Solving the integral of the magnetic flux linkages, Equation (II.2.118), in qd0

variables, gives

λ⃗m,qd0 =

λm,q

λm,d

λm,0

 =

 Lm,qiq

Lm,did + λm

0

 , (II.2.125)

where Lm,q and Lm,d are the magnetising inductances in the q- and d-axis respectively,

given by

Lm,q =
3

2
lgrri

N2
cd

N2
pp

[
(1− αpm)π + sin(αpm)

Rsp +Rag
+
αpmπ − sin(αpm)

Rpm +Rag

]
, (II.2.126)

Lm,d =
3

2
lgrri

N2
cd

N2
pp

[
(1− αpm)π − sin(αpm)

Rsp +Rag
+
αpmπ + sin(αpm)

Rpm +Rag

]
, (II.2.127)
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and λm is the magnetic flux linkage from the permanent magnets:

λm =
4rrilgNc1

Npp(Rpm +Rag)

dpm
µpm

Bres sin

(
αpmπ

2

)
. (II.2.128)

Some of the magnetic flux leaks beyond the ends of the pmsg. Therefore from a

magnetic viewpoint, the generator is longer than it is physically. The remainder of the

subsection derives the axially-compensated length – given in Equation (II.2.152) – by

considering the permeance paths beyond the end of the pmsg. The axially-compensated

length can be simply inputted into Equations (II.2.126) and (II.2.127) in place of lg.

Note that it is not required in the equation of the magnetic flux linkage [14].

Permeance beyond the end of the generator: The majority of the flux passes

directly between the rotor and stator. However there is a component that travels

around the ends of the generator, effectively extending its length [12]; these paths are

shown on a two-dimensional cross section in Figure II.2.9 and in three-dimensions

in Figure II.2.10. Figure II.2.9 shows the four regions that the flux paths can be

separated into; end flux paths will cross through one of the regions – P1, P2, P3, or

P4 – in the rotor then through the same region in the stator. Figure II.2.10 shows a

three dimensional view of flux line through the centre of each of the paths. The total

permeance for the end leakage is

Pend = 2(P1 + P2 + P3 + P4), (II.2.129)

where the factor of two accounts for both ends of the pmsg.

The paths can be combined into two similar pairs due to the shape of their magnetic

field path: P1 and P2; P3 and P4. They are referred to as Pa and Pb respectively.

The Pa paths are characterised by a quarter turn coming out of the page; followed

by a straight section; then a quarter turn back into the page. In Figure II.2.11 (top),

the bounds for path P1 are shown, where the all the magnetic paths associated with

P1 must pass through. The general equation for the permeance of a path is [18]

P =
µAp

lp
, (II.2.130)

where µ is the permeability of the path; Ap is the area of the path; and lp is the

mean magnetic path length. Given this path goes through the air gap, µ = µ0, where

µ0 = 1.257× 10−6 H/m is the permeability of free space. The area and mean magnetic

path length are

Ap = wd, (II.2.131)

lp =
1

d

∫ d

0

πrrz
2

+
πrrz
2

+ g drrz =
πd

2
+ g. (II.2.132)
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Stator

Rotor

P1

P1

P2

P2

P3

P3

P4

P4

wtt,r
dag + dpm

de

wtb

wbt,r

dtb,r

dtt,r

r

ϕ
z

Figure II.2.9: Paths of permeance for the end leakage magnetic flux lines. Flux paths
will pass through one of the P regions in the rotor, and through the same region in the
stator. (Adapted from [12])

r

ϕ
z

P1

P2 P3

rrz

rϕz

P4

Figure II.2.10: Oblique projection of the four paths of permeance for the end leakage
magnetic flux lines. Radii of curvature in the rz-plane are denoted rrz, and radii of
curvature in the ϕz-plane are denoted rϕz. (Adapted from [12])
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w

dg

z

r

ϕ

w
d g

Figure II.2.11: Oblique projection of the bounds for end leakage permeance paths.
Paths shown are P1 (top, purple) and P4 (bottom, orange); all magnetic field lines
associated with these paths will pass through these bounds. The generator is cut along
the right dashed line in Figure II.2.9.

Inputting these into Equation (II.2.130) results in

Pa =
2µ0wd

πd+ 2g
, (II.2.133)

The Pb paths are characterised by a quarter turn coming out of the page; followed

by a straight radial section; then a quarter turn back into the page; finally, a quarter

turn in the ϕz plane. The bounding box of the P4 permeance path is shown in Fig-

ure II.2.11 (bottom). This has the same area as the Pa path, and a mean magnetic

path length of

lp =
1

wd

∫ w

0

∫ d

0

πrrz
2

+
πrrz
2

+ g +
πrϕz
2

drrz drϕz =
πd

2
+ g +

πw

4
, (II.2.134)

giving the permeance asiv

Pb =
4µ0wd

2πd+ 4g + πw
. (II.2.135)

ivA small error is found in Cassimere’s work [12]. Instead of computing the integral for the length
then finding the reciprocal; he found the reciprocal then integrated. It has a very minor effect on the
resulting permeance but has been corrected in this work.
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Each of the four paths have their own lengths: w, d, and g; these are as follows,

where the subscript denotes which path the length is associated with:

w1 =
wtt,r

2
, (II.2.136)

d1 = dtt,r, (II.2.137)

g1 = dag + dpm, (II.2.138)

w2 =
wtb

2
, (II.2.139)

d2 = de, (II.2.140)

g2 = dag + dpm + 2dtt,r, (II.2.141)

w3 =
(wbt,r − wtb)

2
, (II.2.142)

d3 = de, (II.2.143)

g3 = dag + dpm + 2dtt,r, (II.2.144)

w4 =
(wbt,r − wtt,r)

2
, (II.2.145)

d4 = dtt,r, (II.2.146)

g4 = dag + dpm, (II.2.147)

where

de =

√(
leo +

lew
2

)2

+

(
dst,r − dtt,r −

dew
2

)2

, (II.2.148)

is the maximum distance the flux can travel without passing through the centre of the

end winding bundle; this is shown in Figure II.2.12.

The axially-compensated length: Considering a segment of the generator from

the centre of one tooth to the centre of the next, the permeance is

Pseg =
µ0wseglg
dag + dpm

+ 2Pend, (II.2.149)

where

wseg =
π(rri + rag)

Nst
. (II.2.150)

However, the permeance can also be written in the more general form of

Pseg =
µ0wseglg,ac
dag + dpm

, (II.2.151)

where lg,ac is the axially-compensated length. By equating Equations (II.2.149)

and (II.2.151) and solving for lg,ac, one finds

lg,ac = lg +
2(dag + dpm)

µ0wseg
Pend, (II.2.152)
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Magnetic field line

de

dst,r

dtt,r

leo
dew

lew

Shaft

r

z
ϕ

Figure II.2.12: Radial view of a permanent magnet synchronous machine. Showing
the required dimensions to calculate the distance to the centre of the end winding
bundle, de. (Adapted from [12])

which replaces lg in the equations of magnetising inductance – Equations (II.2.127)

and (II.2.126).

II.2.4.2 Leakage Inductance

As mentioned at the start of § II.2.4, the leakage inductance is associated with the flux

that does not cross the air gap; it can be further broken down into two components [19]:

the self-inductance,

Llp = Psl

Nst∑
i=1

Ca(i)
2 + Pel

Nst∑
i=1

Ka(i)
2, (II.2.153)

which is the inductance caused by a phase, interacting with itself; and the mutual-

inductance,

Llm = Psl

Nst∑
i=1

Ca(i)Cb(i) + Pel

Nst∑
i=1

Ka(i)Kb(i), (II.2.154)

which is the inductance caused by a phase, interacting with another phase. Psl and Pel

are the leakage permeances in the slots, and in the end turn region; they are derived in

turn

Slot Leakage Permeance: Rather than pathing between the rotor and stator as

desired, some of the flux will path between adjacent stator teeth; these paths are

categorised into two groups: P5, P6, P7, and P8, which are contained within the

generator, and shown in Figure II.2.13; P9, P10, and P11, which pass beyond the

ends of the generator, shown in Figure II.2.14.

– 91 –



II.2.4. Inductance

P8

P7

P6

P5

r

ϕ
z

yr

xr
zr

Figure II.2.13: Slot leakage permeance. (Adapted from [12])

Starting with the first group: path P5 contains all the flux that travels into the air

gap but returns to a neighbouring tooth, rather than into the rotor; path P6 contains

the flux that travels between adjacent tooth tips; path P7 contains the flux that travels

within the slot, but above the conductors; finally, path P8 contains the flux that travels

within the slot and through the conductors.

Paths P5, P6, and P7 are derived using the same methodology for the end permeance

in § ??; using this, it can be found thatv

P5 =
µ0lg(dag + dpm)

wbtt,r + wtt,r
; (II.2.155)

P6 =
µ0lgdtt,r
wbtt,r

; (II.2.156)

P7 =
µ0lg(dtb,r − dw,r)

wsl,r
. (II.2.157)

Path P8 is more complicated, due to it travelling through the conductors, and not

all the flux will link the entire conductor; for this, an energy analysis approach is used.

Assume there was a single conductor running through the slot, with a current i flowing

through it, such that this singular conductor can produce the same mmf as true number

of conductors, from all of the phases. The energy stored by the inductance of the slot

is

E =
1

2
Li2, (II.2.158)

and since the effective turns is one, this is equivalent to

E =
1

2
Pi2, (II.2.159)

vNote that for path P5, this ignores the radial component of the path, however the component is
small should not have a significant effect of the result [12].
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since P = L/N2, where N is the number of turns [20]; rearranging gives

P =
2E

i2
. (II.2.160)

Now consider the energy stored within a magnetic field:

E =
1

2

∫
B⃗ · H⃗ dV, (II.2.161)

in the slot B = µ0H, therefore the energy in the field can be expressed as

E =
1

2

∫
µ0H2 dV, (II.2.162)

where H is purely transversal (in the rectangular approximation):

H8wsl,r =
yri

dw,r
. (II.2.163)

Inputting into Equation (II.2.162), with dV = lgwsl,r dyr. The energy in the slot is

found to be

E8 =
µ0
2

∫ dw,r

0

i2y2r
d2w,rwsl,r

lg dyr =
µ0i

2lgdw,r

6wsl,r
, (II.2.164)

which when inputted into Equation (II.2.160) gives

P8 =
µ0lgdw,r

3wsl,r
. (II.2.165)

The second group – P9, P10, and P11, shown in Figure II.2.14 – move as follows:

path P9 passes between the tooth tips; path P10 passes over the slot, above the level

of the windings (akin to P7); path P11 passes over the slot, in the section occupied by

the windings (akin to P8).

Path P9 can be found using the same energy analysis; in this case, the magnetic

field strength in the direction of the path is

H9

(πr
2

+ wbtt,r +
πr

2

)
= i, (II.2.166)

substitution into Equation (II.2.162), using dV = (πr + wbtt,r) dr dyr

E9 =
µ0
2

∫ dtt,r

0

∫ wtt,r

0

i2

(πr + wbtt,r)
dr dyr =

µ0i
2

2π
ln

(
1 +

πwtt,r

wbtt,r

)
dtt,r. (II.2.167)

Solving then inputting into Equation (II.2.160), gives the permeance as

P9 =
µ0
π

ln

(
1 +

πwtt,r

wbtt,r

)
dtt,r. (II.2.168)

For path P10, the process is very similar as to P9, the magnetic field strength is

H10

(πr
2

+ wsl,r +
πr

2

)
= i, (II.2.169)
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P9

P10

P11

Figure II.2.14: End leakage permeance. (Adapted from [12])

which when substituted into Equation (II.2.162) with a differential volume element

of dV = (πr + wsl,r) dr dyr, one finds

E10 =
µ0
2

∫ dsl,r

dw,r

∫ wtb,r

0

i2

(πr + wsl,r)
dr dyr =

µ0i
2

2π
ln

(
1 +

πwtb,r

wsl,r

)
(dsl,r − dw,r),

(II.2.170)

and then substituted into Equation (II.2.160), gives a path permeance of

P10 =
µ0
π

ln

(
1 +

πwtb,r

wsl,r

)
(dsl,r − dw,r). (II.2.171)

Path P11 requires a slight modification to the methodology for the previous two

paths, due to it passing through the windings. This gives a magnetic field strength of

H11

(πr
2

+ wsl,r +
πr

2

)
=

yr
dw,r

i. (II.2.172)

Substitution into Equation (II.2.162) with the same differential volume element as

path P10, the energy in the slot is

E11 =
µ0
2

∫ dw,r

0

∫ wtb,r

0

i2y2r
d2w,r(πr + wsl,r)

dr dyr =
µ0i

2

6π
ln

(
1 +

πwtb,r

wsl,r

)
dw,r, (II.2.173)

which gives a permeance of

P11 =
µ0
3π

ln

(
1 +

πwtb,r

wsl,r

)
dw,r. (II.2.174)

Finally, paths 5 through 11, can be combined to give the total slot leakage permeance

Psl = P5 + P6 + P7 + P8 + 2(P9 + P10 + P11); (II.2.175)

the final three paths are multiplied by two to account for each end of the pmsg.
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Figure II.2.15: End leakage permeance interior path. (Adapted from [12])

End leakage permeance: The permeance in the end turn region is separated into

two paths: P12, and P13. Path P12 describes the flux flowing within the end turn; path

P13 describes the flux flowing outside the turn.

Starting with P12, this path accounts for the flux flowing within the end windings.

Similarly to the slot leakage permeance, assume there is a single end turn with a current

i, that can recreate the total mmf from all the end turns; this singular winding is shown

in Figure II.2.15. Within the winding is a rectangular permeance path at a distance

x from the centre of the end winding. Ampere’s law states thatvi

H12 (2(lew − dew) + 8x) = i

(
4x2 + 2x(lew − dew)

lewdew

)
. (II.2.176)

The energy stored within this path is found using Equation (II.2.162), using dV =

wseg(2(lew − dew) + 8x) dx

E12 =
µ0
2

∫ dew/2

0

i2
(
4x2 + 2x(lew − dew)

)2
l2ewd

2
ew(2(lew − dew) + 8x)

wseg dx, (II.2.177)

evaluating and substituting into Equation (II.2.160) gives the permeance as

P12 =
µ0wseg

128l2ewd
2
ew

(
2(lew − dew)

4 tanh−1

(
dew
lew

)
− 2dewlew(l

2
ew − 4lewdew + d2ew)

)
.

(II.2.178)

Path P13 accounts for the permeance exterior to the end windings; Figure II.2.16

shows the route of this path. To calculate the permeance of the path, it is best to

calculate the reluctance (inverse of the permeance) of the path, which is broken into

three sections:

1

P13
=
leo + lew + x/2

dsbwsegµ0
+
dew + dsb/2 + y/2

2xwsegµ0
+
leo + lew + x/2

2ywsegµ0
. (II.2.179)

All that remains is to find the values of x and y; they can not be found analytically,

but since the flux flows in a path to minimise reluctance, a numerical method can be

viThe derivation assumes lew > dew. Should this be false, the values of the two variables can simply
be swapped.
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Figure II.2.16: End leakage permeance exterior path. (Adapted from [12])

applied to find the pair of values for x and y that minimises 1/P13. There is only a

singular minima in the map of 1/P13(x, y); therefore a simpler numerical method than

a ga can be used to find it. For this work, the gradient descent method is used, as

described in § I.4.3.
The total end turn leakage permeance, is found via

Pel = 2(P12 + P13); (II.2.180)

again, the factor of two is to account for both ends of the pmsg.

