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Abstract

Injecting drug use is a growing risk factor for the transmission of the human im-
munodeficiency virus (HIV) and acquired immunodeficiency syndrome (AIDS)in
the majority of countries, and the high prevalence of HIV among many popula-
tions of persons who inject drugs (PWIDs) presents a huge global health issue
(Mathers et al.|2008). Approximately 11.3% of the world’s population uses injec-
tion medicines in relation to drugs and crime jon Drugs and Crime|(2020). The risk
of drug overdose and blood-borne infection, especially HIV and Hepatitis B and
C, which are transmitted through the sharing of contaminated needles and sy-
ringes and risky sexual behaviours of individuals who have been infected, makes
injection drug use a major public health problem and a leading cause of morbidity
and mortality lon Drugs and Crime| (2020).

The spread of HIV has seen the widespread application of mathematical mod-
elling approaches. In most nations around the world, the injection of drugs is
a significant contributor to the spread of HIV/AIDS. The media plays a signifi-
cant role in raising health consciousness and influencing behaviour change. The
existing literature illustrates how differential equation models can be used to de-
scribe the effects of media awareness initiatives on the spread and containment
of disease (Greenhalgh et al.[2015). In this thesis, we consider the effect of
an awareness program on the dynamic behaviour of the spread of HIV/AIDS
amongst PWIDs. The HIV/AIDS model can be modelled using the SIS and SIR
models with time-varying parameter values. We develop the mathematical differ-

ential equation model that extends the research by Greenhalgh and Hay| (1997),



Liang et al. (2016) andLewis and Greenhalgh (2001) to illustrate the impact of
disease awareness campaigns on the rate of HIV transmission among PWIDs.
The new assumption of the model is that PWIDs clean their needles before use.

For each of these different epidemic models, we have developed a mathemat-
ical model to represent the new, more effective model that curbs the spread of
the diseases by decreasing the prevalence of needle and syringe sharing among
PWIDs. We have primarily discussed two approaches for examining how aware-
ness of infection levels affects epidemic modelling. First, we perform an analysis
of stability and provide both local and global results. The fundamental reproduc-
tion number R, an essential factor in our work, has a formula that we determine.
If Ry is greater than one, there are two steady states: one without disease and
one with it. Additionally, we demonstrated that the disease-free equilibrium point
is locally asymptotically stable when R, is less than one and neutrally stable when
Ry =1, and unstable when Ry > 1.

These analytical results are confirmed and investigated numerically by simu-
lating the equations with the SOLVER computer simulation software. The realistic
parameters for these simulations were derived from data and the infectious dis-
ease literature. To conclude the thesis, a brief discussion and summary section

are provided.
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Chapter 1

Introduction and Literature Review

1.1 Motivation

In the early 1980s, human immunodeficiency virus (HIV) was found. It is an
immunodeficiency virus that weakens the immune system, increases susceptibil-
ity to infection, and causes acquired immunodeficiency syndrome (AIDS) in the
long run. HIV is transferred through a variety of routes, including homosexual and
heterosexual sex. However, the injection of drugs is one of the most significant
ways HIV is transmitted; persons who inject drugs (PWIDs) are often uninformed
of their infection and this contributes to the spread of HIV. The coexistence of ad-
ditional opportunistic infections and diseases with HIV among people who inject
drugs (PWIDs) is associated with high morbidity and mortality rates and signifi-
cant healthcare costs. To prevent and limit the transmission of the disease, the
early identification of HIV in PWIDs is crucial.

According to the National Health Service (NHS|2022), the vast majority of in-
fected people develop a mild illness that is comparable to flu and lasts for around
two weeks. After that, the person may not have any symptoms for a consider-
able amount of time. Individuals who are not treated progress from being acutely

infected to being asymptomatic, experiencing signs of pre-AIDS, and finally de-



veloping full-blown AIDS. Some tests can determine whether or not someone has
HIV. Since HIV/AIDS is still a significant issue, it is of the utmost importance to
create mathematical models that can assist us in this endeavour.

Since infectious diseases pose a serious threat to humankind and result in
death, disfigurement, as well as social and economic costs as governments and
health organizations take action to stop the spread of infection. The logical course
of action is to immediately inform the public about the disease and its preventive
measures through the media in the absence of effective vaccines and therapies.

The media, which serves as the primary information source, has the power not
only to affect how people behave but also to boost their engagement in healthcare
provided by the government and healthcare providers, which helps to prevent the
spread of disease. People are made aware of the illnesses through the media, as
well as the needed precautions to help prevent transmission, such as immuniza-
tion, social isolation, and wearing protective masks.

In recent years, there has been an increase in the number of papers that
use mathematical models to estimate the impact of media awareness campaigns
on the spread of infectious diseases. Additionally, there are several authors who
have studied mathematical models in epidemiology and have a better understand-
ing of the predictions that these models can make. These authors use mathemat-
ical models to comprehend disease dynamics and the transmission of infections
and to determine the potential effectiveness of influence approaches in limiting
HIV/AIDS infections amongst PWIDs.

Thus, this thesis will aim to create mathematical models which explore the im-
pact of the awareness programs on the HIV/AIDS model transmission amongst
PWIDs, an area where no study has been done to make the models more realis-
tic. This thesis aims to close that gap. To do so, we primarily use a more basic
form of disease awareness program applied to a modified version of the models

by (Greenhalgh and Hay [1997), (Liang et al.[2016) and(Lewis and Greenhalgh



2001). This can be accomplished by assuming the assumption that PWIDs clean
their needles prior to use, which would result in this change and the validity of this
research contribution. The next section provides a brief overview of the research

presented in this thesis.

1.2 Overview and Outline of the Thesis

In this thesis, we create a mathematical model to explain the improved model
that prevents the transmission of HIV/AIDS diseases through the impact of aware-
ness programs of disease on sharing needles and syringes amongst the PWID
population. The model assumes that PWIDs clean their needles prior to usage
rather than after. There are two different approaches to modelling this. The first
and easiest method, which we will apply in this study, is to reduce the disease
transmission term by a factor ¢ (0 < ¢ < 1) to account for the behavioural changes
people make as a result of knowing the prevalence of the disease in their envi-
ronment. In the second, individuals (typically the susceptible class) are divided
into aware and unaware individuals, and where the level of media awareness is
modelled as a separate variable(Misra et al.| (2011), |Greenhalgh et al.| (2015)).

In Chapter Two, we present a deterministic mathematical model of the spread
of HIV/AIDS amongst people who inject drugs (PWIDs) with an awareness pro-
gram that is based on the mathematical work of (Greenhalgh and Hay||1997) and
the work of (Liang et al.|2016). We then examine the One-dimensional Model for
the Spread of HIV/AIDS amongst PWIDs with awareness programs and demon-
strate that there is also a unique non-negative solution. Next, we investigate the
existence of equilibrium points. We perform stability and equilibrium analyses,
showing that the fundamental reproductive number R, controls the behaviour of
the model. To support our analytical findings for HIV/AIDS models with disease

awareness campaigns, numerical simulations are also generated. These simula-



tions use both theoretical and realistic parameter values. Then, we use our model
to address the HCV transmission among PWIDs and run additional simulations
to confirm their analytical findings.

In Chapter Three, based on the model constructed in Chapter Two, we dis-
cuss the impact of awareness programs in the two-dimensional model of HIV
transmission amongst PWIDs. We investigate the existence of a unique positive
solution to the differential equations. The existence of a solution at equilibrium
is then investigated. Next, we assess the stability of equilibrium at the local and
global stability. Then, additional simulations are conducted to verify the analytical
results.

In Chapter Four, we modified a three-stage infectivity model for the transmis-
sion of HIV/AIDS among intravenous PWIDs by (Lewis and Greenhalgh 2001)
to make it more realistic by applying for awareness programs as described in
Chapter Two. This model allows PWIDs to pass through three stages of infec-
tion before the development of AIDS. We analyse the equation model system
to gain insights into its dynamical characteristics, which will help us better un-
derstand how the awareness program impacts the three-stage infection model
for the transmission of HIV/AIDS amongst PWIDs. Additionally, we compute an
expression for Ry. We consider and analyse the system’s likely endemic equi-
librium, as well as the disease-free equilibrium, are taken into consideration and
analysed. We also examine the stability of these equilibria locally and globally, as
well as the persistence of the disease. Simulation and a numerical analysis are
also provided.

In Chapter Five, motivated by the work that has been done in the previous
chapter, we extend and develop the mathematical model of the effect of aware-
ness programs on the HIV/AIDS models with successful antiviral treatment in
Chapter Two. We extended the model to include two groups within our PWID pop-

ulation: those PWIDs who are infected but unaware that they are infected, and



those PWIDs who are on successful highly active antiretroviral therapy (HAART).
Driven by the fact that the model includes two groups of PWID population, those
PWIDs who are infected but unaware that they are infected and those PWIDs
who are on successful HAART. we extend our model to consider this more re-
alistic assumption that allows PWIDs to move through the phases of HIV/AIDS
infection. The model is then theoretically analysed, a formula for the fundamental
reproductive number R, is derived, and simulations based on parameter values
for our model are run to confirm our theoretical results.

The final chapter, Chapter Six, provides a summary of the work presented
in this thesis and discusses some proposals for future research. Our summary
of the work presented in this thesis is now complete.The rest of this chapter will
continue with give a literature survey and present an introduction to the HIV/AIDS
virus, its discovery and its transmission routes. We then provide a review of
awareness programs in the epidemic model as well as the use of mathematical
models in epidemiology is provided. Finally, we shall present a review of some

previous mathematical modelling of HIV/AIDS amongst PWIDs.

1.3 Background on HIV/AIDS Virus Infection

Since the first case of HIV infection was identified from a 1959 sample col-
lected from a man in the Belgian Congo, scientists have studied the virus long
enough to know it is an immune deficiency virus that not only weakens the cells
but also attacks the immune system and makes the cells deficient in fighting other
infections. In other words, the virus weakens the immune system and its ability
to defend the body from other infections that could attack it. The transmission
of the HIV virus through body fluids means that its methods of transmission are
as diverse as the people it attacks. Some known ways HIV can be transmitted

include semen, a blood transfusion, breast milk, vaginal fluids, and rectal fluids.



Since the discovery of HIV about 40 years ago, it has become a serious pub-
lic health issue, and many screening centres have been established to ease the
counselling and testing of people for the virus (Opeodu and Ogunrinde|2015). The
global community has witnessed momentous innovations that have significantly
changed the landscape of HIV care. In particular, advancements in antiretrovi-
ral therapy (ART) over the last twenty years have transformed HIV/AIDS from a
rapidly progressing ailment to what most consider a chronic disease (lvy et al.,
2017). HIV is an infective organism that usually targets the immune system of the
victims, making them more susceptible to a wide range of infections and certain
types of cancers (Ndibuagu et al. 2017). The disease was given various names
in the past, including gay-related immune deficiency (GRID), but in the year 1982,
the Centers for Disease Control named it Acquired Immune Deficiency Syndrome
(AIDS). which it is still being called this present day (Ndibuagu et al./[2017).

The first two cases of AIDS in Nigeria were diagnosed in Lagos in the year
1985 and reported at the International AIDS Conference in 1986 (Ndibuagu et al.
2017). HIV attacks immune cells called CD4 cells. These T cells (white blood
cells) circulate, detecting infections throughout the body, along with faults and
anomalies in other cells. HIV targets and infiltrates the CD4 cells, using them to
create more of the virus. This act consumes the cells and reduces the body’s
ability to combat other infections and diseases. It increases the risk and influence
of opportunistic infections and some forms of cancer. It is worth noting that some
people have HIV for long periods without experiencing any symptoms. It is a life-
long condition, but treatments and specific techniques can prevent the virus from
transmitting and the infection from further infiltrating. Medical personnel identify
AIDS as having a CD4 count of fewer than 200 cells per cubic millimetre. Also,
they may diagnose AIDS if a person has attributes of opportunistic infections that
are associated with any form of cancer or both. When a person with HIV does

not receive treatment, AIDS likely develops as the immune system procedurally



wears down. However, advances in antiretroviral treatments have made this pro-
gression to AIDS increasingly less common (Felman| (2020)).

HIV has become a pandemic and a significant cause of global mortality. An
estimated 33.2 million adults and children are living with HIV. And in 2007 alone,
around 2.7 million people were newly infected, out of which 2.0 million died.
Global adult (age 15—49 years) prevalence in 2007 was estimated at 0.8%. And
that same year, 67% of all people and 90% of the estimated 2.0 million children liv-
ing with HIV lived in sub-Saharan Africa (SSA). Adult prevalence in sub-Saharan
Africa was estimated to be 5%. Acquired Immune Deficiency Syndrome (AIDS),
and its causative agent, HIV, are now known globally and no longer some strange
to the universe (Hoskins|[2014).

The HIV/AIDS epidemic is one of the world’s mysterious public health and
social problems. Promoting knowledge and a positive attitude towards HIV/AIDS
are central to controlling the prevalence of this epidemic(Yaya et al.[2019). The
virus is the cause of one of the most destructive diseases in human history, having
killed over 25 million people in less than 30 years. Globally, an estimated 33
million people were living with the virus at the end of 2008. This might have
risen sporadically. The greatest burden of the virus is experienced in developing
nations, specifically in sub-Saharan Africa (SSA), which is home to more than
two-thirds of the infected persons worldwide. As HIV treatment becomes more
accessible and patient life expectancy increases, the number of patients requiring
long-term management in care and treatment programs increases meaningfully
(Hoskins|2014).

In 2016, an estimated 36.7 million people were living with HIV, and 1.8 million
new HIV infections were documented. Women aged 15-24 years are particu-
larly at risk of HIV infection, and they accounted for 26% of new HIV infections
among adults globally. A closer look at regional data reveals that the vast major-

ity of people living with HIV are located in low- and middle-income countries. In



the Sub-Saharan Africa (SSA) region, where 71% of new infections occur, West
African women aged between 15 and 24 years accounted for 22% of new HIV
infections (Awofala and Ogundele| 2018, Yaya et al.[2019).

The eastern and southern parts of Africa have the highest number of cases of
HIV in the world. These parts of Africa are home to the majority of the recorded
cases of the HIV virus. Even when the HIV virus is generalized, young women,
homosexuals, transgender people, sex workers, and people who inject drugs into
their bodies are most prone to contracting the HIV virus. Statistics drawn from
avert.org show that East and Southern Africa are the worst hit by the HIV virus.
These parts of Africa are only home to 6.2% of the world’s population, but they
sheltered 54% of the > 20 million infected people in the world in 2018. In re-
search conducted in 2018, South Africa had more than one-quarter (240, 000)
of Southern Africa’s infections. Moreover, Mozambique, Tanzania, Uganda, Zam-
bia, Kenya, Malawi, and Zimbabwe accounted for more than 50% (445, 000) of
the new infections in 2018.

Presently, around 38 million people are currently living with HIV, and tens of
millions of people have died of AIDS-related causes since the beginning of the
epidemic. Globally, around 76 million people have become infected with HIV
since its inception. Overall, African continent accounts for 67.5% (25,720,000)
of the total population of infected persons globally. Asia has 17%, Europe 8%,
North America 3% and South America 6% (Avert, 2019; Kaiser Family Founda-
tion, 2021). Meanwhile, more than 2 million people are infected in the European
nations, particularly in the region’s eastern part. Nearly 137,000 people were
diagnosed with HIV in European countries in 2019 alone (European Centre for
Disease Prevention and Control, 2020).

HIV is the virus that orchestrated AIDS, one of the universe’s most deadly pub-
lic health challenges. But there is a global commitment to stopping the spread of

the virus and ensuring that everyone with it has access to HIV treatment. There



were approximately 37.6 million people across the world with HIV in 2020. Of
these, 35.9 million were adults, and 1.7 million were children. In 2020, 1.5 mil-
lion individuals worldwide acquired the virus, marking a 30% decline in new HIV
infections since 2010 (Global Health, 2020).

In the absence of treatment, life expectancy with HIV is severely reduced. Un-
treated, it is estimated that the median survival time after HIV infection for adults
in developing nations is 11 years. For untreated infants in developing countries,
disease progression is rapid, the risk of dying in the first two to six months of life is
essentially high, and one-third of HIV-infected infants are estimated to die before
their first birthday, with 30%—50% dying before the age of two. Vertical, horizon-
tal and community-acquired transmission are some of the ways in which children
can be infected with the virus. HIV-related immune suppression increases the
opportunity for microbes and pathogens in the environment to find a host, re-
sulting in so-called opportunistic infections’ (Ols) and malignancies developing in
HIV-positive individuals (Hoskins||2014).

The virus and its affiliated agent continue to be a major public health issue
with a rise in campaigns to improve public general knowledge of the virus and
its transmission. Despite interventions and breakthroughs in our scientific under-
standing of HIV and its prevention, many people continue to be infected by the

virus (Awofala and Ogundele|2018,Yaya et al.|[2019)

1.3.1 Transmission Routes

HIV infections have been mainly restricted to intravenous drug users, the core
transmission route of the virus being sharing contaminated needles. Most of the
adults who became infected were men who were injecting drugs. However, the
types of people being infected by the virus and the main transmission routes are
quickly changing. Young people account for most of the new infections. The pro-

portion of women (who are less likely to be intravenous drug users) infected with



the virus suggests that the number of virus infections spread by sexual contact
is increasing. The increased infection rates of HIV among new units are fuelled
by the growth of drug injections, increased sexual activity among young people,
and the growing number of public sex workers. The virus is likely to reach a wider
population from these subgroups.

In its report, UNICEF warns that the HIV virus is the greatest threat to hu-
man health, as it spreads virtually unchecked into the midst of initially uninfected
countries. According to the Joint United Nations Program on HIV and AIDS (UN-
AIDS), despite the significant progress in the prevention of HIV, about 36.9 million
people are still living with the virus. A significant portion of these people are un-
aware of their infection status, even when it develops into advanced HIV disease
(AHD), due to prolonged asymptomatic phases after HIV infection. In some coun-
tries, the infected persons are being stigmatized in their various communities.
Such stigmatization prevents them from seeking medical advice, which results
in a higher risk of developing (Chen et al.|[2019). Approximately 84% of people
with the virus globally knew their status in 2020. The remaining 16% (around
6.0 million people) still need access to HIV testing services, as this will inform
them about whether they have been infected or not. Testing is essential to HIV
prevention, treatment, care and support services.

According to (Yaya et al.[/[2019), inadequate knowledge of HIV and its trans-
mission has been identified as a major factor contributing to the spread of the
epidemic among Nigerian youths. When the academic levels of the respondents
in their study were compared with their knowledge of the possible routes of trans-
mission of HIV, it was discovered that the higher the level of their academic quali-
fications, the higher the percentage that agreed that the use of non-sterile dental
instruments is a possible means of transmitting HIV. This was a statistically sig-
nificant result (p < .002) (Opeodu and Ogunrinde 2015).

Specifically, the most common transmission routes of HIV are the following:

10



1.3.2 Mother to Child.

In 2020, 84% of pregnant women with HIV received ART to prevent the trans-
mission of HIV to their babies during pregnancy and childbirth and to protect
their health (GlobalHealth (2020)). This is the mother-child route. This can be
further delineated into three periods: during pregnancy, delivery and breastfeed-
ing. Vertical transmission is the predominant route for the acquisition of HIV
infection by children, either in utero, intrapartum or postnatally through breast-
feeding. Less frequently, children may acquire HIV by horizontal transmission.
Community-acquired HIV transmission to children may occur following surrogate
breastfeeding, pre-mastication of food, and sexual abuse. In most instances of
horizontal HIV acquisition in children, the exact transmission route is difficult to
determine due to the time elapsed between the HIV-exposure event/s and confir-

mation of HIV in the child (Myburgh et al.2020).

1.3.3 Sexual Intercourse without a Condom.

Some researchers have identified the organism that causes AIDS and named
it variously, but the International Committee on the Taxonomy of Viruses officially
named it the Human Immunodeficiency Virus (HIV) in 1986. HIV is found in
the following bodily fluids of infected persons; blood, vaginal fluids, rectal fluids,
breast milk, semen and pre-seminal fluid (Ndibuagu et al.|[2017). Correct and con-
sistent use of latex condoms during sexual intercourse (vaginal, anal, and oral)
can greatly reduce the chances of acquiring or transmitting HIV and other sexu-
ally transmitted infections (STls). Natural-membrane condoms, often made from
sheep gut, are not recommended because they have tiny pores through which
HIV can pass.

The probability that a person has acquired an STI is generally proportional
to the number of sexual partners that person has had in recent years. However,

in areas where the prevalence of HIV is high, people may become infected who
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have had only one partner. Sexual intercourse refers to the penetration of the
penis into an orifice: vagina, rectum, or mouth. Sexual behaviour is any act of
sexual gratification between two or more individuals or by oneself. Sexual inter-
course is a risk behaviour for acquiring HIV and other STls, but not all sexual
behaviours promote risk (Ferris et al.|2010) Shared Intravenous Fluids/Equip-
ment: Rarely children born to women uninfected by HIV acquire HIV by hori-
zontal transmission. This may occur through healthcare-associated transmission
by infusion of HIV-contaminated blood or blood products, the re-use of contami-
nated needles/syringes or other medical equipment, and the ingestion of HIV in
expressed breast milk in neonatal units (Myburgh et al.|2020).

AIDS was first noticed among women who had sex with infected men in 1983,
suggesting that the disease could also be transmitted through the heterosexual
route. Heterosexual intercourse with an infected person is now the main route of

HIV transmission, accounting for about 80% of cases (Ndibuagu et al.|[2017).

1.3.4 Blood Transfusion.

Previous studies have reported the presence of some misconceptions con-
cerning the possible transmission of HIV among different study populations.
Bassey et al. reported that about 15% of the antenatal women studied believed
that a mosquito bite could transmit HIV/AIDS and 13.7% stated that HIV/AIDS
could be transmitted by sharing a meal with an infected person. There was the
misconception that once somebody was infected with HIV, he or she already had
AIDS. Another study among army personnel reported that 9.1% of the partici-
pants believed that HIV could be contracted through a mosquito bite, and 2.1%
stated that it could be contracted through body contact such as huggings (Opeodu
and Ogunrinde2015). Others were shared intravenous material, men-men sexual

relationships, and drug paraphernalia (Gilroy| (2020).
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It is essential to be familiar with the correlation that exists between AHD and
HIV transmission routes in other to prioritize prevention techniques. As part of
efforts to prevent the pandemic, it has been suggested that the criminalization
of commercial sex workers, compulsory drug treatment and the prohibition of

homosexuality should be adopted.

1.3.5 Prevalence of HIV/AIDS Virus Among People Who Inject
Drugs (PWIDs)

It is estimated that 15.6 million people inject drugs globally, and 30% of this
population are women. A national consensus size estimate from 2014 indicated
that the total number of people who injected drugs in the Eastern African Nation
(Tanzania) was 30,000. Generally, it is opined that injecting drugs poses health
challenges (Likindikoki et al.|2020). This is the primary area of this study

PWIDs are at increased risk of acquiring and transmitting HIV and Hepatitis
C (HCV) as they share injection paraphernalia and have unprotected sex. In the
recruited sample of mostly current injectors with a long duration of injecting drugs,
seroprevalence for HIV and HCV varied greatly between the city samples. HCV
was endemic among the participants in all the city samples. The authors’ results
demonstrate the necessity of intensifying prevention approaches for blood-borne
infections among PWIDs in Germany. To tackle the risk of blood-borne and sex-
ually transmitted infections among PWIDs, it is essential to combine behavioural,
socio-demographic and serological data to inform the planning and implementa-
tion of effective prevention and intervention techniques (Wenz et al.|2016).

Lack of correct information about possible modes of HIV transmission may
hinder people’s willingness to receive voluntary counselling and testing. It also in-
creases the likelihood of the stigmatization and isolation of people living with HIV,
among other adverse psychosocial influences (Opeodu and Ogunrinde| 2015).

This has led to the widespread of the virus among drug injectors.
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In 1981, there were 100,000 injectors infected with HIV. In recent years, a re-
duction in newly diagnosed cases of HIV among PWIDs has been observed. In
2010, 110,000 new cases were reported; in 2013, only 98,000 were reported. It
is estimated that the injection of drugs exists in 148 nations, and HIV infection
exists among PWIDs in 61 countries. There are wide ranges in the estimates of
PWIDs and the number of PWIDs who are HIV-infected globally. More recent re-
ports estimate 8.9-22.4 million PWIDs in nations of the world, and approximately
0.9 to 4.8 million PWIDs are HIV positive. The same factors that have led to the
globalization of trade in illicit goods (improved communications, improved trans-
portation, reduced restrictions on the flow of capital) have led to the worldwide
diffusion of drug injecting, with HIV infection frequently following drug distribution
routes (Des Jarlais et al.[2016). HIV is thus prevalent among women, men, boys
and girls who inject drugs across the globe — it has been recorded in 91% of in-
dependent nations. The Mashriq (eastern) part of the region is more affected by
this public health challenge than the Mghrib (western) part (Mumtaz et al. 2014).
The high levels of injecting drugs in the Mashriq (eastern) part appear to be re-
lated to the increased availability and purity of heroin at lower prices. This is not
surprising since 83% of the global supply of heroin is produced in Afghanistan
(Mumtaz et al. 2021). Among PWIDs, the prevalence of HIV is 5-15%, and at
least half of all countries have such epidemics among men who have sex with
men (HIV prevalence 3—10%). Some of these epidemics have the potential for
further growth, a potential that is facilitated by the high levels of injected drug use
and risky sexual behaviours and by the overlap of high-risk behaviour between
PWIDs, men who have sex with men, and female sex workers. This high-risk
environment is exacerbated by overall high levels of stigma towards key popu-
lations, which increases the vulnerability for further spread. With the exception
of two countries that experienced large epidemics among commercial heterosex-

ual sex networks involving female sex workers and their clients, HIV prevalence
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among female sex workers continues to be overall well below 5%, and even at
vanishing levels, in most countries. Yet, the contribution of commercial hetero-
sexual sex networks to HIV transmission in this region remains sizeable due to
the relatively large size of these networks, compared with PWIDs and networks
of men who have sex with men (Mumtaz et al.|[2021).

The prevalence of drug injection is up to 0.46% in Iran and 0.5% in Pakistan,
while it is reported to be 0.14% in Lebanon, 0.10% in Morocco, and 0.07% in
Syria (Mumtaz et al. 2014). However, overall regional prevalence is comparable
with global figures, ranging from 0.09% in South Asia to 1.30% in Eastern Europe
(Degenhardt et al.|[2017).

In Tanzania, the prevalence of HIV infection among PWIDs has been filed
as more than the entire population of drug users. In 2020, it was reported that
there had been a decline in the prevalence of HIV infections among PWID: 8.7%
compared to a previous empirical study where it was 15.5%. Despite this, HIV

prevalence is still high among PWIDs (Likindikoki et al.[2020).

1.4 Review of Mathematical Models

1.4.1 Epidemic Models

In human history, communicable diseases have played an integral part. It is
well known that epidemics have infected populations since the dawn of recorded
history, resulting in many deaths before disappearing, possibly recurring. As pop-
ulations develop immunity, the severity may decrease. For example, the 1918-19
"Spanish" flu pandemic killed over 50,000,000 people globally, and annual in-
fluenza seasonal epidemics kill up to 35,000 people worldwide.

Between 1346 and 1350, the Black Death (possibly bubonic plague) moved
over Europe in multiple waves, originating in Asia. It is believed that one-third

of Europe’s population died. For more than 300 years, the disease recurred in
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various regions of Europe, most memorably as the Great Plague of London in
1665-1666. It then gradually pulled out of Europe.

Other ilinesses have become endemic (constantly prevalent) in some com-
munities and are responsible for a large number of fatalities. This is especially
prevalent in impoverished nations with underdeveloped healthcare systems. Ev-
ery year, millions of people die from ilinesses like measles, lung infections, diar-
rhoea, and other ailments that are easily treatable and not considered deadly in
the West. Malaria, typhus, cholera, schistosomiasis, and sleeping sickness are
all prevalent in various places of the globe. The economic consequences of high
illness mortality on mean life duration, disease debilitation, and mortality in af-
fected nations are significant. According to the World Health Organization, there
were 1,400,000 tuberculosis deaths in 2011 and 1,200,000 HIV/AIDS death in.
The purpose of epidemiologists is first to understand the origins of a disease,
then anticipate its development, and ultimately devise methods for controlling it,
which includes comparing alternative techniques.

In order to predict the behaviour of diseases and help control particular epi-
demics, mathematical models have been constructed. Compartmental models of
epidemics, such as the SIS and SIR models, can be used to understand how an
epidemic spreads by assigning each person to a subgroup representing a spe-
cific disease stage (Kermack and McKendrick/|1927) developed the Susceptible-
Infected-Removed SIR model in 1927. The Susceptible-Infected-SusceptibleSIS
epidemic model is another sort of epidemic model that provides a scenario differ-
ent from the SIR model. In the following, we’ll describe the three types of epidemic
models used throughout this thesis. Let S(t) stand for the number of susceptible
at time t, I(t) for the number of infected people, and R(t) for the number of people

who have recovered from their infection at time t.
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1.4.1.1 SIS Epidemic Model

Some infections do not produce immunity. Such infections do not recover, and
individuals become susceptible again following infection as in many infectious dis-
eases transmitted by bacterial agents (e.g., tuberculosis) or sexually transmitted
diseases (e.g., gonorrhoea) can be researched using SIS epidemiology.

The Susceptible—Infective Susceptible SIS type can be used to model this type
of disease. The overall population is divided into two distinct divisions based on
epidemiological state; people are classed as either susceptible or infected. The
sizes of these groupings are denoted by S(t) and I(t), respectively. Because one
usual path goes through susceptible, then infected, and then back to susceptible,
the SIS model is used. The differential equations that describe the transmission

of the disease are as follows:

ds

= = BN = BS((6) + y1(H) - pS((),

2~ s - (u + I,
given proper initial values S(t) = S(0) and I(t) = I(0) with S(0) + I(0) = N.

In these equations u represents the death rate per capita for a single individ-
ual.

y represents the per capita recovery rate of an individual. Consequently, as-
suming the infectious time follows an exponential distribution, the mean infectious
period is 1/y. The transmission rate, denoted by f, is the frequency with which an
infected person comes into touch with and infects a susceptible person. There-
fore, = A/N, where A is a single infected person’s per capita disease contact
rate.

The fundamental reproduction number R, is a central topic in mathematical
epidemiology. This is the expected number of secondary cases created by a
single newly infected individual entering a disease-free community at equilibrium

It is defined as the expected number of secondary cases produced by a single
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newly infected individual (Brauer et al. 2008). The findings show that

_ PN

Cpty

A single newly infected person will die at a rate of u, become susceptible at a

Ry

rate of y, and hence remain in this state for a period of time equal to 1/(u + )
if they enter a disease-free population. During this period, he or she interacts
with the susceptible people who are there at rates of g each, and if N is large,
there are roughly N of them. Therefore, the average number of infections cre-
ated throughout the infectious time is BN/(u + y), which equals R, as previously

mentioned.

1.4.1.2 SIR Epidemic Model

SIR model was initially proposed by(Kermack and McKendrick [1927) and is
considered one of the most prominent mathematical models of epidemics. It also
holds a significant amount of historical significance. A SIR model is comparable
to a SIS model, with the exception that in a SIR model, once an individual has
completed their infectious phase, they are placed in the permanently removed
class.

The primary premise of such a model is that the population in which a pathogenic
agent is active is divided into three distinct subgroups. These subgroups are as
follows: the healthy individuals who are susceptible( S) to infection; the already
infected individuals (/) who are able to spread the disease to the healthy individu-
als; and the individuals removed (R) who are no longer part of the infection cycle,
either through immunisation and recovery or through natural attrition. The model
is appropriate for describing a well-localized epidemic outburst since it only looks

at the temporal dynamics of the infection cycle. Kermack and McKendrick initially

18



proposed the SIR model as a differential system.

d

= = —pose)

=~ pieyso) - yi0,
d

d—I: = yI(t).

Given that the right-hand sides of these equations add up to zero, the sum
of S, I, and R is a constant that is equal to the total number of individuals in a
population S + I+ R = N. g is the rate at which a disease spreads, and y is the
rate at which a person with an infection is cured and transfers to the recovery
group. For the SIR model, the most critical parameter is the ratio by N/y, also

known as the Basic Reproduction Number R,.

1.4.2 Awareness Programs in Epidemic Models

The modelling, investigation, and data analysis of infectious disease propaga-
tion are extremely valuable in assessing measures for controlling such illnesses
in communities. Classic models of infectious disease transmission depend pri-
marily on interactions between susceptibles and infectives. Other factors, such
as media attention, immunisation, population movement etc., have an impact on
the spread of the disease

The media significantly impacts people’s attitudes regarding illnesses and gov-
ernment health-care actions aimed at preventing disease transmission. It is a
media-driven public awareness campaign that educates people about the disease
and encourages them to adopt measures such as social isolation and wearing
protective masks.

Greenhalgh et al.| (2015) presents a review of a study on the effects of media
awareness campaigns on infectious disease epidemics in their article. These
studies are divided into two categories. The influence of media coverage on the

spread and control of infectious iliness is investigated using mathematical models
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in the first class. In the next section, we would like to introduce some of the

epidemic models with the awareness program that we work with in this thesis.

1.4.2.1 SEIl Model with Media Impact

Cui et al. (2008) created and tested an SEI model that took into account the
media effect on the transmission of an infectious illness in a specific area. They
came to the conclusion that if the basic reproduction number is more than one
and the media impact is significant, the model would display various endemic
equilibria, posing a danger to disease control.

Consider the transmission of certain infectious diseases (such as SARS) in a
given region/area. We classify the population into the following categories:

e S(t) , the number of susceptible individuals;

e E£(t), the number of individuals exposed to the infected but not infectious;

e /(1) , the infected who are infectious.

We assume that infectious individuals receive medical treatment in hospital
settings as soon as they are identified from the category of exposed. Once they
are recovered, they no longer impose risk on the susceptible individuals. In most
of the studies, the compartmental models were built by either assuming the total
population to be a constant or satisfy exponential growth (Brauer et al.| (2012),
Busenberg and Cooke| (1993), Diekmann and Heesterbeek| (2000) and [Hethcote
(2000)). It is more reasonable to assume that the population of a given region

obey the Logistic growth. Then we have the model

s S .
- = bS(1 - E) — eI,
dE .

E = ﬁe SI (C + d)E,
dl

% =cE - 7/1,

where all the parameters are positive, and
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e b, the intrinsic growth rate of the human population, kis the carrying capacity
for the human population of a given region/area.

e B is the contact and transmission term (B) together with the disease
awareness function ™. It measures the spread of the virus from the infected
individuals to the susceptible individuals. If m = 0 then the transmission rate is
constant. In Cui et al’s paper, this was pe™™! but we have changed the u to 8 so
as to unify the interpretation of parameters in this section.

e cis the rate per unit time (day) that infected exposed become infectious.

e d is the natural death rate for the exposed population .

e y is the removal rate from the infected compartment, which includes the
recovery rate of the hospitalized infectious individuals and natural death. Hence

we have y > d.

1.4.2.2 Model Emphasizing the Psychological Impact

Liu et al. (2007b) constructed an EIH compartmental model to investigate the
role of the media and its psychological impact on multiple disease outbreaks.
Their model analysis reveals that this impact leads to differences in the transmis-
sion pattern here, we simply assume that this impact is described by an exponen-
tial decreasing factor, resulting in the transmission coefficient as gy = e~ E-=I=%H,
Here f is the basic transmission rate if the impact of the reported numbers of ex-
posed, infectious and hospitalized were ignored, and ay,a,,a; are non-negative
parameters to measure the effect of the psychological impact of media reported
numbers of exposed, infectious and hospitalized individuals. The modified model

then becomes

ili_]f _ ‘Be—alE—ﬂzl—%H IS — cE

%:CE—dI—hI (1.1)
dH

— =hl-yH

dt -y
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where E = E(t) is the number of individuals who are exposed to the infected but
not yet infectious, I = I(t) is the number of infectious individuals, and H = H(t) is the
number of infectious individuals who are receiving medical treatment in hospital
settings.

We also assume that the hospitalized individuals no longer impose risk on
the susceptible individuals. In model (1.1), the parameters involved, which are
positive, are

B: We assume that the exposed population is increased following infection via
contact between a susceptible and an infectious individual with a transmission
coefficient g. This parameter measures the effect of both the infectiousness of
the disease and the transmission rates;

S: as mentioned above, we assume that the total number of susceptible indi-
viduals remains unchanged, and thus S will be regarded as a parameter;

c: the transmission rate per unit of time (day, in case of SARS) that exposed
individuals become infectious;

d: the disease-induced death rate of infectious individuals before entering the
health care settings;

h: the rate at which infectious individuals enter the health care settings seeking
treatment;

y: the combined per capita disease recovery rate and death rate of hospi-
talised individuals. In the paper of Liu et al.| (2007b) this was represented as two
separate terms but we have chosen to represent them as a combined term to
achieve a unified parameter notation between this model and the previous one.

In general, the first available information is the reported number of hospitalized
patients when the infectious disease is at the emerging stage. Hence we will focus

more on the impact of the number of reported hospitalized cases.
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1.4.3 Modelling Disease Awareness Programs in HIV/AIDS
Models

So we have established that the spread of HIV and AIDS amongst PWIDs
is an important problem that needs attention. However, recently, there has also
been increased interest in the effect of disease awareness programs. Infected
individuals may adjust their behaviour to reduce potential contacts in the presence
of high levels of disease. There are two ways to model this. The first and simplest
way, and the one which we shall adopt in this thesis, is to reduce the disease
transmission term by a factor ¢ (0 < ¢ < 1) to take account of the behavioural
modifications individuals make because of their knowledge of current disease
levels. In the second, the amount of media awareness is modelled as a separate
variable, and the individuals (usually the susceptible class) are split into aware

and unaware individuals (Misra et al.| (2011), Greenhalgh et al. (2015)).

1.4.3.1 Disease Awareness Programs Using a Multiplicative Factor

We shall first look at disease awareness models that reduce the disease
awareness function by a factor ¢(I) between 0 and 1. Xiao and Ruan| (2007)
study a SIR model where the disease transmission function in the absence of
an awareness program is fSI, where S is the number of uninfected individuals, I
is the infected individuals, and g is a constant. This is multiplied by a disease-

awareness function

1
*O=10p

Here « is a positive constant. We see clearly that ¢(I) is a strictly positive
monotone decreasing function between zero and one. This is illustrated in Figure
[{.1]with a = 0.00002.

Li et al.| (2008b) look at an SIS epidemic model with constant and impulsive

vaccination and where there is media awareness and the disease transmission
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term, again fundamentally SSI, is reduced by a factor

_al
b+ 1

Here a and b are positive constants and a < 1. Again, ¢(I) is a monotone
decreasing function of I. This approach and the same form of media awareness
function is also used by [Tuenche et al.| (2011) in a mathematical model of the
spread of influenza. |Liu (2013) investigates the spread of disease in a SIRS
model using a similar awareness function, although stochasticity is introduced.
Salman| (2021) uses the same disease awareness function in his model. The key
thing to note for our purposes is that the disease transmission term is reduced
by the same disease awareness program factor as in Li et al. (2008b) because
of awareness of infected individuals. The same function will be used to model
the reduction in disease transmission in some of our numerical examples. This is
illustrated in Figure[1.2lwith a2 = 0.9 and b = 10.

Cui, Sun and Zhao(Cui et al.| (2008)) consider an SEI model where the dis-
ease transmission function (again effectively pSI with no disease awareness) is

reduced by a multiplicative factor

(D) = e

due to the effect of disease awareness. Again we will use a similar function in
our numerical examples. A graph of this function is illustrated in Figure [1.3] with
m = 0.005. |Liu et al.| (2007a) consider a model for an EIH (exposed-infectious-
hospitalized) epidemic. The fundamental disease transmission term is again 51,
which is reduced by a factor e~nE-®2I=%H ' where a;,a, and a3 are constants and
E and H are the number of exposed and hospitalized people. Strictly speaking,
this is not the same type of disease awareness function we have been discussing
as it depends on both the exposed and hospitalised individuals in addition to

infections, but it is based on the same idea.
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In a different paper Cui, Tao and Xu (Cui et al.|(2008)) look at an SIS model in

which the basic disease transmission function with no awareness is

With behavioural modification due to knowledge of disease levels, this is de-
creased by a multiplicative term ¢(I) = 1 — kf(I) where k < 1. Here f(I) is a
positive monotone increasing function with f(0) = 0 and lim;_,., f(I) = 1. This dis-
ease awareness program function is a generalisation of the one used by LI et al.
(2008b). |Sun et al.[ (2011) study the effect of media-induced social distancing on
how disease spreads in a setting with two patches using a similar modification of
the disease awareness function.

We shall compare four types of multiplicative awareness functions, first an

exponentially decreasing factor,

(Pl (I) = e_mI/
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as used by Cui, Sun and Zhao(Cui et al. (2008)), Secondly

al
sz(l) =1- m,
as discussed by Li et al. (2008a).
1
PO = e

as discussed by |Xiao and Ruan|(2007), and

¢a() =1 - kf(I),
as discussed by Cui, Tao and Xu (Cui et al. (2008)).

For all of these awareness functions ¢(I), 1 — ¢(I) represents the proportion
by which susceptible individuals reduce their potentially infectious contacts when
there are I infected individuals in the population. All of these functions start off at 1
when I = 0 (the baseline level) and decrease as I increases and the susceptibles
make less contacts. We can see that if I is very large ¢; and ¢ both tend to
zero, ¢, tends to 1 — 4, and ¢4 tends to 1 — k. So if there are a large number
of infectious individuals, with ¢»; and ¢3 the susceptibles completely cut off their
potentially infectious contacts, whereas with ¢, and ¢,, even in the presence of a
large number of infectious individuals, the susceptibles still make a basic level of

infectious contacts. Moreover as for I very large,

1
(1+ al?)

. So if | is very large the relative ordering of these functions is

e <

P1 < Pz < min(Pa, Pa),

and the relative sizes of ¢, and ¢, are determined by the relative sizes of 2 and k.
We can also look at the behaviour of the four functions ¢, ¢», ¢z and ¢, near

I = 0, with a small number of infectious individuals, by looking at ¢'(0).

a

$,(0) = —m, qb'z(O):—E, $50)=0 and ¢,(0) = —kf (0).
So ¢; is initially a very flat function and ¢1, ¢, and ¢, all initially decrease

faster with the initial rates of decrease determined by the relative sizes of m,; and
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kf (0).

1.4.3.2 Disease Awareness Programs Modelling Unaware and Aware Indi-

viduals

Now we turn to models which use the other approach, that is they divide the
population into aware and unaware individuals and model the amount of disease
awareness as a separate variable in some way. These models are necessarily
more complex as they have more classes but nowadays are used more often
to model disease awareness programs. Many models use this type of disease
awareness function, and we can give only a small selection here.

Misra et al.| (2011) consider a simple SIS model with aware and unaware indi-
viduals. X denotes the unaware susceptible classes, X,, the aware susceptibles,
Y the number of infected individuals, and M the cumulative density of media pro-
grams. Unaware uninfected individuals catch the disease at rate XY and aware
susceptibles at rate AXM, where g and A are constants. The cumulative density

of media awareness is modelled as

o =Y M

where u and o are constants. At the end of their infectious period infected
individuals return to the aware susceptible class.

Samanta et al. (2013) consider a more complex SIS model. It is built on the
model of Misra et al. (2011) but allows unaware susceptibles to become infected
and also, at the end of their infectious period, infected individuals may become
either unaware susceptibles a fraction 1 — p of the time or aware susceptibles, a
fraction p of the time. Moreover, individuals can move out of the aware uninfected
group to the aware infected group. |Greenhalgh et al.| (2015) further build on
the model of Samanta et al. (2013). Instead of the unaware susceptibles X_

becoming aware at rate AX_M, they become aware at rate
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AX_M
k+M’

where k is a constant. Similarly aware susceptibles X, (t) become infected at

rate

p
X.,Y,
1+pM T

where B is a constant.

Disease awareness programs can have applications in other areas too. For
example, Ma et al. (2015) modelled alcoholism using a mathematical model with
a time delay and awareness, using two types of individuals, aware and unaware
and modelling the media awareness as a separate variable. Lastly, the advent of
COVID-19 has focused our attention on how people modify their behaviour when
there is a threat from infectious disease Musa et al.| (2021) suggest an epidemic
model using disease awareness programs which split the population into aware
and unaware individuals for COVID-19 transmission in Nigeria. They fit the model
to Nigerian COVID-19 data and assess the impact of disease awareness pro-
grams on disease transmission. They explain the effect of awareness programs
with regard to the basic reproduction number.

Most modern papers tend to use the more sophisticated approach of dividing
the population into aware and unaware individuals. However, the more straight-
forward approach is historically significant and is still a crude way to model media

awareness.
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1.5 Mathematical Modelling of HIV/AIDS Amongst
PWIDs.

Mathematical models have been effectively employed to analyse and predict
the dynamic behaviour of biological systems in recent years. Kaplan and O'Keefe
(1993) devised the first mathematical model for the transmission of HIV and AIDS
among PWIDs in shooting galleries, where a shooting gallery is a venue where
PWIDs buy and inject narcotics. In order to better understand how HIV is spread
within this sort of group, Kaplan integrated numerous aspects into his model,
such as the rate of injection equipment sharing and the effect of cleaning injection

equipment.

1.5.1 The Needle Sharing Model

One of the earliest mathematical models explicitly created to explain how
sharing needles and syringes in shooting galleries might transmit HIV and AIDS
among IDUs was given by |[Kaplan| (1989). This research offered helpful insights
into how HIV spreads in shooting ranges and made suggestions for the types of
data that would help researchers better understand how HIV spreads (like rates
of sharing needles and syringes, the likelihood that needles and syringes are
cleaned, and the average length of risky behaviour involving sharing needles and
syringes). The author adopted the following assumptions in order to simulate the
percentage of the populace who was HIV-positive at time t, represented in the
model by the symbol (t):

1. Injecting drug usage exclusively takes place in the m shooting galleries
(places where PWIDs hire the same needles and syringes). A user of illicit drugs
injects once each time they attend a shooting range.

2. Independent of what the other PWIDs do, each PWID randomly chooses to

attend shooting galleries at rate A. This assumption suggests that, for all PWIDs,

30



is the per capita needle and syringe sharing rate A since PWIDs only inject once
every shooting gallery visit.

3. After being used by an infected PWID, all injecting equipment will become
infectious. Additionally, a needle and syringe used by a PWID who is not conta-
gious may be flushed (with probability 6), which will make it contagious-free. (That
is, throughout the injection operation, the infected contents of the needle and sy-
ringe are entirely re-located). According to this presumption, although uninfected
PWIDs who use infectious needles and syringes run the risk of contracting HIV,
they may also reduce the risk for the PWIDs who use the needle and syringe the
following time.

4. The likelihood of HIV transmission through the use of shared needles and
syringes is per injection a. Additionally, the only way for PWIDs to get HIV is
via sharing needles and syringes. This presumption suggests that HIV infection
is always contagious and that other known transmission mechanisms, such as
sexual contact, have no bearing on the prevalence of the iliness in this community.

5. The size of the PWID population is n, where n is a significant and stable
number. As a result, any PWIDs who depart the population (for example, ow-
ing to death, admission to treatment programmes, or jail) are quickly replaced by
PWIDs who are vulnerable. The per capita rate at which IDUs depart or enter
the population is represented by u. Kaplan constructed the following differential
equations that control the spread of the iliness by taking into account the popu-
lation’s PWID prevalence at time t+t and the quantity of contaminated needles at

time t + A, where At is a brief interval of time.

% = [1 - n(OIAB(B — (t)p,
B0
= Arr(®) = AyB®Il —[1 - (B - )]

The percentage of contaminated needles and syringes at time t is indicated
by the symbol g(t), while the gallery ratio, or the number of PWIDs per shooting

gallery, is shown by the symbol y. Along with these equations, the author also
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deduced an expression for the fundamental reproductive number, R,, which is
represented by the ratio Aa/u6, and demonstrated that this expression must be
greater than one in order for an endemic equilibrium solution to be possible.

Kaplan looked at the impact that various gallery ratios have on the transmis-
sion of HIV in this group in his first set of numerical simulation findings. The
findings demonstrated that whereas low values of y lead to a significantly slower
initial disease spread, big values of y cause the transmission of HIV among this
PWIDs group to achieve equilibrium extremely fast.

The model is then modified one more to support the cleaning of syringes and
needles. The author assumes that every PWID, whether or not they are infected,
cleans their needle and syringe after use with a probability of & and that this
cleaning successfully removes the viral load from the needle and syringe. The
simulation findings shown that, even if the cleaning procedure is imperfect or if
PWIDs don’t always clean their needles and syringes, washing can still have an

influence on and even abolish HIV prevalence in the community.

1.5.2 Greenhalgh and Hay Model

In order to include more plausible hypotheses about the spread of HIV among
IDUs, Greenhalgh and Hay (1997) modified the Kaplan (1989) model. These sup-
positions included:

(1) adjustments to enable IDUs with and without HIV to access shooting ranges at
various rates (previously assumed the same),

(if) Assuming different transmission probabilities for flushed and unflushed nee-
dles (In the Greenhalgh and Hay model, it is possible for an infectious needle
used once by a susceptible IDU to be flushed or cleaned of infectious blood dur-
ing the injection procedure and therefore become uninfectious,)

(iii) adjustments to account for the risk that IDUs who are HIV-positive would not

always leave a dirty needle uncleaned. The authors discovered the model be-
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haviour by R, after thorough mathematical and numerical study of their work.
When R,y < 1, they were able to demonstrate that their system would arrive at
the DFE. They demonstrated the existence of a specific, locally stable positive

endemic equilibrium if Ry > 1.

1.5.3 Lewis and Greenhalgh Model

The [Kaplan and O’Keefe (1993) model was expanded by |Lewis and Green-
halgh| (2001) to incorporate three stages of changing infectivity prior to the onset
of AIDS. Contrary to the findings the research of Lewis and Greenhalgh| (2001),
the authors assumed that the most infectious IDU who most recently used the
needle and syringe determined the infectivity of a needle and syringe.

This indicates that as they progress toward the peak infectivity stage, nee-
dles and syringes become progressively more infectious. The model’s predictions
were negative as a result of this assumption, and they established upper limits for
the prevalence of HIV among IDUs and needle users.

The authors’ mathematical research discovered similar findings to those of
Lewis and Greenhalgh| (2001). This model’s HIV prevalence was compared to
the model developed by Kaplan and O’Keefe| (1993) using numerical simulations.
Both of the models in these simulations, according to the results, attained an en-
demic equilibrium solution. However, the three-stage infectivity model did so ear-
lier than theKaplan and O’Keefe| (1993) model. Additionally, compared to Kaplan
and O’Keefe (1993), the three-stage infectivity model predicted a higher long-term

HIV prevalence.

1.6 Conclusion

This chapter presents the findings of a literature study that focused on the

epidemiology and modelling of HIV/AIDs. A more fundamental description of the
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ideas utilised when modelling infectious diseases has also been included. To
begin, it is patently apparent that HIV infection is a significant issue all over the
world.

Public health officials continue to face a major problem due to the high rates of
HIV/AIDS infection, especially in underdeveloped regions of the world (Campbell
et al.| (2017), Paraskevis et al. (2011), Bonovas and Nikolopoulos| (2012)). In
2017, there were roughly 36,900,000 persons living with HIV, 940,000 deaths
attributable to AIDS, and 1,800,000 new infections globally, as reported by the
Joint United Nations Programme on AIDS (UNAIDS) (UNAIDS, 2018). AIDS is a
major threat to global public health since it is a chronic disease. And the mortality
caused by AIDS is much higher than another sexually transmitted disease (STD)
Li et al. (2014).

In fact, we investigate the risk of injecting drugs and the prevalence of HIV
among those who inject drugs. Outbreaks of HIV among PWID occurred in south-
eastern Saskatchewan, Canada; Athens, Greece; Dublin, Ireland; Tel Aviv, Israel;
Luxembourg; Bucharest, Romania; Glasgow, Scotland; and the United States
(Scott County, Indiana) between 2011 and 2016. Community economic issues,
homelessness, and alterations in drug injecting behaviours were common to a
number of these outbreaks. The outbreaks were different in size (from less than
100 to more than 1,000 new HIV cases reported among PWID) and varied in level
of prevention before, during, and after the outbreaks [Des Jarlais et al. (2020).

The mathematical epidemic models established in this thesis can be used to
evaluate the efficacy of intervention strategies and bring attention to the needs
that must be met in order to eradicate infectious diseases such as HIV, which are
complex in nature and developing at an alarming rate. Additionally, these models
are used to comprehend the spread of ilinesses and assess the possible effec-
tiveness of control initiatives in lowering morbidity and death. Here we discuss

some of the more prevalent model structures, such as deterministic, SIS, and
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SIR models, but there are many others. In order to demonstrate the use of these
models, examples of their application were provided.

Also, in this chapter, we have provided a review of the impact of media out-
reach programs on the epidemiological model that will be examined in this thesis
and described some of the previous work on these models.

Previously, we have covered a number of articles that deal with the trans-
mission modelling of HIV/AIDS amongst PWID through the sharing of infected
injection equipment or when this is a component of the model. Several significant
heterogeneities are involved in the modelling of HIV transmission by needle shar-
ing. For instance, there is a wide variety of needle-sharing rates among addicts,
and the efficacy of needle cleansing is highly variable. This is a characteristic that
has been covered in numerous publications earlier.

In the next chapter, we shall develop accurate models of shall develop HIV/AIDS
models with awareness programs and also develop the model of|(Greenhalgh and
Hay| (1997)to suppose more realistically that PWIDs clean their needles before,
not after use. It will examine the model governing system of differential equations
that reflect the impact of HIV/AIDS awareness programmes on preventing the

progression of the disease’s spread.
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Chapter 2

Incorporation of Awareness
Programs into a One-dimensional

Model of the spread of HIV/AIDS

Amongst People who Inject Drugs

2.1 Introduction

In this chapter, we shall study and set up a deterministic mathematical model
of the spread of HIV/AIDS amongst People who Inject Drugs(PWIDs). This chap-
ter is organised as follows. In the next section, we shall develop an HIV/AIDS
model with awareness programs and also develop the model of |Greenhalgh and
Hay (1997) to suppose more realistically that PWIDs clean their needles before
not after use. Section 2.3 is divided into five subsections. Firstly we show the
existence of unique non-negative solution, then we shall explore the existence of
equilibrium points and analyse their stability both locally and globally. At the end
of the subsection, we perform some simulations with realistic parameter values

to verify the analytical results for HIV/AIDS models with disease awareness pro-
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grams. In section 2.4 we shall adopt our model to deal with the spread of HCV
amongst PWIDs and perform further simulations to verify the analytical results.
The chapter concludes with a brief summary and discussion.

There are a huge number of deaths recorded each year around the world
due to infectious diseases such as Pneumonia, Tuberculosis (TB), Diarrhoeal dis-
eases, Cholera, Malaria and HIV/AIDS. The outbreaks of diseases are a strong
cause for researchers to find a solution that reduces spread of these diseases.
The media plays an important role in spreading health awareness by changing
mixing behaviour. The published studies show some of the mathematical models
which have been used to explore the effect of media awareness programs on the
spread and control of infectious disease (Greenhalgh et al.|2015). In my current
research, | incorporate awareness programs in a model of the spread of HIV/AIDS
amongst people who inject drugs (PWIDs) in a population Greenhalgh and Hay
(1997). One of our aims is to incorporate the effect of awareness of disease on
sharing needles and syringes amongst the PWID population. We also modify the
model of|(Greenhalgh and Hay|(1997) to include more realistic cleaning of needles
before use rather than after when visiting shooting galleries. There are two ways
to include the effect of awareness programs into disease transmission models.
We have chosen to focus on the first and simplest which is to reduce the disease
transmission by a factor ¢(m) between zero and one. The more complicated al-
ternative is to model the amount of awareness as a separate differential equation.
We developed a mathematical model of spread of HIV amongst PWIDs with an
awareness program.

Our basic mathematical model for spread of HIV amongst PWIDs was studied
by |Greenhalgh and Hay (1997) and Liang et al.| (2016), based on a previously de-
scribed original model by Kaplan (Kaplan|1989). Our model analyses the spread
of HIV/AIDS amongst a population of PWIDs. We introduced a function ¢(m)

which defines the fraction by which PWIDs reduce their needle sharing because
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they are aware of the level of HIV infection in PWIDs. This is a positive mono-
tone decreasing function of 7, the fraction of PWIDs infected by HIV/AIDS. The
model has also been applied to the spread of HCV amongst PWIDs. Now, we are
going to derive the model equations for the spread of HIV/AIDS amongst PWIDs
including awareness programs.

The majority of the research discussed in Chapter 2 can be found in a paper

that was published in Alsharari and Greenhalgh| (2023).

2.2 Formulation of HIV/AIDS Models with Aware-

ness Programs

We modify the differential equation model for the spread of HIV has been
described by |Liang et al. (2016), multiplying the disease transmission term by
the factor ¢(m) to represent the reduction in the spread of HIV due to awareness
programs. The biological parameters of the model are as described in Table 1
adapted from Greenhalgh and Hay| (1997).

Note that P, P,, P; and P, > 0 are positive and P; + P, + P3 + P, = 1. Define
o =[M1=p)+Aply(1 - &)1 =),
v= [ =p) + Aply [1- i1 - &) + 011 =€),
p=ry[l-(1-&A-P1—-P)],

V= /\1(P1 + P3)
Let n(t) be the fraction of HIV-infected PWIDs at time t and let 5(t) be the

(2.1)

fraction of needles infected at time . So we introduce the model as follows:

T o1 - - 22)
d
d—’f = p(m)n(o — 1) — ¢(m)(1 — m)pp. (2:3)

In general, we shall assume that ¢ is a positive monotone decreasing function

with ¢(0) = 1.we reduced the dimensions of the model in (2.2) and (2.3), by
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Table 2.1: Description of Parameters

Parameter | Definition

Ay | How fast PWIDs who are susceptible and PWIDs who have dis-
ease but are not aware of this fact visit locations where PWIDs
share needles.

A, | How fast infected PWIDs who are aware that they have the dis-
ease visit places where PWIDs share needles.

P, | Chance that the PWID catches disease but the syringe remains
uninfected when an initially susceptible PWID injects with an ini-
tially uninfected needle.

P, | Chance that the PWID does not catch the disease and the nee-
dle becomes uninfected when an initially susceptible PWID injects
with an initially infected needle.

P; | Chance that the PWID catches the disease and the needle re-
mains infected when an initially susceptible PWID injects with an
initially infected needle.

P, | The chance that the PWID does not catch the disease and the
needle stays infected when an initially susceptible PWID injects
with an initially infected needle.

¢1 | Chance that an infected PWID leaves uninfected an initially unin-
fected syringe.

0, | Chance that a PWID with disease leaves uninfected a needle that
contained the virus before injection.

¢ | Proportion of PWIDs who that clean syringes after using them.

y | Gallery ratio, where y =2, and n is the total number of PWIDs and
m is the total number of shared needles.

The chance that PWIDs with disease are aware of being infected.

u | Rate per PWID at which PWIDS either stop sharing needles or
develop full-blown AIDS.

supposing that the equation (2.3) is at steady state as a similar technique is used
in models for HIV amongst PWIDs as discussed by Liang et al.| (2016). So we do

that and then give the basic analytical results and simulations. We got that

dn(t) _ ¢(n(t)(A - n(t))vorn(t)
it ntr+p-nt)p

urt(t). (2.4)
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Next, we are going to make the model more realistic by modifying Greenhalgh

and Hay’s model.