II.2.5 Winding Resistance

The resistance of each phase can be calculated by

R⃗abc =

Ra

Rb

Rc

 =
ρcond
Acond

l⃗cond, (II.2.181)

where ρcond and Acond are the resistivity of the conductor material, and the area of a

single conductor respectively; and

l⃗cond =

lcond,alcond,b

lcond,c

 = l⃗cond,sl + w⃗cond,end, (II.2.182)

is the length of conductor associated with the x-phase; it is split into two sections.

l⃗cond,sl = (lg + 2leo + lew)

Nst∑
i=1

|C⃗abc(i)|, (II.2.183)

is the length of conductor within the slots, where leo and lew are the lengths of the

end winding offset and end winding bundles respectively. The end winding offset is

– 96 –



II.2.6. Generator Constants
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Figure II.2.17: Radial view of a permanent magnet synchronous machine, to show the
dimensions of the end winding bundle. (Adapted from [12])

the distance from the end of the generator to the end winding. It is dependent on the

assembly process [12]. Both of these are shown in Figure II.2.17.

w⃗cond,end = wseg

Nst∑
i=1

|K⃗abc(i)|, (II.2.184)

is the length in the end turn region, where wseg is the mean length of a segment of the

end winding in the tangential direction; it is approximated as

wseg =
2π

Nst

(
rag + dst −

dw,r

2

)
. (II.2.185)

II.2.6 Generator Constants

In the drive train model, two generator constants will be required: the torque constant,

κT, and the back electromotive force (emf) constant, κV; these relate electromagnetic

torque to generator current, and the emf to generator speed respectively. However,

in pmsgs, these two constants have an identical value [21], so only one needs to be

derived.

The electromagnetic torque of a generator is given, in qd0 variables, as [21]

Te = Npp

(
(Lq − Ld)idiq − λmiq

)
; (II.2.186)

in permanent magnetic machines Ld ≈ Lq, which means that the magnitude of the

torque is approximately

|Te| ≈ |Nppλmiq|. (II.2.187)

Defining the torque constant as the ratio of electromagnetic torque to the current, it

follows that

κT ≈ Nppλm; (II.2.188)
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Figure II.2.18:
Schematic of the chosen
wave energy converter’s
drive train.

and since the two constants are equal,

κV ≈ Nppλm. (II.2.189)

II.2.7 Moment of Interia

The final required property of the generator is mechanical, the moment of inertia. For

a hollow cylinder, it is given by

J =
1

2
ρlπ

(
r4out − r4in

)
, (II.2.190)

where ρ is the density of the cylinder; l is the length of the cylinder; rout is the outer

radius of the cylinder; and rin the inner radius.

The moment of inertia of the rotor is therefore found via

Jrotor = Jri + Jpm, (II.2.191)

where Jri, and Jpm are the moments components of inertia coming from the rotor iron,

and permanent magnets respectively. They can be found using Equation (II.2.190)

to be

Jri =
1

2
ρrilπ

(
r4ri − r4hc

)
, (II.2.192)

Jpm =
1

2
ρpmlπ

(
r4pm − r4ri

)
αpm; (II.2.193)

in the case of Jpm, there is the extra factor αpm to account for the fact that the

permanent magnets do not fill the entire ring.

II.2.8 Modelling drive trains for wave energy converters

The design of the drive train used in this work is mentioned in § I.5, and consists of a

wec assumed to be perfectly moored such that it is free to move in heave, but fully
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Two-port pto model

Mechanical
subsystem

Electrical
subsystemTexc

ZdZi Zg

Zl

ωpto I

T v

Figure II.2.19: System diagram of the drive-train system connecting the mechanical
(left hand circuit) and electrical (right hand circuit) subsystems via the power take-off,
represented by a two-port network. (Adapted from [6])

constrained in every other degree of freedom. A schematic is shown in Figure II.2.18.

This subsection builds up a model of the drive train that accounts for losses to create

a map from inputs of mechanical force and speed to an output of electrical power.

II.2.8.1 A two-port system

The power take-off (pto) can be modelled as a two port system, as shown in Fig-

ure II.2.19, connecting the mechanical and electrical subsystems. In equation form,

the system is described as [3][
Fpto(ωpto)

vq(ωpto)

]
= Zpto

[
u(ωpto)

iq(ωpto)

]
=

[
ZFu(ωpto) ZF i(ωpto)

Zvu(ωpto) Zvi(ωpto)

][
u(ωpto)

iq(ωpto)

]
(II.2.194)

where Zpto is the impedance matrix of the pto, and ωpto is the angular velocity of the

pto. To find the components, first consider the torque over the pto,

Tpto = Zdωpto −
√

3

2
κTiq, (II.2.195)

where

Zd = iωptoJ, (II.2.196)

is the impedance of the drive train. Rewriting this to get the pto force as a function

of generator speed and current, one gets

Fpto =
iωptoJ

r2p
u−

√
3

2
κTiq, (II.2.197)

using Fpto = Tpto/rp and u = ωptorp.
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Similarly, the voltage of the pto can be found to be

vq = Zgiq −
√

3

2
κvωpto, (II.2.198)

where

Zg = Rg + iωptoLg, (II.2.199)

is the impedance of the generator. Again, rewriting to get voltage as a function of

generator speed and current yields

vq = −
√

3

2

κv
rp
u+ (Rg + iωptoLg) iq. (II.2.200)

From comparing Equation (II.2.194) with Eqns. (II.2.197) and (II.2.200), the

impedance of the pto can be found from open circuit conditions (setting either u = 0

or iq = 0) to be

ZFu :=
Fpto

u

∣∣∣∣
iq=0

=
iωptoJ

r2p
; (II.2.201)

ZF i :=
Fpto

iq

∣∣∣∣
u=0

= −
√

3

2

κT
rp

; (II.2.202)

Zvu :=
vq
u

∣∣∣∣
iq=0

= −
√

3

2

κV
rp

; (II.2.203)

Zvi :=
vq
iq

∣∣∣∣
u=0

= R+ iωptoLq. (II.2.204)

It is useful to re-arrange the matrix equation of the pto – Equation (II.2.194) –

to bring together the electrical and mechanical variables:[
vq

iq

]
=

[
Zvi/ZFi Zvu − ZFuZvi/ZF i

1/ZF i −ZFu/ZF i

][
Fpto

u

]
. (II.2.205)

II.2.8.2 Electrical power lookup table

The final step is to create a lookup table for the outputted electrical power as a function

of pto force and speed, Pelec(Fpto, u). This can simply be done using the fact that the

instantaneous real power is

Pelec = real [vq]real[iq] ; (II.2.206)

in the equation: real[ · ] is a function that returns the real component of the argument;

vq and iq are found from Equation (II.2.205).
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Figure II.2.20: Example efficiency and power maps. (Figure from [24])

It is commonplace to use efficiency maps when discussing losses in a drive train or

generator, eg. [22, 23]; and one could easily be found using this method via

η(Fpto, u) =
Pelec(Fpto, u)

Fptou
. (II.2.207)

This does however introduce numerical issues and discontinuities at very low forces or

speeds where the mechanical power, Fptou, is practically zero, as seen in Figure II.2.20.

It is therefore found that using a power map in the optimisation, is much more stable;

and it saves on calculation as the efficiency would have to be multiplied by mechanical

force again at a later point anyway.

An example power map and efficiency map are shown in Figure II.2.20. Here the

electrical power is negative and positive in different quadrants: the negative quadrants

correspond to conditions in which the WEC would be generating, and the positive

quadrants correspond to motoring conditions. In the efficiency map, the efficiency is

always less than one when generating, as the losses in the motor mean that less electrical

power is output than mechanical was inputted. Conversely, in the motoring regions it

is always greater than one because to achieve a demanded mechanical power, a higher

value of electrical power needs to be inputted.
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Chapter II.3

Optimising & Evaluating Power Take-off Systems for

Wave Energy Converters

In § II.2, the theory behind the models of the permanent magnet synchronous generator

(pmsg) and the drive train is described, to create an overall model of the power take-off

(pto). This section discusses how that model is integrated into a genetic algorithm

(ga): starting with the definition of the genes to produce the pto in § II.3.1; the inputs
to the model are described in § II.3.2; then the cost function is defined in § II.3.3; ending
with an overview of the power simulation and control strategy optimisation in § II.3.4.

II.3.1 Implementation in a genetic algorithm

The model uses a ga to design the pto: the pto is defined using a genome of various

geometric properties of the pmsg and ranks the relative performance of different pto

designs to select the best performing solutions to breed to create the next generation

of solutions; this repeats until stagnation in the design. A more in-depth overview of

the theory of gas is presented in § I.4.4. The model builds up the pto design from

the genome, following the theory presented in § II.2; using the genes and some fixed

relationships between different variables as a data source. In this section both are

explained, with the rationale for why they were picked.

II.3.1.1 Gene selection and bounds

There are many combinations of genes that can define the pto, for example building

the generator from the centre outwards; or from the outer radius inwards. However,

from testing, it is found that defining the pmsg around the air gap radius: defining

the rotor inwards from there, and the stator outwards produced the most consistent

results. The other methods have issues with stagnation, as when the ga resized one

component a knock on effect is caused that would resize another – and another, and

another – leading to an invalid design.

Another consequence of the interactivity between different parts of the pmsg, is

that the bounds of some of the genes are defined as functions of the current values

of other genes. This makes the ordering of the genes pivotal. The final selection of

genes – in the order of evaluation – are as follows: the number of pole pairs, Npp; the
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Table II.3.1: Upper and lower bounds of the genes to define
the power take-off.

Gene Minimum Value Maximum Value Unit

Npp
a 1 100 -

Nst/6Npp
a 1 5 -

αpm 20 100 %

lg 0.2 5 m

rag – varies – 6 m

dtb 2
√
Awind/π

b 1 m

dpm 0.001 – varies – m

θtt/θsl – varies – 1 -

Gene bounds marked ‘varies’ are a function of the genome
and are described in the text.
a Fixed to an integer value.
b i.e. The tooth base is at least as deep as a single turn of
winding.

number of stator teeth per pole per phase, Nst/6Npp; the proportion of the permanent

magnet region with magnets, αpm; the length of the generator, lg; the outer radius of

the air gap, rag; the depth of the tooth base, dtb; the depth of the permanent magnets,

dpm; the ratio of angular spans of the tooth tip and slot, θtt/θsl.

The bounds of the genes are the maximum and minimum values the genes can

take. Most of the bounds are fixed – with the values in Table II.3.1 – but for some

of the bounds they change depending on the current values of other genes. How these

are found are described throughout the remainder of the section. Note that Npp and

Nst/6Npp are fixed to an integer value; the rest of the genes are non-integers.

On the creation of a new pmsg design – be that in the initialisation of the popula-

tion, or the after the mutation of a new design – firstly, the static bounds for all genes

are enforced. Then, the variable bounds are enforced in genome order (the order of

Table II.3.1).

Lower bound of the outer air gap radius: The minimum air gap radius is set

such that a winding can fit at the narrowest point of the slot.

On initialisation, the width of the tooth base is not known, so instead it is assumed

that the width of the tooth base takes up 1/10th the span of the slot.

On later iterations – when the width of the tooth base is known – the minimum air

gap radius can be found precisely. Figure II.3.1 shows the geometry of the problem.
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rag

π/Nst

Figure II.3.1: Geometry of the minimum outer air gap radius problem. Relative
dimensions are exaggerated.

Taking the triangle shown to be a right angle triangle, the adjacent length is equal to

radj = rag,min + wtb + wwind, (II.3.1)

and the opposite length is

wopp = wwind +
wtb

2
sin

(
π − π

Nst

)
. (II.3.2)

This gives the minimum air gap radius as

rag,min =
wopp

tan (π/Nst)
− wtb − wwind. (II.3.3)

Lower bound of the tooth tip angular span: The lower bound of the tooth

tip angular span is set such that the tooth tip is not narrower than the tooth base.

From simple trigonometry:

θtt,min = arctan

(
wtb

2rtt

)
; (II.3.4)

note that this information is stored in the genome as a ratio of this to slot span, θsl.

Upper bound of the depth of permanent magnets: The upper bound on the

depth of the permanent magnets is set to avoid over saturation of flux in the rotor

iron: the point of maximum flux can be at any of five points as defined by Equa-

tions (II.2.103)-(II.2.107) in § II.2.3.2. The ga ensures that all values of flux in the

rotor iron are less than Bsteel, the maximum flux density in the steel – a user-defined

material property. On initialisation, it is impossible to know if this limit is broken – due

to other genes not being initialised yet – so the upper bound is set to 20 cmi, but a

true limit is enforced from the second iteration onwards.

iThis value is chosen to be so large that the chance of breaking the flux density limit is minute.
The algorithm quickly brings the tooth width to a more reasonable value.
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On all subsequent iterations, the upper bound is found by testing the current value

of the gene for the depth of the permanent magnet. If it has broken any of the flux

density limits, the gene is set to 95% of its current value; and the test is undertaken

again, repeating until a valid value is found.

II.3.1.2 Relationships between different dimensions

Beyond the genes, and their bounds described above, there are design parameters where

it is objectively best to maximise or minimise its size. Take for example the air gap

depth: there is a drop in magnetomotive force over the air gap so the best performing

generators have the smallest air gap possible. The lower limit comes from accounting

for manufacturing defects, mechanical problems, or assembly errors, in which there is

an eccentricity in the rotor’s motion (the rotor’s centre is misaligned from the stator’s

centre); the air gap is therefore sized to counteract eccentricity causing the rotor and

stator to collide [25].ii To make the air gap a suitable size, the outer radius of the

permanent magnets is therefore assumed to be [26]

rpm = 0.999rag. (II.3.5)

This is a common assumption in the design of pmsgs for wind turbines; it has been

used for a range of power ratings, for example: 500 kW in [26], 3 MW in [27], 5 MW

in [28], 10 MW in [29], and 15 MW in [30].

The fundamental amplitude of conductor density is found by the model to maximise

the number of conductors within the slot. The maximum number of windings in a slot

is

Nwind =

⌊
Aslαpm

Awind

⌋
, (II.3.6)

where ⌊ · ⌋ returns the floor of the argument. The desired fundamental conductor

density is given as

N †
cd =

Nwind

2πNst
; (II.3.7)

which is an overestimate, so the model removes one conductor from each phase (to

ensure the phases stay balanced) until Ctot(j) ≤ Nwind for all j. An argument could

be made for allowing the ga to reduce the number of turns – lessening the material

cost of the pmsg – but this is better achieved through reducing the depth of the stator

teeth – an action the ga can already take – as doing so also reduces the amount of

steel used.

There is a similar argument in allowing the ga to alter the width of the tooth base,

increasing it could be used as a method for reducing the number of turns – but again

iiRotor eccentricity has an effect on the performance of a pmsg but a higher fidelity model than
the one used in this work would be required to account for it.
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reducing the depth of the stator teeth is more effective. The width is therefore set to

be the minimum value that does not cause over saturation of flux: the minimum width

of each tooth is

wtb,min(j) =
rri

Bsteel
=

∫ ϕst(j)+π/Nst

ϕst(j)−π/Nst

B(rri, ϕ) dϕ. (II.3.8)

Each tooth needs to be assessed individually because there is a possibility of different

minima due to the way the windings are distributed in the machine, although all the

values are very similar. Equation (II.3.8) is a rearrangement of the equation of flux

density in the tooth base – Equation (II.2.102). The chosen value of the width of the

tooth base is then

wtb = max[wtb,min(j)]. (II.3.9)

The depth of the tooth tips is set to be equal to the width of the tooth base:

dtt = wtb (II.3.10)

The depth of the stator backiron and rotor iron are set to be equal, and set to be

equal to the combined width of all the tooth bases over the span of a pole, because

they need to be able to handle all of the flux that builds up over a pole. Hence,

dsb = dri =
Nst

2Npp
wtb. (II.3.11)

Finally, the radius of the pinion is set to be equal to the air gap radius:

rp = rag. (II.3.12)

Testing with a fully independent pinion radius showed that, the ga would always drive

rp to its minimum value; this is to be expected as a smaller pinion leads to faster

speeds where the pmsg is more efficient. The pinion radius is therefore tied to another

parameter.iii

II.3.2 Inputs to the model

To apply control co-design (ccd) to a pto for a specific use case, there needs to be

inputs to the model; in this model they are: the control strategy; the floater design; the

sea conditions; and the material properties for the different components of the pmsg.