2.2.1 Development of Greenhalgh and Hay’s model

Greenhalgh and Hay’s model was based on Kaplan’s basic model which as-
sumed that PWIDs cleaned their needles after use. In practice, PWIDs are more
likely to disinfect their syringes before injecting. So we modify the model of Green-
halgh and Hay to make it more realistic so PWIDs clean their needles before use
and we also introduce a disease awareness function Let I(t) denote the number
of infected PWIDs at time ¢ and i(t) the number of infected needles at time t. For

a small time interval [t, t + At]:

I(t+ At) = number of infected PWIDs at time ¢
+ number of new PWIDs infected in [¢,t + At)
— number of PWIDs who stop sharing needles or
develop full-blown AIDS [¢, t + At).

I(t+ Aty = I(t) + (n — DAp(m)(Py + P3)(1 — E)BAL — uIAt + o(Ab).

We use the notation that if f(x) and g(x) are two functions, then f(x) = o(g(x))

means that @ — 0 as x — 0. The term (n — DA1p(m)(P1 + P3)(1 — E)BAL is

g(x)
because there are n — I uninfected PWIDs each of whom injects at rate A,¢(n),
chooses an infected needle with probability g, does not clean the needle before
use with probability 1 — £ and is infected at each injection with probability P; + P;.

Rearranging

I(t + Af) - I(1)

= (1= DAGPr + P - O~ pl o). (25)
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Letting At — 0

% = (n = DA1@p(r)(Pr + P3)(1 = &) — pl. (2.6)
Dividing by n, the number of PWIDs,
% = (1= mAip(m)B(Pr + Ps)(1 = &) — um. (2.7)

Now we turn to the needle equations. We are going to construct and examine
the differential equations for n(t) the proportion of PWIDs with disease and f(t),
the proportion of needles with the disease. We construct and examine the differ-
ential equations for these quantities. Consider the number of infected needles at

time t + At.

i(t + At)

number of syringes infectious at time ¢t + At,

number of syringes infectious at time t and not visited by PWIDs in
[t,t+ At)

+ number of syringes left infectious at time ¢ + At after being visited
PWIDs in by infected [t,t + At)

+ number of syringes left infectious at time t + At after being visited

PWIDs in by susceptible [t, t + At).

(i) n(1 — prr) PWIDs arrive at shooting galleries at rate A;¢(n). Also nprt PWIDs

visit at a rate A,¢(rr). Each PWID chooses one of the m shooting galleries ran-

domly. So at one given shooting gallery PWIDs arrive atrate [A1(1 — pm) + Apmt] yp(m).

Here y = n/m is the number of PWIDs divided by the number of needles. So
{1 - [A:(1 = pro) + Aapr] y(r)AL)i + o(AF) (2.8)

syringes are infectious at time t and no PWIDs use them in [t, t + At).

(it) For a given shooting gallery infected PWIDs enter it at rate [A1(1 — p) + Aop] yp(m).

If a PWID who is infected uses a syringe, this syringe will be infectious after being

used and cleaned with probability (1 -8+ B&)(1—¢1)+p(1 - &E)(1—-6;1)andina
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small interval [¢,t + At]

m[A(1 = p) + Aap] ey (m) [(1 = B+ BENL = pr) + B(1 = E)(1 = O1)| At + o(A),
(2.9)
units of injection equipment will be left infectious subsequent to use by a PWID
with the disease.
(iii) If we take a given syringe uninfected PWIDs come to it at a rate A,y ¢(mt)(1-m).
If a susceptible PWID uses an infectious syringe, afterwards, the equipment will
be capable of transmitting infection with probability (1 — P; — P,)(1 — &). So the

number of syringes infectious after use by an uninfected PWID in [¢t, t + At] is
Ay ()1 — m)i(1 = Py — Po)(1 — )At + o(Ab). (2.10)
Hence
it + At = {1 = [A1(1 = prr) + Agpr] yp(m)At]
+m (1= p) + Aap] p()my (1= B+ BEYL = ) + B(1 = E)(1 = O1)] At
+ Ap(1 = )i(1 = Py — Po)(1 = E)P()At + o(At).

(2.11)
Subtracting i(t) from both sides and dividing by At

i(t+ At) — () =—[M(1 - pn) + Apr] yd(n)i

At
+m[A(1=p) + Aap] prOomy [ (1= B+ BEYA = 1) + (1 - E)(1 - 61)]
+ Ay(1 = m)i(1 = Py — Pp)(1 = E)P(m) + o(1).
(2.12)
Letting At —» 0
2 =~ [0~ pr) + Aaprl yg(r0)
+m [M(1=p) + dap] r)my [ (1= B+ BEL = 1) + B(1 = E)(1 - 01)]
+ A1y(1 = m)i(1 = P; = Py)(1 = &)Pp(m).
(2.13)

42



Dividing by m
dp
= =~ M@= pr) + Aapr] yd(rp
+ (1= p) + Aapl plrymy [(1 = B+ BEL = 1) + (1 = E)(1 - 601)]

+My(1 = m)B(l = Pr — Po)(1 = E)P(n).
Hence we deduce that equations (2.2) and (2.3) hold where o, 7, p and v are

redefined as

o =[M(1=p)+ Aop]y(1 = P1),
=M1 =p)+ Aaply [1- (A=A - 01) + (1 - &)1 - )],
p=Ay[1-(1-80~-P—-Py)],

v =A(P1 + P3)(1 - &).

(2.14)

Note also that using numbers not fractions of needles and PWIDs with disease

equations (2.2) and (2.3) become

l _
dt

B e o~ ot

P(m)(n — I)v% —ul, (2.15)

=D, _ (p(n)%(r — 0)i. (2.16)

Note that T > 0. These equations are explained by the flow diagram in Figure

2.1] In equation (2.15)

Vi
o - D=,

is the rate at which susceptible PWIDs arrive at infected needles and become
infectious. On the other hand, ul is how fast infected PWIDs stop sharing needles
and are replaced by uninfected PWIDs.

Equation (2.16) is more complicated. The term

O =,
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is the rate at which infected PWIDs arrive at uninfected needles, do not clean
the needle before use and infect the needle, i.e. the rate at which new infected

needles occur. Of the two terms on the right hand side

(n—1)
n

P(m) pi,

is the rate at which uninfected PWIDs visit infected needles and either clean the
needle before use or flush the needle, in other words the rate at which uninfected

PWIDs visit infected needles and leave the needle uninfected. The other term on

the right hand side is

qb(ﬂ)%(f —0), (2.17)

and note 7 — o = [A1(1 = p) + Aply[Epr + 0:1(1 = )] so (2.17) is the rate at which
infected PWIDs visit infected needles and leave the needles uninfected. This

completes our interpretation of equations (2.15) and (2.16).

Now we move on to compute the basic reproductive number of equation model

2-3).

2.2.2 The Basic Reproductive Number R,

Ry is important in epidemic models. Usually, the disease becomes extinct if
Ry < 1 and takes off if Ry > 1, so to derive Ry, we consider a new infected PWID
coming into a steady state population with no disease. The basic reproduction
number is the average number of PWIDs who catch the disease via only one
infectious syringe. The definition of R, used here is similar to the definition used
in Macdonald (1952) , Massad et al.| (2001), Sanches and Massad| (2016) and
Van den Driessche (2017). It takes the basic infectious unit to be an infectious
human. This method and the corresponding definition of R, are different than

the Next Generation Matrix approach as discussed by Diekmann et al.| (1990b),
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PWIDs

d(m)(n — DNvi/n ul

¥
[

¢(m)(n — I)pi/n

d(r)Ia(m — i)/n /

o(m)li(t — o) /n
Needles

Figure 2.1: Flow diagram of equations and (2.16).

Van den Driesschel (2017), Van den Driessche and Watmough (2002, |2008) and
Roberts and Heesterbeek (2003). The Next Generation Matrix Method treats
PWIDs and syringes as separate infectious entities. Consequently, the value of
R, derived by this method is the square root of the one we obtained. However, as
each passes through one at the same time they give equivalent qualitative results
if used as a threshold value.
Ry is given as
149

Ry =

= . 2.18
pu ( )

This expression for R, can be derived by considering a single PWID who is in-

fected with HIV in a completely disease-free environment when no other PWIDs
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have HIV, and all needles are clean. From equations (2.2) and (2.3) we have

2 = n(m)(1 - v~
= yvd(rm)(1 — m)i — ul, ( )
, 2.19
% = %qﬁ(n)l(a = 7p) = p(m)(1 = m)pi,

0o—1 .
= (Tﬁ)qb(n)l — ¢(n)(1 - m)pi.
As we are near the disease-free equilibrium (DFE) we neglect second order terms

in small quantities to obtain
dl

— =yvi—ul,

dt

i o (2.20)

— = —I—pi.

at vy P

A newly infected PWID remains in the sharing injecting population for time

i. During that time he or she contaminates the number of needles denoted by
%. Each needle remains infectious for time % and during that time it infects )%
PWIDs. So each PWID causes P%/ . % = % secondary infections in PWIDs, so

Ry = %. R, can also be derived by considering the expected number of syringes

infected via only one infected PWID caused by a single syringe which has just
been infected and entering a steady-state population with no disease. This sy-

y
ringe causes % infectious PWIDs who each in turn infect % infectious needles.

So again Ry = (H) . ( ¢ ) = E. We will see that R, is a critical parameter which

p wy’  pu
will determine if the disease can sustain itself.
This concludes our analysis of the basic reproduction number. In the next

section, we shall analytically study the one-dimensional model equation (2.4).

2.3 Analysis of the One Dimensional Model

We are going to determine the dynamical behaviour of the model in (2.4)
depending on the basic reproductive number we shall start off by showing the

existence and uniqueness of a non-negative solutions to (2.4) then discuss the
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existence of equilibrium solutions. Next we discuss the local and global stability of

these solutions. Finally our analytical results will be illustrated by using simulation

with realistic parameter values.

2.3.1

Existence of Unique Non-negative Solution

To show that there is one and only one non-negative model solution of the

model (2.4), we require to apply the concept of a Lipschitz continuous functions

and the Picard-Lindel6f theorem.

(i)

(i)

Lipschitz continuous functions: (Wikipedial (2022), Searcoid| (2006))

Definition: Let (X,dX) and (Y,dY) be two metric spaces as described in
Choudhary (2011) where dX denotes the metric on the set X and dY is
the metric on set Y, a function f : X — Y is called a Lipschitz continuous

function if there exists a real constant K > 0 such that for all x; and x, € X.

|f(x1) — f(x2) < Klx, — x2| .

K is called a Lipschitz constant for the function f. In particular, for a real-
valued function define Y as the set of real numbers of R with the metric

dY(y1,v2) = ly1 — y2|, and X might be a subset of R with the same metric.

The Picard-Lindel6f Theorem: the Picard-Lindeldf existence theorem is an
important theorem in the study of differential equations, which indicates ex-
istence and uniqueness of solutions to first-order equations with given initial

conditions. Consider the initial value problem

dy B
= = [t y@®), y(to) = Yo.

Suppose that f : RxR — R is uniformly continuous in y. This means that the
Lipschitz constant K is independent of t. Then for some & >0 there exists a

unique solution for y(t) to the initial value problem in the interval [£,-& , ty+<&].
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Theorem 2.3.1. Suppose that ¢ is a Lipschitz continuous function of n for any
particular starting value n(0) = ny € [0, 1] there is one and only one non negative
solution for the PWID equation model (2.4).

Proof: Define f(m) to be the right-hand side of equation where o, 7, p and
v are defined by equations (2.14). First we going to show that the function f is

Lipschitz continuous. So for all 7t1, 7, € [0,1].

|f(7'(1) —f(n2)| - l(‘?(m(l — T1)VoT B 7_(1)

T+ p — TP

(2.21)
_ P(12(1 — mp)voT, i
TLT + p — TP HTG ) |-
So now we going to split it by using the triangle inequality.
111(1 — 711)vom 170)(1 — 11)vom
o) - o) < (<z>( 1(1-m) 1) ) (c/>( (1 = ) 2)
T+ p— TP TT + P — TP
+ ulm —mol,
< P(m1)(1 — ) vomy _ P(m2)(1 — m)vomy
B T+ p— 1P T+ p — TP
N P(m2)(1 = mvor | (P(12)(1 = mo)vor(f)
T+ p — TP TQT + P — TP
(2.22)

+H|T(1—TCQ|,

— T01)VOT

< [o(mr) — p(rez)|

T+ p— TP

(1 - m)vomy B (1 = mp)vomy,
mT+p-m)p  TRT+p—Top

+ | ()|

+ plm — 1o,
(Th — mp)vo
min(p, 7)
Here K is the Lipschitz constant for ¢ and for the first term we are using the fact

+ Ky |1ty = 10| + p|my — 1ol
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that ¢ is Lipschitz continuous. For the second term we use the fact that

vo(l —m)m

g(n) = ————.
T+ p—Tp

is continuously differentiable for = € [0, 1] with derivative bounded above by a

constant K;. Then by the Intermediate Value Theorem
|g(m11) — g(112)| < Ky|mty — 1.

From inequality we deduce that f is Lipschitz continuous for = € [0, 1].

We now continue with the proof of Theorem [2.3.1] We shall split the rest of
the proof into three different cases. The first one is 7t(0) € (0,1), the second one
is 77(0) = 1 and the third one is 7t(0) = 0.

First, suppose that 7(0) € (0,1). By applying the Picard—Lindeldf Theorem there
exists a unique local solution.

Let us define [0, 7,) to be the maximum interval where a solution exists and
e € (0,1) for all £ in [0,7.). We shall show that 7, = oo by using an argument by

contradiction.

(i) We suppose that 7, < co. By using the Picard-Lindeléf Theorem, 3 At > 0
such that the solution exists in [0, At]. As z(0) € (0,1) we must have 7i(s) €
(0,1) for s € [0, At], if At is small enough. Hence we have shown that 7, > 0.

Now by integrating the expression given in equation (2.4)

Tdn(t) ()1 - n(t))vo
nodt  m(t)r+ p—mn(t)p -

_ ' P(r(t)(A = m(h))
ni(t) = m(0) exp (jo‘ (ﬂ(t)”[ +p—nDp — y) dt) : (2.24)

u, (2.23)

for t < 7,,

Lettingt — 7.

lim ne(t) = n(t,.) = m(0) exp (fn(
0

t—1,

P(r()(A — m(t)
ni(t)t + p — n(t)p
Let f(r) denote the right hand side of the equation (2.23) as = — 1, then

- y) dt) >0. (2.25)

f(n) = —u. So there exists @ < 1, as such that for © > a, f(n) < 0. n(t)

can never exceed « as if it does it must increase from « to its new value
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(i)

drn(t)
dt
there exists a unique local solution to the equation in [z, — 1, 7, + 1] for some

contradicting < 0, for m > a. By using the Picard-Lindeléf Theorem

n > 0. As the unique solution is continuous at .,

limn(t) <a <1.

t—1,

So n(t,.) € (0,1), moreover a similar argument shows that n(t) € (0,1) for
t € 10,7, + €], where € is small and positive. This is a contradiction to the
definition of 7., so 7, = co. So this completes the proof of Theorem |2.3.1]in

this case.

Suppose that 7t(0) = 1. Then by using the Picard-Lindeldf Theorem, there
exists At > 0 such that the solution exists in [0, At]. If At is small enough

ni(n) > 0 for n € [0, At) as,

n(n) = 1(0) + f(0)n + o(),
=1-un+o(m).
If At is small enough then 7t(n) <1 on (0, At], so 0 < n(At) < 1. The result of
Theorem [2.3.1]follows by Case 1.

Suppose that 7(0) = 0. By using the Picard-Lindeléf Theorem, there exists
At > 0 such that the equation has a unique local solution in [0, Af]. We
can see that nt(t) = 0 is the solution for all time. Let 7, be the maximum
interval where a unique solution exists with nt(t) = 0 for & in [0, t.). By the
same argument as in Case 1 we have that 7, > 0. Suppose that 7, < o
and 7(t) = 0 for all t < 7., again by using the Picard-Lindeléf Theorem there
exists a unique local solution in (7, — 1,7, + 1) for some n > 0, and 7t(t) = 0
in [0, T, + n), this is a contradiction. So again we deduce that 7, = co. This
completes the proof of Theorem in Case 3 and the proof of Theorem
at together. To briefly summaries from the proof of Theorem we

have that
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e If (0) € (0,1), then 7t(t) € (0,1)Vt >0,
e If 1(0) =1, then n(¢) € (0,1)Vt > 0,

e If 7(0) = 0, then mt(t) = OVt > 0.

We have now finished the proof of Theorem [2.3.1] Next, we shall look at the
existence of equilibria for the above model (2.4).

2.3.2 Existence of Equilibria

We shall show that if R is less than one then there is only the steady state
with no disease whereas if R, exceeds one, there is one and only one steady
state with disease present.

if Ry < 1 then there is only the disease-free equilibrium whereas if Ry > 1 then
there is a unique endemic equilibrium as well as the DFE. We shall first look at
the case where ¢ is strictly decreases with 7z, and then the case where it is just

(possibly not strictly) monotone decreasing.

Theorem 2.3.2. Suppose that ¢ is strictly monotone decreasing and Ry < 1 then
the equation (2.4) will have one and only one steady-state solution where eventu-
ally there is no disease present where the disease dies out in PWIDs, * = 0. This
is the only equilibrium. If Ry > 1 there exists exactly one non-zero steady-state

solution > 0 in (0,1] as well as the DFE.

Proof: The trivial equilibrium is 7 = 0, and any other equilibrium must satisfy

the equation

P(m)(1 — m)vo

-u=0. 2.2
T+ p—Tp w=0 (2.26)
Re-arranging (2.26) we deduce that
1 1
—=—+1 (2.27)
Vo
T P -L
Ut T
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Define

1
g1(m) = p and g»(m) = E— +1.

There are several situations to consider.

(i) Suppose that Ry = ;—Z < 1. In this case we have that

P
(P __<___ VT(
T ut T<0 (t)

Hence g.(m) < 1 and gl(n) > 1 in the equation (2.27), for = € (0,1]. There-

fore, there is no non-zero solution in this case.

(i) f Ry = ;—Z =1, then we have the same thing that

LGN )——<——§_0 Vi > 0,

T UT
So again g () < 1 and gi(n) > 1in (0,1]. Thus again there is no strictly

positive solution.

(iii) If Ry = % > 1, we know that ¢(m) is strictly monotone decreasing so we

consider the equation given by

o(m) = PE <1, (2.28)

We consider three cases.

PH

, there are no roots of the equation (2.28) in [0,1]. In this

) If (1) > —

case as  — 0, then g;(rt) — oo and

Vo
< o0, because — > 1.
Y

vo _P
Ut T
Atn=1, g1(mr)=1and
gz(n)—1+ 5 >1,a8s —¢(1) > —
_¢1)__

So the equation (2.27) has a non-zero root " in (0,1). Moreover g;(m)
is strictly monotone decreasing in = and g»(m) is strictly monotone in-

creasing in 7, so this root is unique in (0, 1].
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) If qb(l) then the equation (2.28) has a unique root at = = 1. Again

asm — O then g1(mr) — oo and lim,_,g g2(7) < o0.

For m <1, g1(m) > 1 and g»(m) < oo arguing as above.

Form =1, g1(m) =1 and g»(n) = co. We have
lirr(} g1(m) > lirr(t) (),
lirr} gi(m)=1< lirr} g(m) =

So the equation (2.28) has a root in (0,1) and similarly to case (a) this
root is unique in [0, 1].

PF‘ PH

(c) Ifp(1) < then we know that (1) (0) =1 > — and (2) (1) < —, s0

equation - 2.28) has a unique root v in [0, 1]. Th|s case is |IIustrated by

< 00,

Figure (2.2). As m — 0 then g;(n1) = oo and g(n) — 1+ Vo P

utT T

1 .
As m — n™ then gi(n) — p— < oo and g,(m) — oo so the equation
(2.27) has a unique root in (0, ©*), uniqueness follows as previously.

At m = ™, g1(™) < 1 and g (™) = . For m € (7, 1], g1 > 1 and

P(m) < 5—21 so g»(m) < 1. So there are no roots of the equation (2.27

in [, 1]. So equation (2.27) has a unique root in [0,1]. The proof of
Theorem is thus finished.

Corollary 2.3.1. Suppose that ¢ is monotone decreasing. Then the conclusion
of Theorem regarding the existence and uniqueness of equilibria for Ry < 1

and Ry > 1 still holds.
Proof: Any non- trivial solution must satisfy the equation (2.27). Again there

are three situations to consider, the firstis Ry < 1, the second R, = 1 and the third

Ry > 1.

() Ro= Y 1. The proof given in Theorem (2.3.2) is still valid in this case.
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Figure 2.2: lllustration of Theorem Case 3(c).

(i) f Ry = % = 1,then we have the same thing that

vo p_ve p_
0= <m0

form > 0.
So we have g;(n) > 1 and either g»(n) < 1
if ¢p(mr) < 1 or g(m)=c0 if p(rr) = 1in (0,1]. Thus again there is no strictly

positive solution.

(i) If Ro= ;—Z > 1, we know ¢(m) is monotone decreasing so we consider the
equation given by

d(r0) = % <1 (2.29)

We consider three cases.
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) Ifp(1) > — there are no roots of the equation (2.29). In this case as

m— 0, then g1(m) — o0 and

Q(m) =1+ < o0, because ;—Z > 1.

1
vo_ P
UT T
At =1, gi(m) =1 and

1 vo P
o(m) =1+ Yo 5> 1, as qu(l) > =

p
E(P(l) -

So the equation (2.27) has a non-zero root " in (0, 1]. Moreover g;(m)
is strictly monotone decreasing in = and g»(7t) is monotone increasing

in 77, so this root is unique in (0,1].

If (1) = , then the equation (2.29) has as root any value in the

closed mterval [r*, 1], given by ¢(mr) = ¢(1) with right limit 1.

For m € [0, "), ¢(r) > ¢(1). As = — O then g;(n) — oo and

1
vo p

Ut T

< 0Q.

(m) — 1+

As n — m* then gi(n) — % and g»(m) — oo, hence there is a root in
(0, ") and arguing as in case (a) it is unique. For [rt*,1], g1(11) < o0
and g»(mt) = oo so there are no roots in this region. So the equation
has a root in [0, 7*) and similarly to case (a) this root is unique
in [0, ©"), hence unique in [0, 1] as there are no roots in [rt*, 1].

) If (1) < then we know that ¢(0) = 1 > % , 50 equation (2.29) has

roots in a closed interval [7}", 73] C [0, 1]. As . — 0 then g;(n) — oo

and

1
vo p

Ut T

< 00,

(n) =1+

As  — 7} then ¢i(m) — ni < oo and g»(m) — oo. So the equation
1
(2.27) has a unique root in (0, 7"). Uniqueness follows as previously.
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For t € [n}, 5], p() = P(my), g1() < o0 and gr(m1) = (™) = oo.

On the other hand for rt € (7", 1], g1 > 1 and ¢(n) < %, S0 go(m) < 1.

2
So there are no roots of the equation (2.27) in [r}", 1]. Hence equation
(2.27) has a unique root in [0,1]. This completes the proof of Corollary

(2.3.1).

We have shown that if R, is less than or equal to one then there is only the steady
state with no disease present whereas if R, exceeds one then there is the DFE
and a unique steady state with disease present (denoted the endemic equilibrium

(EE)). We shall now explore the local stability of the equilibrium.

2.3.3 Local Stability of Equilibrium

To study the local stability of the equilibrium we consider whether if 7t is slightly

displaced from the equilibrium pointr*it will return to it or move away. We can write

dr(t) _ ¢(m(H)(A - n(®))vom(t)
d  nit)t+p-nt)p

um(t) = f(m). (2.30)
Theorem 2.3.3. Assume that ¢ is a differentiable function of . We have shown
that

(i) If Ry < 1 then the solution with no disease to equation is locally asymp-

totically stable.
(ii) If Ry =1 then the solution with no disease is neutrally stable.

(iii) If Ry > 1 then the solution with no disease is unstable and the unique EE is

locally asymptotically stable.

Proof: We can write

__|or@®) - n(t)vo
Jm=m n(t)t + p — n(t)p B ] : (2.31)
" enn (2.32)

o ({J'(n)(l — m)vo _ P(m)vo _ P(r)(1 — m)vo(t — p)] .

MT+p—Tp NT+p-—TP (T + p — mp)?

56



When = = 0 we have

afy _vo _
il p (2.33)
= (LL(RO - 1)

Hence if Ry < 1 the DFE is locally asymptotically stable. If Ry = 1 then the DFE is
neutrally stable. if Ry > 1 then the DFE is unstable.

If Rp > 1 and = * then

df|  _ ¢ (m)A-mpor  P(mvor  ¢(m)vo(t - p)(1 — )’
Antlem  TT+p—TPp T+ p — TP (T + p — 7 p)2
(2.34)
')A - wvor o()vorm*
| mt+p-mp ('t + p—1wp)? |’
d
As both terms are negative. % < 0 and the unique EE is locally asymptotically

stable when it exists. This completes the proof of Theorem 2.3.31 We shall now

proceed to look at the global behaviour of the system.

2.3.4 Global Stability of Equilibria

We have shown that there is always a DFE possible which is locally asymp-
totically stable if Ry < 1 and unstable if Ry > 1. In the latter case there is a unique

the EE which is locally asymptotically stable.

Theorem 2.3.4. Suppose that ¢(rt) is monotone decreasing in . If (0) = 0 then
ni(t) = 0 for all time. If Ry < 1 then the disease will always die out whatever the
initial fraction of PWIDs infected, so we have global stability of the DFE. If Ry > 1
and disease is initially present then over a long time the solution to equation

approaches the unique endemic equilibrium.

Proof: It is clear that 77(0) = 0 implies that 7z(t) = 0 for all time.

(i) Suppose first that Ry <1 and 7z(0) > 0. We will show that nt(t) —» 0 as t — oo.
By using the equation (2.25) 7z(0) > 0 implies that n(t) > 0 V t. Rewrite the
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equation (2.23) as

ldn(t) _ ¢@®))A -n®)ve "= P(rm)vo
Tt dt ni(t)t + p — n(t)p 17_7'(7_( +p
In the last fraction the numerator is ¢(rt)vo which is decreasing in = and the

_ (2.35)

denominator is monotone increasing in 7 for T > 0. So writing

gs() = qi(:t)va

1ﬂ+p (2.36)
g3(m) < g3(0) = ? —-u=-e<0.

where ¢ > 0. Hence from equation (2.35)

‘f1@w<f(aﬁ

[log n] < —¢t, (2.37)

log( (( ))) —et.

Hence 0 < 7n(t) < n(0)e . Now as t — oo then n(0)e™" — 0, so © — 0.

Hence the DFE is globally stable for Ry <1.

Now we shall consider the case where Ry = 1. Without loss of generality
suppose that 77(0) > 0. With the same notation as above note that gs(n) <
g5(0) = 0. If ¢ is monotone decreasing in = then we assert that n(t) — 0 as

t — oo. If p < 7 pick € > 0 such that ¢ < min (1%) If 7<p pick ¢ < 1. For
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(iii)

T > &, we have

vo
g3(7'()5g3(€)5f—‘uz
1-¢ P
_ vol-¢)
Ctet+p(l-e)

vo(l —¢) vo

TptG-pe p’

_volpd—¢)—[p+(r—p)ll (2.38)
p (p+(t—p)e) '

_ VotTeE

plp + (T = p)e)’

_VGT€

< —2p2 ,

= —ae.

vo? 1dn
Here a = 2—p2 as2p > p+(t—p)e. Hence for > ¢, by < —ae.

So 1 is monotone decreases and 0 < 7t < wt(0)e . Eventually 7t decreasing
below 2¢, at time ¢, , and as it is monotone decreases for it € [¢, 1] it cannot
rise above 2¢ again so 0 < n(f) < 2¢ for t > ty. But ¢ can be made arbitrarily

small so nt(f) > 0 as t — oo.

Suppose that Ry > 1 and 1 > n(0) > 0. We shall consider three cases (a)
n(0) = =¥, (b) m(0) < 7v* and (¢) 7t(0) > 7.
Now we are going to prove Theorem in these cases, the first one is

() 7(0) = * then it is clear that 77(t) —» 7 as t — oo.

(Il) 1(0) < m* then by the proof of Corollary case (iii) (all sub-cases) for

O<m<m

11t <1

Vo P T
Eﬁb(ﬂ) =
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Re-arranging

(%qﬂn) -1 < -m,

(vop(m) — up)(1 —m) > utm,
(2.39)

vop(rn)(1 —m) > u[tr+ p(1 - m)],
vop(m)(1 — m)
e+ p(l —m) g

Hence

dn  vop(m)n(l —n) _ >0
E_Tﬂ+p(1—7'[) He = 5

Therefore 7z(f) is monotone increasing in t.

If t(tg) = " for some t, then mt(t) = =* for all ¢ > t, and the result follows.
If m(t) < * V¥ t, then n(t) is monotone increasing and bounded above, so

tends to a limit r; > 7(0) > 0. If ; = * then we are done.

Suppose that ;<7t*. Arguing as above

. vo(l — )p(m)

- 0. 2.40
T + p(l — 1) g ( )
Recall from earlier that
vop(m;)
() = —— -
1—n+p
is monotone decreasing in . Hence for n < m;, g3(11) > g3(m;) = € > 0, so
1dm
> .
wdt — €>0

Hence integrating

ldloge(n) S 6
o dt

So 7n(t) > n(0) e — o0 ast — oo. But that is a contradiction and we are

> 0.

done.

(/) The other case is n(0) > n*. We shall first deal with the case where ¢
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is strictly monotone decreasing (Theorem [2.3.2) and then the case where
¢ is only monotone decreasing (Corollary 2.3.1). For the first case where ¢
is strictly monotone decreasing recall the proof of Theorem that 7 is

the unique root of

gb(n):% in [0,1].

Either (a) m* < m < ™, (b) m = ™ or (¢) m > . By the proof of Theorem
case (3) (all three cases).

If (a) or (b) is true, then by rearranging and arguing as above we have

1 1
1+ ﬁ > E
—(m) — =
e ‘ (2.41)
dr _ vop(m))r(l —m) <0
dt ~ mrep-m T
In Case (c¢) we have
% > 1+ ﬁ- (2.42)
Eqb(n) - ;
Arguing as above
1 n—1
- >0>1-—=—
E — B Tt T
mﬂb(ﬂ) -
4
(“o - E)im -1 > 0> - (2.43)
Ht T
(vop(n) — pup)(1 — 1) < utm.
So again, arguing as above
1—
dm _ vop(m)m(l — m) el 044

dt  mt+p(l-n)

Hence 7(f) is monotone decreasing in t.

If (t) = * for some f, then nt(f) = 7* for all t > f, so we are done.
If (f) < v*(f) ¥ t, then 7(f) is monotone decreasing and bounded below so

tends to a limit r; where * < m; < m(0) < 1. If 7; = 7* then we are done.
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Suppose that 7i; > r* then arguing as above

. vo(l —m)p(m)
mT+ p(1 - my)

<0. (2.45)

So for > m;, g5(1) < g3(ry) < 0. Then for = > 7;, we have

So 0 < n(t) < m(0)e!, hence () — 0 as t — oo, but that is a contradiction

as ; > 7 > 0. Hence n; = + and we are done.

We now return to Case (/ll) m(0) > =* of the Theorem where ¢ is
just monotone decreasing. In this case from the proof of Corollary
the equation has roots in an interval [r}, ;'] < [0,1]. Either (a)
<7<y, (b) e [ny, 5] or(c) m >y If (a) or (b) is true, then again

we have

1 1
1+ vo_—p > E, (246)
Ut T
and the proof proceeds as in case (a) and (b) above. If (¢) is true then again

1
e [P . (2.47)

and the proof proceeds as in cases (c) above, so Theorem is still true if

¢ is just monotone decreasing. This completes the proof of Theorem

Hence we have shown that if Ry is less than or equal to one disease will become

extinct whatever the starting value. If there is no disease initially then there will

never be any disease. If there is initially disease and R, > 1, then the solutions

will tend to the unique steady state with disease present for a large time. So in

particular, limit cycle solutions cannot exist.

Next, we are going to show some numerical simulations and confirm our the-

oretical analysis results.
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2.3.5 Simulations

We support our analytical results given in Theorems[2.3.1]-[2.3.4]and Corollary
by numerical simulations. Our simulations were performed using MATLAB
and the numerical ordinary differential equation solver (ode45). Our computer
program was tested using comprehensive output from a large number of runs.
Throughout various simulations, we have used realistic parameter values for HIV
and HCV amongst PWIDs but our main objective is to verify the analytic results
which estimate the spread of HIV amongst PWIDs for model with two dis-
ease awareness programs. We showed that if Ry < 1 then the disease will die
out, and if the disease is initially present and R, > 1 then the disease will tend to
the unique endemic equilibrium.

Motivated by the literature (Greenhalgh et al. (2015), Misra et al.| (2011),
Samanta et al.| (2013)) , we take two functional forms for ¢(n). The first one
is ¢(m) = (1 — bi—nn) where a and b are positive constants with 0 <a < 1, and the

second is ¢(m) = e ™" where my is constant and n represents the number of the

PWIDs population. An alternative form is

d(n) = e ™MD, where M(t) = max [O, CTT + d%] , (2.48)

where ¢ and d are strictly positive constants [Misra et al. (2011), but we have
not used this. We shall make similar assumptions as in |Liang et al. (2016). We
shall take p = 0 and assume that A; = A, so that all PWIDs visit shooting galleries
at the same rate whether or not they are infected. Also, we take ¢, the probability
that after a single injection an initially infected PWID leaves uninfected a syringe
that was initially infected, and 6;, the probability that after a single injection an
initially infected PWID leaves uninfected a syringe that was initially infected, to
be zero as these probabilities are very small and in simple models of the spread
of HIV amongst PWIDs these probabilities are normally taken as zero. We
choose realistic values for i, the per capital rate at which addicts leave the sharing

injecting population of u= 0.258/year = 7.0637 x10~*/day, P; = 0.0, P, = 0.25,
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Figure 2.3: The plots of simulations for the solution of model
so & =0.0when Ry >1andso & =0.7when Ry < 1.

» with awareness program function ¢(m)=1 — b‘:—nn and
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P; =0.01, Py = 0.74, A, = A,=0.143/day and y = 1 (based on Liang et al.| (2016))
and varying values of the needle cleaning probability £ with 0 < & < 1.

We studied the behaviour of the model of equation through altering Ry by
choosing different values of &. In all cases, the starting value was initially 77(0) =
1. Figure shows plots of six simulations with disease awareness program
Pm)=1-——
a and b constant are shown in Figure 2.3] In the sub-figures [2.33], [2.3c|and [2.3¢]
of Figure 2.3 where R, > 1 we choose & = 0.0, then from equations and
we have o= 0.143/day, 7= 0.143/day, p = 0.0358/day and v= 0.0014/day
giving Ry = 8.0977 . For the other sub-figures [2.3b} [2.3d| and [2.3f| of Figure
where Ry < 1 we choose &= 0.7 then from equations we have ¢ =0.143/day,

7= 0.143/day, p= 0.1108/day and v = 0.000429/day giving R, =0.7838 . Figure[2.4]

(taken from|Li et al.| (2008a)), with different values of the constants

shows plots of six simulations with the disease awareness program ¢(m)= e~"""
(taken from |Cui et al. (2008)), with different values of m,. Similarly to the results
of Figure 2.3 we have that R, > 1 for sub-figures [2.43] [2.4c|and [2.4€| of Figure[2.4]

and R, < 1 for sub-figures [2.4b|[2.4d and [2.41 of Figure [2.4]
In Figure by using both the disease awareness program functions with the

same parameters in the sub-figures [2.3a] [2.3b}, [2.4a] and [2.4b] of Figures[2.3]and

2.4, we considered five different initial values 7(0) €[0,1] of the infected PWID
population who do not clean their needles before use. The cases with & = 0.0

are given in the sub-figure in [2.5a] and [2.5¢| with the same results as previously,

we observed that if the PWID population do not clean their needles before use
(¢ = 0.0) then Ry > 1 and this means that over a long time the fraction of PWID
population which was HIV infected tended to the unique endemic equilibrium. For
the other two cases (given in the sub-figures and with & = 0.7, the
PWIDs often cleaned their needles successfully before use, so Ry < 1, then the
HIV virus died out after a long period of time in both PWIDs and needles.

We did other simulations with a variety of other starting values and a variety of
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HIV with cleaning of needles before use, ¢=0.0. , HIV with cleaning of needles before use, £=0.7.
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Figure 2.5: The plots of simulations for the solution of model (2.4) with disease awareness program function ¢(m)=1— brn

for sub-figures (a) and (b), for sub-figures (c) and (d) with several different starting values of n(0) the disease awareness
program function ¢(m)= e"0"", where n = 1000.

other model parameters. In each case, the results of Theorems and
Corollary were verified. For Ry < 1 the disease always dies out whatever
the starting values, whereas for Ry > 1 and disease initially presents the disease
tends to a unique endemic equilibrium.

We have performed an equilibrium and stability analysis for this model. Our
discussion has been focused on two ways of studying the effect of awareness pro-
grams in disease transmission models. The key biological parameter of our model
is the primary reproductive number Ry. We find that there is a critical threshold
parameter Ry = 1, which determines the behaviour of the model. We have shown

that the system has a unique equilibrium solution. We have shown that if Ry < 1,
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then the disease-free equilibrium is globally asymptotically stable, so whatever
the initial fraction of infected individuals, the disease will die out as time becomes
large. If no disease is initially present, there will never be any disease. If Ry > 1,
there is the disease-free equilibrium and, additionally, a unique endemic equilib-
rium. If there is disease initially present and R, > 1, then the system tends to the
unique endemic equilibrium. We also showed that the disease-free equilibrium
is locally asymptotically stable if Ry < 1, neutrally stable if Ry = 1 and unstable
if Ry > 1. In the case that R, > 1 we showed that the endemic equilibrium was
locally asymptotically stable too. Our analytical results are confirmed by using

simulation with realistic parameter values.

2.4 Adapting Our Model to Deal with HCV Amongst
PWIDs

2.4.1 Description of the Model Dealing with HCV

Another disease spread by sharing infected needles is the Hepatitis C virus
(HCV) amongst PWIDs. The model is almost the same as for HIV except that
for HCV there is now treatment so infected individuals can recover from HCV. If
0 denotes the per capita rate at which an HCV-infected individual is treated and
recovers, then using the same notation as for HIV, let nt(t) denote the fraction of
PWIDs infected with HCV and S(t) denote the fraction of needles infected with
HCV. Then equations and become

%Lnuma—nwﬁ—w+5m, (2.49)
d
P = o0m(o — 1) - 91 - mypp, (250)

and the corresponding version of equation (2.4)

dn(t) _ ¢(n(t)(A — n(t)von(t)
d nt)t+p-nlt)p

(1 + O)m(t). (2.51)
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So the model is the same as equation (2.4) with u replaced by (u + 6). So the

basic reproduction number is

Vo
p(u+06)
and with this value of Ry Theorems - and Corollary (all of the

theorems) shill hold. This is a very simplified approximate model of HCV as it

(2.52)

assumes that infected individuals do not spontaneously recover and become sus-
ceptible again apart from treatment and also ignores the short, highly infectious
acute phase (Corson et al. (2012) but nonetheless, it can still be regarded as a

very simple approximation of the spread of HCV amongst PWIDs.

2.4.2 Numerical Simulations

We have also performed simulations for the model for the spread of
HCV amongst PWIDs. We used parameter values taken from Corson et al.
(2012). Recall that P; + P, the probability that when an initially susceptible PWID
injects with an initially infected needle, the needle is flushed (i.e. flushed of infec-
tious blood and left uninfectious after use). In Corson et al. (2012), the probability
that a needle is flushed in this situation is taken as one similarly in the model of
Corson et al. (2012) P; + P3 = a, the probability that when an initially suscepti-
ble PWID injects with an initially infected needle, then «a, the average probability
that the PWID becomes infected is @« = P; + P; = 0.0165. « is calculated as
a weighted average of the corresponding probabilities for acutely infected and
chronically infected PWIDs a;, and a, in |Corson et al. (2012) by weighting each
of these probabilities by the average time that a newly infected PWID spends in
each of these states at the endemic equilibrium.

These probabilities are are a;, = 0.0432, a,=0.016. Also as Py + P, +P3+P; =1
and P;+P, = 1, we must have P; = P, = 0 and then as P;+P5 = 0.0165, P; = 0.0165
and P, = 0.9835. And also A; =A,=103/year, u = 0.17/year and 6=0.1/year. As in
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Figure 2.6: The plots of simulations for the solution of model with awareness program function ¢(r)=1 — 2% and
when & =0.0s0 Rg > 1 and when & =0.9s0 Ry < 1.
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Figure 2.7: The plots of simulations for the solution of model (2.50) with awareness program function ¢ ()= e"0"" and
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Figure 2.9: The plots of simulations for the solution of model with values of awareness program function parameters
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the HIV transmission model, we take ¢, = 0; = 0 for our simulation and again we
take y = 1. Again we altered the values of R, by choosing different values of &.
Again in the displayed simulation, the starting value was again 7(0) = 1.

Figure shows plots of six simulations with disease awareness program

P(m)=1 — bi—nn with different values of parameters a and b. For sub-figures |2.6a

J2.6¢| and [2.6€| of Figure we choose & = 0.0 then we have ¢ =103/year, t

=103/year, p =103/year and v=1.6995/year giving R, =6.2944. For the other
sub-figures [2.6b], [2.6d] and [2.6f| we choose & = 0.9 Then we have o =103/year,
=103/year, p =103/year and v =0.16995/year giving Ry =0.6294. Figure

shows plots of six simulations with the disease awareness program ¢(m)= e~"""
with three different values of my where n = 1000 . Similar results were obtained
as are shown in Figure where R, > 1 for sub-figures [2.73] [2.7c| and [2.7€] of
Figure[2.7]and R, < 1 for sub-figures [2.7b[2.7d and [2.7f| of Figure [2.7]

In Figures and we repeated the simulations in Figures and

respectively, with different values of 6 and with the same values of the constants

of the awareness program functions, for all sub-figures. In the Figure we

use the values a = 0.9 and b = 1 with disease awareness program ¢(m)=1 —

bi—nn' we choose & = 0.0 for sub-figures [2.8al )2.8¢| and [2.8¢| of Figure |2.8| then

we have o =103/year, t =103/year, p =103/year and v =1.6995/year. We have

different values of R, in each time that 6 is changed. So we had R, = 6.2944 when
0=0.1/year in the sub-figure Ry = 4.5932 when 6=0.2/year in[2.8c|and for the
sub-figure we have R, =7.7249 when 6=0.05/year. For the rest of the sub-
figures [2.8b} [2.8d| and [2.8f| in Figure we we choose & = 0.9 Then we have ¢

=103/year, T =103/year, p =103/year and v =0.1699/year. Then we obtain values
of Ry as in the sub-figure [2.8b| Ry =0.6294 when 6=0.1000/year, in the sub-figure
2.8d, Ry =0.4593 when 6=0.2/year and for the sub-figure [2.8f we have R, =0.7725
when 6=0.05/year.

In Figure [2.9) shows the plots of six simulations with the disease awareness
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program ¢(m)=e~""" with the fixed values of m, = 10.0/n. Again here we obtained
the same values of the parameters o,7,p and v were discussed in Figure [2.8] for
all the sub-figures in Figure [2.9] In both figures Ry > 1 for sub-figures [2.83),
and[2.8¢| (2.94]2.9c|and [2.9€) and R, < 1 for sub-figures[2.8b]2.8d|and [2.8f| (2.9b]
and [2.9f).

Again the simulations show that the disease died out if Ry < 1 and that the

disease tended to the unique endemic equilibrium if Ry > 1 and disease is initially

present. This supports the analytical results.

2.5 Conclusion

In this chapter, we have developed a mathematical model of the effect of dis-
ease awareness programs on the prevalence of HIV amongst PWIDs, building
on the models developed by |Greenhalgh and Hay (1997) and Liang et al.| (2016).
A system of differential equations has been deduced to describe the improved
model that reduces the spread of the diseases through the effect of awareness of
the disease on sharing needles and syringes amongst the PWID population.

The model differs from the original model that it is based on as it is a one-
dimensional model that includes the factor of the awareness program that has
the effect of reducing the spread of HIV amongst the population. A system of
differential equations has been deduced to describe the improved model that re-
duces the spread of the diseases through the effect of awareness of the disease
on sharing needles and syringes amongst the PWID population, as a result, we
obtained a new definition for the parameter of the basic reproduction number R,
that gives us new results for the analytical and numerical solutions.

We performed numerical simulation on the equation (2.4), describing the ef-
fect of awareness programs on reducing the spread of HIV amongst PWIDs. We

started off with realistic parameters taken from a literature review, and we as-
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sumed that the visiting rate of the shooting gallery is the same (A; = A,) for both
susceptible PWIDs and the PWIDs infected PWIDs whether or not they know that
they are infected. The simulations were divided to simulate two disease aware-
ness programs by changing the constants in these awareness programs for each
one. Also, we calculated the result of the basic reproductive number we simulated
the total proportion of the PWID population infected over time. The was calculated
for different values of the basic reproduction number R,, which was changed by al-
tering (&), the fraction of PWIDs (susceptible or not) who successfully clean their
needles before use. We repeated this simulation for both awareness program
equations with different initial values of the fraction of PWIDs.

At the end of this chapter, we modified our model to deal with the spread of
HCV amongst PWIDs where an HCV-infected individual is treated and recovered.
The resulting model was described in differential equation (2.51). This model
was used to describe the spread of HCV amongst PWIDs. We kept the same
parameter values used in the previous simulation with fixed values of the per
capita treatment and recovery rate (0) for both awareness program functions. We
also repeated the simulation with different values of (6). The basic reproduction
number R, decreased as the per capita HCV treatment, and recovery rate (o)
increased. Again the simulations confirmed our analytical results if Ry < 1 HCV
will eventually die out in both PWIDs and needles and if Ry > 1 and disease is
initially present. The system will tend to the unique endemic equilibrium.

This concludes our analysis of the one-dimensional system given by (2.4).
However, recall that equation was obtained as an approximation of a more
realistic two-dimensional model and by realistically assuming that the
timescale on which PWIDs inject is short compared with the timescale for epi-
demiological changes. In the next section, we shall analyse the behaviour of the
more realistic two- dimensional model and (with g, 7, p and v) given by
(2.74).
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Chapter 3

Incorporation of Awareness
Programs into a Two-dimensional

model of the spread of HIV/AIDS

amongst People who Inject Drugs

3.1 Analysis of the Two-Dimensional Model

3.1.1 Introduction

Inspired by the model constructed in the previous chapter, in this chapter, we
will study the effect of awareness programs in the full two-dimensional model of
the spread of HIV amongst PWIDs and discussed in the last chapter.
The results we will obtain and the techniques used to follow the structure of the
previous chapter. First of all, we study the existence of a unique non-negative
solution to differential equations. Then we look at the existence of an equilib-
rium solution. After that, we examine the local and global stability of equilibrium.

Finally, we do some simulations to confirm the analytical results.
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3.1.2 Existence of Unique Non-negative Solution

Recall equations (2.2) and (2.3). p(t) represents the fraction of needles in-
fected with HIV at time t and 7z(t) represents the fraction of PWIDs infected with
HIV at time t . The biologically feasible region of solutions to this system is

D ={(rn,B) € [0,1] x [0,1]} in R?. Equations (2.2) and (2.3) are

T = om0~ mvp i, (3.1)
d
L - (mm(o — ) ~ o1 - rpp. (3.2)

We apply similar techniques as have been used to show the existence of a unique
non-negative solution in Subsection in Chapter 2. We show firstly that the
right-hand sides of equations and are Lipschitz continuous and then
use the Picard-Lindeléf Theorem to show the existence of a unique continuous

solution.

Theorem 3.1.1. Suppose that ¢ is Lipschitz continuous in 7t for0 <t < 1. For any
given initial value (r(0), f(0)) = (o, fo) € [0, 1] X[0, 1] the two-dimensional model
for the spread of HIV amongst PWIDs given by and has a unique non-
negative solution (ni(t), f(t) ) € [0,1] X [0, 1] moreover.
(i) If (10, o) = (0,0) then (ni(t), B(t)) = (0,0) for all t > 0.
(ii) If either 7ty > 0 or By > 0 then (n(t), f(t) ) € (0,1) x(0,1) forallt > 0.

Proof: We have already stated the definition of Lipschitz continuity and the

Picard-Lindeldf Theorem in Subsection (2.3.1) of the previous chapter, Write x=
(111,B1) We write equations (3.1) and (3.2) as

d
d_? = (%)

d
d_f = fo(X)
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Write

f(x)

f(x) (3.3)

f2(x)
The first stage is to show Lipschitz continuity of the right-hand side of equations

(3.1) and (3.2). We need to show that for any x = (n,,f,) € D, y = (n,,8,) € D

lre0 = rw)| < Ll -y (3.4)
For some constant L where ||.|| denotes the Euclidean norm in R2. We split the

proof into two parts, firstly

7

1. 'fl(x)_fl(x)‘ SLl‘x_y
2. ‘fz(x) - fz(y)‘ < Lz'x - y‘.

where L; and L, are Lipschitz constants for f; and f, respectively. Note that as ¢

is Lipschitz continuous on [0, 1].

nx - ny‘.

o) - om,)| < Ky
For some constant K; > 0 for any nt, € [0, 1],7r, € [0,1]. We start off with the first

part
filre B = Fiy, B0 =[0G = B, = e = [90,)(1 = vy — )|
<1 = v = Pl )1 = 7By + i

Tl — ny|.

(3.5)
By using the triangle inequality
< |¢(nx)(1 - 7_(x)Vﬁx - ¢(ﬂy)(1 - 7_(x)Vﬁx
+ (P(T(y)(l — T VP — (P(T[y)(l - 7—(y)Vﬁx
+ @(1ty)(1 = 1ty)vBy — P(1ry)(1 — 0, VB, | + plmte — 7. 3:6)

< |(P(nx)(1 - T(x)vﬁx - qb(ny)(l - Tcx)vﬁxl
+ |¢(ny)(1 - 7_(x)Vﬁx - Qb(ny)(l - 7-[y)Vﬁxl

+ |qb(7zy)(1 - ny)vﬁx - qb(ny)(l - ny)vﬁyl + ulrty — 7.
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By using the triangle inequality again
< |p(my) — (P(T(y)h/(l — T0)fx + (P(ny)lnx - 7_(ylV,Bx

+ |(P(ny)|(1 - 7—Cy)vlﬁx - ﬁy' + M|7Tx - T(yl-

(3.7)

this implies that
<Kwln, — 1| + vl — 1| + vIBy — Byl + ulm, — 1. (3.8)
as ¢ is Lipschitz continuous function, then
< L1||x1 — y1||.

Here L, = (K; +2)v + u. This completes the proof of the first part.
Similarly, we prove the second part using the definition (3.4). We have

folrta, B) = folrty, )
= [[pr(0 = 12) = (1 = 7
- [9(m)(0 ~ TBy) — )1 - m)py ]| (39)
< |60 = T8 = d(m,)(o — B,

+p|pm - 7B — ()1 - )|
After applying the triangle inequality, we got

< o) = plmy)| + Tl — bl B
+plp(1 - 7B~ ()1 - B
+ Q)1 = T — () (1~ 7,)Bs
+ ()1 = 1) — B()(1 = 7By

< GKl

(3.10)

_—
OB — DT + P e — BBy
+plom) - (|1 - .

+ pP(71)Px

+7

B

Ty — ny' + pp(m,)(1 — 1)
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Using the triangle inequality and Lipschitz continuity of ¢
O = $(my)| + ()
B

< 0K1

pe— B

T, — ny| + TPx

+ pK1

nx—ny‘+pnx—ny‘+p

Similarity

g((o+p+’f)k1+ZP>Hx_y”+T'B"_‘By|'

(3.12)
<t

Here L, = (0 + p+ 1)k1 + 2p + .

This completes the proof of the Lipschitz continuity of the right-hand sides
of the system and (3.2). We now complete the existence and uniqueness
proof.

Case One: (0) = 5(0) = 0.

In this case, we can see that n(t) = p(t) = 0 is a solution for all time. By using
the Picard-Lindel&f Theorem, there exists At > 0 such that the equation has a
unique local solution in [0, At]. Let [0, .) be the maximum interval where a unique
solution exists with 7(&) = B(&) = 0 for all £ in [0,7,). We must have 7, > At > 0.
Suppose that 7, < co. Then n(t) = p(t) = 0 for all t < .. Again by using the
Picard-Lindeldf Theorem, there exists a unique local solution in [, — n,7T. + 1l
for some n > 0. Hence a solution exists with (&) = (&) = 0in [0, 7, + 7].
This contradicts the definition of 7,. So 7. = oo and there is a unique solution
ni(t) = B(t) = 0 for all t < 0. This completes the proof of the first part of Theorem
(3.1.1).

Case Two: 7(0) > 0 or (0) > 0.

We shall divide the proof into three cases. First of all, we assume that ¢ > 0,

¥ e[0,1] and o > 0. We can write y =1 - and xy = 1 — p. Then the equations

and become as
d
d_lf = ud = 9) = pmyvp, (3.13)
iz—)f = (mPpp + P(r7(T — 0) — TP(M)TY- (3.14)
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Define (0, 7.) to be the maximum interval where a unique (m(t), f(t)) to the

system equations(3.1) and (3.2) exists for t € [0, 7.) with (7z(t), 5(t)) € (0,1) X (0,1)
fort € (0, 7,).

Lemma 3.1.1. There exists k; > 0,k, > 0 and At > 0 such that for s € [0, At].

min(ri(s), B(s), ¥(s), x(s)) = kis* (3.15)

Proof. By using the Picard-Lindeléf Theorem the equations and have
a unique continuous solution in [0, At) for some At > 0.
If 1> n(0) > 0and 1> B(0) > 0, then the Lemma follows by continuity
of (nt(t), B(t)) € [0, Ab).
(i) First, If =(0) = 0 but 1 > B(0) > 0, then for At small and strictly positive, then
the equation becomes
1t(At) = vB(0)At + o(At)
For At small enough
Ti(At) > %V‘B(O)At.
1i(s) > %V‘B(O)S.

So for s € [0, At] if At is small enough. So the Lemma (3.1.1) follows.

e If 7(0) =1 but1 > B(0) > 0O, then for At small and strictly positive, then
from equation
(AL = uAt + o(At). (3.16)
YP(s) > %ps. (3.17)
So for s € [0, At], if At is small enough. So the Lemma follows.
(if) Second, suppose that (0) = 0 and 1 > n(0) > 0. Then
B(AL) = ap(11(0))7(0) At + o(AL).

B(s) > %aqb(n(O))n(O)s.
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for s € [0, At], if At is small enough,so the Lemma (3.1.1) is then true.

e If 5(0) = 0 and n(0) = 1, then by the argument for 5(0) = 0 and 1 >
7(0) > 0 for B(s) and the argument for 77(0) = 1 and 1 > (0) > 0 for y«(s),
we have

min(B(s), Y(s)) = ks, (3.18)
for s € [0,At] , for some ki, k, and At > 0. As a result, the Lemma
(3.1.1) is true.

e If 3(0) =1and 1 > n(0) > 0, in this case from the equation

X(At) = prO)|¥(O)p + (1 — 0)m(0) |At + O(AP).
and
t-o=[M1-p) + Ap|y[1-(1-O+60:0-8)]
=M@ -p)+ Aply[1-A-A-01)] 2 0.
Hence x(s) > ki,s™, for s € [0, At] for some k; > 0,k, > 0 and At > 0.

The result of the Lemma (3.1.1)) follows.

e If (0) = 1 and n(0) = 0, then using the argument for f(0) = 1 and
1> m(0) > 0 for x(s) and the argument for 7(0) = 0 and 1 > p(0) > 0 for

1t(s) we have
min(n(s), x(s)) > kis*,
for some k; > 0,k, > 0 and At > 0, then the Lemma is true.
(iii) Finally, if 5(0) = 1 and 7(0) = 1, then by using the argument for 7(0) = 1 and
1> B(0) > 0 for Y (s) we have
U(s) = ks for s e[0,At].
for some k; > 0, k, > 0 and At > 0.
If 1 # 0 or 0; # 0 then © > ¢ and the argument for §(0) = 1 and 1 > 7(0) > 0
shows the same result for x(s).
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If (Pl =0, = O,then T =90 and

d"| = 0.

t=0

However assuming that <¢> is differentiable with respect to ¢

dtz 't 0 = ¢(n(0 )) | Opﬁ
= ¢(n(0))up > 0.
So again x(s) > k;s* for s € [0, At] for some k; > 0, k, > 0 and At > 0. Then the

Lemma holds.

Hence the Lemma holds for all (0) and n(0). So 7, > At > 0 for some
At > 0.

Now suppose that 7, < At. Then for t € (At, 7,) , then the equations [3.1]

3.13|and 3.14|imply that

d_n>_n
ar = HT

d
WP o (mtp - o - m)pp,
> —(T+p)B,
E > —(P(T()Vﬁﬁb/
> -,

— = —¢p(mny,

> —TX.

Note that o > 0 implies that ¢»; <1 and A;(1—p)+ A,p > 0 which implies that T > 0.

Hence in (At, t,.), (t) > 0 and

1 dn
T dt i
So 7o(t) > m(A)e HIAD,

By the Picard—Lindel&f Theorem, there is a unique continuous solution of the
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equations and in (7, — n, T, + 1) for some n > 0, moreover
m(te) = imm(f),
> m(At)e @A) >,
Similarly
B(T,) = P(Ab)e A=A 5
U(T,) = P(Ate ™A >,
X(Te) = x(AHe ™A >,

Hence by continuity the unique continuous solution to the equations [3.1] and
isin (0,1)x(0,1) for t € (0, 7. +n) for some n > 0. This contradicts the definition
of .. Hence 1, = .

This completes the proof of Case Two under the assumptions that ¢(n) > 0V
nte[0,1]and o > 0.

Now we shall look at the proof of Theorem under the assumptions that

o > 0and 3 7" with 1 > * > 0 such that ¢(rr) = 0 for = > 7 and ¢(mr) > 0 for

*

TT<TU.

Lemma 3.1.2. Assume that ¢ > 0 ,but there 3 7 with 1 > ©* > 0 such that

¢(rt) =0 for m > " and ¢(m) > 0 for < 7"

Proof. We shall consider the following three cases

(i) If m(0) < 7r*, then by the argument as above JAt > 0 with 7, > At > 0. Now

as o

So A nn* < w* such that for € [r*, ] 7 is strictly monotone decreasing, so
if T starts strictly beneath 7t* it can never reach it and < max (7(0), n*) < 7".

Hence the proof proceeds as in the previous case.
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(if) If (0) = 7r*, then for At small and strictly positive
n(At) = 7 — ur At + o(At).
So if At is sufficiently small and strictly positive

1
ni(s) < ' — E‘un*s for s e (0,At].

We assume that there is some strictly positive integer k > 1 with

d* ()
1)k
and
dl
(—1)’M =0 for1<I<k.
dT(l o

Let us define (0, 7,) to be the maximal interval where a solution exists and

1>pB(s)>0and 1> mn" > m(s) fors € (0, 7,).