The material properties are given in Table II.3.2. It is the focus of § III to investigate

differences in pmsg design when varying all of the inputs, except the material properties.

iiiIn reality, a limit on the speed – and therefore size – of the pinion would be dependent on structural
factors, such as the wear on the pinion’s teeth, but this is not modelled in the model as it exists.
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Table II.3.2: Material properties used in the optimiser

Material Property Value Unit Ref.

Copper

windings

Density 8930 kg/m3 [31]

Resistivity 16.8 nΩm [31]

Cost 5.65 £/kg [32]

Steel

Density 7650 kg/m3 [33]

Maximum flux density 1.8 T [33]

Cost 1.21 £/kg [32]

Permanent

magnets

Density 7600 kg/m3 [34]

Relative permeability 1.05 - [34]

Residual flux density 1.4 T [34]

Cost 51.63 £/kg [32]

II.3.2.1 Floater design

The floater designs in this thesis come from the impact toolbox [35]: taking the floaters

from wec 1, and wec 2, and renaming them to type-n and type-b respectively due

their narrow- and broad-banded designs. The effect of changing the floater is the

topic of § III.2; so in avoidance of repetition – and for the ease of comparison in later

sections – the reader is directed to § III.2 to find exact details of the reference floater

designs.

II.3.2.2 Sea climate

When designing a wec, ideally every sea state it could experience would be tested;

this however requires large amounts of computational effort. Instead, by using a k-

means clustering algorithm, the total number of sea states is reduced to a manageable

number without altering the statistical properties of the sea climate. This method

has previously been used in the ccd of wecs literature (e.g. in [36]). The k-means

clustering algorithm works to minimise the intercluster variance [37]:

argmin
µ
j

k∑
j=1

∑
xn∈Kj

∣∣∣∣xn − µ
j

∣∣∣∣2, (II.3.13)

where µ
j
is the mean of the jth cluster; xn is the nth data point; and Kj represents

the data points associated with the jth cluster. The steps of the algorithm are shown

in Figure II.3.2, and an example of the algorithm in action can be found in [38]. The
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Randomly assign one data
point to each of the k clusters.

Assign each data point to the
cluster whose centre is closest.

Find the new centre of
each cluster.

Have the centres converged?

Find the percentage of data
points in each cluster.

End of algorithm.

Yes

No

Figure II.3.2: Flow chart
of the operation of a
k-means clustering algo-
rithm.

effect on pto design by varying the number of sea states is investigated across § III – in

conjunction with other changes. The effect of moving locations is the focus of § III.3.

II.3.3 Cost Function

The ga works by optimising to a cost function. Working to maximise power alone

however causes the pmsg to balloon in size – since larger generators are more efficient.

Therefore, there also needs to be a factor to provide downwards pressure on the pmsg’s

size. More established technologies use the levelised cost of energy (lcoe) to account

for the cost to produce a unit of power (see § I.2.5.3 for a full description); but its use

wave energy introduces a lot of uncertainty due the number of unknowns.iv

There are risks in using estimates and assumptions in optimisation work, in that

the model ends up optimising to the assumption – and if that assumption turns out to

be false, then the outputs are useless. Therefore, for this work, a simple measure was

chosen to avoid reliance on estimates as much as possible:

Cwec = Celec + Cgen. (II.3.14)

ivThere are ways to estimate these parameters, as done by Peña-Sanchez et al. [2]; see § II.1.1 for a
summary.
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Celec is the estimated amount of money generated over the lifetime of the wec:

Celec = CeTlifeAePavg, (II.3.15)

where Ce = 90 GBP/MWhr is the cost of energy [39]; Tlife = 30 yr is the lifetime of

the wec; and Ae = 0.9 is the energy based availability of the wec [40]. Pavg is the

average electrical power output from the wec, derived in § II.3.4. Note that due to the

sign conventions used, money earnt is negative.

Cgen = CsteelMsteel + CpmMpm + CwindingMwinding (II.3.16)

is the material cost of the generator. Csteel, Cpm, and Cwinding are the costs per kg

for the steel, permanent magnet, and windings respectively; whose values are given in

Table II.3.2. Msteel, Mpm, and Mwinding are the total mass in the generator of each of

the three materials. The inclusion of the material cost of the pmsg is required, because

larger generators tend to be more efficient, so without any downwards pressure on pmsg

size, the model returns incredibly large pmsgs for sites with minimal power.

II.3.4 Power simulation and control optimisation

Power production is critical for the cost function; which is itself heavily dependent on

the control strategy. This section describes both how the power simulation works, and

how a unique control strategy is optimised for every sea state. Due to the generator

being nonlinear, there is no analytical method to find the optimal control design – as is

possible for optimising for mechanical power output (see § I.2.4). Therefore a numerical

method is used.

II.3.4.1 Power simulation

Previous work by Stock [41] and Coe et al. [42] have each found that – for the purposes of

control design – the excitation force spectrum acting on a point absorber is sufficiently

narrow banded that it can be approximated as a regular wave. In the regular wave

approximation, the velocity of the wec is described as

Ave
i(ωt+ϕv) =

(
Aexce

iωt +Aptoe
i(ωt+ϕpto)

)
Aye

iϕy , (II.3.17)

where ω is the wave frequency; Av and ϕv are the amplitude and phase of the velocity;

Aex is the amplitude of the excitation forcev; Apto and ϕpto are the amplitude and phase

of the pto control force; and Ay and ϕy are the amplitude and phase of the floater’s

vThe excitation force also introduces a phase shift from the true position of the wave, ϕexc, but
for this work absolute phase is irrelevant – only the relative phase between the excitation and pto
forces – so ϕexc is ignored.
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mechanical admittance (inverse of impedance) from force to velocity. The excitation

force variables are from converting the sinusoidal definition of wave excitation force

in Equation (I.2.17) to complex exponential form. The pto control variables are

optimised for each wec and sea state – as described in § II.3.4.3. The admittance of

the floater is found from the impedance from position to force:

Zfloat = −ω2
(
M +A(ω) +G

)
+ iωR(ω) + C, (II.3.18)

where M , A, R, and C are the mass, added mass, damping, and hydrostatic restoring

coefficients, as defined in § I.2.3.1;

G =
J

r2p
, (II.3.19)

is the effective mass from the generator’s inertia. Using tools from the impact tool-

box [35] a transfer function is fitted for the admittance from force to velocity; which

when evaluated at the wave frequency gives AY and ϕY.

The average electrical power over a wave period can then be found from

Pavg =
ω

2π

2π/ω∑
t=0

Pelec

(
real

[
Aptoe

i(ωt+ϕpto)
]
, real

[
Ave

i(ωt+ϕv)
])

∆t; (II.3.20)

using the definition of Pelec in Equation (II.2.206),

∆t =
1

Nt

2π

ω
, (II.3.21)

and Nt is the number of time points.

II.3.4.2 Bounds of the power map

The power map is bounded by the maximum allowable force and linear speed on the

pto: these are set to avoid overheating in the generator by limiting the root mean

squared (rms) current density to 4 A/mm2 – the value chosen is on the lower end of

current densities but ensures no complex cooling mechanisms would be required [43].

The rms current is then

irms = 4× 106 ·
Aslαpf

max[Ctot(j)]
; (II.3.22)

and the peak current is

ipeak = irms
√
2. (II.3.23)

The peak electromagnetic force the pmsg can provide is given by

Fpto,max =
κT
rp

ipeak

√
3

2
, (II.3.24)
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using the equation of the electromagnetic torque, Equation (II.2.187).

The peak allowable speed is found from Faraday’s law of induction: where the

electromotive force is given by

ε = N
dΦ

dt
, (II.3.25)

assuming the flux is of the form

Φ = HΦ sin(ωptot), (II.3.26)

where ωpto is the angular speed of the pto; and HΦ is the amplitude of the flux. The

peak current is found when sin(ωptot) = 1:

ipeak =
ε

R
=
NHΦωpto

R
; (II.3.27)

which gives a speed limit of

vpto =

∣∣∣∣ RipeakrpNHΦ

∣∣∣∣ . (II.3.28)

In practice however, wecs operate at high forces and low speeds, this means that to

build the generator to handle the large forces, the speed limit is often well beyond the

operating region of the wec. Hence the speed points in the map are spread out over a

region where the wec does not operate, reducing the fidelity of the map in the region

of interest. The speed limit is therefore capped at a speed of 5 m/s:

vpto,max =

vpto for vpto < 5,

5 otherwise;
(II.3.29)

the value of 5 m/s is chosen from testing to be well beyond the operating regions of

the wec – which peak at less than 2 m/s in the harshest of seas – so it does not affect

the results whilst improving the fidelity of the map in the operating region.

II.3.4.3 Control optimisation

As part of the power simulation, the user picks between two control strategies and the

algorithm finds the optimal controller of that type: the options are linear damping

and impedance matching. The remainder of this section describes how both types of

controller are designed; and in § III.1 the differences in pto design when using different

control strategies is investigated.

Linear damping: In the case of linear damping ϕpto = ϕv, making this substitution

into Equation (II.3.17) and solving for ϕpto gives

eiϕpto =
AexAye

iϕy

Av −AptoAyeiϕy
, (II.3.30)
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APTO

ϕPTO

Pelec

Figure II.3.3: Generic ex-
ample of the tuning of the
impedance matching control
strategy. The optimal tun-
ing is found by examining
the dashed lines. (Figure
from [44])

which leaves the only unknown as Av. By taking the magnitude of the above equation

and solving for Av, one finds

Av = AptoAy cos(ϕy)±Ay

√
A2

ex −A2
pto sin

2(ϕy). (II.3.31)

One solution of the equation causes the pto force and wec velocity to be exactly in

phase, the other causes the two to be in anti-phase.

The optimal value of Apto is then found by stepping through values up to the

maximum allowable value (see § II.3.4.2) to find which returns the best electrical power.

Impedance matching: The optimal impedance matching controller – for electrical

power output – is more complicated to calculate than the linear damping as there

are two free variables: (Apto, ϕpto). In Figure II.3.3, a generic map of this design

space is shown; to calculate this entire map for each sea state, for each pto, for each

generation would be incredibly computationally expensive (at a resolution high enough

to be accurate). Therefore, a more refined method is required.

The tuning is completed as part of a two-step process: firstly, the optimal phase

is found by stepping through ϕpto ∈ [0, 2π) at the maximum allowable value of Apto,

limited by the overheating limit (see § II.3.4.2). Then the optimal force is found by

stepping Apto back to find the value that produces the maximum electrical power.

This method is shown by the black and white dashed lines in Figure II.3.3.

In the case of a controller breaking the speed limit (see § II.3.4.2) during the phase

test, a sub-optimal control strategy is used that produces less power but keeps the wec

within its limits. There is no analytical way to know what combination of sub-optimal

force or phase will avoid the speed limit, so the full power map is tested in this case.
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Chapter II.4

An Example Output

To end the chapter, an example output of the model is presented. This section shows

what an output power take-off (pto) from the model looks like and how it performs,

but does not investigate how the design varies with varying input conditions (control

type, floater, site conditions); that investigation is the focus of § III.

II.4.1 Cost convergence

For this example, a pto is developed for a wave energy converter (wec) using linear

damping control; a type-n floater (a narrow-banded surface-piercing cylinder – see the

beginning of § III.2 for further details of its design); and designed to be located at the

Tyne-Tees WaveNet site [45] (see the beginning of § III.3 for details of the location).

To show the optimiser consistently arrives at the same solution it is run three times.

Figure II.4.1 shows the best cost of each run’s population as it iterates through the

design space. Each run makes different progress throughout its operation but all arrive

at a very similar cost – with a maximum difference of less than 0.15% between any two

runs. Each run arrives at the solution in a different number of iterations, because of

the stochastic nature of a genetic algorithm: i.e. a run may be luckier in its random

initialisation and be in a better position to find the optimal solution quicker. The

quickest was Run 2 which reached its solution in 1967 iterations, whereas Run 3 took

3264 iterations to do the same.
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Figure II.4.1: Cost of
the best performing solu-
tion throughout the oper-
ation of the optimiser.
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Figure II.4.2: Power per-
formance of an example
power take-off.

II.4.2 Electrical Power Performance

Figure II.4.3 shows a number of power maps: for these, the power simulation is

run using the control optimiser to find the best performing controller for the desired

conditions. The (a) subplot uses the power map directly from the optimisation. The

(b) subplot optimises for mechanical power, but is only allowed to operate within the

limits of the pto. And, the (c) subplot ignores all limits and just works to maximise

mechanical power capture.

The constrained scenarios (the (a) and (b) subplots), show that limits of the pto

constrain the performance of the wec, as the power drops with increasing significant

wave height at a constant period of around 11 si. In the unconstrained scenario (c), the

power continually increases with increasing wave height. At the highest wave heights,

the power absorbed in the constrained cases (a) drops to zero, due the control optimiser

iAs is described in § III.2, the type-n floater’s resonant point is at a period of roughly 10.9 s, so
the response at this frequency is very large which causes the limits to be hit at around this period.
And as is seen in § III.2 there are no test sea points at this period greater than 3 m, so the pto has
not been sized by the optimiser to cope in those seas.
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Figure II.4.3: Power ex-
traction efficiency of an ex-
ample power take-off.

not being able to find a safe operating regime, and the wec needing to be switched off.

For ease of comparison between the scenarios, Figure II.4.3 shows the relative

power extraction efficiencies of each pair of scenarios. Here, another place where the

operating limits are affecting performing is seen: in the (c) subplot, the power is sig-

nificantly less in the top right corner of the plot – where the seas have the most energy.

In this region, the operating limits cause the control optimiser to use a different control

regime which harnesses less power but keeps the wec running within the operating

limits.

Finally, in the (a) plot of Figure II.4.3, the electrical efficiency of the pto is shown.

The pto is most efficient in the region around 11 s period, and less than 3 m significant

wave height. The region in which the wec is moving the fastest is the region in which

the pto is most efficient. Moving away from this point, efficiency drops off as the waves

move away from the resonant pointii.

iiThe wec would also be moving very fast and with large forces – a good operating point for
permanent magnet synchronous generators – in the top right of the plot, but, as is seen in § III.2, there
are no test seas in this region so the pto has not been sized to cope in those seas.
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Chapter III

Control Co-design of Power Take-off

Systems for use in Wave Energy

Converters

This chapter takes the model designed in § II, and investigates how the optimal power

take-off design changes when varying: the control strategy; the floater design; and the

site location.
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Chapter III.1

Varying the control strategy

In this section, the differences in the optimal power take-off (pto) design are in-

vestigated when varying the control strategy between a linear damping (ld) and an

impedance matching (im) approach.