The argument proceeds as in the case where ¢(r1) > 0V € [0,1] and ¢ > 0

until we reach the case f(0) =0and 1 > " = n(0) > 0. Then

d'
] =0, forl =12, k-1
dp_dem
and WL()*_ T
Ld5(m)
= (-1)"(un"Yom j)nk >0

So if At is small enough
ni(s) <" —kys, and

B(s) > kysts, for s €[0,At].

for some kq, ko, k3 > 0. So again the Lemma (3.1.1) holds. and 7t(At) < 7t* for

At small and sufficiently positive.
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If suppose that 5(0) =1 and 1 > w(0) > 0. Then

= p(MYpp + ¢(m)1(t — o)1 = P(T)T X

1
Ccli_t)l(f=0*zo’ for 1<I<k.
dy,_ do(m) . .
ﬁh:m = W‘t: (1 =-m)p +(r-0)),
dx
(1) . .
= (D) ‘P = a-mp+ @ -oyml
> 0.

So again the Lemma (3.1.1) holds.

If B(0) = 1 and n(0) = 1, then the previous argument for 7(0) = 1 and
1> B(0) > 0 shill still holds for ¢(s).

e For x(s) first consider the case ¢; # 0 or 0; # 0. Then

1
Z—t)l(tzmzo, for 1<I<k
d*y qu’)(n)
Atk li=or — 4k ‘t 0+(T — o),
= (- 1)k kﬁi)( )'
> 0.
So the Lemma (3.1.1) holds.

e For y(s) and ¢ = 6; =0, then T = ¢ and

I

le—t)l(t:mzo, for 1<I<k
a1y B dk(p(n)' dl,l)
At l—or —  drk lizor dt li=or

k
= (1YY

> 0.

So the Lemma (3.1.1) holds.

Hence again the Lemma (3.1.1) holds for all 5(0) and =(0) unless B(0) =
(0) = 7 > 0.
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The proof proceeds again as in the case where ¢(r) > 0 all = € [0,1] and
o> 0.
(iii) 1f 7(0) > 7.
For 1z(0) > 7* then for At small and strictly positive
n(At) = 1(0) — um(0)At + o(At)

So provided that (0) > @ > ¢~

dr _
ar - HT
dp
pri 0.
So
7 = m(0)e .
and
B = B(0).

This is the unique solution provided that

l.e. n(0)e ™ > s

Define (0, 7,) to be the maximal interval where a solution exists and

1> p(s) > 0 and m(s) > m= > 0.
Hence 7/ = t;.

limp and lim 7t exist and satisfy,

t—)tl’ t—>t1’

1>Iimp>0 and 1>limm >0,

t—>t1’ t—)t;
moreover, both limits cannot be zero. For t > t;, the result follows by the

case where 7(0) = 7" discussed earlier.
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For ¢ = 0, the equations are

6;—7: = ¢(r)(1 — m)vp — um.
dp
= = —p(m(en+ p(l - 1)p.

e If 5(0) = 0 and 1 > n(0) > 0,then the unique solution is

B(t) =0 m(t) = (0)e " for all time.

e If 5(0) > 0, then the equations for ¢ and x are

dy
= = B 1) = o(mYp.

il—); = ({)(n)(’m +p(1 - n))ﬁ.
We proceed as in the case where ¢ > 0 and 3 r* such that 1 > 7* > 0 such that
¢P(rt) = 0 for m > 7* and ¢p(n) > 0 for < 7.
A. For t(0) < " again
7t < max(nt(0), ©*) for all time.
Define (0, 7.) to be the maximal interval where a solution exists and

1>p(6)>0 and 1>mn(s)>0, in (0,7.).

The proof follows by the same argument as used in the case where ¢ > 0 and

either ¢(mr) >0V m € [0,1], or A " with () =0for1 > > 7" >0

For 5(0) > 0 and either
B. n(0) =n* or

C. n(0) > 7r*, the argument proceeds as in the case where ¢ > 0.

3.1.2.1 Summary of Results of Existence and Uniqueness Theorem

Here we summarised the results of Theorem in points:
If 5(0) = m(0) = 0, then B(t) = m(t) =0 Vt > 0.
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(i) fo>0and ¢(rm) >0V and p(0) > 0 or n(0) > 0then 1> p(t) >0,
1> n(t) > 0forall t > 0.

(i) If o >0and 3 * with () =0for1 > > n" > 0.

(@). m(0) < w*then1> B(t) > 0, " > n(t) > 0 for all t > 0.

(b). 1(0) > = .For

*

Tt

-1
t<t = 7 loge(m), ﬁ(t) = ‘8(0)

n(t) = n(0)e™™  (so B(t) =p0), m(t)=m").
fort>t; 1>p(t)>0, n>mn(t)>0forallt>D0.

(iii) If 0 =0and 3 * with ¢(n) =0for1 > > 7 > 0.
If B(0) = 0, then B(t) = 0, 7t(t) = (0)e** for all t.
If (0) > O then the solutions have the same properties as in case (i) or (ii)

appropriate.

This completes the proof of Theorem Next, we look at the existence of

equilibrium values in the system.

3.1.3 Existence of Equilibrium

Consider the differential equations (3.1)and (3.2) which describe the effect of
the spread of the disease with an awareness program. We show that if R, < 1
then there is only the disease-free equilibrium, whereas if Ry > 1 then there is a

unique endemic equilibrium as well as the disease-free equilibrium.

Theorem 3.1.2. Suppose that ¢ is monotone decreasing and Ry < 1 then the
equations (3.1)and (3.2)have a unique equilibrium solution where the disease
dies out in PWIDs and needles, (1", p*)=(0,0). This is the only equilibrium. For
Ry > 1 there is a unique nonzero equilibrium (r*,*) > 0 in (0,1]x(0,1] as well as

the disease-free equilibrium.
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Proof: See the proof of Theorem is mentioned in the previous chapter.
The model[2.4] as discussed in Chapter 2 | was obtained from the model 2.2/ and
(equivalently [3.1and [3.2] by setting equation (1.3) to any equilibrium. Hence

Next, we going to study the stability analysis of the equilibrium of the system.

3.1.4 Local Stability Analysis of Equilibrium

We determine the local asymptotic stability of the DFE and EE values by the
same techniques as were used by |Greenhalgh and Hay (1997) and Agaba et al.
(2017). This was to using the Routh-Hurwitz criterion (May| (2001),Dedesus and
Kaufman (1987)). We look at the eigenvalues of variational matrix of the lin-
earized system about the DFE and EE to see if a small perturbation from these

equilibria stays near the equilibrium or moves away.

Theorem 3.1.3. One can verify that the basic reproduction number is the same
as the reproduction number R, = Y9 in one-dimensional model in the previous
chapter. Assume that ¢ is a differgnﬁiable function of 1t in [0,1], we have shown
that if Ry < 1 then DFE of equations and is locally asymptotically stable,
and if Ry = 1 then the disease-free solution is neutrally stable. If Ry > 1 then the

DFE is unstable, whereas the unique EE is locally asymptotically stable.

Proof: As the derivation of the basic reproduction number is the same as the
reproduction number R, in the previous chapter used two-dimensional version of
model it is straightforward to show that R, is the same for both models.

By using the variational matrix method around the equilibrium points, we recall

the equations (2.2) and (2.3) as follows

Z—? = ¢(m)(1 — m)vp — um = f(m, ). (3.19)
d
d_f = ¢(mn(o — 1) = P(m)(1 = m)pp = (1, f)- (3.20)
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Then the Jacobian matrix of the above model at (7", *) is an equilbrium

of of
J= an Ip
g Jg
on op
¢ (M)(1 — m)vp — p(m)vp — H(r)(1 = m)v
P(m)(o — 1B) + P(m)pB + ¢ (M)[1(o — ) — (1 — m)pf] —tp(m) 1t — p(r)(1 — )p

First, we examined the local stability about the DFE point E, = (rtp, o) = (0,0),

then the Jacobian matrix J; of E, is obtained as

h'(“ofﬁo) =

o -p
Then the eigenvalues A of the the Jacobian matrix J; are the roots of the charac-

teristic equation
A*+ (i + p)A + (pu —vo) = 0.
This can written as
A% +agd + by =0, (3.21)

where ap = (1 + p) and by = (pu — vo).

According to the Routh-Hurwitz conditions (May, (2001), DedJesus and Kaufman
(1987)), which tell us that the equations have two roots with strictly negative real
partsifand only ifa >0and b > 0. We havea = (u + p) >0and b = pu - vo.
Then, we see that according to the value of the reproduction number R, at DFE
we have three different situations of stability depending on the satisfying of the
Routh-Hurwitz conditions.

(1) If Ry = % < 1 it is straightforward that vo < pu that is by > 0, thus the DFE

is locally stable because the Routh-Hurwitz conditions here are satisfied. (2) If
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Ry = % > 1,then by > 0 and thus the FDE is unstable.

(3) If Ry =1, then it is straightforward to show b = 0 and the eigenvalues of (3.21)

are A =0and A = —(u + p). Hence the (DFE) is neutrally locally stable.

Similarly, for the endemic equilibrium point E; = (r*, 8*) of the above system

then the Jacobian matrix J, of system corresponding to E; is obtained as

qb'(n*)(l — W — ()T — 1 () (1 — )y
J2|(n*,ﬁ*) =

P(r) (o — ) + P(T)pp” —TH() = () (1 — )p
Then, the characteristic equation is
A*+ @A +b; =0.
Hence
a1 = 1O + () (1 = 7)p + p+ G — ¢ ()(1 = 7)vp > 0.
Note that ¢'(7*) < 0, since ¢(m) is monotone decreasing. Also
by = [tp(m)m" + ()1 = T)pllp + P( W — ¢ (m)(1 = T )vp']
= G() (1 = )lpp + (0 — 6],
b1 2 [tp(m) + ()1 = )pl[p + ()] = () (1 = T Wlpp” + (0 = 6],
Using the fact that ¢’ (") < 0. Note that from the equilibrium of e we must have
¢(r) > 0 at the endemic equilibrium. From the equilibrium version of we using it

to simplify b;:
qb(n) B

p+ (g =
pp1-m")=(0c—1p).

93



Thus

by > [tp(r)* + Pp()(1 — ¢()ﬁ

— gy - myfop + pp =T

= o)’ l[m +p(l-mn )]— ~(1-m )v[pﬁ +pp(1l - %]

= () vp" > 0.
Thus the EE is locally asymptotically stable if Ry > 1, since the Routh-Hurwitz
conditions a; > 0 and b; > 0 are satisfied. The proof is completed.
In the next section, we will continue to study the stability analysis of DFE and

EE by investigating the global stability of these equilibria.

3.1.5 Gilobal Stability of Equilibrium

We investigate global stability of equilibrium by using the construction of Du-
lacs criterion and the Poincaré-Bendixson Theorem (Strogatz|(2018), May (2001),

Dedesus and Kaufman| (1987)).

e Dulacs criterion

Let D be a simply connected region of the plane. If there exists a continu-

ously differentiable function ®(x, y) such that

d d
a [q)(x/ ]/)f(x/ ]/)] + a_y [CD(X, y)g(xl }/)]
is of constant sign in D then the dynamical system
x = f(x,y).
y =8 y)

has no closed orbits wholly contained in D.

e Poincaré-Bendixson Theorem

a differentiable real dynamical system defined on an open subset of the
plane then every non-empty compact w-limit set of an orbit which contains

only finitely many fixed points is either
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— a fixed point,
— a periodic orbit, or

— a connected set consisting of a finite number of fixed points together

with homoclinic and heteroclinic orbits connecting them.

Lemma 3.1.3. Suppose that (0) > 0 or B(0) > 0, we assert that there exists a > 0

andt; > 0 such that p(rt) >a >0 fort > t;
Proof: As ¢ is a monotone decreasing function with ¢(n) — 1 as = — 0 and 7
is a strictly monotone increasing function for = € [0,1] as the Figure shows
there exists ¢ € (0,1], such that if ¢(m) < eg, then © > ¢,. So if € < ¢ then for
d(n) < €
dm
= = ()1~ mvp — pr,
<€ —um.
< EMV — Um.

As 7t(0) > 0 or B(0) > 0, from the results of Theorem 3.1.1|we must have m(t) > 0
for all . Choose € = 1 min (e, %), then

d_n<_1 <0
PR Lk

. : . : 1r . 2
So r is decreasing and ¢(m) is increasing , so ¢(m) cannot go beneath g[mm(eo, %)] =
a. So if ¢(m) starts below « it must rise until it reaches to 2a. If ¢(m) ever rises
above 2« it can never fall beneath it. So there exists t; such that ¢(m) > « for

t>t >0.

Theorem 3.1.4. We have shown that

(i) The disease-free equilibrium (DFE) E, of equations and is globally
stable when R, < 1, where the disease dies out and both m(t) and B(t) will tend to
zero, whatever the initial conditions

(ii) If Ry > 1 then the system has a unique endemic equilibrium (EE) E, which is

globally stable, whenever the disease is present and either 1(0) > 0 or S(0) > 0.

95



¢ ()

Figure 3.1: llustration of Lemma([3.1.3|

So if >0 either and 1t(0) > 0 or f(0) > 0 the system tends to the unique endemic
equilibrium E;.

Proof: If 7(0) = B(0) = 0 then n(t) = f(t) = 0 for all t and the results of Theorem
[3.1.4] are obvious. Hence we shall assume that either 7(0) > 0 or f(0) > 0. By

following the mathematical techniques which are used in (Greenhalgh and Hay

1997), we are now going to prove global stability of the DFE first.

For Ry < 1, we define u =  + kmt, for k > 0 to show that = — 0 and § — 0 as

t — oco. Then from (3.1) and (3.2)
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Z—’: = (o¢(m) — pk)rt + P(r)(vk — p)p — d(rm)mp(kv — p + 7). (3.22)

We choose k = g — €, Where € < % is small and positive. Recall that R, = %.
Then we can express the equation (3.22) as

du o

i ( ¢(m) — R + ey)n — evd(m)p — P(m)mP(T — €v). (3.23)

Choose € > 0 sufficiently small so that k > 0, T —ev > 0, and

a((p(n)—Rio)—eySG(l—Rio)—ey:—17<0.

Then
du
I < —nn — ev(m)p.
Fort > t;.
T < —nm — aevp,
=<~y — Yk,
= 11[)1,[,
where

Y = min(ave, %) > 0.
As Yk <nand ¢ < ave. Hence 0 < u < u(ty)e ¥ and u — 0 as t — oo. So both
ni(t) and S(t) tend to zero as t — co. This complete the proof of the global stability
of the DFE in case Ry < 1 or nr(0) = (0) = 0. We shall deal with case R, = 1 and
n(0) > 0 or S(0) > O later.
Next, we shall prove the global stability of the EE for Ry > 1 and =(0) > 0 or
p(0) > 0. By Theorem [3.1.1]the solution to the differential equation system (3.19)

and (3.20) remains with the simple connected region
Dy = {(,p) € [0, 11 x [0, 1]}.

To apply Dulacs criterion we need to find a continuously differentiable function
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®(m, B) such that

2 ((r, {)f (0, B)] + <[ 0(r, B3, L. (3.24
on I

does not change sign in Dy. We take ¢ = 1, by applying the equation for

the equations and then we get

;—ﬁ[qb(ﬂ)ﬂ(d — 1) = p(m)(1 — m)ppl = ¢ (M)(1 — T)vp

0
%[qb(n)(l - nvp — umn] +
—p(m)vp — u — 1Pp(r)mt — P(r)(1 — m)p < 0.
So the set of equations (3.19) and (3.20) have no closed orbits wholly con-

tained in D. In the Figure[3.2shows the mf-plane which define A = (0,1), B = (1, 1)

an+ f =¢

Figure 3.2: lllustration of Theorem :
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and C = (1,0). Let the points of intersection of the line ant + § + £ with the = and
 axes be respectively. D = (¢/a,0) and E = (0, &). In the case where there exists
7" > 0 such that ¢(rr) = 0 for m > 7*,we assume that £ is small enough so that
Ela < 1.

We shall next prove that the closed polygon ABCDEis a closed attracting re-

gion for (3.19) and (3.20). Note that as Ry > 1,0 > 0. We have already shown in

Theorem that if we start on the boundaries AB, BC,CD of EA we will move
into The interior of ABCDE in a finite time. This competes the proof of Theorem
in the case Ry > 1.

The line DE the normal to DE is (a,1), then we have

dm dﬁ) _

@ (55 5 ) = Al = mvp - ] + [ - 76) - H()(1 - Pl

= a($(0)vB — ) + G(0)(om — pp) + o),

as ¢ is continuous at 7t = 0.
So

(a,1). (dn ap

o) = atB — ) + om = pp + o)

V(N

Hence f(e) is O(e), in other words =—— — 0 as e — 0. Then

d
@ (5P < (o apym+ v - p1p + i),
= O s v -+ f10),
zmmﬁg;mnﬂv—mmn+m+fwx

= min((a _aa‘u),av - p)e + f(e).
So choose € small enough so that

|/ Co—am
a

_<_
2

av — p).
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d
Then on the line DE (a,l).(i—?, d_[:) > 0, so if 0 is the angle between these two

vectors
Tt

cos 6 > 0 = this implies that _—2_71 <0< >

So ABCDE is a closed invariant region for and containing no limit
cycles and only one equilibrium point. Given a starting point (1(0), 5(0)) with either
n(0) > 0 or (0) > 0 by choosing € small enough we can ensure that the starting
point is in ABCDE. As the unique endemic equilibrium is locally asymptotically
stable there is a small neighbourhood of it such that any trajectory starting in this
neighbourhood tends to it. So there cannot be any homoclinic loops , also there
cannot be any homoclinic loops because they are closed orbits.

By the Poincaré-Bendixson Theorem the trajectory either tends to the unique
fixed point in ABCDE or a limit cycle. But we have already shown that there are
no limit cycles in ABCDE. Hence the trajectory must tends to the unique EE.

In case where Ry = 1 and n(0) > 0 or 3(0) > 0 consider the closed square
OABC we must have @ > 0 as Ry = 1. We have already shown in Theorem [3.1.1]
that if we start on the boundaries OA, AB, BC or CO we must move into the interior
of OABC in at most finite time OABC is a closed attracting region for and
containing only one fixed point E, and no closed orbits. Thus there cannot
be any homoclinic loops as they are closed orbits. So the trajectory approaches

the unique fixed point which is the DFE E,. This completes the proof of Theorem

3.1.6 Simulations

In this section we shall demonstrate numerically the analytical results on exis-
tence of a unique non-negative solution to the equations and and their
stability. We have used similar parameter values to those which were used in the
numerical simulations which we performed in the previous Chapter . The simula-

tions were performed using the computer package MATLAB and our simulations
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were integrated using the numerical integration package SOLVER which was the
numerical ordinary differential equation (ode45). Our computer program was ver-
ified using comprehensive output from a large number of runs.We have aimed to
use realistic parameter values for the spread of HIV amongst PWIDs but our main
objective is to prove the analytic results obtained in Theorems[3.1.1]-[3.1.4]which
estimate the spread of HIV amongst PWIDs for model and with two
disease awareness programs. In these Theorems we showed that if Ry < 1 then
the disease will die out and that if the disease is initially present and Ry, > 1 then
the disease will tend to the unique endemic equilibrium.

The realistic value we chose previously for u, the per capital rate at which
PWIDs leave the sharing injecting population was u = 0.258/year =7.0637 X
10~*/day, P; = 0.0, P, = 0.25, P; = 0.01, P, = 0.74, A; = A, = 0.143/day and
y =1 (based on |Liang et al. (2016)) and varying values of the needle cleaning
probability £ with 0 < & < 1.

We studied the behaviour of the model of the equations and through
altering R, by choosing different values of &. In Figures and starting
value was initially 7(0) = 1, f(0) = 1 in all cases. The plots of six simulations in
Figure shows the disease with awareness program ¢(mn)=1 - bi—nn with var-
ious values of the constants a and b are shown in Figure In the sub-Figures
a, ¢ and e of Figure where Ry > 1 we choose & = 0.0, then from equations
and we have o = 0.143/day, © = 0.143/day, p = 0.0357/day and
v = 0.0014/day giving Ry = 8.0978. For the other sub-Figures b, d and f of Figure
where Ry < 1 we choose & = 0.7 then from equations and we
have o = 0.143/ day, t = 0.143/day, p = 0.1108/day and v = 0.000429/day giving
Ry = 0.7837. Similarly, Figure shows plots of six simulations with the disease
awareness program ¢(m)= e~""" (taken from Cui et al. (2008)), with different val-
ues of m,. Similarly to the results of figure [3.3we have that R, > 1 for sub-Figures
a, c and e of Figure [3.4]and R, < 1 for sub-Figures b, d and f of Figure [3.4] In all
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cases the disease died out if Ry < 1 and took off if Ry > 1 and disease was initially
present, confirming our analytical results. Again the simulations were repeated
with other parameter values and other initial values for  and g and in each case
the disease died out if Ry < 1 and took off if Ry > 1 and disease was initially

present again confirming our analytical results.

3.2 Conclusion

We began this chapter by expanding the model under study to be a two-
dimensional model. We derived a system of differential equations for the spread
of HIV amongst PWIDs, incorporating a disease awareness program. The ex-
pression for the biological parameter Ry, was the same as in the previous chapter.
The model under study in this chapter improves the model in the previous chapter
as the two-dimensional model with PWIDs and needles is more accurate. It again
improves previous work in the literature as it adds a disease awareness program
into the model. Because the model is two-dimensional different techniques have
to be used to prove the results.

We showed the equilibrium solutions analytically if ¢ is strictly monotone de-
creasing or monotone decreasing. Then we have shown that if Ry < 1 is the only
condition for the disease to die out in all PWIDs and needles. Whereas if the dis-
ease is initially present and R, > 1 the disease will present among the population
of PWIDs for all time. Furthermore, we proved that the free disease equilibrium of
the model and is locally and globally stable if Ry < 1, whereas it is un-
stable if Ry > 1. Also, we showed that if Ry > 1 the system has a unique endemic
solution which is locally and globally stable, wherever the disease is present and
either m(0) > 0 or B(0) > 0. So if either 7(0) > 0 or B(0) > 0 and R, > 1the system

tends to the unique endemic equilibrium.
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Finally, we illustrated the dynamic behaviour of this model graphically using

numerical simulations. The analytic results which we obtained by simulations

confirmed our analytical results in Theorems (3.1.1) - (3.1.4) which allowed us

to estimate the spread of HIV amongst PWIDs for model (3.1) and (3.2)with two

disease awareness programs. We have used similar parameter values which
were used in the numerical simulations which have been done in the previous

chapter.
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Chapter 4

The Impact of Awareness Programs
in a Three-Stage Infectivity Model of
HIV/AIDS

4.1 Introduction

Motivated by the work that has been done in the previous chapters, in this
chapter we shall study the impact of awareness programs in a Three-Stage Infec-
tivity Model of HIV/AIDS to assume more realistically by applying for awareness
programs as described in previous chapters, under the assumption that a pop-
ulation of intravenous drug users cleans their needles before not after use. As
a result, the chapter is structured as follows: We initially describe the standard
assumptions of the three-stage HIV/AIDS infection model by Lewis|(2000) we are
going to show the existence of a unique non-negative solution and explore the ex-
istence of equilibrium points. Then we move on to investigate the stability analysis
procedure to study the behaviour of our model over time, in particular, we shall
pay attention to the conditions necessary for HIV/AIDS to die out or persist in

the IDU population. Then, we perform some simulations with realistic parameter
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values to verify the analytical results for our models. Eventually, a brief summary

and discussion conclude.

4.1.1 Three-Stage Infectivity Model of HIV/AIDS

This deterministic model for the transmission of HIV among intravenous PWIDs,
known as the "Simple model," is investigated byLewis and Greenhalgh (2001)
model, It allows PWIDs to pass through three stages of infectivity before the
development of AIDS. In this part, we revise Lewis and Greenhalgh’s model to
incorporate more realistic cleaning of needles prior to usage as opposed to after
visiting shooting ranges.

Therefore in this section, we will briefly explain the definition of the modelling
assumptions that/Lewis and Greenhalgh| (2001) model presented in detail. These
assumptions were first proposed by Kaplan Kaplan (1989), and it was further
discussed by Greenhalgh and Hay (1997). The following is assumed in the model

for a size n susceptible population of PWIDs, where 7 is a massive number:
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Table 4.1: Description of Parameters

Parameter | Definition

m | is defined to be a location where PWIDs share injecting equip-
ment, PWIDs choose at random among various shooting ranges
and inject once each visit (Equivalently, this can be thought of as
m drug injection equipment ‘kits’ being in circulation).

A | is the rate at which each PWID, who visits shooting ranges inde-
pendently of other PWIDs, according to a Poisson process.

0 | is the probability of the needle is the flushed rate by replacing the
infectious blood by non-infectious blood When an uninfected PWID
uses the infected injecting equipment.

a | is the probability of the infectivity of HIV through shared injecting
equipment if a PWID is exposed to HIV. Where the PWIDs can be-
come infected with HIV only through shared injecting equipment.

01 | is the initial infection rate. PWID is defined as highly infectious and
enters an asymptomatic stage according to the Poisson process.

0, | Asymptomatic PWIDs rate enter the Pre-AIDS stage according to
a Poisson process .

03 | Pre-AIDS PWIDs rate enter the full-blown AIDS stage according
to a Poisson process, and at this point PWIDs leave the sharing,
injecting population.

u | is the rate number of Infectious PWIDs who leave the population
for other reasons (for example death, treatment or relocation) and
are replaced by susceptible PWIDs.

& | Proportion of PWIDs (susceptible or not) who successfully bleach
their injection equipment after use.

T | It is the exchange rate of each needle for an uninfected needle
according to the Poisson process.

4.2 Formulation of Three-Stage Infectivity Model of

HIV/AIDS with Awareness Programs

In this section, we will develop the differential equations that determine the
three-stage infectivity model of HIV/AIDS amongst PWIDs, as discussed by Lewis
and Greenhalgh| (2001) model by reflecting the reduction in the spread of HIV/AIDS
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amongst PWIDs due to the awareness programs, multiply the term transmission
by a factor ¢(rr). So we modify the model of Lewis and Greenhalgh| (2001) to
make it more realistic so PWIDs clean their needles before use, this modify will
apply just into the first stage of infected PWIDs equation () and p(t) the infected
needles equation to include the awareness program function ¢(m) with keeping
the same form of the rest of the differential equations of the model as Lewis and
Greenhalgh| (2001) paper described.

The four equations are as follows: one for each stage of infectious PWIDs
11(t), m2(t), T5(t), and the one for infected needles f(f).

First- stage equation 7;(f):

The number of first-stage infected PWIDs at the time ¢ + At
nmi(t + At)= number of first- stage of PWIDs at time ¢ .
+ number of uninfected PWIDs each of whom injects at a rate A¢(mn) at time t.
X ( the proportion of addicts who inject in [t, t + At) with an infectious needle that
has not been cleansed before usage and where HIV is transmitted in a single
injection )
- the number of first-stage infected PWIDs who develop to second-stage infectivity
or depart the shooting galleries the population in [¢,t + At).

This equation can be written as follows:
nr(t+ Af) =nmy () + n (1 — 111(8) — 1a(t) — 73(0) AG(m)ALB(Ha(l — &)
— nr (AL (i + 81) + o(Ab).
Next, we subtract n7(t) from both sides. we deduce that
nry(t+ At) — nmy(t) = +n (1= 111(8) — () — 113(8) Ap(m)ALB(Ha(l — &)
— nrty ()AL (i + 61) + 0o(Ab).

Then we divide by nAt and let At — 0, gives the following

3
% = [1 - Z ni) Ap(m)Ba(l — &) — (u + 61) 1.

i=1
Second -Stage equation 7,(f):
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In this equation, we keep the same method have been used in Lewis and
Greenhalgh Lewis| (2000) paper to derive the second-stage equation ¢;(t) it is

shown as

dm
d—tz =01111 — (‘Ll + 52) T(o.

Third -Stage equationT;(t):

Similarly, from Lewis and Greenhalgh [Lewis| (2000) paper we have that
drs _
dt

Infected needles equation 5(t):

02Ty — (‘Ll + 63) T(3.

We use the same argument above to calculate the number of infected needles at
time t + At.
= {number of infected needles at time [t,t + At) }
+ { number of uninfected needles at time t}
X {fraction of needles used by infected PWIDs who inject at rate A¢(r) in [t, ¢ + At)}
- {number of infected needles at time ¢ }
X { fraction of infected needles used by uninfectious PWIDs who inject at rate
Ag(m) in [t t + At) and left in an uninfected state}.
We adopt a similar procedure to compute the rate of change in the number of
infected needles at timet to get at the following findings.
mp(t + At) =mp(t) + m(1 — BO)AS()ALy (my(F) + ma(t) + 115(1))
— mp(OAG(m)Aty (1 — mi(f) — m2(f) — 715(£)) (1 = (1 = €)(1 - 6))
— mp(t)TAt + o(At).
We can conclude that by subtracting mp(t) from both sides, dividing by mAt and

letting At — 0 ,we get

d 2 :
d—‘f = (1-p)Ap(n)y (Z ni] — BAP(T)y [1 - Z ﬂi] 1-(1-06)1-¢)-pT.

i=1 i=1
As a result, the system of differential equations that characterises the preva-
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lence of HIV/AIDS amongst PWIDs with awareness programs is:

3
% = [1 - ﬂi])\ﬁa(p(rc)(l — &) = (u+ )M, (4.1)
i=1

dT(z
ra
dns
dt
dﬁ 3 3
- = 1=pAyem [Z ni] - pAY () [Z ni] A-(1-0)1-&)-pr. (4.4)

i=1 i=1
Let 7;(t) denote the number of three-stage infected PWIDs at time [t t + At] and

= 617'(1 - (y + 62)7’(2, (42)

= 0oty — (U + 03)73, (4.3)

B(t) the number of infected needles at time [t,t + At]. The model’s biological
parameters are as given in the previous section, with proper initial conditions:

(1) 0 < 1;(0), B(0), wherei =1,2,3  and

(2) m(0) + m2(0) + 715(0), B(0) < 1.