Preliminary versions of these results were presented at the XI International Con-

ference on Computational Methods in Marine Engineering and are published in [1].

In that work, ptos were only designed according to a 10-sea-state representation; in

this work that is expanded to a range of representations to investigate the pto designs

dependence on the size of the representation.

III.1.1 Differences in cost function values

The cost function is dependent upon the power capture and the material costs. The

cost, power capture, and material costs are referred to collectively as properties.

Figure III.1.1 shows the cost of the best solution when running the algorithm

with either ld or im control. The test uses a type-b floateri – a broad-banded, sub-

merged, pill-shaped floater – and site data from the Tyne-Tees WaveNet site [3] (see

Figure III.1.2 for an incidence plot of the location, and Appendix A for tables of the

test sea states used). Each example is run three times to ensure the algorithm converges

in a range of scenarios; as can be seen the solutions are very similar in all scenarios –

the largest percentage difference between any two runs is 0.53%, and 0.50% for the ld-

and im-control results respectively.ii In all situations, the im-controlled wave energy

converter (wec) outperforms the ld-controlled wec, in both electrical power outputiii

and cost function value: this is not unexpected, as it is well known that more advanced

control methods improve wec performance, for example in [4].

Both control types show the same trend: a well performing solution for the single-

sea-state scenario, then a reduction in performance for the five-sea-state case before

improving with increasing numbers of sea states, with diminishing improvements, as

the solution tends to the true optimal solution. Looking at the constituent parts of

iThis floater comes from the impact toolbox [2], where it is part of the ‘wec 2’ wec but is re-named
to type-b for this work for easier readability (see the beginning of § III.2, or Appendix B for further
details of its design).

iiA breakdown of maximum percentage difference by number of sea states is found in Table III.2.1.
iiiThe sign convention used is for electrical power outputted from the wec to be negative.
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Figure III.1.1: Best cost so-
lutions from the optimiser,
when varying the control
strategy optimised for. wecs
are designed with a type-
b floater, at the Tyne-Tees
WaveNet site.

the cost function: weighted electrical power, and material cost in Figure III.1.1. The

weighted electrical power follows the same trend as seen in the overall cost function

value, and with similar maximum percentage differences: 0.61% and 0.29% for the

ld- and im-controlled results respectively. The shape of these results is explained by

looking at the sea state representations in relation to the incidence and power matrices

in Figure III.1.2. The single-sea-state solution has coincidentally been placed at nearly

the resonant frequency of the weciv – where it produces the most power: shown by

it being almost in line with the period of the darkest blue region of the the power

matrices. The introduction of more sea states in the five-state representation adds in

ivAs is discussed more in § III.2, this floater is broad-banded in its frequency response so although
being preferential, this is not as necessary for performance as it would be with a narrow-banded floater.
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III.1.2. Differences in power take-off design

seas further away from the resonant conditions – which produce less power. Then, in

the 10-sea-state sample, states are generally added in between those of the five state

sample – and therefore closer to the resonant point; as well as the first introduction of

a sea state with a larger wave height which provides more available energy. Finally the

20- and 40-sea-state representations introduce even more sea states with higher wave

heights – therefore providing even more available energy.

In the material costs, things are slightly different. The one-sea-state generator is

most expensive, then there’s a large drop to the five sea state generator (the cheapest

of all the representations), and finally there’s a gradual increase of the costs of the

generators with increasing numbers of sea states. As with the trends in power, the

changes can explained by the sea conditions and resonance with the floater. Where

the sea state representation is heavily focussed about a resonant point (e.g. one sea

state) or with a higher proportion of larger wave heights (e.g. 20 and 40 sea states), it

is rational that a more expensive generator is required to cope with the higher forces

and speeds. The variance in material costs is also larger than in the other properties:

maximum percentage differences between runs are 5.7% and 3.9%, for ld- and im-

controlled respectively.

In all three of the properties – cost function value, weighted electrical power, and

material cost – the differences with number of sea states are hitting diminishing returns

at the 20 sea state point. For example, the change in average cost function value for

the im-optimised devices is 21% from five to 10 sea states, but the change from 20 to

40 is only 2.5%. For ld-optimised it is 19% and 2.4% respectively.

III.1.2 Differences in power take-off design

Figure III.1.3 shows the optimised genomes of all of the runs of the optimiser for this

comparison: there is high variance in the gene values within any one set of results, such

that no discernible trends can be made from looking at the genes alone. However, the

electrical power performance of the generators are within around 0.5% of each other;

and, although larger, the maximum percentage difference in force demand between any

two runs is 18% (the average percentage difference is 7%), showing they are still fairly

similar. Hence, there must be multiple designs of generators that return a very similar

cost function value; suggesting that the cost function is leading to the optimisation of

some meta variable that is not explicitly shown here in the genes. For example it could

be the the overall volume of the generator,

Vgen = lgr
2
sbπ; (III.1.1)
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or volume of permanent magnet material in the generator,

Vpm = αpmlg
(
r2pm − (rpm − dpm)

2
)
π; (III.1.2)

or the volume through which the flux flows,

Vflux = αpmlg
(
r2st − (rri − dpm)

2
)
π. (III.1.3)

The values of each of these candidate meta variables are shown in Figure III.1.4; they

are all more stable than the genes, showing that some meta variable is indeed being

optimised throughout the model. The Vflux variable is the most stable of the set – as

shown in Table III.1.1 – suggesting it is closest to this unknown variable. But none

of them are stable enough to state definitively that this is the meta variable being

optimised.

However, what all of these variables do show is that generators optimised for ld

control are generally smaller than those optimised for im control. And it is likely

that a more advanced cost function that can account for more properties, such as

manufacturability, transportation, and installation, could be able to push the optimiser

into favouring a more certain design type.
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Table III.1.1: Maximum percentage difference in
meta variables between like runs of the optimiser.

Meta variable ld-control im-control

Vgen 109% 91%

Vpm 32% 23%

Vflux 11% 2.7%

These are for the 40-sea-state representation only.

III.1.3 Cross-performance of the power take-off systems

In the absence of a baseline generator, Figure III.1.5 shows that the ptos have been

optimised for their specific control types by cross-evaluating their performance – show-

ing generators optimised for ld-control operating with im-control, and vice versa. The

generators with the best overall cost for ld- and im-control in the 40-sea-state repre-

sentation are selected and run through the power simulation and control optimisation

steps of the optimiser – to find the best control strategy within the generator’s limits.

The ld-optimised generator returns a better cost when used with ld-control than the

im-optimised generator; and vice versa when im-control is applied. Of note however, is

that when the im-optimised generator is used with ld control, it produces slightly more

electrical power (roughly 5 kW) than the ld-optimised generator with ld-control, but

this uplift in power is not enough to counteract the 60% increase cost of the larger,

more expensive im-optimised generator. This therefore shows that the generators have

been fine-tuned, and sized to their respective control strategy.

To summarise, even though the ld-optimised generator does perform better when

used with im-control the results show that if the decision to use ld-control is made

early on in the design process, a smaller generator can be used to create a wec that is

more economically designed.

III.1.4 Differences in computational effort

The final point of investigation for this section is how the computation time is affected

by changes in both the number of sea states being computed, and the control strategy

used. Figure III.1.6 shows the number of iterations, and total computation time for all

of the runs of the simulation analysed in this section. Owing to the stochastic nature of

genetic algorithms, there is a lot of variation in each of the parameters within any set of

runs – therefore it is of more interest to focus on trends in varying number of sea states

or control strategy rather than absolute runtimes. The runtimes are also dependent on
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the computer hardwarev used and any background processes running throughout the

optimisation; so trends are more relevant than absolute values.

For the ld-optimised designs, there is a steady upwards trend in both number

of iterations, and total runtime, leading to a fairly consistent average runtime per

iteration. In the im-optimsed designs, this trend shows again in the one-sea-state

through to the 20-sea-state simulations – with very little difference to the ld values –

but there is a divergence in the 40-sea-state scenarios. For these, the time to compute

the im-optimsed designs are significantly longer than the ld-optimised, but without

an increase in the number of iterations. This is due to the 40-sea-state representation

introducing more sea states with a higher wave height, causing the optimiser to use

the more-computationally-intensive brute forcing backstop to avoid breaking the wec’s

force and speed constraints (see § II.3.4.3 for the definition of this process).

vSimulations are run on a computer with a 10-core Apple M4 cpu and 16 GB of ram.
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Chapter III.2

Varying the floater design

Here, differences in the optimal power take-off (pto) design are investigated when

varying the wave energy converter (wec) floater design. The floaters from this work

come from the impact toolbox [2]; for this thesis they are labelled type-n, and type-

b, in the impact toolbox they are associated with wec 1, and wec 2 respectively. The

wetted surface areas of the floaters are shown in Figure III.2.1.i The type-n floater

is a surface-piercing cylinder with a 20 m diameter and a 24 m draft. And the type-b

floater is a fully-submerged pill-shaped design with a 20 m diameter and a 5 m height;

the floater is designed such that at rest it is 5 m below the surface of the water. Their

frequency responses are in Figure III.2.2: showing that type-n is a narrow-banded

device, and type-b is broad-banded.

The remainder of this section investigates how the optimal pto design changes when

varying the floater designii as well as when changing the control strategy – between

linear damping (ld) and impedance matching (im) – and when changing the number

of sea states in the representation of the location. As in the previous section, the site

used for all of these tests is the Tyne-Tees WaveNet Site [3] (see Figure III.2.4 for an

iThe panels shown in the figure are not those used in the evaluation of the hydrodynamic parame-
ters. For that the type-n floater had circa 1700 panels, and the type-b floater had circa 1600 panels.
The evaluation was done as a part of the impact project [2], using Nemoh as the bem model.

iiThe type-b results are the same results from the § III.1 on varying control strategy brought
forward for ease of comparison.

(a) type-n (b) type-b

Figure III.2.1: Wetted surface area of the reference floaters.
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incidence plot of the location, and Appendix A for the test sea states used).

III.2.1 Differences in cost function values

Figure III.2.3 shows how cost function, and its constituent parts, vary when using the

different floaters. The effect on the type-b costs of varying the number of sea states is

discussed in § III.1.1, so is not repeated here. The most notable feature of the type-n

costs is at the single-sea-state representation: two of the ld-control runs and one of the

im-control runs have a positive value for their cost function. This means that the money

earnt from electricity production did not overcome the material cost of the generator

– never mind the cost of manufacturing and the rest of the components. The runs

that did return a negative value had a cost function value of -£2k for the ld-control

result, and -£6k and -£11k for the im-control results; this being the profit over a 30 year

lifespan of the wec. Due to a severe mismatch between the resonance of the type-n

floater and the singular sea state – the resonant point is roughly 10.9 s period, and the

sea state is at 7.38 s – the algorithm finds more improvement from shrinking the size

of the generator (reducing material cost whilst harming power production) than from

tuning the generator to fit the seas (increasing power production). It is conceivable

that the ld control strategy is more likely to experience this failure to produce a viable
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Figure III.2.3: Best cost solutions from the optimiser, when varying the floater used.
wecs are designed for the Tyne-Tees WaveNet site.

generator, as im control can shift the resonance of a system: as observed by the 2/3

failures for ld-control compared to 1/3 for im-control. After the one-sea-state case, all

runs produced a viable generator design. Neglecting the one-sea-state type-n case, the

maximum percentage difference between any two like runs of the optimiser is 0.89%

showing good convergence regardless of floater or control strategy; a full breakdown by

number of sea states is found in Table III.2.1.

The type-n floater experiences a greater variability with increasing numbers of

sea states, oscillating around the optimal value whereas type-b asymptotes towards
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Table III.2.1: Maximum percentage differences be-
tween like runs of the optimiser at the Tyne-Tees site.

No of

sea states

type-n

ld

type-n

im

type-b

ld

type-b

im

1 - - 0.23% 0.15%

5 0.091% 0.037% 0.53% 0.16%

10 0.36% 0.25% 0.25% 0.44%

20 0.15% 0.32% 0.19% 0.24%

40 0.89% 0.25% 0.25% 0.50%

The one-sea-state type-n results are blanked out
due to the failures to find viable ptos.

its optimal. Again, this can be explained by the narrow-bandedness of the floater:

making it more sensitive to the selection of sea states, and whether or not they are

close to the resonant frequency of the floater. The test sea states overlaid on the power

matrices of the ld-optimised and im-optimised wecs can be seen in Figure III.2.4

and Figure III.2.5 respectively. Discontinuities can be seen in the power matrices of

many of the type-n-optimised wecs, which are due to the wec hitting the overheating

constraints and the power therefore being limited, and even requiring thewec be turned

off in those seas.iii The effect is not as extreme in the type-b-optimised wecs, due to

the lower peak magnitude in the transfer function (see Figure III.2.2), so the response

of the wec is not as large, reducing the speeds and forces in the more extreme seas –

the power does get limited but it does not get to the point where the wec must to be

switched off.

The prior result of im control always outperforming ld control (see § III.1) still

holds when optimising for the type-n floater. Similarly to when varying the control

strategy, the differences going from a 20- to a 40-sea-state representation is fairly small

for both control types with type-b and im-control with type-n; suggesting this is

the point of negligible improvement. type-n with ld-control settles at this point but

the change in cost function value is much larger than the others at this point. A full

breakdown of the percentage differences in average cost is shown in Table III.2.2.

iiiThis is primarily in regions of significant wave heights greater than 5 m; in reality, in those seas,
survivability would be the top priority, not optimal power production.
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Table III.2.2: Percentage difference in average cost when in-
creasing numbers of sea states

Change in

No of sea states

type-n

ld

type-n

im

type-b

ld

type-b

im

1 to 5 - - 23% 8.8%

5 to 10 63% 29% 19% 21.5%

10 to 20 55% 9.3% 12% 9.76%

20 to 40 17% 0.73% 2.4% 2.5%

The 1 to 5 type-n results are blanked out due to the failures
to find viable ptos.

Table III.2.3: Maximum percentage difference in meta vari-
ables between like runs of the optimiser.

Meta variable
type-n

ld

type-n

im

type-b

ld

type-b

im

Vgen 38% 35% 109% 91%

Vpm 26% 33% 32% 23%

Vflux 26% 5.0% 11% 2.7%

These are for the 40-sea-state representation only.

III.2.2 Differences in power take-off design

The genes of the optimised generator designs are shown in Figure III.2.6 and Fig-

ure III.2.7 for ld- and im-control respectively. As with the varying control results,

there is little to glean from looking at the genes directly; therefore the meta variables

(introduced in § III.1.2) are shown in Figure III.2.8 and Figure III.2.9, which show

clearer trends. As with the varying control results, the Vflux meta variable appears to

be the most constant meta variable between like runs – although there is still some

variability, as seen in Table III.2.3.

The biggest difference between wecs optimised for different floaters is seen in the

one-sea-state case, but this is due to the type-n-floater’s very low power capture at

the frequency of the sea state, and so the two floaters are effectively working towards

different goals: type-b optimisation works to maximise power and minimise generator

material cost; type-n optimisation works only to minimise generator material cost.

The difference is shown in the results: in the ld case, the type-b-optimised devices

have overall volumes (Vgen) around 30 m3; and for the type-n-optimised devices, the
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Figure III.2.6: Optimised genes for multiple runs of the optimiser, when using linear
damping control and varying the floater used. Note that the first two genes are fixed
to integer values. wecs are designed for use at the Tyne-Tees WaveNet site.
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Figure III.2.7: Optimised genes for multiple runs of the optimiser, when using
impedance matching control and varying the floater used. Note that the first two
genes are fixed to integer values. wecs are designed for use at the Tyne-Tees WaveNet
site.
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Figure III.2.10: Cross performance of generators optimised for different floater designs.
wecs are designed for use at the Tyne-Tees WaveNet site.

only run that returned a negative cost function value had a volume of 4.4 m3, whilst

those that had a positive cost function value have volumes of around 0.64 m3.