We can rewrite the equations

dﬂl

—r = (1= mABag(m)(1 = &) = (u + 1), (4.5)
% = 617111 — (U + O2)T1a, (4.6)
% = 8y1y — (U + 0373, (4.7)
B - - e - - (-0 - ) -pr. (48)

where n=m; + 1, + 3.
Next, we move on to calculate the fundamental reproduction numberR, for the

model.

4.2.1 The Basic Reproductive Number R,

The expected number of secondary infections caused by a single newly in-
fected person (or needle) entering a completely disease-free population at equi-
librium Diekmann et al.| (1990a) is known as the basic reproductive number R,.
Secondary infection occurs when a person becomes infected after using an in-

fectious needle and syringe that has been contaminated by the original infected
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PWIDs. In epidemiological models, Ry is a significant parameter as it determines
the overall behaviour of our model over time, where the disease generally dies
out when Ry < 1 and an epidemic usually arises when R, > 1.

In this section, we going to use a similar a framework similar to that found
in Chapter 2 of |Lewis| (2000) to derive an expression for R, for model equations
@.5)-@.8).

In our case, the number of secondary infection cases is described in a disease-
free equilibrium, where a PWID enters one newly infected into a group containing
only susceptible PWIDs and non-infectious needles. The scenario for finding the

structure infection process can be as follows:
e The virus passes from a single infected PWID to a non-infectious needle.

e The virus passes from a newly infected needle(at any stage of infectivity) to

a susceptible PWID.

As a result, to calculate reproduction numberR,, we want to know the expected
number of infectious needles produced by a single infectious PWID during the
period of their infectious lifetime, as well as the number of PWIDs that each of
these needles is likely to infect. By assuming that all rates are constant the de-
velopment of PWIDs can be described in three infectious stages as follows: We

recall that F is the rate of new infections, so we have
Fy =(1 - mABag(m)(1 - &),
F, =611,
F3 =6,m5,

Fy =Ayp(m)m + pAyPp(m)(1 — (1 = O)(1 = &).
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We have also V is the net rate of transfer of disease into other classes.
Vi=(u+61)m,
Vo =(u + 67)ma,
V3 =(u + 63)13,
Vi =pAydp(m) + pAyPp(m)(1 — (1 - 0)(1 - &)) + p.
Here 6 = 1-(1-0)(1-¢&) and © = % around the disease-free equilibrium

(DFE), F defined by d F/dx and V = dV/dx are given by

0 0 0 Aa(l = &)
01 0 0 0
F =
0 5> 0 0
Ay Ay Ay 0
And
(1 +61) 0 0 0
0 (1 + 62) 0 0
V=
0 0 (1 + 03) 0
0 0 0 Ap(0 +7)
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we have that

v!i=

Then we get

G=Fv'=

1

(u+061)

0

0

o1
(u+061)

0

Ay

| (4 +01)

0 0 0
1
0 0
(u + 62)
1
0 0
(u + 63)
0 0 L
Ay(0 + %)
; o a9
Ay(0 + 1)
0 0 0
02
0 0
(u+062)
Ay Ay 0
(1 +62) (1 + 03)

Ry is the spectral radius of matrix given by det(FV~' — wl) = 0, so

0 0 M
Ay(0 + 1)
0-w 0 0
=0.
02
0- 0
(u +62) @
Ay Ay 0
-
(1 + 62) (1 + 03)
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_4 Aad =4 & ) Ay Ayw Ayw? | _
flo) = = o+ %)[(u roolr o) \Giron) Grenl  Guren |~ ©
i A =8) 010, O S
fer= == l(u T S T A s e A1
So we define
R, = LAa(1 - é)A . (4.9)
(u+061)(1+06)
01 0162

el e T oy

This is the value of R, obtained by Lewis and Greenhalgh| (2001) using their def-
inition of Ry. We shall show that it has the same threshold value as Rj the value
defined by the next generation matrix method.

We argue as in (Greenhalgh and Al-Rashidi (2022). As f(0) is negative and
f(w) becomes large and positive as w becomes large, the equation f(w) = 0 has
either one or three roots on the positive axis. As there is only one change of
sign in the coefficients Descartes’ rule of signs says that there is just one positive
real root. Additionally, because the Next Generation matrix (NGM) is positive
and irreducible its largest absolute eigenvalue is Rj, the NGM basic reproduction
number. Additionally f(1) = 1 — Ro. So R, exceeds one exactly when R} does.

Hence Roand R} pass through one together as the parameters vary.

4.3 Analysis of Three-Stage Infectivity Model

4.3.1 Existence of Unique Non-negative Solution

To study the existence of a unique non-negative solution of the model (4.5)-

(4.8), we require to apply the concept of a Lipschitz continuous functions and the
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Picard—Lindel6f theorem.

Theorem 4.3.1. Assume that ¢ is Lipschitz continuous and differentiable in Y,
n; for 0 < m; < 1. For any given initial value condition in in the region D=[0,1]* in
R*,the system of the model has a unique non-negative solution that remains in D

for all time, moreover.

(A) The first case is that we assume that £ <1 and ¢(n) > 0, for1 > > 0.

(B) The second case is that we assume that £ <1 and 4 " with1 > * > 0 such

that (") = 0.
(C) The third case is that we assume that & = 1.

1. B(0) = 0, 7(0) > 0.
2. f(0) >0, n(0) = 0.
3. f(0) >0, m(0) >0, 1—m(0)> 0.
4.8(0) > 0, (0) > 0, 1 — 7(0) = 0.
Proof: According to the definition of Lipschitz continuous functions and The

Picard Lindelof Theorem, we defined

d
™ < fixny) =7 = Axy) (4.10)
d d
T = ) ==y (4.11)

TR : _ _ y .y
So if m = 7y + 71, + 13, We can write X = (], 73, 73, fF) and y = (n{, T, Ty, BY). SO

we have
[If(x) — f(y)Il < LiIx - yI|. (4.12)

Then we now split the definition to four parts to prove that the function f is Lips-
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chitz continuous
[fi(x) —f ()l < LiIx—yl,

[f2(x) — f2(Y)| < Lo X =y,
(4.13)

[fs(x) — f3(y)| < Lz [x - Y|,

fs(X) — f4(y)| < Ls[x —YI,
where Ly + L, + L3+ Ly, =L € L > 0 for L, here L,,L,,L; and L, represent
Lipschitz constant for the function f,,f,,f; and f, respectively. To obtain these
inequalities we have assumed that the function f is Lipschitz continuous. We start

with the first part

[fi(x) —fi(y)l < LiIx - yl. (4.14)

Consider the first term on the right hand side of the equation (4.14)

[(1 = 7)) (L = &) — (u + 61)mf] = [(1 = ) Aaplp(r)(1 - &) — (u + 61)7l]],
by using the triangle inequality
< [0 = A P(r)(1 - &) - (1 - i) Aap(r)(1 - &)
+ (1 + 61)
< [0 = 7)Aap P - &) - (1 = ) Aap () (1 - &)
+ (1 = T Aap ()1 - &) = (1 = i) Aap'P(r*)(1 - &)

+ (1 = ) Aapd(r)(1 - &) — (1 — ) Aapl(r?)(1 - &)

x _ Y
T = T,

+(u+ 61)|7'c’1‘ -1t

7

<@ - A e (1 - &) — (1 - ) Aap p(r)(1 - &)
4 | = 7B — £) — (1 — T Aapp()(1 - 5)‘

+ (1 = ) Aaprp(r) (1 - &) — (1 — m¥)AaplP(r¥)(1 - &)|

+ (u+ &)\ — 7,
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< | = )| Aaprp(r)(1 - &)
+ (B = p||@ = T Aap() A - &)
+ |p(*) — ()| - (1 = m¥)AaprPp(r¥)(1 - &)|

+ (4 + 061)

- tll.
That implies that

< Ky|(* - )| + K,

(B* = B)| + Kalop(re*) = ()| + Ky
<K|x-vyl.
Where K = K; + K; + K5 + K.
Next, we going to prove the second part
00 = £(y)| < Lalx - 1.

(6176} = (u + &2)3] = [017) = (u + S2)e3]|
By using the triangle inequality, we get

< [ = f]on + 3 = 7] + 62).
< Ks[x —y|-
Similarly, for the third part
/5(X) = fo(y)] < Lafx —y].

62785 — (u + 85)75] — [62m) — (e + 85)2]|-
Then we have

< |7I§ - ng|(52 + | — ng|(y + 03).
< Kgx —y)-
Similarly for the fourth part

o) = fup)| < Lalx - y|.
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To see this consider the right-hand side of the equation

(1 = YAy )(1) = B AP )(1 = )(1 = (1 = O)(1 = &)) = 1]
—[(1 = Ay p(r)(r¥) = BYAY(r)(1 = 7)(1 = (1 = O)(1 = &)) — p¥xl,
=|[(1 = BYAY () (1Y) — (1 = PHAYP(RY) (1Y) + B Ay () (1 — ) (1 — (1 = B)(1 - &))
—BAyp(r¥)(1 — 7)(1 - (1 - B)(1 - &) + B — p7]|

After applying the triangle inequality, we have that this quantity is bounded

above by

<|(1 = BYAY () () = (1 = B)AY () (1Y)

+|(1 = B)AYp () () — (1 = BHAY () ()|

+|(1 = BNAYp(rY) () = (1 = B Ay () ()|
B Ayd(r)(1 = )1 = (1 = 0)(1 = &) = Bay()(1 = w)(1 = (1 = )(1 - &))|
HBEAY ()1 = (1 = (1 = O)(1 = &) = Brayd(r!)(1 = w)(1 = (1 - 6)(1 = &))|
HBEAY (1 = )(1 = (1 = 6)(1 = &) = Brayp(r!)(1 - w!)(1 = (1 - 6)(1 - &))|
B =Bl
B = B[y
o) - o)) - YAy
= |1 - Ay ()
B = B Ayp(m)(1 - m)(1 - (1 - )1 - &)
+p () = () |BYAY(A = 7)1 = (1 - O)(1 - &)
= By () (1 - (1 - 0)(1 - &)
+|gr - plr

<K7x -y,

+

—+

<

+

+

For some constant K;. This finishes the proof of Lipschitz continuity.
Now, we will apply the definition of the Picard—Lindeléf Theorem to prove the

cases below, using the same technique we used in earlier chapters to finish the
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proof.

We define ¢ =1 -7, and y = 1 - . We will divide the proof into three cases.
(A) The first case is that we assume that £ <1 and ¢(rr) > 0, for1 > > 0.

(B) The second case is that we assume that £ <1 and 3 * with 1 > =* > 0 such

that ¢(n*) = 0.
(C) The third case is that we assume that & = 1.

Now we will consider four initial conditions.
1. B(0) =0, m(0) > 0.
2. B(0) >0, 7(0) = 0.
3.p(0)>0,m0)>0, 1-mn(0)>0.
4.8(0) > 0, 7(0) > 0, 1 — m(0) = 0.
Case A: {<land ¢(n)>0,for1>m>0.
Case A One: $(0) =0, m(0) > 0.
First suppose that g(0) = 0 and 1 > n(0) > 0. Let us define (0, z.) to be the
maximal interval where a solution exists and
1> B(s) >0, mi(s) >0, ma(s) >0, ms(s) >0, and 1 > n(s) for s € (0, 7).
We suppose first that 7, < co. By using the Picard—-Lindeléf Theorem 4 At > 0
such that the solution exists in [0, Af].
By using Taylor series expansions about ¢+ = 0 and the appropriate model

equations gives
1t(At) =m(0) — um(0)At — 6313(0)At + o(At).
B(At) =m(0)Ayp(rt(0))At + o(At).

If At is small enough then nt(At) > k;At and B(At) > k,At, for some constants k;

and k2 with min(kl,kz) > 0.
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If (0) > 0, then clearly y(At) > k;At for some k; > 0, for At small and strictly
positive. If (0) = 0 then as

d
d—lf = —A(1 = E)Yafp(m) + um + d3ms.
We have y(At) > uAt + o(At) and the same result is true.
If 771(0) = 0 then dd_t‘ = 0. As ¢ is twice differentiable with respect to n
dlel dﬁ
| = -mrazroma-o)|

d’m
So if $:(0) > 0 then “— '_ > 0 and

m(t) > kyAt> + o(A?)  for some k> 0.

If »(0) = 0 then %L:O = 0, but as ¢ is three times differentiable with respect

tomn

3 d
il __‘h —ﬁ(p(n)(l o >

So in this case, we have

ﬁl(t) > k4At3 for some k4 >0,

(¥(0) > 0 or ¥(0) = 0), so in either case if At is sufficiently small 7t;(t) > ks At for

some Ky > 0. A similar argument shows that if At is small enough.
mo(t) > ksAt*  for some ks > 0.
and  mia(t) > koAt for some k¢ > 0.
Note that z(0) > 0, implies that 7r1(0) > 0, 12(0) > 0 or 713(0) > 0. Hence if At is

sufficiently small and strictly positive, 1 > B(s) > 0, m1(s) > 0, ma(s) > 0, m3(s) > 0

and 1 > 7i(s) for s € (0, At] so 7, > At > 0.

Now for At small and strictly positive 7t;(At) > 0 and

dT(l

dt - (H + 51)711 € [At/ Te)'

Hence, for t € [At, T.)

7'(1(t) > ﬂl(At)e_(y+61)(t_At).
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Similarly for t € [At, 7,), we have
() > o (Af)e”BHOEAD,
T3(t) 2 T3(Ar)e A,
B(b) = p(Arye r+o=A0,
U(t) = W(At)e IN Aap(n(s)1-2)ds
> (At)eeU-A00-8)
() > P(Ab)e™ hu TSmO
> x()(AHe EAD,
Now by the Picard—Lindeléf Theorem there exists a unique local solution to the
equation in [, — &, T, + &] for some & > 0. As the unique solution is continuous at
To.
mi(te) 2 lim 0 (1),
= 11 (Af)e”BHNE=AD 5
Similarly m,(z.), ms(te), (), (), and x(z.) are all strictly positive. So by con-
tinuity the solution can be extended past 7, with 1 > S(t) > 0, 1(t) > 0, mo(t) >
0,73(t) >0and 1 > 7t(t) for t € (0,7, + &) some & > 0.
This contradicts the definition of 7, so 7. = co. This completes the proof of
Case (A) one.
Case A Two: 5(0) > 0, 7(0) = 0.
Arguing as in Case A one as 7;(0) = 0.
111 (At) = AaB(0)(1 — E)At + o(At).
So 1y (At) > ki At where k; > 0 for all At sufficiently small. Arguing as previously.
T,(At) > ko At> where k, > 0, and 7t3(At) > ksAt® where ks > 0 for all At sufficiently

small.

B(AL) = /3(0)[1 ~{r+y(1-1-0)a- g))}]At +o(Ab),
(A = 1= AapO)(1 — E)At > 0.
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So B(At) > ksAt and P(At) > ksAt, for some ky, ks > 0 and At sufficiently small.
If x(0) = 0, then x(At) > TAt + o(At) , so if At > 0 is sufficiently small. x(s) > kgs
for s € (0, At] for some k¢ > 0. This inequality is clearly true if x(0) > 0 so is true
whatever the value of yx.

Hence arguing as in Case (A) one if At is sufficiently small and positive 7, > At.
The proof proceeds as in Case (A) one.

Case A Three: 5(0) >0, m(0) >0, 1—-m(0) > 0.

Suppose that (0) > 0,(0) > 0 and ¢(0) > 0. It is straightforward to show that the
result holds in this case, using the previous argument

Case A Four: 5(0) > 0, 7(0) > 0, 1 — =(0) = 0.

Suppose that 5(0) > 0, (0) > 0 and 1(0) = 0 so ©(0) = 1. The proof proceeds
as above using arguments from Case (A) one and Case (A) two.This completes
the proof of Theorem in Case (A) where £ <1 and ¢(nr) >0, for1 > 7 > 0.
We now move on to Case (B) where there is £ <1 and 4 7* with 1 > 7w > 0 such
that ¢(*) = 0.

Case B: £ <1 and d " with 1 > 7* > 0 such that ¢(r*) = 0.

We shall consider three Cases for this case, the first one (I) is 7(0) < * and

the second one (ll) is ©(0) = * and the third one (lll) is (0) > 7.

Case B(l) : If 7(0) < 7*, then arguing as above At > 0 with 7, > At > 0.

Now as 7 — 7t*~
d_n
dt

So A n* < 7* such that for © € [n*, n*] 7t is strictly monotone decreasing.

— —UT — 033 < —UT.

So if 7t starts beneath 7t* it can never reach it and 7t < max(nt(0), ©*) < 7* Vt.
Hence the proof proceeds as in the previous case.

Case B(ll) : If 7(0) = 7, then for At small and strictly positive

T(At) = " — (um" + 63713(0)) At + o(At).
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So if At is sufficiently small and strictly positive, then we have
1
ni(s) < — Eyn*s for s € (0, At].

Since we know that the ¢ is differentiable, we assume that there is some

strictly positive integer k > 1 with

d¢'
(—1)kd—7i >0. and
d'o
(_1)111_7(]:1 =0 for0<I<Fk.

Case B(ll) One: First suppose that 5(0) = 0 and t(0) = * > 0. Let us define

(0, 7.) to be the maximal interval where a solution exists and
1> B(s) > 0,m1(s) > 0, ma(s) > 0, m3(s) >0 andm* > m(s) forse(0,1,).

We first suppose that 7, < . By using the Picard—Lindeléf Theorem 1

At > 0 such that the solution exists in [0, At).
dp*
dt
d2ﬁ+
dt?

=0.

t=0+
do(n)
=71A
t=0+ 7/ dt t=0+

= 0 is the right hand side derivative,now

t=0
dop(mr) y P(r(At)) — P(1(0))
- = lim ,
dt t:O+ At—)O+ At
Pl + Am) = p() An
At—>01+I,IA1n—>0 ATt At’
_do|  dn
dn | dt

As%

t:0+/
d¢

I > 0.

= — (um” + 63m3(0))

T="t*

_do
> 0. On the other hand if —
=0+ drm

d(m)

drm?

2

d
Soif k=1then —

72 =0, but

n=7*

> 0.

n=Tt*

then
d25+
dt?

=0.

t=0*

124



Now note that

dQD d¢ dm
dtr  dmdt
Then
o d¢dn e
ar an(E) + terms involving T
d*¢ (dn
an(dt) at t = 0.
a2pt Lo
dti =AY j,)t(z |
t=0 t=0+
oy Ep(m) dmn 2
=TT /U/ dtZ Tizn*(E t:0+) s
Ay 2 dp(n)
= Ay(um’ + 85m(0)) T 0.
Similarly in general
dlﬂ dk+1‘B
dr = f = cee .
At 10+ 0 or 1 0/ 1/ /k and e . >0

So if At is small enough, then 7(s) < * — kis and B(s) > kps**! for s € (0, At]

for some ki, k, > 0. Arguing as in the previous case
Y(At) > kAt + o(At) for some kz > 0.

A similar argument to above shows that if 77;(0) = 0 and ¢(0) > 0 then for

0<m<2k+1then

dmﬂ1

L P =0
and
d2k+2711 dk+1 k¢
— =(1-1)Aa(l - —
dt2k+2 =0+ ( T() a( g)dtk+1 =0+ drtk = 0+
gt | do dn| |
=(1-m")Aa(l - — .
(A =m)2a( = 7b| | ame| (dt - O+) >0
On the other hand if ¢(0) = 0 thenfor0 <m <2k +2.
dmﬂ1 _
dtm |, _o+ =0
and
2k+3 d k+1 k+1 dk k
Lol —naa-o2| Zog 4 2 ) e
dt +3 t:0+ dt t O dtk+1 t O+ dtk+1 t:O+ dle =7"" dt t:0+
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So in all cases m1(s) > kys%**3 for s € (0, At] if At is small enough for some
constant k; > 0 also obviously true if 71(0) > 0.
If 12(0) > 0 then my(s) > ks s for s € (0, At] for At sufficiently small for some
ks > 0. On the other hand, if 7,(0) = 0, but 7;(0) > 0 then m,(s) > kss for
s € (0,At] for At sufficiently small for some ks > 0. If 7;(0) = 2(0) = 0
then a similar argument to above shows that m,(s) > kss*** for s € (0, At] for
some ks > 0. So in all cases m,(s) > ks s**** for s € (0, At] for some ks > 0.
If 13(0) > 0 then, 13(0) > Kgs for s € (0, At] for At sufficiently small for some
ke > 0. If t3(0) = 0, but 12(0) > 0 then m3(s) > kes for s € (0, At] for At
sufficiently small for some k¢ > 0 . If 1,(0) = 753(0) = 0, then 7y(0) > 0 and
113(s) > kes? for s € (0, At] for At sufficiently small for some ks > 0. So in all
cases m3(s) > k¢s? for s € (0, At] for some k¢ > 0. Hence for At sufficiently
small and strictly positive

1 >p(s) > 0,m1(s) > 0, ma(s) > 0, m5(s) >0 and

1>n">mn(s) forse(0,At] so t.>At>0.
By the argument for 7t(0) < * we see that

ni(t) < max(r(At), n*) < i* in [At, T,).

Arguing as in the Case(A) where ¢(rr) > 0V and & < 1 we deduce that
T, = 00,

Case B(ll) Tow: 5(0), 7(0) = 0 is not applicable here as n(0) = 7* > 0.

Case B(ll) Three: 5(0) > 0, 7(0) = n* > 0 and ¢(0) > 0 it is straight forward

to show that the result holds in this case.

Case B(ll) Four: 5(0) > 0,(0) = «* > 0 and ¢(0) = 0 it is straight forward

to show that the result holds in this case too. Hence the result of Theorem

(4.3.1) holds in Case B(ll)

Case B(lll) : If ©(0) > 7*, then for At small and strictly positive

1t(At) = 1(0) — (um(0) + 631(0))At + o(At).
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So provided that (0) > © > 7*

% =—(u+061)m,

% =01m1 — (U + 62)712,
% =0,72 — (U + 03)713,
Z—f = - pT.

Define (0, 7,/) to be the maximal interval where a solution exists and
1> pB(s) >0,m1(s) 2 0,m2(s) >0,713(5) >0 and m>mn" >0.

It is straightforward to show that if At is sufficiently small and positive 7, >

At > 0, moreover for t € (0, 7,),

dm

aF = THT S O3m3 < —UTL.
Hence

7 < < m(0)e M < e
So

1 *
Ty < ——logm" < oo.
The proof shows that limt%e, B, 1, T, and 13 exist and satisfy

1> lim g, lim my, lim 715, lim 73 > 0.
t—1 ./

t—1 ./ t—>T t—1 ./
e e e

If n(t,) > 7 then the solution can be continued past 7, using the Picard-
Lindeléf Theorem which is a contradiction. Hence n(t,/) = ©*. Fort > t,
the result follows by the case where 11(0) = * discussed previously. This
completes the proof of Theorem in Case B(lll) and hence in Case

B. We now move on to the proof of the Theorem in Case C where & = 1.
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Case C: For & =1 the equations are

dT(l

el (p + 61)m1.

dmn

d_t2 =01111 — ([J + 62)7’(2.

dn

d_t3 =071y — (U + 83)T3.
dp

=7 =1 = BAy(m) — PAyp(m)(1 ~ m) — .

As in Case B, we need to discuss three conditions, the first (1) is 7t(0) <
7", the second (ll) is 7t(0) = «* and the third (lll) is 1 > 7(0) > 7*.

Case C(l) : 7(0) < 7",

Again 1t < max(m(0), ) for all time.

Case C(I) One: 5(0) =0, 1 > 7n(0) > 0.

Define (0, 7.) to be the maximal interval where a solution exists and
If 71,(0) = 12(0) = 0, then

1> B(s) > 0,m1(s) = ma(s) =0,m3(s) >0 and 1> n(s)in (0, 7,).

If 721(0) = 0, 712(0) > 0, then

1> B(s) > 0,m1(s) =0, m2(s) >0, m3(s) >0 and 1> m(s)in (0, 7.).
If 771(0) > 0, then

1> B(s) > 0,mi(s) > 0, ma(s) >0,m3(5) >0 and 1> mn(s)in (0, 7).

The proof proceeds as in the Case A where £ <1 and ¢(rr) > 0for1 > > 0.

Case C(I)Two: p(0) > 0, (0) = 0.

Define (0, 7,) as in Case C (I) One to be the maximal interval where a solu-

tion exists and

1> B(s) > 0,m1(s) = ma(s) = m3(s) = 0 € (0, 7).
The unique solution is 71 (f) = mu(t) + 73(t) = 0 and B(t) = B(0)e" W+ So
clearly t, = co and the Theorem holds in this case.

Case C(I) Three: (0) >0 m(0) >0 and ¢(0) > 0.
Define (0, 7,) as in Case C (l) One.
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As in Case A where & <1 and ¢(r) > Ofor 1 > 7= > 0, the proof of this case

follows from the proof of Case C (I) One.

Case C(I) Four: Suppose that 5(0) > 0, 7(0) > 0 and ¢(0) = 0.

Define 7, as in Case C (I) One.

As in Case A where £ <1 and ¢(r) > 0 for 1 > > 0, the proof of this case
follows from the proof of Case C (1) One and Case C (l) Two. This completes

the proof of Case C (I).
Case C(ll) : t(0) = 7".

Case C(Il) One: (0) = 0, (0) = * > 0.

Define 7, as in Case C (I) One with £ = 1 and n(0) < ©*. The proof is

straightforward using the ideas discussed previously.

Case C(ll) Two: is not possible here as 7(0) > 0.

Case C(Il)Three: 5(0) > 0, (0) > 0 and 1(0) > 0.

Define 7, as in Case C (I) One with £ = 1 and n(0) < ©*. The proof is

straightforward using the ideas discussed above.

Case C(Il) Four: (0) > 0,(0) > 0 and ¥(0) =0 .

Define 7, as in Case C (I) One. The proof is straightforward using the ideas
discussed above.

Case C(lll) : 1 > n(0) > 7.

Notethat for 1 > = > 7t* the differential equations are exactly the same as in
Case B(lll). The result then follows by the arguments in Case B(lll) and the

argument in Case C(ll) above.

This completes the proof of Theorem (4.3.1) in Case C(lll) hence in Case
C, hence the overall proof of Theorem (4.3.1). Next we are going to find the

existence of equilibrium solution for our model.
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4.3.2 Existence of equilibrium

Theorem 4.3.2. If ¢ is strictly monotonic decreasing and R, < 1, the sys-
tem of equations (4.5)-(4.8) has a unique equilibrium solution (DFE) where
the HIV/AIDS virus has died out in both PWIDs and needles. For Ry > 1
there exists a unique positive endemic equilibrium solution (EE) as well as a

disease-free equilibrium solution (DFE).

Proof. Let r;, §* represent the equilibrium values of PWIDs and needles
respectively, where i = 1,2,3 and © = 7; + 7» + 7t3.From the equilibrium

versions of equations (4.6) and (4.7),we have the following

_ o 4.18
nZ - [J + 62' ( . )
62713
Ty = . 4.19
T (u+ ) (419
We have
T =m; + 1, + 1y =1L,
where
o1 0107
L=1+ + .
(+02)  (u+02)(u+03)
The equation (4.5) gives
(L+o)m
* = ) 4.20
p L1 -m)Aag () (1= <) ( )
by using " = rijL. The equation (4.8) becomes
B = o) . (4.21)

' @(r*) + (1 — 1) ¢ (1) 0+7
Recall £ =% and 6 = 1-(1-&)(1-6). Assume that i # 0 and is increasing
,as ¢ (r*) is monotone decreasing function on "
Dividing the equations(4.20) and (4.21) by =* we deduce

‘u+61 1

LA -m) Aag(m) (1= &) oo (1-0)+ (.
)

(4.22)

).
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The trivial equilibrium is Ey = (7, fo) = (0,0), and any other non- zero equi-
librium solution E; = (7, %) must satisfy the equation (4.22).

Next,we define the left-hand side of the equation (4.22) to be f(r) and the
right-hand to be f,(m).

Recall that ¢ () is strictly monotone decreasing function in 7z, moreover at

" =0 and ¢(0) = 1,s0 we have

A0 == g (4.23)
Lla(l-¢&)

£0) = ——. (4.24)
0+%

The expression of the basic reproductive number is given by the equation

(4.9) can be rearrange by substituting the value of L, as follows

= Ael=8) (4.25)
(p+01) (% +0)
There are three cases to consider.
(r) Suppose that Ry <1
LAa(1=&)
(1 +61) (1 + 0)
In this case we have that
LAa(1 - &) < (u+61) (% + 0).
We get
U+ 61 1
0) = > — = £(0). 4.26
f1(0) (-9 7z £2(0) (4.26)

Moreover, we know that f1(m) is a strictly monotone increasing function

of  and and f,(m) a strictly decreasing function of . Thus f1(nt) > fo(m)
V1 € (0,1] using the inequality (4.26).

Therefore, there is no non-zero solution in this case for Ry < 1.
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(b)

If Ry = 1, then we have the same thing that
LAa(1 = &) = (u+ &) + (1 + 0).

We get
1 _ 1
LAa(1=8) ~ (O +4)(u+&)
Hence by the equation (4.27), we have fi(n) > f,(nr) Yr > 0. Hence if

Ry =1, the equation (4.22) has non-zero solution.

(4.27)

If Ry > 1, then we have
LAa(1 = &) > (u+ &) (2 + 0).

So by the equation (4.26)), we have
1 < 1
LAa(1=&) (B +1)(u+061)

Therefore, using the monotonicity of f1(r) and f,(r) we deduce that

equation (4.22) has a unique non-zero solution in (0, 1], and we define
the non-zero solution to be the endemic equilibrium of the system. This

concludes the proof of the Theorem.