III.2.3 Cross-performance of the power take-off systems

When taking a pto optimised for the type-n floater and using it with the type-b

floater and vice versa, the wecs perform worse than in optimised pairings. This holds

regardless of the control strategy, as shown in Figure III.2.10, showing that the ptos

have been tuned to their respective floater. Similarly to results in § III.1.3, in the im-

control case, using the type-b-optimised pto with the type-n floater increases power

output compared to its own optimised pto, but the increase in power output is not

able to counteract the increased cost of the more expensive generator. However, using

the type-n-optimised pto with type-b causes a reduction in power output as the wec

is limited by a smaller generator.

In the ld-control case however, the broad-banded type-b floater is also better able

to cope with an ill-tuned pto, and therefore has less of a reduction in power when
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Figure III.2.11: The number of iterations, and total runtime of the optimiser, when
using different floater designs. wecs are designed for use at the Tyne-Tees WaveNet
site.

used with a non-optimised pto than the type-n floater does. The type-b floater loses

only 1 kW in performance compared to the 13 kW in the type-n floater, when using

ld-control.

III.2.4 Differences in computational effort

Finally, Figure III.2.11 shows the number of iterations and runtime to reach the final

solutions. Similarly to § III.1.4, a caveat is made that this is a highly random process

so there should be the expectation of lots of variability between like runs. The absolute

runtime is highly dependent on the computer hardwareiv used, so trends in the runtime

are the focus of this subsection.

When using ld control, there is not any major difference in runtimes. type-n runs

tend to be marginally – but not significantly – quicker. The same is seen for the one and

five sea state im control runs, whilst running the code with type-n takes significantly

ivSimulations are run on a computer with a 10-core Apple M4 cpu and 16 GB of ram.
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longer than with type-b. This is due to the 10-sea-state representations and beyond

adding seas within the resonant zone of the wec (shown by the introduction of sea

states within the darker blue regions in Figure III.2.5): these seas are more likely

to break the overheating constraint of the pto, leading to the full set of the possible

controllers being tested (see § II.3.4.3 for the definition of the process), leading to much

longer runtimes.
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Chapter III.3

Varying the location

In this section, power take-off (pto) systems are optimised at various locations along-

side changing the control strategy and floater design, with the results indicative of

whether the previous two sections can be generalised to different locations.

To accompany the Tyne-Tees site [3] used in the previous sections, two others are

selected: Liverpool Bay [5], and the Isles of Scilly [6]; these are selected as a lower and

higher energy location than Tyne-Tees respectively. The locations of the sites are shown

on a map in Figure III.3.1, and wave incidence plots are shown in Figure III.3.2. Data

for all of these sites comes from WaveNet [7]. Given that the cost functions in both

varying control strategy, and varying floater design had mostly stabilised by a 20-sea-

state representation, only that representation is run in simulations here – but each test

is still run three times – the breakdown of the 20 sea states for each site is found in

Appendix A.

is

lb

tt

Figure III.3.1: Map of site
locations. Locations are ap-
proximate. Initialisms are as
follows: tt, Tyne-Tees; lb,
Liverpool Bay; and is, Isles of
Scilly.
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III.3.1. Differences in cost function values

0 3 6 9 12
0

10

20
P
ea
k
P
er
io
d
/
s

Liverpool Bay

0 3 6 9 12

Significant Wave Height / m

Tyne-Tees

0 3 6 9 12

Isles of Scilly

0

2

4

S
ea

st
a
te

in
ci
d
en

ce
/
%

Figure III.3.2: Incidence plots of the three test sites.

III.3.1 Differences in cost function values

Figure III.3.3 shows the cost function of all the wec combinations – using either

linear damping (ld) or impedance matching (im) control, and either a type-n or

type-b floater – when optimised at each of the three sites. The first point to make

is that there is not a single successful run of the type-n floater at the Liverpool Bay

site, regardless of control strategy. As with the one-sea-state representation at Tyne-

Tees (seen in § III.2) where some – but not all – type-n runs failed to produce viable

generators, here there is a miss-match in the site’s most common wave peak periods,

and type-n’s resonant period. In the 20 sea states used, there was only one sea state

at the Liverpool Bay site within ± 1 s of the resonant point of the type-n floater, and

it is weighted at 0.397% of the total time. And there is only one other sea state with a

peak period above the resonant point (i.e. with higher energy), so the vast majority of

the sea states are low in energy, and in a region the floater is bad at extracting energy

from. Apart from type-n-Liverpool Bay runs, all other runs produced a workable pto.

Amongst these other runs, results are as expected: when using the same floater and

location, im control always performs better than ld control; and when using the same

floater and control strategy, a higher energy site returns a better performing wec –

both in terms of cost function value and weighted electrical power.

At the Tyne-Tees site, the best performing floater is the type-b, but at the Isles

of Scilly it is the type-n; this is because the resonance of a type-n is coincidentally

incredibly similar to the most common sea state at the Isles of Scilly site. The sea state

with the highest incidence at the site has a peak period of 10.85 s and a significant wave

height of 1.7 m (the resonance of the type-n is 10.9 s); in fact, the type-n floater is

so well suited to the site that the ld type-n wec outperformed the im type-b wec.

And the im type-n produces 106% more electrical power at the im-type-b at the Isles
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Figure III.3.3: Best cost solutions from the optimiser, when varying the site location.
Note that due to the Isles of Scilly site being so much more energetic than the others,
the y-axis on its plots works to a different scale – but they continue to have the same
units.
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Table III.3.1: Maximum percentage differences between
like-runs of the optimiser at varying sites.

Site
type-n

ld

type-n

im

type-b

ld

type-b

im

Liverpool Bay 1.6% 0.21% 0.33% 1.6%

Tyne-Tees 0.15% 0.32% 0.19% 0.24%

Isles of Scilly 0.11% 0.0028% 0.11% 0.28%

Table III.3.2: Percentage increase in
average Vflux from a linear damping
to impedance matching controlled
wec.

Site type-n type-b

Liverpool Bay - 70%

Tyne-Tees 47% 59%

Isles of Scilly 89% 42%

of Scilly site, whilst the im type-b only produces 7.44% more electrical power than the

im type-n at the Tyne-Tees site. Showing that a well-tuned floater design can greatly

improve power production to such a level that it can counteract increased material

costs, and a poorly-tuned floater can counteract the benefits of a well-designed pto.

Convergence in the optimiser remains across sites, with the largest percentage dif-

ference between like-runs being 1.6%, 0.32%, and 0.28% at Liverpool Bay, Tyne-Tees,

and the Isles of Scilly respectively. The complete breakdown by wec type is found in

Table III.3.1.

III.3.2 Differences in power take-off design

The optimised genes for the various wecs at each location are found in Figure III.3.4,

as with each of the previous sections, there is no discernible trend from the genes

alone – bar the type-n Liverpool Bay ptos being much smaller than all the other

combinations of components. As in previous sections, the meta variables are shown in

Figure III.3.5. The intra-location trends in terms of control strategy remain here: im-

controlled wecs can make use of a larger pto than ld-controlled; although the amount

of uplift in pto size is heavily dependent on location and floater, ranging from 40% to

90% as shown in Table III.3.2.
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Figure III.3.4: Optimised genes for multiple runs of the optimiser, when varying the
site location. Note that the first two genes are fixed to integer values.

– 148 –



III.3.3. Cross-performance of the power take-off designs

0

50

100

150
V
g
e
n
/
m

3

type-n ld type-n im type-b ld type-b im

0

0.5

V
p
m

/
m

3

Liverpool Bay Tyne-Tees Isles of Scilly

0

5

10

Site location

V
fl
u
x
/
m

3

Figure III.3.5: Meta variables for multiple runs of the optimiser, when varying the site
location. The ordering of ptos corresponds to the order of the genes in Figure III.3.4.

III.3.3 Cross-performance of the power take-off designs

Figures III.3.6, III.3.7, and III.3.8 show wecs optimised for each of the three sites

being used at Liverpool Bay, Tyne-Tees, and the Isles of Scilly respectively. ptos opti-

mised for the Isles of Scilly always produce more electrical power than their counterparts

(same control strategy and floater design) optimised for the other locations. This is

because the Isles of Scilly-optimised wecs are larger so are able to eke out more power

from the seas: either from having larger thermal limits, or from being more efficient.

This does however not make these ptos better suited for the other sites, as shown by

the cost function values; the ptos optimised for each site always have a better cost

function, regardless of the control strategy or floater design, showing that the ptos

have been optimised and sized to their respective sites.

III.3.4 Differences in computational effort

The number of iterations and runtime of each of the optimiser runs for this section are

found in Figure III.3.9. Results here follow the same trends as before: im-controlled

runs are generally either take roughly the same amount of time as ld-controlled, or

longer; with im type-n taking significantly longer. The reason for im type-n wecs

in particular taking significantly longer is covered in § III.2.4, but to summarise is

due to the resonant point of the floater having a much higher chance of hitting the
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for different sites, used at the
Liverpool Bay site.
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for different sites, used at the
Isles of Scilly site.

overheating limits and causing the optimiser to use a slower brute-forcing approach to

control optimisation. This is exacerbated for the Isles of Scilly site because a higher

proportion of the sea states are around the resonant point of the type-n floater, and

with a very high significant wave height (i.e. states very likely to cause the wec to

move very fast). For example, the number of sea states with a peak period within ± 2 s

of the resonant point, and with a significant wave height over 2 m is: 6/20 for the Isles

of Scilly site; 0/20 for the Liverpool Bay site; and 3/20 for the Tyne-Tees. Halving

the runtime for the im type-n runs at the Isles of Scilly site brings the runtime only

marginally longer than that of the same runs at the Tyne-Tees site, suggesting that it

is the number of sea states within this period band that drive the total runtime.
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Figure III.3.9: The number of iterations, and total runtime of the optimiser, when
designing for different site locations.
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Chapter III.4

Discussion of Results

Investigations into varying each of the components of a wave energy converter (wec) –

control strategy, floater design, and site location – have found that the optimal power

take-off (pto) design depends heavily upon each component. Changing any of the three

components whilst keeping the pto design the same results in a worse wec overall (in

terms of the cost function).

There has not been the discovery of a definitive best pto design; none of the ptos

in this thesis are presented as such. However, the optimiser is instead finding a family

of designs that all perform to the same level. The optimiser is finding this family due

to the looseness of the cost function, which is deliberately chosen to avoid relying on

assumptions wherever possible (see § II.3.3). In designing a wec for physical produc-

tion, there are a multitude of factors that need to be accounted for: the loadings on the

wec; the costs, and sizings of the other componentsi; costs of transportation; and many

more. It stands to reason that adding any of these to the cost function will reduce the

size of this family of solutions, until a single solution remains – or the combination of

requirements is found to be unworkable.

Conversely, loosening the requirements can find solutions previously thought im-

possible. Take, for example, the case of an impedance-matching-controlled type-n

wec placed at the Liverpool Bay site; using the cost function definition defined in the

methodology – accounting for electrical power output and generator material cost – the

optimiser was unable to produce a viable design over three attempted runs. But, in

testing the cross-performance of ptos, it was found that wecs designed for the other

sites were able to extract non-insignificant amounts of electrical power, so it is possible

to design a wec that would work at Liverpool Bay (although its advisability is another

matter). So in running the optimiser again for a simpler goal: maximise electrical power

(see Equation (II.3.20)); a pto can be produced to create a wec that can extract

even more electrical power than the one designed for the Isles of Scilly site; as shown

in Figure III.4.1.ii The simpler cost function has produced a wec that produces 5.9%

more electrical power (53 W) but at an increase in material costs of 67% (£90k); this
iFor example: a larger generator pulling large amounts of reactive power in an impedance matching

regime would likely require a larger and more expensive power electronics system to a small generator
only resisting under linear damping.

iiThis example is run three times and the maximum percentage difference between any two runs in
weighted electrical power is less than 0.06%.
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would not be recommended, but it demonstrates that loosening constraints could help

design wecs in more challenging situations.

To conclude, this chapter has shown a large degree of interactivity in the dynamics

of the various parts of a wec through the changing of the optimal pto design. The

model as it exists does not account for all the complexities of wec design and operation;

but through the inclusion of these neglected factors, the improvements from control co-

design would likely become more important as the window of where a good wec can

exist only narrows.
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Chapter IV

Control Co-design of Floaters and

Power Take-off Systems for use in

Wave Energy Converters

Control co-design of floaters has had a lot more interest in the published literature

than the ccd of power take-off systems (ptos); though much of the work on floater

optimisation neglected any effect of pto dynamics and efficiency. This chapter expands

upon the power take-off (pto) optimiser developed in § II, to perform the novel co-

optimisation of the floater and pto. The chapter starts with a literature review of

previous methods of floater control co-design and then investigates the differences in

optimal design when: serially optimising the pto and floater, and co-optimising the

pto and floater to see how the level of control co-design integration improves overall

wave energy converter performance.
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Chapter IV.1

Review of Descriptions & Optimisation of Floaters

The discussion here builds upon § I.3.2, in which the control co-design (ccd) of wave

energy converters (wecs) is briefly covered. In that section floater optimisation is

mentioned at a high level; this section goes into more detail into the literature on

floater geometric definitions, and the methodologies for their optimisation; ending with

a rationale for the choice of floater optimisation method used in this work. Due to

how the model has been designed so far, this section is limited to talking about point

absorbers; for a broader review the reader is directed to [1].

IV.1.1 Simple shapes

There is a plethora of literature on the optimisation of simple floater shapes (see [1] for

a full review); shapes such as spheres, cylinders, cones, and cuboids (and compounds

of these). These shapes are typically modelled in a boundary element method (bem)

program to give information on the hydrodynamic parameters of the floater, which is

then used to evaluate device performance.

Given their simplicity in shape, fully describing the floaters requires few parameters

(e.g. radius and draught); therefore the optimisation problem is also fairly easy and

the literature tends to favour using exhaustive searches (eg. [2]) due to their ease of

implementation. Exhaustive searching also comes with the benefit of creating a map of

all the possible geometries, giving a visual representation of the relationship between

the floater dimensions and power production.

These works used a variety of cost functions to optimise the system, which can be

broadly separated into two categories. A pure measure of the device’s effectiveness

at extracting energy from the seas: average power, response amplitude operator, and

capture width ratio. Or as a function of energy extraction and (a proxy for) device

cost: average power over volume; average power over wetted area; and levelised cost of

energy.

More advanced evolutionary algorithms are used in some investigations, e.g. in [3]

or [4]; but these are generally have greater complexity in another part of the system.

In these examples the complexities are: multiple degrees of freedom in [3]; or modelling

two-body point absorbers in [4].
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IV.1.2 Complex shapes

Beyond the simple shapes described in the previous subsection, more complex shaped

floaters have been considered.

Axisymmetric floaters: Edwards [5] designed axisymmetric floaters about the

heave axis using Chebyshev polynomials of the first kind: these are defined by the

recurrence relation

T0(x) = 1, (IV.1.1)

T1(x) = x, (IV.1.2)

Tn+1(x) = 2xTn(x)− Tn−1(x); (IV.1.3)

using these polynomials, any function can be described in the domain x ∈ [−1, 1] by

the expansion

f(x) =
∞∑
n=0

anTn(x). (IV.1.4)

This is applied to parametrically define the profile of the floater as a function of the

radius, r, and draught, z:

rj(s) =

Nj∑
i=0

ajiTi(s), (IV.1.5)

zj(s) =

Mj∑
i=0

bjiTi(s). (IV.1.6)

This method can create piecewise continuous profiles, where j is the piece number,

and Nj and Mj are the number of polynomials for piece j in the radius and draught

respectively. This profile is then revolved about the heave axis to create the surface of

the floater. Then each profile was ran through the bem programme wamit to find the

hydrodynamic parameters, which were then used to find the mechanical power.

The optimisation uses a multi-objective genetic algorithm to vary the coefficients

aji and bji. The cost functions used in this work were to maximise the mechanical

power whilst minimising either volume or surface area (used as a proxy of material

cost).

Non-axisymmetric floaters: Garcia-Teruel [7] and McCabe [6] used floaters de-

scribed by a complex surface; which is itself defined by a bi-cubic B-spline surface drawn

through a number of control points. Figure IV.1.1 gives an example of these control

points: both Garcia-Teruel and McCabe use a genetic algorithm to position the control

points in space to find the surface.
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Surge

Sway

Heave

Figure IV.1.1: Example of con-
trol points to define a floaters
surface. (Recreated from [6])

The bi-cubic B-spline surface is defined parametrically by

S(u, v) =
V∑
i=0

U∑
j=0

CijN
k
i (u)N

l
j(v), (IV.1.7)

whereCij is the control point matrix, Nk
i (u) andN

l
j(v) are the i

th and jth basis functions

of orders k and l respectively, see [7] for a definition.

McCabe used three different cost functions:

C1 = Pavg, (IV.1.8)

C2 =
Pavg

V
, (IV.1.9)

C3 =
Pavg
3
√
V
, (IV.1.10)

where Pavg is the average annual mechanical power, and V is the volume. The cube

root of the volume in the third cost function is used to get the characteristic lengh of

the floater. Garcia-Teruel expanded upon these to focus on the wetted surface area:

C4 =
Pavg

V 2/3
, (IV.1.11)

C5 =
Pavg

A
, (IV.1.12)

C6 =
Pavg√
A
, (IV.1.13)

where V 2/3 is used as a proxy for the wetted surface area; A is the true wetted surface

area; and
√
A is a proxy for the characteristic length.

IV.1.3 Froude scaling

The final method discussed here is Froude scaling. As the name suggests, when Froude

scaling the relative shape of the floater does not change, the whole design gets scaled
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up or down; the theory as to how this is achieved is discussed in § IV.2.1. As a result,

the optimiser can not decide whether the optimal design is broad- or narrow-banded.

However, Froude scaling has benefits over the other methods: primarily in the

runtime. When using the Froude scaling approach, the bem code does not have to

be run for each candidate design, as pre-existing bem data is simply scaled. Running

a bem model can take up to 10 minutes [8]i; whereas the scaling takes a couple of

hundredths of a second. As such the runtime is a key advantage of the Froude scaling

approach.

The author is not aware of any work that focussed solely on the Froude scaling

of floater designs, but there has been work that used the method in conjunction with

another optimisation problem. For example in [9], where Ermakov et al. co-optimised

the individual floater scales of an array of wecs as well as their individual positions.

IV.1.4 In summary

This section has shown there is a variety of methods for optimising floater geometries

to varying degrees of fidelity. The Froude scaling approach is selected for this work as,

due to the amount of computation that is already required to optimise the pto design,

the Froude scaling’s reduced computation cost is a key benefit over the other methods.

Whilst Froude scaling can not directly decide if the optimal floater design is narrow-

or broad-banded; the optimal device could be found indirectly by running the model

multiple times with different reference floater designs.

iThis is highly dependant on the number or panels and the computational power, so this value is
only presented as a rough figure.
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Chapter IV.2

Control Co-design of Floaters for use in Wave Energy

Converters

A question is posed: do the benefits of control co-design (ccd) compound when co-

optimising multiple components of a wave energy converter (wec). This section de-

scribes the theory of Froude scaling; and then applies it to a range of floater scales in

wecs with a pre-optimised power take off (pto) design – as a form of serial ccd – to

investigate if further improvements can be found over the nominal-scale floaters. In

§ IV.3, the optimisation of floater and pto is combined to co-optimise the two compo-

nents. Then, in § IV.4, the performance of wecs in varying levels of ccd is compared.

IV.2.1 Theory of Froude Scaling

Varying the size of an object always introduces scaling effects [10] due to different phe-

nomena scaling with different properties of the device. For example, friction scales with

surface area and gravitational forces scale with volume (assuming density is fixed). A

variety of force ratios exist to measure the impacts of different scaling effects. These in-

clude the Froude number (inertial force over gravitational force); the Reynolds number

(inertial force over viscous force); and Weber force (inertial force over surface-tension

force). The inertial force is normally most relevant in fluid dynamics, hence its inclusion

in all of the ratios [10].

For the vast majority of wecs – including the wecs used in this work – the Froude

number is considered the most important [10]i and is given by

Fr =
v√
gL

, (IV.2.1)

where Fr is the Froude number; v is the velocity of the floater; g is the acceleration due

to gravity; and L is the characteristic length of the floater. Defining the length scale of

the floater to scale via

La := λLb, (IV.2.2)

where λ is the scale factor, and subscripts ‘a’ and ‘b’ denote the parameters of two

scales of the same wec. The scaling factors of the other properties of the wec can be

iIn other types of wec the dynamics of the device do not Froude scale, so another scaling technique
would be required. An example of this is oscillating water columns, in which the air stiffness does not
Froude scale [11].
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IV.2.2. Variable Froude scaling of floaters

found with two assumptions: the Froude number of the two scales is identical; and the

density of the floater is constant.

From the assumption of constant Froude number,

va√
gLa

=
vb√
gLb

, (IV.2.3)

from substituting in Equation (IV.2.2), one finds that the velocity scales with λ1/2:

va = λ1/2vb. (IV.2.4)

Then from dimensional analysis, it follows that time also scales with λ1/2.

Under the assumption of constant density of the floater,ii

Ma

Va
= ρ =

Mb

Vb
; (IV.2.5)

whereMa andMb are the masses of the two scales of floater; Va and Vb are the volumes;

and ρ is the density. The volume and mass scales with λ3:

Va = λ3Vb; (IV.2.6)

Ma = λ3Mb. (IV.2.7)

From these three properties – length scaling with λ, time scaling with λ1/2, and mass

scaling with λ3 – all other relevant properties can be found using dimensional analysis.

All the factors for the properties scaled in this thesis are given in Table IV.2.1: a point

to note is that the mass has been altered to scale with λ2 because the floater is better

modelled as a thin shell rather than a solid object.

IV.2.2 Variable Froude scaling of floaters

The optimal buoy scale is found by brute forcingiii a range of buoy scales; then for each

scale of buoy, the control optimisation routine is run to find the best control for that

wec in each sea state.

The results for each wec type are shown in Figures IV.2.1, IV.2.2, and IV.2.3

for the Tyne-Tees, Isles of Scilly, and Liverpool Bay sites respectively. The biggest

determiner of wec performance is the reference floater design, so the analysis of results

is separated accordingly.
iiThe density of a floater is required to at least stay somewhat similar to its original value because

the water density does not change, so any changes to the density would effect the floaters buoyancy. In
some wave tanks there is a slight discrepancy in water density due the tanks tending to use fresh water
(∼1000 kg/m3) instead of salt water (∼1025 kg/m3) which can introduce some density effects – see [12]
for more details.

iiiAnother form of optimisation technique would have likely been more computationally efficient
method for calculating the best buoy scale, but the brute forcing method is chosen to be able to produce
figures to better understand the relationship between buoy scale and electrical power. Although the
current method is not time intensive either: taking 0.05 to 0.25 s per test point (the time for floater
scaling, control optimisation, and power simulation).
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Table IV.2.1: Froude scaling factors for the
floater variables [13].

Variable Scale factor

Mass λ2 *

Frequency λ−0.5

Added mass λ3

Radiation damping λ2.5

Stiffness λ2

Excitation force coefficient λ2

Force λ3

Speed λ0.5

Power λ3.5

*
This is changed from λ3 to model the floater

as a thin shell, see the end of § IV.2.1 for more
details.

IV.2.2.1 Scaling type-b floaters

Across all the sites, the broad-banded type-b floater optimised wecs follow the same

shape: a parabolic curve with differing gradients on each side of the minima. To the

left (smaller floaters) the gradient is much steeper than to the right (larger floaters),

suggesting that it is better to have a slightly oversized floater than for it to be slightly

undersized.

The optimal size varies according to location, and control type. Generally, the more

energetic the site, the larger the floater. Impedance matching (im) control generally

prefers a smaller floater to linear damping (ld), likely due to the ld-controlled wecs

needing the floater to match the resonant frequency of the site, whilst the im-controlled

wecs can operate effectively further from resonance, so favour a slightly smaller, lighter,

more-nimble floater.

IV.2.2.2 Scaling type-n floaters

Results for the narrow-banded type-n floater are very different to those of the type-

b floater. The relationship between floater scale and electrical power is not smooth:

there are many local minima and maxima along the curve. This can, at least partly,

be explained by the overheating limits in the pto as the different sized buoys react

differently to the waves. Take, as an example, the ld-controlled type-n wec at the

Tyne-Tees site, in Figure IV.2.1: there is a sudden reduction in power between 0.8
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Figure IV.2.1: Weighted
electrical power for wecs at
the Tyne-Tees WaveNet Site,
as a function of floater scale.

0 1 2 3 4

−1,000

−500

0

Floater scale

W
ei
g
h
te
d
el
ec
tr
ic
a
l
p
ow

er
/
k
W

type-n ld type-b ld
type-n im type-b im

Figure IV.2.2: Weighted
electrical power for wecs at
the Isles of Scilly WaveNet
Site, as a function of floater
scale.
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Figure IV.2.3: Weighted
electrical power for wecs at
the Liverpool Bay WaveNet
Site, as a function of floater
scale. There are no type-
n-wec results because there
are no successfully optimised
ptos for that floater type at
Liverpool Bay, see § III.3 for
more details.
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IV.2.2. Variable Froude scaling of floaters

and 0.95 times floater scale. In this region one of the sea states pushes the wec into

a zone in which the wec can not operate safely and so the power for this sea state is

0 W. This is the largest of the sea states, that would otherwise contribute significantly

to the overall power production of the wec. Other discontinuities in power production

are caused by the wec approaching the limits so the control optimisation selects a

controller that allows the wec to operate within thermal limits.

IV.2.2.3 Discussion of results

For all but one of the 10 wecs scaled in this section, the best performing floater scale

was not the nominal size. This shows that the best performing wec can not be made

by optimising the pto alone, as other components (e.g. the floater, moorings, etc.)

must be accounted for in the ccd procedure as well.

The one wec that is best performing at nominal scale, is the type-n ld-controlled

wec at Tyne-Tees. This wec has the thermal limit problems slightly below nominal

scale, so it is entirely possible that, had the wec been optimised for this slightly smaller

floater, the pto would have been made larger to cope with the larger forces, and the

wec would perform better.
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Chapter IV.3

Control Co-design of Power Take-off Systems &

Floaters for use in Wave Energy Converters

This section combines the power take-off (pto) and floater optimisation stages – from

§ II and § IV.2.2 respectively – into a single optimisation process. Here, the methodology

is described, and the results of the simultaneous optimisation presented; comparison

between serial and simultaneous optimisation results is the focus of the next section.

Preliminary versions of results presented here were presented at the 16th Euro-

pean Wave and Tidal Energy Conference and are published in [14]i. In that work,

the differences in pto design and floater scale were investigated when varying control

strategy, and location, when using the type-b floater, using a 10-sea-state representa-

tion. However, following on from the findings of § II, the results for this section use the

20-sea-state representation of each of the sites (see Appendix A for tables of the sea

states).

IV.3.1 Alterations to the model

To facilitate scaling within the genetic algorithm (ga), an extra gene λs, representing

the floater scale, is added and a processing stage is added to scale the floater. The ga is

free to scale the floater between 0.2 and 5 times nominal size. The updated model flow

chart is shown in Figure IV.3.1. Hydrodynamic properties of the floater are scaled

according to the appropriate Froude scaling factors: given in Table IV.2.1.

Finally, it is noted that there are no alterations to the cost function to account for

the differences in cost to building varying sizes of floaters. This follows on from the

ambition in formulating of the original cost function: to minimise assumptions (see

§ II.3.3). When unconstrained, the generator tends towards an incredibly large device

(as those are more efficient). As such the material cost is used as a constraint; the

floater scaling however, does not exhibit the behaviour and the optimal scale can be

larger or smaller depending on the site conditions (as is seen in § IV.2.2). It is therefore
decided to not account for a floater material cost in the cost function.

iNote that in the paper the site labelled ‘North Sea’ is the same site as ‘Tyne-Tees’ in this thesis.

– 166 –



IV.3.2. Co-optimisation of floater scale and power take-off design

Genetic algorithm

Floater
scaling

PMSG
model

Drive train
model

Power simulation

Control strategy
optimisation

Cost
evaluation

Reference
floater

Sea climate
data

Figure IV.3.1: Flow chart
of the optimisation model
including floater scaling.
Red blocks show data in-
puts; blue blocks show
physical models; and green
blocks show optimisation
tools.

IV.3.2 Co-optimisation of floater scale and power take-off design

The adapted model is run for a similar set of runs to the varying location investigation

in § III.3: three times for each floater and control type pairing at each location. The

final costs for these runs are shown in Figure IV.3.2. When comparing to the similar

results for optimising just the pto (Figure III.3.3 in § III.3.1), there are differences in

the relative performance of the differentwec types. Now at every location, the ordering

of wec performance from worst to best is: ld-controlled type-n, im-controlled type-

n, ld-controlled type-b, and im-controlled type-b. When optimising just the pto,

performance between floater type was similar at Tyne-Tees; and type-n outperforms

type-b at the Isles of Scilly.ii When only optimising the pto at the Liverpool Bay site,

there is not a single successful run of the optimiser out of the three attemptsiii, but

when co-optimising with the floater two-of-the-three runs for each control type created

a successful pto-floater design. This shows that by adding the floater design into the

control co-design process there is a larger design space in which to find suitable wec

designs. However, the fact that one-of-the-three runs still failed shows some limitations

in the genetic algorithm’s ability to explore the design space – this could possibly

be solved by increasing the number of individuals in the population, but would have

negative effects on the total runtime of the optimiser. Ignoring those failed runs, the

results – as when just optimising the pto – converge very well: having a maximum

percentage difference between like runs of 3.88%, 2.51%, and 0.490% for the Liverpool

Bay, Tyne-Tees, and Isles of Scilly sites respectively.

iiThe reasons for this are discussed in § III.3; put briefly it is due to the resonance of the type-n
floater aligning well with the sites.

iiiMainly due to resonance reasons: due to very poor alignment between the floater and the site
conditions. Compounded with the fact that the site does not have much energy to harness, designing
a wec under these conditions is incredibly hard. See § III.3.
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Figure IV.3.2: Best cost solutions from the pto and floater co-optimiser, when varying
the site location. Note that due to the Isles of Scilly site being so much more energetic
than the others, the y-axis on its plots works to a different scale – but they continue
to have the same units.
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IV.3.2.1 Differences in floater and power take-off design

The final genes for each of the runs is shown in Figure IV.3.3; there are two significant

points of note. Firstly, the genes for the floater scale (λfs) are much more stable than

the genes determining the pto – excluding the two Liverpool Bay runs that returned

a positive cost function value. Secondly, the immense length of the generators (lg) for

the type-b wecs at the Isles of Scilly. These points are investigated in more detail in

turn.