Now, we move on to study the local Stability Analysis of Equilibrium

points of our model.

4.3.3 The Local Stability Analysis of Equilibrium

It is important to identify the behaviour of our model’s local stability

equilibrium from a mathematical and biological aspect.

We used the same techniques as |Greenhalgh and Hay| (1997) and
Agaba et al.| (2017) to determine the local asymptotic stability of the
equilibrium value, which was by using the Routh-Hurwitz criterion (May
(2001),Dedesus and Kaufman (1987), which was sufficient to look
to the eigenvalues of the variational matrix of the system about the

disease-free (DFE) and endemic (EE) equilibrium points.
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Theorem 4.3.3. Consider that ¢(n) is a differentiable function. The sys-
tem of equations (4.5)-(4.8) has a locally stable solution for the disease-
free equilibrium DFE as well as for endemic equilibrium EE in the three

following cases.
i. The disease-free solution to the system is locally asymptotically
stable if Ry < 1.
ii. The disease-free solution is neutrally stable if Ry =1 .
iii. The disease-free solution is unstable if Ry > 1, but the unique EE

is locally asymptotically stable.

Proof. To determine the local stability by linearising the system of
equations (4.5)-(4.8) around the equilibrium point. This system can

be represented in matrix form as

ili_}t, = Jy , where yT = (7—(1/ Ttp, 7'(3,ﬁ)-
hm U
amny I, I3 op
J- amny an, I3 Jp
amny amn, In; op
oh G W O
| oy o7, ams a.B i
Here

) p= -
0=01-(01-6)1-¢)),and T—/W.

133



So, the Jacobian matrix for our system is

A—(u+6) A A B
51 —(y + 62) 0 0
J=
0 0y —([.1 + 63) 0
C C C -D
Here

A= ¢ ()1 -)Aap (1 - &) = AapPp(r)(1 - &),
B = (1 -m)Aag()(1 - &),
C=[A-F(1-0)p() + (1 =) ()" = FO(1 - )¢ ()],
and D =—((0+(1-0)r)p(r") +2)Ay.
(4.28)

4.3.3.1 The Disease-Free Equilibrium.

The Jacobian matrix for our system evaluated at DFE (r}, 5, 705, ) =

(0,0,0,0) is

—(u + 61) 0 0 Aa(l =€)
01 —(y + 62) 0 0
Jd =
0 0o —([J + (53) 0
Ay Ay Ay ~Ay(6 + )

In the disease-free equilibrium (DFE), the characteristic equation of the

Jacobian of our model, by calculating its determinant

det(J — wl ) = 0.
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—(u+ 61+ w) 0 0 Aa(l =€)

(51 —(‘Ll + 52 + C()) 0 0
0 07 —([l + 03 + C()) 0
Ay Ay Ay ~(Ay(6 + 1) + w)

Expanding along the top row this equation is

(1 + 01 + @)U + 62 + ) (U + 03 + W)(AY0 + % + w)

01 —(u+ 62 + w) 0
—Aa(1-9)| o 62 ~(u+o+w) [=0
Ay Ay Ay

We would like to demonstrate that at least one of the eigenvalues of J
has a strictly positive real part. So the eigenvalues of this 4 x 4 matrix

will now be investigated. The equation can be rewritten.
(1 + 01 + @)U + 62 + ) (U + 03 + W)(AY(0 + 1)) + w — Ay (1 — E)[6162+
(u+6 +w)(p + 03+ w)+61(1 + 03 +w)] =0.
To make the notation simple we write
X; = [+ 01X = u+08,,x3 =+ 03and xy, = Ay(0 + 7).

As a result, the characteristic equation of the Jacobiani is written as
w* +a1w® +ayw* +azw +ay = 0. So by applying the Routh-Hurwitz criteria
it is sufficient for local stability to show thata; > 0 fori =1,2,3,4 and

map > a3 and (a4, — as)as > alay.
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Then, we have

M =x1+xXo+x3+x4>0,

Ay = X1Xo + X1X3 + X1X4 + XoX3 + XoXg + X3X4 — /\20()/(1 -<),

a3 = X1XpX3 + X1X0Xy + X1X3%4 + XoXx3%4 — A2ay(1 — E)[O1 + (u + 62) + (1 + 53)],
and

ag = x1%0%3%4 — Aay(1 — E)[6167 + (1 + 82) (1 + 83) + 61(u + 63)],

= x1Xx3%4(1 — Rg) > 0.

Note that Ry < 1 if and only if a4 > 0, Ry = 1 if and only if a, = 0

and Ry, > 1 if and only if a4 < 0. Hence for Ry > 1, the disease-free

equilibrium is unstable.

Hence the statements follow. Now

/\(X(l—é) 61 6162
1>Ry = —|1 :
o (y+61)(%+6)[ +u+6z+(u+6z)(y+63)]

Next, we will show the Routh-Hurwitz conditions, Thus

x1xg = Ay(u + 51)(0 + 1)

0102 ]

2 1 _ o1
> Aca(l 5)7/[1 + 1+ 0 + (1 + O2)(u + 63)

So
Ay = X1Xp + X1X3 + XoX3 + XoXg + X3X4 + (X1Xg — Aza(l - &)y) > 0.
Now note that

x122%4 = Ay(u + 61)(u + 82)(6 + 1)
01 N 0102
+0  (u+0)(u+03))

> Aay(1—&)(u+ 62)[1 + .

> APay(1 = &) + 61 + 62).
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moreover

x1x3%4 = Ay(u + 61)(u + (53)(@ + 1)
N 0162
O (U+0)(u+03)l

> Nay(1 - E)(u+ 53)[1 o il
> Aay(l = &) (u + 63).
So
a3 = X1X2X3 + XoX3X4 + (x1x3x4 + X1XoX4 — AZay(l — é)[él +(u+02) + (u+ 63)]),
> X1X2X3 + XpX3X4,
> 0.

So, a3 > x1xx3 + X2x3%4. Hence

aap = (xl + X, + X3 + X4) X [xle + X1X3 + XpX3 + XoXg + X3X4 + (X1X4 — Azay/(l — é))]

> x1(x2X3) + X1(x2X4) + X1 (x3X4) + X3(x2X4)

+ xl(xlxz +x1%3 + (x1x4 — A%ay(1 - 5)))

+ x3(X1X + X1X3 + XXy + X3X4)

+ x4(x1x2 + X123 + XpX3 + XoXg + X3Xg) + (X104 — Aay(1 — 5))),
> x1(X2X3) + X1(x2Xa) + X1(x3Xa) + X3(x224)
= a5 + A2ay(1 = &)[01 + (u + 62) + (1 + 83)|.

a1a; > as.
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S0 aia, > as. In fact, the proof shows that
aa; > as + x1(x1xp + X1X3 + X1x4 — /\20()/(1 - <))
+ Xo(X1Xp + X1X3 + XoX3 + XoX4 + X3Xy4)
+ x3(X1X2 + X1X3 + XoXg4 + X3X4)
+ x4 (X1X2 + X1X3 + XoX3 + XoXg + X3X4) + (X1X4 — /\Zay(l -£)))
+ Aay(1 = &)[61 + (u + 62) + (1 + 03)]
> a3 + X1(X1X2 + X1X3 + X1X4) + Xo(X1X2 + X1X3 + XoX3 + XoXg4 + X3X4)
+ x3(X1x2 + X1X3 + XXy + X3X4)
+ x4(x1x2 + X1X3 + XoX3 + XoX4 + X3X4) + (X1X4 — /\20()/(1 - <))
Hence
(a1a; —asz)az > [xl(xlxz + X1X3 + X1X4) + X2(X1X2 + X1X3 + XoX3 + XoXg + X3Xy)
+ x3(X1X2 + X1X3 + XoX4 + X3Xg) + X4(X1X0 + X1X3 + XoX3 + XXy
+ x3X4 + (X124 — )\2“7(1 - é)))](x1x2x3 + X2X3X4)
= [x%xz + xfxg + x%x4 + X1X5 + X1X0X3 + X5X3 + XoXy + XoX3Xg + X1X2X3
+ X105 + X0X3Xy + X534 + X1X0Xs + X1X3X4 + XoX3Xy + XX + X3X5
+ (x1x4 — Aza)/(l - E))x4](x1x2x3 + X2X3X4)
> X722(X2X3Xs) + X3X3(XpX3Xs) + X1 X5 (X X3Xa) + XTXa(X122%3)
+ X1 X4 (X2X3X4) + X123 (XX3Xs) + XpX3Xa(X1X2X5) + X105 (XpX3Xs)
+ X102X4(X1X2X5 + X2X3X4) + X1X3X4(X1X2X3 + XoX3X4)

+ x5 (X10023) + X325 (X12%23)
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+ X1 X5 (X103 + XoX3X4) + X125 (X1202X3 + XpX3Xy)
— A2ay(1 = &)xa(x132x3 + XoX3%4)
> XTX5X3X4 + X3 X0X5Xs + X1X5X3Xs + X3X0X3Xg + XTX2X5X; + X1 Xa X3y
+ X1X%X§X4 + X1X2X§X4 + X%X§X3X4 + xlxgxg,xi + x%xeng; + X1XQX§XE
+ X1X§X3x2 + X1X2X§x421 + X?XZX3X4 + X%XZXQ,XE
— A2ay(1 — &)(x120X3%s + X2X3X7)
= (x% + x% + x% + xi + 2x1X7 + 2X1X3 + 2X1X4 + 2XX5 + 2XX4 + 2X3X4)X1X2X3X4
- )\20()/(1 — E)(x1x0x3%4 + xzxgxi)
= (21 + X + X3 + x4)°x120023%4 — A2y (1 — E)(x1200X3%s + X2X3X7)
= (1 + X + x3 + x4)%(ag + A2ay(1 = E)[6162 + (u + 62)(u + 63) + 61 (u + 63)]
— Aay(l = &)(x1xs + X3)X2%3
> ajay
as required.

Now for Rp = 1, we know that 0 is an eigenvalue and for R, < 1 all
eigenvalues have strictly negative real parts. Choose a sequence of
parameters so that Ry — 1~ then as the eigenvalues are continuous
functions of the parameters (Harris and Martin (1987)) we see that for
Ry =1, no eigenvalue can have a strictly positive real part so therefore

the disease-free equilibrium is neutrally stable.

4.3.3.2 The Endemic equilibrium.

Similarly, we explore local stability at the endemic equilibrium point us-

ing the same argument we used to investigate free disease equilibrium.
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The Jacobian matrix for our system evaluated at EE (7}, ) = (7}, )

A-x; A A B)
61 —X7 0 0

Jd =
0 62 —X3 0
C C C D

Then the characteristic equation is w* + a1w® + a,0? + azw + a4 = 0, we
must prove that a; > 0, a, > 0, a3 > 0as > 0 and (ma, — as)az > alay
using the Routh-Hurwitz requirements for a quartic polynomial.

In the same way, we use the same technical method to collect the con-

stant term of det(] — wl) = 0.

A—-(u+61+w) A A B
01 —(u+ 62 + w) 0 0
0 02 —(u + 63 + w) 0
C C C D-w

To easily compute the terms in w, v?,@® and w* by using the equation
definition of With X1 = u+061, %2 = t+08,,x3 = L +083,x4 = Ay(0+7).
The term in o gives
M =—-A—-D+x1+x)+ X3.
= (u+6) + AafP(r)(1 - &) — ¢ (1) (1 — ) Aaf'(1 - &)
+ AT+ (0 + (1= ) )p(r)] + (i + 62) + (1 + 03). (4.29)

) )
=U+0+u+0+u+o3+Ay 5 + (Aap (™) (1 = &))

—¢' (1) (1 - )Aap (1 - &) > 0.
Here we have used the equation (4.21), to replace ( + (0 + (1 —
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O)r)p(m*)) with °p(r*), and also used the fact that ¢ is monotone

decreasing in n. For w?, we have
a, = —BC + AD — Dx; — Dx, — Dx3 — 1A — x0A — x3A + X1Xp + X1X3 + XoX3,
=[Aap'Pp(r")(1 - &) — qb(n)(l—rc)/\aﬁ 1A =E)[01 + p+ 062+ (1 + 03]
+ [T + (6 + (1 - 6)n*)cj)(n*)][y +61+ U+ 0+ p+ 03]
+ (i + 0)(p + 62) + (u + 02) (1 + 03) + (p + 63)(u + 61)
+[Aapp()(1 = &) = ¢ ()1 = m)Aap’(1 = O[T + (0 + (1 = O))Pp(r)]Ay
~ (1 =) Aad(m) (1 = (1 - (1 = 0)p(r) + (1 = B¢’ ()7
—FO(L - )¢ ()] Ay
(4.30)
Again from equation we can replace (% + (0 + (1 - 0)r")p(r*)) with
'¢(r*)/p* in the same way that we replace ¢(r*)(1 — 7*)(1 - (1 - 0))
with ¢(r*)(1 — B) — .
By using the equation and equation (4.20)together, we replace
(u+61)(t + 0+ (1 - 0)r) with L(1 — ) p(r*)?Aa(1 = &).
We find that by substituting and simplifying these different terms, we

get that

1 = [Aaf ()1 = &) — ¢ ()1 = ) AaB (1 = E)I[61 + p + 62 + 1 + 3]

(4.31)
Ty 92(” D+ 63+ 11+ 6] (4.32)
+ AyAa(l = B (P(r) + Dp(r") — (1 = 1)Pp(r")(1 = B¢ ()
+ (1= Yo 09" () = (1 = ) (T)p(10)]
(4.33)
+ (i + 01)(1 + O2) + ( + 02) (1 + 03) + (p + 03)( + 01) (4.34)
Ul 01, (1 — 1) () Aa(1 = E)Ay. (4.35)

+ +
p+02  (u+02)(u + 03)
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Note that, from equation we have that
T [p(r)(1 — )0 + 7]
T + P(r)(1 — )0 + ¢
' H(r)O(1 - 1)
(e + G(r)(1 - )0 + ¢ (4.36)
Tt
o p(rt + p(r)(1 - )0 + 1

(1-p)m = p001-1) =

> 0.

So clearly a, > 0.
Similarly, we collect the terms in w
az = —BC(61 + x2 + x3) — (0102 + 61x3 + xx3)A
+ X1X0X3 — XoX3D + 01AD — D[x; — A][x> + x3].
= ~[([(1 =B (1 = O)p(r") + (1 = B’ (M) = 61 = )¢’ ()] Ay)
Aa(l = )Y (L = E)][61 + 1+ Op + pu + 03]
= [0102 + 01(p + 03) + (u + 82) (1 + 03)][Aaf (1 = E) (@' (M)(1 — ") — Pp(107))]
+ (1 + O1)( + 02)(p + 03) + (1 + 02)(p + 83)[((6 + (1 = O)T)P(1T) + D)AY)]
+01aB'p(r)(1 = (B + (1 = O )P(r) + ) Ay]
=010’ ()1 = ) AaB (1 = (B + (1 = O)T)p(r") + B)Ay] + [ + 61

+Aap'(1 = E)(r") — ' (m) (A = TNIAY((6 + (1 = O)r") + 2][(u + 62 + p + 53)]-
(4.37)
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In a similar fashion to the term a, above, we have a; as follows

a3 = [Aap ()1 = &) - ¢/ ()1 = W) Aa (L - E)|Li + 6)(ut + 03)

n*qb(,n*)
+ (u + 01)(p + O2)( + 03) + (1 + 62)(u + 63)Ay B

+ AyAa(l = B (P() + D)P(r") = (1 — ) Pp(m')(1 = 1)’ (1)
+(1 - n*)Zgb(n*)ﬁ*éqb’(n*) — (1 = )" () P(r)][01 + pu + 02 + p + O3]
— AyAad’ ()1 — n)P(r ) (1 = E)[61 + p + 02 + p + O3]

516, 516, O1(u + 03)

Y2 (N (1
+ AyAa(l - ) () (1 - &) 010 () (uron

az > 0.
(4.38)

Now collecting the constant term a,
a, = —BC6162 - X3BC51 - x2x3BC + A5162D + X351AD - xleX3D + xe;;AD.
=~ [ - B - 0)p() + (L B) () - BOL - 1) ()| Ay

) o o 016,
(1= 7ML= )G+ 09] |1+ s

+ [Aaf ()1 — &) — ¢/ ()1 - w)Aa'(1 - &)]
AYLO + (1 = O))p(r") + 2[(1 + O2)(u + 6)IL

+ [( + 01)(p + 82) (1 + 53)[(0 + (1 = O)r)p(1T") + 2] Ay

(4.39)
Here

01 N 6162
(L+02)  (u+0)(u+03)]

By using the same replacement as the previous one used for the terms

L=(1+

ap,a; we get that
as = AyAa(l = B (P(") + 1)P(r") = (1 = )P(r")(1 = )’ (1) 1"
+ (1= 1Y) 0 (1) — 7 (1 = 70) () p(r)] [(pt + 62)( + 63)] L.
(4.40)
By using the fact expression on the equation(4.36), we deduce that
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ay > 0if Ry > 1. We know that ¢'(r*) is a monotone decreasing function
so ¢' (1) > 0, therefore, it is clear that for all terms of 4; to be strictly
positive it is sufficient that the equilibrium points (7}, §*) is strictly posi-
tive where Ry > 1.

Now we require to show that a,a, —a; > 0. We see that a; can be written

y . , Aymo(m)
as a sum of three positive terms a, = + 61 + 1+ 62 + u + 03, aj=———F——

p
and a§=Aaﬁ*¢>(n*)(1 - &) = ¢ ()1 - m)Aap(1 - &), and these terms

are involved in the expansion of a; given in equation [4.48, we write the

positive components summing to a, as a; (4.31), a3 (4.32) ,a; (4.33),4;

(4.34) and a; (4.35). So

may —az = [a} +a; + alllay + a5 + a3 + a5 + a3

Then considering each one of a},a7 and a separately and cancelling
similar terms. We deduce that
may — a3 =[Aap'P(m)(1 - &) — ¢'(n")(1 — m)Aap’(1 - &)]
[a, + a5 + a5 + a3 + u(p + 63) + u(p + 61 + )]
+(y+61+‘u+62+[4+63)[a§+a§
+ (14 01)( + 02) + (1 + 01)(p + 63)]

+ uay + (u+ O2) (U + 03)(p + 02 + u + 63)
01 N 0102

+0  (u+02)(u+ 03)
(1 = )Py A2ay (1l - &))

Ay (1)
B

+[([J+51)|‘u I+ 61]

[0} + a5 + a5 + a5 + (i + 61)( + 82) + ( + 01) (e + 63)]
(4.41)
Thus aya; —a; > 0.
Next, we going to show that (a1a, — as)as > a§a4. Since
¥ =[B(@(") + (1) = (1 = )p(r)(1 = )’ ()"
+ (1= 1)) 0 () = (1 = )P’ (" )p(")]
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is a factor of aja, we shall base our argument around showing that

(may — as)as has sufficient terms containing 1 and extra terms such that
(a2 — az)as > ajay.

It is sufficient to show that

{[61(1 — T)P( Y Aa(l — E)Ay + /W%ib(n*)(liq.) + (U +01)

T O(TT")

(4 + 02+ + 03)Ay (Z ]X(,U +01)(u + 62)(u + 53)}

*

+ {/\y n*qg(n*)(u +01)(u + 62 + pu + 83)

x [Aap o) - © - /()1 - w)Aap 1 - O

Ly + 62)(u + 53)}
s - N L)
+ [/\aﬁqb(n Y1 =& =@ (M)A -m)Aap' (1 = &) + u+ Aym 5 ]
PpAady(1 = <)
x (a3 = AyAa(l = P[oy + p+ 6, + p + 53])}
+ ({llﬂz - ﬂ3)(51 + U+ 0, + U+ 63)¢A0(/\')/(1 - 6)
> af[(u + 02)(p + O3) + 61(u + 63) + éléz]tp/\a/\y(l - &).
(4.42)

Consider the term in the first square bracket in the inequality (4.42)
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above

61(1 — m)Aa(l = O)AyPp(r')* + AyAa(l — E)P(*)* (51 + w + 63 + p + O3)1T"
— @' ()1 = ) (01 + p + 6y + p + S)TAaAyH(r) (1 = &)

T(*(P(ﬂ*)
g

= Aa(l - E))\yd)(n*)[él(l —1)P(T*) + (61 + p + 62 + p + O3) P(1)

+ (u + 01)(u + 062+ + O3)Ay

— () (1 = 7Y (51 + f + 8p + p + O3)TT + (1 + 83 + p + 53)L(1 = 7T)p(7T")

> Aa(l = HAYP(TT) (01 + p + Og + p + 03)(P() = ¢ (1) (1 = 710°)).

> Aa(1 = HAYP() (01 + ph + b2 + p + 03)(B(P(7) + 7) — ¢ (1) (1 = 717°)).
This is because

G(r) = B (p(n") + 1) = p()(1 = 7)1 = B'(1 = 6)) > 0.

So ¢(r") > B (Pp(m") + 7).
Now consider the second term on the right-hand side in the inequality
(4.42)

Ay ()
ﬁx—

(p +01)(p + 02 + p + 63)[Aaf ()1 = &) — @' ()1 = ) Aaf'(1 = &)]
L(u + 62)(u + 63)
> —Aa(l = Ay P(r) () (1 — 7)Y (u + 61) (1 + 62)(u + 63) (01 + p + 62 + p + 63)

> —Aa(l = OAyp(r ) (1)1 = 7' (1 = B) = (1 = 7)BO1(w + 61)( + 82) (1 + 63)
(01 + 1+ 02+ u + 63).

Hence the sum of the first two terms in the inequality (4.42) exceeds

AaAy(1 = &E)(61 + p + 62 + pu + O3)1).
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i.e.

A *
[51(1 - )P()*Aa(l - Ay + yn;)( )az + (1 +01)(1 + O0p + [ + O3) yn;)(ﬂ |
X (4 01)(p + O2)(t + 03),
L Amem)

B (i +061)(u + 62+ 1+ 03)

x [Aap o)1 - ) = /()1 = 7)Aap (1 = L + 6t + ),
> AaAy(1 — &E)(O1 + p+ Oa + 1+ O3)(p + 1) (1 + S2)(u + 63)1.

(4.43)
Hence using inequality (4.43) it is sufficient to show that

(01 + u+ 0+ g+ 03)(at + B0) st + 0)(3t + 03) + (Aaf (1 = p()

) = a1 - &)+ + L ﬁq)( )( a5 — Aady(1 - &)
Hb[él +‘Ll+52+[J+63])+(611112—613)(61+[.1+62+[,l+(33)

(4.44)

> [(‘Ll + 62)([.1 + 63) + (S]([,l + 63) + 6162]
i (4.45)
x[(y+61+y+62+y+63) ]
/\')/R*CP(TC*) 2
¥ (ﬁ—) (4.46)
2

+[ Aot - £ - ¢'(r)(1 - TAap 1 - 9 (4.47)
+ 2(y +01+u+0+u+ (53) /\yn;) (4.48)
+2<y+61+y+62+y+63)

(4.49)
x [dap o)1 - ) - ()1 - g1 - O)
+20mp(a(l - O] () - (1 - ) ()| (4.50)
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It is straightforward to show that

(01 + p+ 0z + pt + 03)(p + 01)(p + O2)(pt + 03) + e + 01)(u + 62) (gt + 03)
+(U+O0+pu+0+pu+03)(u+01)(u+002+ 1+ 03)X(01+pu+02+ u+03)
+ (1 + O2)(u + 63) (1 + 02 + p + 03)(01 + p + 62 + p + 63)

> (i 61+ o+ O+ p o 8) [+ 8)(p + 83) + 81(p + 83) + 612,

Hence the term in can be cancelled by the terms in con-

taining only u, 61,6, and 65 and similarly

(u+62)(+03) + (U + 02+ pu+063)(01+ pu+ 62+ p + 03).

> [(+ 82)(u + 85) + 61( + 85) + 6152,

2
and (4.46) can be cancelled by the terms in (4.44) containing (%) :

The term (4.47)can be found explicitly in (4.44), moreover (4.48) can
. - T P(1")
be cancelled by the terms in (4.44) containing Ay

*

as

(1 + 01)(p + O2)(p + 03) + pa(p + 62) (1 + 03)
+O1+pu+0+pu+083)(+01+pu+ 02+ u+03)
(U+O2+u+03)+ (01 +pu+02+ pu+03)(u+061)(u+ 02+ p+03)

> 2+ Oy + o+ Oy + 1+ 03)[ (1 + 2) (1t + B3) + 01 (11 + 6 + 53)

In a similar fashion, we have
(L + 01+ L+ Oy + th+03)(01 + p + 6 + u + 63)°
> 2+ Oy + o+ Oy + 1+ 63)| (1 + 2) (1 + 8) + O1(1 + 52 + 53).
Hence can be cancelled by the terms in containing
[Aap p(r)(1 = &) = @' () Aap (1 = E)].
Finally the terms in containing

Ay p()Aa(l = E)[P(r) — (1 — )P’ (11")]
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will cancel as
(p+62)(y+63)L+(y+62+p+63)(61+y+62+y+63)+(61+y+62+y+63)2
> 2[([4 + 02) (i + 53) + Oy(u + 63) + 5152].

Hence aia,a5 > a3 + a2a, and all the Routh-Hurwitz conditions are satis-

fied for Ry > 1. This completes the proof of Theorem

In this following section, we shall show that if Ry < 1 the disease-free

equilibrium is globally stable.

4.3.4 Global Stability of Equilibrium

In this section, we concentrate on the global stability of disease-free
equilibrium DFE. The next theorem is proved using a method similar to

Lewis| (2000).

4.3.4.1 The Disease-Free Equilibrium (DFE).

Theorem 4.3.4. The disease-free solution for the system (4.5)) -(4.8) is
globally stable if Ry < 1, and HIV/AIDS will eventually be eradicated

from all PWIDs, as well as needles and syringes.

Proof: Suppose that ¢(n) is monotones decreasing in 7. If 7(0) = 0
then m(t) = 0 for all time. Our proof requires several arguments to
demonstrate that lim;_,., 771(f) = 0. as well as from this directly that the

limsup of ny(t), m5(t) and B(t) must ultimately reach to zero

Let 71 (t) = sup,,, T1(<), this is monotone decreasing in ¢.

Thus, for given € > 0 there exists t;(e) such that m,(t) < n° + € for all
t > ti(e) where nii° = limsup,_, , 1(¢) = lim e 71 (2).

We have the following lemma
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Lemma 4.3.1. I[f 77 = limsup,_,  x(t), then
6171;0

TN

[o¢]

Ue

Proof: From equation (4.6) we have

% + (1 + 02) 112
=611 X eXp(yH‘ig)t/
% [exp(yﬂgz)t] " exp(.“+52)f (‘u + 0o)70»

= 517‘(1 exp(‘”‘sZ)t,

% [nz exp(H+5z)t]

=011 exp(“+52)t Vt>t; and

n<ny +€>0,forany €>0.

% [nz exp<“+52)t]

<& (n‘f’ + €> exp(*‘*‘mt .

similar to |Lewis and Greenhalgh| (2001) work, integrating over [, (¢), t]

provides
T exp(,u+62)t —T0, (tl(e)) exp(y+62)t](e) < 61(7—(1 + €) [exp(”+62)t _ exp(w_éz)t](e)] .
U+ 62.
O (e + €
102 expl)t <, (1 () exp(+2)1© PR S E{ Jlr 5 ) [exp(“ +a)t exp(“éz)“‘e)] :
2

By dividing both sides by exp(“+52)*, we get
61 (7’(‘1><J + 6)
U+ 62
By choosing t,(€) > ti(e€) Vt > t,(e) large enough, so that we have

T, < T (tl (6)) exp(y+62)(t—t1(€)) + [1 _ exp—(y+62)(t—t1(e))] )

e(B+02)t-1©) < ¢ Thus
_ o (75 +€)
Tolt) S 70 (h(€)) €+ — e
5, (nf + e)

I <
7'(2(t)_€+ [J+(§2

, vVt > tz(G).
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Taking 7t,(t) = sup,,, m1(£), and letting £ — oo then

oOmy +e€
Ty <€+ ———.
u+ 52
Loy
+ €.
T = U+ 62 “
where €; = e(l + P ilé ) But e is arbitrarily small. So the result follows.
2

Corollary 4.3.1. If 3" = limsup,_,  73(t) then

(o)
o 61627’(1

13 < .
77 (u+ &) (1 + 03)
Proof: Using equation (4.7) and following the technique of Lemma

4.3 We determine that

o0
527’(2

TN

[o¢]

T3

The result follows.

Lemma 4.3.2. If ~ = limsup,_, _ () then

) ) )
7—(1 +7—(2 +7—(3

© < =
P 0+17
Proof: From the equation (4.8)
d N
d—f < Ay (rq + 10 + T13) —ﬁ()\y@ + T)gb,

multiplying by the integrating factor eh@r¢+0¢ds

A t N A t A t
‘B(t)efot(AyGH)qﬁdé — B (t) el Ayo+Dpde o Ayé—y-i-fc (n‘f’ + 1y + g+ 5) [efo MV@”)‘M&]

to

_ t A T c A _ t 0 .
B < ltoye O L TV (e e e 1) [1 _ o b )wé] .
AyO+1
Given & > 0 there exists to such that for ty 7, + 1o+ 73 < TP+ + 7 +&
1 2 3

If ¢(r) > € and we use the same idea as in Lemma |4.3.1] then there

are two cases
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(i) If ft; P(E)dE > o0, as t — oo then the result follows.

(i) If ft; $(&)d& dose not approach infinity ,as t — co then we have
fom O(E)dE < M for some M < oo,

In this case given & > 0 3 t, such that f: P(E)dE < & for all t > ty. From

the equation (4.8) we find that

P < - paygm - pr < avg-pr

Moving pt over the other side, multiplying by an integrating factor and

integrating.

%(,Be”) < Ayge™.