The concluding discussion of § III introduced the idea of families of solutions: the

idea that the cost function (as it currently exists) does not limit the design space

enough such that there is a single pto design that gives that best cost function value,

but instead a family of solutions that all perform to practically the same level. This

explains the variability in the gene values. For the floater scale however – ignoring

the two failed runs – the gene values are very similar: having maximum percentage

differences between like runs of 5.16%, 1.05%, and 0.455% for the Liverpool Bayiv,

Tyne-Tees, and Isles of Scilly sites respectively. This means that the cost function

has reduced the family of solutions to a set with very little floater scale variance. The

inclusion of floater scaling does not appear to have any significant effect on the variance

of the pto genes.

The length of the generators for the type-b wecs at the Isles of Scilly site are

around 40 and 50 m for ld- and im-controled respectively – the upper limit for the

gene is 50 m so the optimal may be an even larger value. This is obviously absurd,

and shows the limits of the model as it exists: without accounting for factors such as

manufacturability and installation of the wec, the floaterv and pto are free to balloon

in size (assuming there are the waves large enough to require such a behemoth). To

properly account for manufacturability and installation would require a more detailed

cost analysis of the various stages of a wec development – introducing several assump-

tions. But as a simple first pass, encouraging smaller generators helps towards both

goals. Hence, an alteration to the cost function is proposed:

Cvol =
Cwec

πr2sblg
, (IV.3.1)

where Cwec is the standard cost function (defined in Equation (II.3.14)); rsb is the

outer radius of the stator backiron (the outer radius of the generator); and lg is the
ivThe Liverpool Bay has repeatedly been a site found to be ill-suited to the installation of wecs

which could explain why its variance is larger: i.e. it is just very hard to find a good design at this site.
vA related concern with the increased floater size is that the floater has been scaled such that its

diameter is roughly 80 m – well above the guidelines for size relative to the waves. Count suggests
that the floater be roughly 1/20th the wavelength for a point absorber [15]. Assuming deep water, the
wavelength of the waves is approximately 156 m (for a 10 s period); this puts the floater well above
the suggested size, at approximately 1/2th: likely causing the assumptions of point absorber motion to
break down.
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Table IV.3.1: A selection of properties for wecs optimised to two different cost
functions and control strategies. wecs are optimised for a type-b floater at the
Isles of Scilly site.

Property
Optimised to Cwec with Optimised to Cvol with

ld-control im-control ld-control im-control

Cwec / £m -54.0 -70.8 -3.96 -4.29

Cvol / £ k -68.2 -72.8 -1460 -1590

Pavg / kW -2900 -3750 -194 -209

Cgen / £ k 7700 8980 162 162

Volume / m3 792 973 2.71 2.70

Axial length / m 40.5 50.0 0.213 0.232

Floater scale factor 4.65 4.07 1.30 0.979

Cwec and Cvol are the two cost functions; Pavg is the weighted electrical power
output; and Cgen is the material cost of the generators.

axial length of the generator. A selection of properties for wecs optimised to both cost

functions are found in Table IV.3.1. Using this alternative cost function has brought

down the axial lengths to much more reasonable values around 0.2 m; and due to the

generator being much smaller, the floaters have been scaled down as well to match

the generators. This shows that through the inclusion of more properties to the cost

function, a designer can better define the wec they wish to produce.

IV.3.2.2 Differences in computational effort

Finally, for completeness, the number of iterations and runtime for the co-optimised

runs are shown in Figure IV.3.4. The trends are broadly similar to those when just

optimising the pto so the reader is directed to § III.3.4 for that analysis. The only

difference of note is that the very long runtimes seen for the im-control runs seen when

just optimising the pto are not as extreme here: they still exist but not are not as

large. This suggests that by scaling the pto, the im-optimisation overheating fallback

is not needed as often.
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Figure IV.3.4: The number of iterations, and total runtime of the pto and floater
co-optimiser, when designing for different site locations.
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Chapter IV.4

Comparing Levels of Control Co-design Integration

Throughout the thesis results are presented of increasing levels of control co-design

(ccd) integration. These are: optimising just the power take-off (pto), in § III; serially
optimising the pto and then the floater scale, in § IV.2; and simultaneously optimising

the pto and floater scale in § IV.3. Here, results from these three sections are com-

pared to investigate the improvements in power production from increasing the levels

of integration in the ccd process.

Due to the Liverpool Bay site not producing any pto-only and serial optimised

results for a type-n floater, and the Isles of Scilly site having problems with its type-

b floater results, only Tyne-Tees results are compared in this section. The comparison

is found in Figure IV.4.1. For all wave energy converter (wec) types, the trends are

the same: the pto-only optimisation performs the worst – in terms of cost function

and electrical power output, the simultaneous optimisation performs the best, and the

serial optimisation in between – but closer to the pto-only optimisation: showing that

the benefits of ccd compound when more of the wec design process is included.

The floater scale is also different between the serial and simultaneous optimisations

meaning that there is a multidirectional dependancy between the wec components:

i.e. the pto design does not just depend upon the floater design, the floater design

depends upon the pto design as well. Whilst only scaling the floater design does not

give the optimiser complete freedom to find the optimal design, the work presented

here shows that ccd is important, and further improvements in the fidelity of the wec

design should only lead to further improvements in performance.

When combined with the results of § III.3 – which found that the poor matching of

floater to site conditions can counteract the benefits of pto ccd entirely – the case for

the co-optimisation of floater and pto is clear.
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Chapter V

The OSPREY-I Wave Energy

Converter & Polychromatic Power

Simulations

This chapter re-applies the floater scaling methodology from § IV to the scaling of the

power take-off (pto) in a novel method to develop a synthetic pto model for a wave-

tank scale pto. The synthetic pto designs are then used in a polychromatic-wave

power simulation to better understand the importance of pto dynamics in the overall

performance of a wave energy converter.
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Chapter V.1

The HAPiWEC Power Simulation Model

As a final point of investigation, this chapter utilises a polychromatic-wave power sim-

ulation to test the validity of using a monochromatic-wave simulation within the power

take-off optimisation. The polychromatic simulation is introduced and described in this

section, and the results of using it are in the next section.

The polychromatic-wave power simulation used was created as a part of the hapiwec

(Holistic Advanced Prototyping and Interfacing for Wave Energy Control) project. The

project sought to create remotely accessible hardware and tools for the rapid prototyp-

ing of novel control algorithms, see [1] for more details. The hapiwec project is solely

at wave-tank scale. As such the polychromatic power simulation, and the wec used

are also at wave-tank scale and alterations are made to the optimiser model to account

for the change in scale. This section first details the changes made to the optimiser

to create a tank-scale power take-off (pto) in §V.1.1; then the operation of the wider

polychromatic power simulation are described in §V.1.2.

V.1.1 Power take-off designs for the osprey-i wave energy converter

The osprey-i (Open System-wide Prototyping for Renewable Energy Yield Improve-

ment) is a tank-scale wec developed as part of the hapiwec project. The floater

shape for osprey-i is a scaled down design from the coerbuoy1 wec [3], a picture

of the osprey-i in the tank is shown in Figure V.1.1 and a schematic of its design

is in Figure V.1.2. The floater is connected to the generator via a taught cable; and

a system of pulleys connects it to the generator, which puts a preload force on the

floater of 850 N. The osprey-i is installed at the FloWave wave tank at the University

of Edinburgh [4]: the nominal scale of FloWave is 1:20, the same scaling is therefore

also chosen to scale the osprey-i floater. Due to limitations in the pto-optimisation

Figure V.1.1: Picture of the
osprey-i wec in the FloWave
wave tank. (Picture provided
by the hapiwec team; avail-
able at [2])
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V.1.1. Power take-off designs for the osprey-i wave energy converter

Tank side

Preload motor

Generator

Figure V.1.2: Design of the osprey-i wave energy converter. Not to scale. (Adapted
from [5])

modeli, the osprey-i is modelled to move only in heave; but in the tank, it can move

in six degrees of freedom.

As wec at tank scale, the actual pto built for osprey-i is much less efficient

than its sea-scale counterpart would be: because electrical resistance scales according

to 1/λ, where λ is the scale factor, whilst forces scale with λ3. So, as the size of a

wec decreases, the forces on it decrease rapidly, but the electrical resistance in the

pto increases reducing efficiency. Therefore, to get a more useful electrical efficiency

conversion a synthetic pto model would be useful: one that has the efficiency of a sea-

scale pto, but at the electrical power scale of a wave-tank-scale pto. So far, Froude

scaling has been applied to the floater only, but applying the same methods to down-

scale the pto, a synthetic pto can be created.

To create a synthetic pto the following procedure is taken: firstly, the osprey-i is

scaled up to sea scale; then a pto optimised for the upscaled device; and finally, the

power map is scaled down to tank scale to get the synthetic pto model. During a tank

test, data of the mechanical speed and force of the osprey-i’s motion can be recorded

and a simulated electrical power output can be calculated as a post-processing step.

The methodology for creating the optimised pto is broadly the same as previously

discussed in § II.3. The only differences are the pre-optimisation scaling up of the

floater; the post-optimisation scaling of the pto; and a new test location.

When running wave tank tests, the range of sea states simulated must be within

the range that the tank can accurately, and repeatedly produce. Draycott showed that

it is possible to simulate the sea states of the European Marine Energy Centre (emec)

site in the FloWave wave tank [6, 7]. Therefore, a recreation of the emec site that

iThis is a limitation in the model as it exists currently; it could be hypothetically expanded to
account for more degrees of freedom.
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V.1.2. The polychromatic power simulation

Table V.1.1: Sea states for the osprey-i optimisation.

Tank Scale Sea Scale
Weight / %

Tp / s Hm0 / m Tp / s Hm0 / m

0.225 2.66 4.50 11.9 7.55

0.225 2.35 4.50 10.5 3.77

0.175 2.35 3.50 10.5 22.6

0.125 2.21 2.50 9.88 9.43

0.125 2.03 2.50 9.08 13.2

0.125 1.72 2.50 7.69 20.8

0.075 2.35 1.50 10.5 3.77

0.075 1.72 1.50 7.69 18.9

is chosen for both the optimisation of the synthetic pto and the tank tests for the

hapiwec project more generally.

Using the set of sea states in Table 4 of [6] and an incidence plot of the conditions

at the emec site in [8], a set of sea states with relative weightings is created, as shown

in Table V.1.1ii.

V.1.2 The polychromatic power simulation

The polychromatic power simulation was created in Simulink by Dr. David Forehand as

a part of the hapiwec project; Figure V.1.3 gives a block diagram representation of

its operation. It is a linear model of a wec found by solving the Cummins equation, see

§ I.2.3.2 for more details on the general theory behind the use of the Cummins equation.

The remainder of the subsection describes the specifics of the implementation in this

simulation.

The radiation convolution is approximated by a state-space model: directly comput-

ing a convolution is computationally expensive, so it is commonplace to approximate it.

As well as state-space representations, transfer functions are also commonly used; see

[9] for a review. The preload force is due to the osprey-i being attached to the power

take-off (pto) via a tether; the preload is used to pretension the tether. It is fixed

at 850 N. The wave spectrum used is a modified Pierson-Moskowitz spectrum using

a linearly-spaced set of 541 wave frequencies between 1.25 and 8.00 s. The spectrum

is then converted to a time series of wave elevations using the methodology explained

iiThis set is missing a few sea states seen in Table 4 of [6]: some sea states went beyond the bounds
of the incidence plot; and there were some repeats from the exclusion of the energy period that were
removed.
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Inverse reduced
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Wave excitation force
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controller

ẋ

Force
estimator

Figure V.1.3: Block diagram for the polychromatic power simulation for the osprey-i
wec.

in § I.1.3.2; and then to a time series of excitation forces using the excitation-force

coefficients from wamit, and the relationship given in Equation (I.2.17).

Finally, the controller is based on the pi-design by Coe et al. [10]. This is not a

regular pi controller – where the controller is before the plant and after the comparator.

Instead the controller is on the feedback loop where it acts as a simplified model of the

wec’s impedance. Coe et al. [10] tuned their controller for mechanical power capture,

but this has been changed to instead focus for electrical power capture. Using a similar

methodology to that used in the pto optimisation, a range of pto amplitudes and

phases are tested in a set of regular wave tests to find the best performing pair of

values. The appropriate gains for the pi controller to achieve that response are found

via

Kp −
1

iω
Ki = −Aptoe

i(ωt+ϕpto)

Avei(ωt+ϕv)
, (V.1.1)

where Kp and Ki are the proportional and integral gains, respectively, and the rest of

the parameters are as defined in § II.3.4. Evaluating for the set of regular wave tests

creates a look-up table that is used within the wider hapigym simulation to actively

change the gains throughout the simulation by using an extended Kalman filter based
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V.1.2. The polychromatic power simulation

force estimator.

The controller is not activated from the beginning of the simulation; it turns on

after 40 s: this is to give the force estimator the time to get a good estimate of the

peak excitation force frequency before it is used. The average power is then measured

from 60 s to the end of the simulation at 100 s. An example time series of various

parameters is shown in Figure V.1.4.
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Figure V.1.4: Example time series of properties in a polychromatic power simulation.
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Chapter V.2

Comparing Optimised and Non-optimised Power

Take-off Designs

Here, optimised and non-optimised power take-off designs for the osprey-i wec are

compared. The optimised design is created following the methodology in §V.1.1. The
non-optimised design is the best solution found one quarter of the way through the

same optimisation: this gives a generator for comparison that is partially designed to

the osprey-i, but not optimised.

The breakdown of electrical power output per sea state is shown in Figure V.2.1:

the trend that the non-optimised generator produced marginally more power – with an

average power output increase of 1.0%, and a maximum increase of 2.4% – is consistent

across all sea states. The final weighted average power for each design is 5.60 and 5.65

W for the optimised and non-optimised respectively.

Whilst it appears that the non-optimised generator performs better than the opti-

mised, the cost function shows the benefits of the optimised design. Figure V.2.2 shows

the cost function values when using the polychromatic and monochromatic power simu-

lations: polychromatic power values at sea scale are found by Froude scaling the power
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Hm0 = 0.225 m

Tp = 2.35 rad/s
Hm0 = 0.075 m
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Figure V.2.1: Average electrical power output from the osprey-i wec in a variety of
polychromatic sea states using different generator designs.
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Figure V.2.2: Comparing
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material costs are the same
for both.

up to the equivalent sea scale. The 1.0% increase in power output for the non-optimised

design comes at a cost of a 22% increase in generator material cost. Obviously, that is

not a desired trade-off and hence it was not the returned optimised design.

V.2.1 Power estimates in monochromatic and polychromatic seas

The biggest takeaway from this section is the differences in estimated power output

between the monochromatic and polychromatic power simulations: the polychromatic

power simulation gives a value less than one third (see Figure V.2.2) than that of the

monochromatic power simulation in the example tested here. It is expected that the

power output is lower; it can be found across the literature (e.g. in [11] and [12]) and
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V.2.1. Power estimates in monochromatic and polychromatic seas

occurs because the wec can no longer be controlled perfectly without future knowledge

of the waves, as explained in § I.2.4.
The fact that both generators have basically the same electrical power output in

the polychromatic simulation suggests that both are large enough to fully saturate

the available power throughput in the given seas: looking into the pto force demands

throughout the power simulations shows the maximum force demand is 980 and 990 N

for the optimal- and non-optimal-generator wecs when the force limits are 1070 and

1000 N respectively. Conversely, there is a 5.9% difference between power outputs in

the monochromatic power simulation, and in them, force limits are being hit – for both

generators. Therefore, it is plausible that an optimisation run using the polychromatic

power simulation would return a smaller, cheaper generator design; the problem in

doing so is the time to run each of the simulations.

In the monochromatic case, the power simulation and control strategy optimisation

happens in tandem for each sea state, taking approximately 5.5 ms. In the polychro-

matic case, the controller can be tuned once for each design then used in all sea states

(within the defined tuning window); to tune the controller takes approximately 55 s,

and to run one sea state simulation takes 2 s of computation time. Therefore to com-

pute a suite of 20 sea state simulations takes roughly 0.11 and 95 s in the mono- and

poly-chromatic cases respectivelyi; this would need to be repeated hundreds of times

per generation of the genetic algorithm, for hundreds of generations. There are options

that could improve the runtime of the program: such as reducing the number of sea

states, but § III found that reducing the number of sea states affects the design of the

pto.

Whether the increased computational cost of using polychromatic sea states is

worthwhile remains an open question, but it has been found that designing a pto

using a control co-design methodology in monochromatic sea states does still improve

the performance of the wec in a more realistic scenario.

iSimulations are run on a computer with a 10-core Apple M4 cpu and 16 GB of ram.
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Chapter VI

Conclusions & Future Work

The final chapter of the thesis gives some final conclusions of the work: a summary

of the findings and discussion of recommendations for wave energy converter design

going forward. The chapter ends with example avenues for further work.
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Chapter VI.1

Conclusions

To summarise the findings of the thesis in a few sentences: implementing a control co-

design (ccd) methodology improves the performance of wave energy converters. Fur-

ther, the more components included in co-design process, the greater the improvements

in electrical power output. Finally, power take-off (pto) dynamics and efficiencies have

a significant effect on the electrical performance of a wave energy converter (wec), and

neglecting such effects disguises the actual performance of the wec.

Summary of key findings

The novel application of a lumped parameter model of a permanent magnet synchronous

generator (pmsg), originally developed by Cassimere [1], and included in a wider drive

train model, created by Gasberger [2], has created a ptomodel at a much higher fidelity

than has been seen in the ccd literature to date.

When used within a genetic algorithm, designs are consistently produced of a similar

electrical performance, showing that the optimiser is able to effectively explore the

design space: providing a strong foundation for implementing ccd methodologies.

There is variance in the physical design of final pmsg designs, showing there is a

degree of freedom in the cost function allowing multiple pmsg designs to return the same

cost. The greater degree of freedom in the cost function opens the opportunity for the

wec designer to have a greater influence on the desired pmsg design by altering the cost

function to tighten the design constraints, as is found in § IV.3.2.1. Conversely, § III.4
has shown that loosening design constraints can create viable designs in conditions

previously thought impossible.

In § III, significant differences in optimal pto designs are found when varying con-

trol type, floater design, and location. Broadly speaking, wecs that are more able to

perform well across a wide range of frequencies – e.g. when using impedance matching

control, or a broad-banded floater design – are able to operate more effectively and

can utilise the capacity of larger pmsg designs to counteract their increased cost. Con-

versely, if it is known that linear damping control will be used, an optimal generator can

be produced at around 60% the material cost of one designed for impedance matching

control with only a 5% drop in average electrical power output. It is also shown that

wecs placed in more energetic sites are able to utilise larger pmsgs.
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In § IV, the optimiser model is expanded to co-optimise the novel combination of

floater and pto design, by introducing the Froude scaling of the floater. It is found

that the design dependance between floater and pto works both ways, and so the

simultaneous co-design of the two components leads to greater performance over indi-

vidual design processes – with an up to 90% improvement in electrical power output

with im control, and 50% improvement with ld control. This adds to the knowledge of

the importance of ccd methodologies in wec design. When combined with previous

work by Garcia-Rosa and Ringwood [3] who found that the optimal floater design was

dependant on the control type, and work by Garcia-Teruel [4] who found the optimal

floater design depended on the wave climate; there is a strong interdependency between

all of the components of a wec.

Finally, in §V it is found that using the idealised monochromatic sea states in

the optimisation leads to an over estimate of the power output when compared to

polychromatic sea states. However, the optimal design still outperforms a non-optimal

design in the polychromatic tests: showing that the model is capturing an intrinsic

property of the waves, and allowing for the optimisation of the pto.

To conclude, it is clear that the implementation of ccd methodologies is advisable

for future wec design processes, and pto efficiency must be accounted for in all models

of wecs to give a clearer view of the true performance of a wec.
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Chapter VI.2

Further Work

This thesis clearly identifies avenues for future work that improve the levelised cost

of energy of wave energy converter (wec) designs. Any alteration to the optimiser

to improve accuracy must be implemented carefully to avoid increasing the runtime

of the model further. Hence, improvements to the computational efficiency of the

optimiser model must accompany any additional complexity to prevent the model be-

coming overly cumbersome. The main computational sink is currently in the impedance

matching optimisation technique, due to the fallback brute forcing of the design space

required when overheating limits are exceeded. Investigations into constrained optimi-

sation techniques are recommended to more quickly find the optimal solution in cases

that currently require the brute-force method.

Potential additions to the model are discussed below and all focus on increasing the

fidelity of particular components of the optimisation model.

Polychromatic waves and non-linear modelling: In §V.2, an optimised power

take-off (pto) is shown to outperform a non-optimised pto, demonstrating that the

monochromatic approximation is harnessing an intrinsic property of the waves. How-

ever, the polychromatic simulation shows a significant overestimation in the electrical

power when the monochromatic approximation is used in the optimisation. It is there-

fore likely that incorporating polychromatic power simulations into the optimisation

would improve overall generator design. Computational limits have meant polychro-

matic simulations could not be included in this work, but future improvements in

available computation resources, or improvements in the efficiency of wec modelling

could open the possibility of including them in the future.

Similarly, it is known that wecs have significant non-linear dynamics [5], but can

be modelled as a linear process under certain conditions [6]; this is analogous to using

monochromatic waves to estimate polychromatic waves. So, similarly, it is likely that

incorporating non-linear wec models into the optimiser would improve the overall pto

design.

Drive-train design: Future work could use many different types of drive train

depending on the required usecase. The drive train model is based on a series of work

by Grasberger [2], Michelén Ströfer et al. [7], Michelén Ströfer et al. [8] and Grasberger
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et al. [9]. In these works the drive trains were modelled as using a series of pulleys in

[7], a belt transmission mechanism in [8]; and was applied to a terminator-type wec

in [2, 9]. As such, future work could explore the use of drive trains outwith the rack-

and-pinion paradigm used here. Moving away from a rack-and-pinion design presents

an opportunity to model power extraction from multiple degrees of freedom.

Floater design: One of the key discoveries of the thesis is the interdependency in

optimal design of the pto and floater, which is found in a simplified form of floater

optimisation via scaling of reference designs. Implementing a more advanced form of

floater co-design – for example those described in § IV.1 – would therefore likely lead to

better performing wecs as the optimiser has more freedom to tune the floater design

to the given sea conditions.

Cost function: In § III.4 and § IV.3.2.1, it is shown that altering the cost function

allows better define of the design space. The formulation of the cost function for

this work is limited by a lack of availability of information regarding both capital

expenditure, and operation and maintenance costs. However, as the industry becomes

more mature, and more is known about the day-to-day operations of a wec the cost

function could be expanded to better account for these factors.

Crucially, any alterations to the cost function should also include a re-investigation

of the required number of sea states as different components of the cost function may

be more sensitive to the sea-state representation.

wec type and arrays: More drastic changes could be made to allow the modelling

of different types of wec – for example attenuators or terminators. Arrays of wecs

could also be considered. Such alterations would likely require a complete re-design of

the power simulation and control optimisation stages, especially if a global controller

that controls all wecs in an array is included (such as that developed in [10]).

Designing for multiple sites: In reality, designing a wec from the ground up for

each and every location would cost an immense amount of money when compared to

placing the same wec at many locations. This is due to economies of scale.

Setting up production lines to build many wecs, and learning from design iterations

is a way to bring down the cost of a product. However, such an approach is contrary

to the findings of the rest of the thesis: in that the most effective wecs are those finely

tuned to the given location. A compromise could be the design of regional wecs – i.e.

there is one wec design for all across the North Sea, one for the Mediterranean, etc. –

to combine the benefits of control co-design and economies of scale.
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Appendix A

Wave Data

This appendix contains a record of the historical wave data used within the thesis.

Three locations are used throughout the thesis: Tyne-Tees [1], Liverpool Bay [2], and

the Isles of Scilly [3]; this gives an example of a medium-, low-, and high-energy location

respectively.

All data comes from WaveNet [4], which gives a peak period, and significant wave

height record every 30 minutes. Table A.1 gives a list of the locations, the time spans,

and amount of data available. Time spans were chosen to start and end on the same

date, to not have an overrepresentation of any season in the data; sites are also selected

with the longest timespan of available data to reduce the effect a single abnormal season

can have on the data.

For the power simulations, the locations have been reduced to a representative

sample of sea states for each location; these are found using a k-means clustering

algorithm, as described in § II.3.2.2. The Tyne-Tees site is ran in a range of samples:

one, five, 10, 20, and 40; the values of the sea states used are found in Tables A.2,

A.3, A.4, A.5, and A.6 respectively. For the Liverpool Bay and Isles of Scilly sites,

only a 20 sea state representation is used, these seas are found in Tables A.7, and A.8

respectively.

Table A.1: List of locations and available data.

Location Start Date* End Date** Available Data†/ % Ref.

Tyne-Tees 09/04/2009 08/04/2020 99.72 [1]

Liverpool Bay 06/08/2009 05/08/2017 93.63‡ [2]

Isles of Scilly 12/10/2014 11/10/2019 99.97 [3]

*
The first data point is at 00:00:00.

**
The final data point is at 23:30:00.

†
There are sometimes missing data points: this is the percentage of data

available.
‡
The longest span of intermittent data (missing data due to events such as

repairs taking place) is less than one week.
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Table A.2: One sea state representation

of the Tyne-Tees site.

Tp / s Hm0 / m Weight / %

7.38 1.35 100

Table A.3: Five sea state representation

of the Tyne-Tees site.

Tp / s Hm0 / m Weight / %

14.7 1.32 4.23

10.9 1.70 20.5

8.36 1.67 19.4

6.24 1.35 27.0

4.15 0.87 28.6

Table A.4: 10 sea state representation of

the Tyne-Tees site.

Tp / s Hm0 / m Weight / %

17.6 0.906 0.775

14.0 1.38 3.43

12.1 1.39 5.41

10.5 1.20 11.5

10.2 3.72 4.99

8.33 1.52 17.9

6.73 1.42 15.4

5.52 1.28 14.3

4.48 0.955 15.6

3.41 0.650 10.4

Table A.5: 20 sea state representation of

the Tyne-Tees site.

Tp / s Hm0 / m Weight / %

18.7 0.888 0.336

15.2 0.925 1.86

13.2 2.82 1.46

12.8 1.08 3.12

11.5 1.68 2.46

11.4 0.810 3.36

10.9 2.77 2.01

10.5 4.64 1.77

10.2 1.04 7.14

9.46 2.68 3.60

9.10 1.06 4.10

8.01 2.87 2.86

8.01 0.850 4.98

7.98 1.75 5.12

6.72 2.11 5.59

6.71 1.03 9.94

5.47 0.811 9.12

5.36 1.70 7.60

4.37 0.948 13.5

3.39 0.643 9.95

– 198 –



Table A.6: 40 sea state representation of the Tyne-Tees site.

Tp / s Hm0 / m Weight / % Tp / s Hm0 / m Weight / %

17.6 0.879 0.768 9.10 1.63 2.10

14.8 0.660 1.09 9.10 0.730 2.43

14.7 3.72 0.141 8.90 3.84 0.787

14.5 2.00 0.500 8.04 2.87 2.08

13.3 0.888 1.03 8.03 0.642 2.91

13.0 2.26 1.06 7.99 2.02 3.37

12.5 0.812 1.21 7.97 1.31 4.28

12.3 3.62 0.620 6.95 0.996 4.28

12.1 1.60 1.62 6.92 1.69 3.96

11.8 0.810 1.49 6.75 2.56 2.14

11.5 5.71 0.302 6.44 0.727 2.86

11.3 2.30 1.35 6.03 1.39 4.32

11.1 0.984 2.59 5.71 2.07 2.91

10.5 3.71 1.00 5.58 0.746 5.78

10.3 4.77 0.728 5.02 1.50 5.10

10.2 1.22 2.98 4.90 0.742 3.70

10.2 0.638 3.11 4.30 1.17 6.18

10.2 1.93 2.01 4.29 0.582 3.65

10.2 2.80 1.19 3.70 0.772 6.71

9.10 2.64 1.29 3.02 0.515 4.18
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Table A.7: 20 sea state representation of

the Liverpool Bay site.

Tp / s Hm0 / m Weight / %

14.3 0.307 0.246

11.8 0.345 0.397

9.79 0.341 0.461

8.19 3.17 1.69

7.34 0.369 1.22

7.04 2.38 3.84

6.51 1.63 3.49

6.38 0.370 2.44

6.11 2.04 3.02

5.62 1.47 7.24

5.47 0.939 5.24

4.93 0.635 4.87

4.90 1.18 5.84

4.36 0.946 7.84

4.23 0.493 7.86

3.81 0.839 6.31

3.70 0.464 6.46

3.25 0.542 10.3

2.80 0.441 9.52

2.21 0.335 5.38

Table A.8: 20 sea state representation of

the Isles of Scilly site.

Tp / s Hm0 / m Weight / %

18.7 2.45 0.500

17.4 5.77 1.64

15.9 2.63 2.32

14.7 4.50 5.17

14.7 7.47 1.56

13.7 2.20 5.56

12.9 3.57 6.66

12.6 5.32 4.02

12.1 1.93 9.51

11.3 3.55 6.59

10.6 2.32 9.48

10.5 5.19 2.56

10.4 1.33 10.9

9.51 3.35 3.92

9.10 1.42 5.42

8.01 2.19 3.59

7.97 1.04 5.15

7.86 3.34 3.26

6.66 1.83 7.36

5.23 1.20 4.80
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Appendix B

Floater Data

This appendix contains a record of the hydrodynamic data for the floater designs used

within the thesis. The floaters come from the impact toolbox [5], from here two floaters

are used, from wec 1, and wec 2; for the ease of readability, in this thesis they have

been named type-n, and type-b respectively, due to their narrow- and broad-banded

frequency responses. The hydrostatic and hydrodynamic data was found using the

boundary element method code nemoh (this was completed as part of the impact

project [5]).

As a part of § IV, these floaters are Froude scaled, it is important to note that

the data in this appendix is for the reference, nominal size. For both the floaters, the

water density was assumed to be 1025 kg/m3. The hydrostatic data can be found in

Table B.1. The hydrodynamic data can be found in Figures B.1, B.2, and B.3, for

the added mass, radiation damping, and excitation force coefficients respectively.

Table B.1: Hydrostatic data for the two reference
floaters.

Floater Mass / kg Restoring force / N

type-n 7,705,900 3,157,352

type-b 730,000 0
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Figure B.1: Added mass in
heave for the two reference
floaters.
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Figure B.2: Radiation
damping in heave for the two
reference floaters.
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