Then integrating between t and ¢

t
0< ﬁ(t) < ﬁ (t()) e—T(t—to) + f /\VQZ)B_T(u_t)du,

to
< e ) 4 f Aypdu
fo

—T(i’—to

=e )+ Aye.

If t is large enough then

0 <B(t) < e+ Aye.

0< B < (Ay +1)e.

Hence we deuce that f~ = 0, as e is arbitrary in other words (t) — 0

as t — oo. Thus the result of Lemma (4.3.2) follows.

Next, we assume that n}* > 0. We note that by equation (4.5)

dﬁl

—; S =m)Aag(m)(1-&) = (u+61)m,

By Lemma there exists to such that for t > ¢

e+ 1 + 1y
@S(l—nl))\a(l—é) 1 =2 3 +e —(u+01)m.
dt 0+17

Now using the definition of the basic reproductive number (4.9) and
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Lemma and Corollary we get that

d
% <A =m)Aa(l = &) (u+01)(Ro+€1) 11" = (u + 61) 713,
where € = — Aol - o) ;
(0 +7) (1 +061) 7ty

< (u+01) |[(Ro+ ) s — 1y (1+ Rors?) |
Hence we have
%[m(t) exp [ (u+061) (1 + RORT’) t]]
< (u+061)(Ro +€1) n’ exp [(/.1 +01) (1 + Ronf’) t] .
Using the same procedure as in Lemma[4.3.], we obtain that
723 (1) HDWHRTE _ o 4y ollron)A+Romlo

< (Ro + €1) noo[e((p+51)(l+Rgn‘1’°)t _ e((y+61)(1+Ron;°)to]
T 1+ ROTLT’ ’

and hence that there exists t; > t, such that for t; > t;

o0

Romy . U
m (14— )
P14 Rene IV T 1T+ Ry
and thus as e; is arbitrarily small
[0 0]
RoTll

(o)
T, < ——%-
' T 14+ R

Therefore as ni7° > 0,1 < . Hence 1> Ry > 1+ Romty”.

0
1+ Romy
So this is a contradiction and hence n;° = 0. So Lemma ,Corollary
4.3.1]and Lemma[4.3.2then imply n° = 73 = m3’ = p~ = 0 and hence
T4, T, i3 @and B all approach zero as t — oo completing the proof of
Theorem (4.3.4).

Next ,applying condition of the second case of , that g~ = 0, if
p(t) — 0 as t — oo. the equation becomes

Suppose the definition of liminf; . 7;(t) = 7 and note that > >
T = 0 and g~ > Bo > 0. This implies that ©* = m;c = 0 and

B* = B = 0, and hence lim,_,, 71 () = 0.lt is straightforward to show
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that

}im To(t) = }im mi3(t) = }im B(t) = 0.

This completes the proof of the global stability of DFE when 1 > Ry > 0.

Following that, we will look into the persistence of the disease in the

system.

4.3.5 Persistence of the Disease When R, > 1

In this section, we will demonstrate that if R, > 1 and HIV/AIDS are
present in the community at the outset, whether in addicts groups or
shooting galleries, the disease will remain in both PWIDs and needles.
Note that the analytical results for our model show exactly the results
of Theorem 2.4 of [Lewis (2000) for equations and and differ-

ent argument results, thus including awareness program function for

equations [4.5/and

Theorem 4.3.5. Suppose that Ry, > 1 and either 1;(0) > 0 for some
i=1,2,3 or f(0) > 0. Then there exists a fixed ¢ > 0, which depends
only on the model parameters, not the initial conditions, such that for

somen>0andi=1,2,3
;> em;andp > ef’, Vt>n. (4.51)

Proof: We prove this by following a similar argument used to prove
Theorem 2.4 ofLewis| (2000). We need to follow several steps to prove
this result. The common sense argument is 7t; is the dominant compo-
nent of (71, 72, 73, B) If 711 is small, then all of the other components will
be small as well. From the local stability of the equilibria of the system,
we know that the disease-free (DFE) equilibrium is unstable if Ry > 1.

We are going to show that 7r; cannot become arbitrarily close to zero.
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Let 7t;(t) = infe5; 711(E), this is monotone increasing in t. For given € > 0,
there exists t5(¢) such that 1 (t) > 71 . — € for all t > t5(¢) where 71, =

lim inff—)oo nl(t).

Lemma 4.3.3. Let 7150, = liminf;_,., 72(t), then

Proof. From equation (4.6), and the result was proved in the (Lewis
and Greenhalgh|[2001) paper, that was

Lemma 4.3.4. There exists a time T > 0 and a small quantity n > 0

such that () >n >0 fort > T.

Proof. If ¢(rr) > 0 in [0,1] this is straightforward. Otherwise, 3 7" in
[0, 1] with ¢(*) = 0 and the arguments used in the existence unique-

ness proof show that this result is true.

Corollary 4.3.2. Let 113, = liminf;_,, 7t3(t), then

> 0102711 0

(3,00 = .

YT (a4 6) (4 63)

Proof. By using equation(4.7) and the result was proved in the (Lewis

and Greenhalgh|[2001) paper, that was

62712/00
U+ 63 '

7—(3,00 Z

Corollary 4.3.3. Let B, = liminf,_,, (), then

(1,00 + 2,00 + T03,00)7]
1+6+%2)

Bo =
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Proof. Equation (4.8) can be written in the form

d A
d—f = Aymp — pAy((1 + ) + 2),

> Aymip — pAy(1+ 0 + 7),
So given ¢ > 0, there exists t; (¢) such that

d R
d—f > Ay (T + T + T3 — €)1 — BAY((L + 0) + ),

for t < t;(¢). A similar argument to Lemma (4.3.3) then shows that
Corollary (4.3.3) holds. We use a similar argument as in the previous

equations to obtain the following

d 5y 40 ' A L 1iE
Eﬁe”ﬂ“e)”]‘j‘ﬂ > AY(Tly 00 + Tig0 + Tl 00 — €)el W7A+OHE,
A ‘ .
B> —yA(an + Tl + M0 — €)n[1 — ¢~ b1/ (1+01+Tldu )
Ay +0)+1

If [ ¢(E)dE = co, then we have that
(7'(1,00 + Ty + 7'(3,00)77
1+6+12)

Boo =

, 1 1
Note that either 771, > €T OF Tl < SETT).

. 1
First, we assume that ;. > Een’;. So there 1 T, such that for t >

1 .
Ty, 11 > Zen;. By using the result of Lemma 4.3.3} we get that

0170100
7-[2,00 2 17-(1, 7
U+ 62
1 e, . 1 .
So 702,00 > Emnl = 562712.
1 €O
Here ey = =— .
2 ([,l + 62)7’(2

o 1
Assuming in the same way as before, there 1 T, such that for t > T,, 1, > Zen;. In

a similar way, by using the Corollary there exists T such that for t > T;, 75 >
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1 - .
Zeng. Similarly, using the result of Corollary 4.3.3, we have that

Beo = nl—f"n
1+60+1
1671*17
2 1 L.
0 2 T = <€4p .
Po2 g7 2%
€ T . 1
where €; = _ —. So there exists T, such that for t > Ty, f > —€1".
1+0+% P ) 4
Hence if T = max{TT,, T5, T4} and é=min{i€, Zel} the results of (4.51) hold with

€ replaced by é.

1 : : :
Next, assume that 7y ., < Een’;, so here we want know in which case there exists
Kk > At, where 7 (k) < 3€;.
Now, letting
. 1 .
to =inf {K > At, (k) < 56”1} , and

1
t; =inf {K > to, 11 () > Een’i}.

Here € is a constant value that is both positive and fixed. According to the defini-
tion of t, we have that 7t; (ty +v) < % € m;.If v is small and positive, then t; > t,.
By continuity 7 (fo) = 7 (t1) = 3em, and therefore m; is less than iemin (f, t1)
and greater than %en; just after t;. We now show that if ;. becomes small then

i3, 13 @and § must become small also.

Lemma 4.3.5. Suppose that A is small. Then there exists a time T; > 0 dependent
only on the model parameters, A ande. With0 < 1, < (% + A) for t between ty+ T,

and tq,

Proof. We have that i; < (1/2) € 7] € [to, t1]. Thus we write the equation (4.6) as
dT[z 1 "
r < §€n161 — (U + 02) M2,

% [nze(“”ﬁ)t] < %enjéle(““}?)t.
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By integrating over [t,, t] this gives

‘ 1 €md ‘
n2e(y+(§2)t _ nz(to)e(yﬂ‘)z)to < E . +1612 (e(#+(‘)z)t _ e(y+bz)t0)l

: 1
—(u+62)(t—to) o
T < (e () 0=t ) + €M
So the result here was proved in the (Lewis and Greenhalgh/2001) and paper.
We have proved that if 771 is small, it causes 7, to become small as well, Next, we

will prove similar results for i3 and .

Corollary 4.3.4. Suppose that A > 0. Then there exists T, > 0 depending only
on the model parameters, A and € such that fort € [ty + T1 + T, t1] 3 is at most

1 ) o
(E + ZA) 1€, assuming that ty + T + T, < ty
Proof.

To prove that we follow the similar proof of Lemma [4.3.5, so from the equation
(4.7) has the form as
dm 1 .
d_t3 < (E + A) €30, — (U + 03) 1.

And then integrating the equation over [ty + T4, t], then the result follows.

Corollary 4.3.5. Suppose that A is small. Then there exists T; > 0 depending
only on the model parameters, A and e such that for t € [to + Ty + T> + T5,t1] B is

1
at most (5 + 3A)ﬁ*el, where

‘() + (1 — )p(m)0 + 4
elzmax(llﬂqb(ﬂ) (A T0)p(71%) T)e.
0+1
We supposing that ty + T + T, + T5 < t;

Proof. We use a similar argument with equation (4.8)), to obtain the following

d A
L = Ayptmm - Ay O + 7).

Sofort>T; + Ty,

d A
P <y +2009(m) — pay(0 + ().
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By integrating over [t, + T; + T, t], we get that

d lﬁef,éqﬁrz [M’(émq’(ﬂ)]d‘gl < Ay(% + ZA)en*qb(n)

dt
exp[f /\)/(é + %)qb(n)dél.

o+T1+T>
B < B(to + Ti+Ty)e ft;m R Ay (0+)p(rm)dE
(% + ZA)
+ /\—

0+7
By Lemma [4.3.5] there exists a time T > 0 and a small quantity > 0 such that

e’ |1 _ e_ ft;+T1 +T, /\)'(é"':[)q)(n)dél

¢p(m) =1 > 0fort > T. Sot > max (T, ty + T1 + T») is sufficiently large, then
t>ty+ T, + T + T5. So there we have that
1 +3A

— Aen*.
0+7

B <

Note that it is not always obvious that g(t) < (% + BA) €p* since we have
. (") P
() + (1 -m)p(m)0+1 = O+1

and it may be that

*

TC
6+ %

p <

However if we define

[ () + (1 = 1)) 0 + T])

= €,
0+1

(note that €; > €), then the result of Corollary follows.

€1 = max(l,

We have proved that if 7; approaches zero, then all components must approach
zero as well. Next, we going to show that 7r; cannot become arbitrarily small. This
is obtained by showing that t; may be bounded above by a fixed finite value that is
only affected by the model parameters € and A. Thus 7t; does not go below %en’;
for a long enough time to approach zero arbitrarily. Then there are two possible

cases. The first one is

i. 11 is remains beneath %en’; ,long enough for other components to

become small.

159



ii. 71, increases above jemt, before other components become small.

As a result, we have that either
A. t 2t0+max[T1,T1+T2,T1+T2+T3],Or
B. t <t0+max[T1,T1+T2,T1+T2+T3].

Therefore , we will demonstrate that t; < T where T is a fixed finite value that is
only affected by the model parameters, € and A. Then the result is completed, if
case (2) is true then m; increases above e, before other components become
small. Now, we are dealing with the first case where t; occurs at a time greater
than or equal to the time that other components become small. we are going to
prove that 7t; cannot stay small constantly, by using the result of the disease-free

equilibrium is unstable when Ry > 1.

Corollary 4.3.6. Suppose that G(w, €) be a polynomial of degree n™ in w and e.
Indicate the roots (can be complex)G(w, €) = 0 by wi(e) for j =1,2,...,n. Thenin

a neighbourhood of € = 0, each w;(e) is defined and continuous in e.
Proof. Although G(w,€) is a polynomial, it is analytic in the (0,0) neighbour-
hood,Corollary 6.6 in|(Chow and Hale (1982) yields the result.

Our following Lemma is an important part of the argument to show 7t; cannot stay

small constantly.

Lemma 4.3.6. If t;(t) decreases below em at time T, then m,(t) returns to e
by of least time t1 = to+max [Ty, Ty + T, T1 + T» + T, t, + Ty] where t} —t, is finite

are depends only on the parameters model A, €.

Proof. We are going to follow a similar technique to the one used in Lemma 2.5 in
Lewis| (2000). Assume that €, is real and positive and 1 > e, > 0, then we define

the matrix J(e,) as
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—(u + 61) 0 0 Aa(1 = &)P(e2)(1 — €2)

01 —([J + (52) 0 0
J(e) =
0 02 —(‘Ll + 63) 0
Ayd(er) Ayd(er) Ay(es) ~(Ay(e2 + 6) + 1)

We evaluated the system at the the disease-free equilibrium points as in the proof
of Theorem4.3.3, when €, = 0,J(0) = J, Then we denote the eigenvalues of J (e,)
by w; fori =1,..4. Since J(e,) + Ml is a non-negative irreducible matrix where M is
big and positive, then the characteristic equation of JJ (e,) + Ml has a simple root
equal to its spectral radius, according to Lemma 2.5 in Lewis|(2000) and Lemma

2.1 from Nold (1980).

Then the eigenvalues of J(e,) + Ml are
J(€2) +Ml=M+ 0)1(62),M + CL)2(€2),M + a)3(€2) and M + 0)4(62).

If the root M + w(e,) is real, then all other eigenvalues of J(e;) + MI have strictly
smaller real parts. As a result, the other eigenvalues of J(e,) have strictly smaller
real parts if wi(ey) is real too. This is especially true for e, = 0. Furthermore,
according to the definition of Corollary4.3.6

Thus, as €, — 0 wy(€;) — w1(0) and we know that w,(0) > 0 if Ry > 1 as Theorem
shown that about the disease-free equilibrium points. As a result, we may
verify that w1(e,) > 0, by picking e, small enough.

We can assume that 1 > e, > 0 without any loss of generality. We can choose €,

that is small enough that

1 . (1 (1 .
56T + (E + A) €T, + (E + ZA) €T, < €.
By using the definition of Lemma and Corollary [4.3.4] we find that 7i; + 71, +

nz<e forty >t>ty+ T, + T, Definet, =inf{C: for t; >t >ty +(, n(t) < €,

161



Thus we have two cases either t, = 0 or 7t (ty + t,) = €, where ty + t, is the last
time before t; that n(t) > €,. Note that t, < T; + T,. If t; < to + T + T, then we go
the result we want to prove. Now, we consider the case where t; > t > ty+ T; + T».

The system of the equations (4.5)-(4.8) can be written as following for t; > t >

to + Tl + Tz
dn
— 2 L -e) Apdlea)(1 - &) = (u+ o) m,
dm
d_t2 = 0111 — (H + 02) T,
dm
d—: = 071y — ([.l + 53) T3,

Z—f > Aymip(ez) — (Ay (e2 + 0) + 2) B.

We have that

dx
% >J (€2) X.

where x = (711, Ta, n3,ﬁ)T. We know that the left eigenvector of J(e2) is strictly pos-
itive e = (ey, 2, €3, €4) Which corresponds to the spectral radius w;(€;), as Lemma

2.1 in|Nold (1980). Thus

ed—x > ef (€)X = wq(€)e-X.
dt
Integrating over [ty + t;, ]
e X(t) 2 e- X (ty + t2) exp [w1 (e2) (t — tg — )],
> (e17ty (to + t2) + exm1a (fo + t2) + e3m3 (to + £2)) exp [w (€2) (t — to — t2)],
> 11 (tg + tr) min (e, ez, e3) exp [wy (€2) (t — to — t)],
So we have the following conditions. If £, > 0,, then
e X(t) = eamin (e1, €5, €3) exp [w1 (€2) (t — o — )]

On the other hand if £, = 0, then

1 .
e- X(t) > E(—:’R; min (61,62, 63) exp [a)1 (62) (t — 1ty — tz)] .
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As we provide that t; > ty+t,+T, where T, depends only on the model parameters

€1,€ and A, then after a time ¢, + t, + T, we have that

1 1 1 1

e-X(t)>e- (—en], (— + A) en},(— + ZA) €T} (— + 3A) elﬁ*), (4.52)
2 2 2 2

Also, proven that if ty < t < t; then after a time ty + max [T Ty + Tp, T1 + T + T3]

1 = 26711/

() < (— + A) €Ty,

Hence

e-x(t)<e- (%en{,(% + A) en;,(% + ZA) €T3, (% + SA) 615*). (4.53)

From equation (4.52), we have a contradiction if

t1 > to+max [Ty, Ty + To, Ty + To + T3, tr + T4] .
Therefore

t1 <tg+max [Ty, T1 + To, Ty + To + T3, tr + T4] .

The proof of Lemma is now complete.

As a result, we have proven that 7i; decreases below lem, then at least one 7 (t)
returns to this level after T = max [Ty, Ty + Ty, Ty + T» + T3, t, + T4]. This argument
may be extended to any moment when 7t(t) falls below %enj. As a result, if 7t1(t)

falls below this level at time £, then for t € [£,,y + T

d
% 2—(y+51)n1.

Using integration over [#y, f, + T], we can derive that
d 1
% > —emyexp[—(u+01)T],

where T is a fixed duration dependent only on €, e,, A and the model parameters.
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we got that ;. > 0, if the last term of % is strictly positive. As a result, the
argument given at the start of Theorem indicates that the result of Theorem
4.3.5]is true. So, by reducing e there exists a fixed lower bound € > 0 and 1 > 0
such that for all t > 1, mi(t) > €, ma(t) > €, m3(t) > € and B(t) > €. The proof of
Theorem is finished.

In the next section, we going to show some numerical simulations for our analyti-

cal results for the models.

4.4 Simulations

Mathematical experiments were carried out using MATLAB to observe the dynam-
ical system. Consequently, we attempt to numerically describe some of these
theoretical results that showed the behaviour of HIV/AIDS with awareness pro-
grams indicating population death or epidemic, one of the important findings that
we previously demonstrated if Ry < 1 or Ry > 1.

To create estimates of disease prevalence over a long time, we now employ the
SOLVER(ode45) numerical ordinary differential equation package. As part of var-
ious simulations, we employed realistic parameter settings for the model (4.5)-
with two disease awareness programs function ¢(rn) ( Misra et al.| (2011),
Samanta et al.| (2013) and |Greenhalgh et al. (2015)). In this simulation, we test
two functional forms of awareness programs ¢(mn) that have been used in the

previous chapters. The two functions are as follows

. P(n) = (1 - bi—nn) where a and b are positive constants with 0 <a <
1.

ii. ¢(rr) = e”™"™ where m, is constant and n represents the number of

the PWIDs population.

Early in this chapter, we discussed the various values of the parameters and

some of them are estimated by Lewis (2000). However, we do not use all these

164



original estimates. So we set up the following parameter values as the Table

shows

Table 4.2: Estimates of parameter values for the model.

Parameters Estimate Values Parameters | Estimate Values
A 246.22 /year 03 0.1920/year
a 0.00601 per shared equipment y 0.90797
0 0.0 1 0.1333/year
T 15.531/year T =t/Ay 0.0695/year
01 4.6154/year 0o 0.2281/year

In our simulation, we use the realistic parameter that is shown in the Table [4.2]
with varying values of the needle cleaning before using probability & according
to 0 < & < 1. As a result, we examined the dynamics of the model equations
(4.5)- by altering R, by selecting different values of &, so we picked & = 0.5
and ¢ = 0.9. As initial starting values 7;(0), 75(0), ©5(0) and $(0) were equal to
0.0,0.0,0.0 and (0.1) in all cases. Now we are going to show three examples of

the simulations

e Example 1: The simulation without using the disease aware-
ness program functions.
Figure shows the plot of two simulations without using the
disease awareness program function over 40 years. we use the
current set of parameter values shown in Table 4.2l So the sub-
Figures[4.1ashow the fraction of infected PWIDs and infected nee-
dles where the disease is present in both addicts and needles if
Ry > 1 when choosing & = 0.5. Then the equations model (4.5)-
have 6 = 0.5000/day giving Ry = 6.2179.
On the other hand, the sub-Figures show the fraction of in-

fected PWIDs and infected needles where the disease dies out
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in both addicts and needles if Ry < 1 when choosing & = 0.9.

Then the equations model (4.5)- (4.8) have 8 = 0.9000/day giving

Ry = 0.7305.
. HIV with cleaning of needles before use , £ = 0.5. . HIV with cleaning of needles before use, £ = 0.9.
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M M

16 3 16 3
3 —— 8 3 —— 8
814 814
g 12 g 12
S S
8 1t 8 1t
=] =]
Eua— ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, Eue
s s
Sosl Sos
& / &
i / i

04l / 0.

/
/
0.2 0.2
o DM:*::;¥:ﬁ;¥,k7) fffff 1
0 5 0 15 20 25 30 35 40 0 5 10 15 20 25 30 35 40
t (year) t (year)
(a) £ = 0.5, then Ry > 1. (b) & =0.9,then Ry < 1.

Figure 4.1: The plots of simulations for the solution of model (4.5)- without values of awareness program function
where n = 1000.
e Example 2: The simulation with using the disease awareness
program function ¢(m) = """,
The Figure shows plots of six simulations with the disease
awareness program over 40 years, and we use the function ¢(m)=
e~ (provided from Cui et al.| (2008)) with choosing different val-
ues of my where is constant and n represents the number of the
PWIDs population. We picked m, = 2.0/n,5.0/n and 10.0/n, and
keep using the same current set of parameter values shown in ta-
ble 4.2
The sub-Figures [4.2a] [4.2c| and [4.2€] with the choice m, = 2.0,5.0

and 10 respectively, illustrate the fraction of infected PWIDs pop-
ulation who do not clean their needles before use with choosing
& = 0.5 so that Ry > 1, moreover the model equations (4.5)-
which have 6 = 0.5000/day giving R, = 6.2179.

However, the sub-Figures [4.2b] [4.2d| and [4.2f with the choice m, =

2.0,5.0 and 10 respectively, illustrate the fraction of the infected
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PWIDs population where the PWIDs often cleaned their needles

successfully before use ( modelled by choosing & = 0.9) then

Ry < 1, moreover the model equations (4.5)- (4.8) which have

© = 0.9000/day giving R, = 0.7305.
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Figure 4.2: The plots of simulations for the solution of model {4.5)- with awareness program function ¢(rr)= e,
where n = 1000 and when & = 0.5s0 Ry > 1 and so & = 0.9 then Ry < 1.
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e Example 3:The simulation with using the disease awareness
ar

b+ny

The Figure shows plots of six simulations with the disease

program function ¢(n) = (1 -

awareness program over 40 years, and we use the function ¢(m)
= (1 — bi—nn) where a and b are positive constants with 0 <a <1
(provided from Dubey et al.|(2016)), with different values of the con-
stants a and b as shown in Figure and using the same current

set of parameters values shown in table 4.2,

The sub-Figures [4.3a], [4.3c| and [4.3€] with the same results as pre-

viously with & = 0.5 then R, > 1. Similarly, for the sub-figures
[4.3dand[4.3f& = 0.9 then Ry < 1.
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In our simulation, we can summarise two results by using the disease awareness

program functions as shown in Figures[4.2and 4.3

First, if the PWID population do not clean their needles before use with (£ = 0.5),

169



and the disease is initially present R, > 1 after a long time the fraction of the

infected PWID population will tend to the unique endemic equilibrium.

The second result is that if the PWIDs often cleaned their needles successfully
before use with £ = 0.9, then Ry < 1 and the disease will die out after a long time
in both PWIDs and needles and the fraction of the PWID population which is in-
fected will approach to the disease-free equilibrium. We also observed the long-
term endemic equilibrium level of disease prevalence for the system described
by the model (4.5)- is reduced when compared to the system with no dis-
ease awareness program functions in and as compared to the disease

behaviour

4.5 Conclusion

In this chapter, we have considered the effect of awareness programs in a three-
stage infectivity model of HIV/AIDS. We developed the three-stage HIV/AIDS
infection model studied by Lewis| (2000) by applying awareness program func-
tions. Then we derived the system of differential equations for the spread of HIV

amongst PWIDs with disease awareness programs.

The model studied in this chapter is more realistic than the models studied in
Chapters 2 and 3 because it takes account of the fact that the infectivity of HIV
differs throughout the course of the infection. This substantially alters the analy-
sis. It differs from the work of Lewis| (2000)as an awareness program has been
introduced. The value of R, is the same as |Lewis| (2000) and the results are
qualitatively similar but the analysis is more complex.

We calculated an expression for the basic reproduction number R, that allowed
us to figure out the analysis of the model, we have shown that for any given
initial value condition in the region D=[0, 1]* in R*, the system of the model has a

unique non-negative solution that remains in D for all time, and also the conditions
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required for persistence for the infected fractions of PWIDs and needles 7y, 15, 113
and . In general, the disease is persistent when R, > 1 as shown in Theorem
4.3.5] Analytically, we determined the equilibrium solution where the disease dies
out or persists in both PWIDs and needles for our model and evaluated its local

and global stability.

We showed that if Ry < 1 there is only the disease-free equilibrium where if Ry < 1
disease free DFE equilibrium is locally asymptotically stable, as well as globally
stable. Otherwise, the disease-free solution DFE is unstable if R, > 1. Also there

is endemic equilibrium solution EE which is locally asymptotically stable if Ry < 1.

Finally, we performed some numerical simulations that showed the dynamic be-
haviour of this model graphically. The numerical simulations confirmed the ana-
lytical results for the models.This concludes the analysis of this model. We will
develop a mathematical model for HIV/AIDS awareness programs with success-
ful antiretroviral treatments and study the analytical behavior of the model in the

next chapter.
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Chapter 5

The Effect of Awareness Programs
on the HIV/AIDS Models with

Successful Antiretroviral Treatment

5.1 Introduction

Human immunodeficiency virus type 1 (HIV-1) can be managed and treated with
highly active antiretroviral therapy (HAART). A treatment plan containing three
or more antiretroviral medications is known as highly active antiretroviral therapy
(HAART). Antiretroviral therapy (ART) or combined antiretroviral therapy (CART)
are other terms for HAART. HAART aims to curb the development of HIV into
other diseases such as AIDS-related and non-AIDS related cause deaths (such
as reducing morbidity and mortality) and aims to prevent transmission to others
such as sex partners, needle-sharing partners, mothers to infants, etc (Eggleton
and Nagalli|2020).

In recent years, HIV/AIDS has no longer been viewed as a fatal condition due to
the development of antiretroviral drugs, and antiretroviral therapy ART has dra-

matically reduced HIV/AIDS-related mortality and morbidity as shown by (Mocroft
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et al. 2003). (Li and Wang |2014) and (Granich et al.[2009) used a mathematical
model that shows how antiretroviral treatments (ART) such as HAART control or

reduce the transmission of the HIV/AIDS virus.

In this chapter, we extend and develop the mathematical model of the spread of
HIV amongst PWIDs with an awareness program that was analysed in Chapter 2.
This was based on a model originally described by [Kaplan (1989). We extended
the model to include two groups within our PWID population: those PWIDs who
are infected but unaware that they are infected and those PWIDs who are on
successful HAART. First, we will describe the model and the assumptions that
allow IDUs to move through the phases of HIV/AIDS infection. The set of gov-
erning equations is deduced using these assumptions. Then, before analysing
the model mathematically, we develop a formula for the fundamental reproduc-
tive number Ry,and then perform simulations based on parameter values for our

model to verify our theoretical results.

5.2 HIV/AIDS Models with Successful HAART

In this part, we modify the differential equation model introduced in Chapter
equations ((2.2) and (2.3)) where we analyse the effectiveness of the awareness
program ¢(m). We do this by considering two cases: one where the infected
PWID has had successful HAART, and one where the PWID is unaware of their
infection. We divide the infected PWIDs 7t(¢t) with HIV/AIDS into two groups: mt;(t)
is the PWIDs who are infected but unaware of it and the second group 7, (t) it is

aware infected PWIDs who are on successful HAART.

We use the same biological parameters as described in Table [4.1]in Chapter
with the following changes to the definition of parameters Ay, A,, u1, yz, 6, shown

in Table
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Table 5.1: Description of Parameters

Parameter | Definition

A1 | Shooting gallery visiting rate for susceptible PWIDs and the
PWIDs who are infected but unaware that they are infected.

A, | Shooting gallery visiting rate for aware infected PWIDs who are on
successful HAART so that they are do not transmit HIV virus.

u1 | Per capita rate at which PWIDs on successful HAART leave the
sharing injecting population.

u2 | Per capita rate at which infected but unaware PWIDs leave the
sharing, injecting population (due to either ceasing sharing injec-
tion equipment, treatment for HIV/AIDS or death).

0 | Per capita rate at which PWIDs infected but unaware transfer to
successful HAART.

Unaware infected PWIDs visit shooting galleries at rate A; and aware infected
PWIDs on HAART visit shooting galleries at rate A,, those PWIDs who are aware
that they are infected inject at a lower rate. We assume that aware individuals
reduce their shooting gallery visiting rate so that A; > A,. As being on HAART will

reduce the death rate we assume that u, > ;.

5.2.1 Formulation of the Effect of Awareness Programs on

HIV/AIDS Models with Successful HAART

We now show how we restructure the differential equation model for the spread
of HIV/AIDS amongst PWIDs with an awareness program ¢(m) that has been
analysed in Chapter 2| (equations and (2.3)). Let 7;(t) denote the fraction of
the susceptible PWIDs and the PWIDs infected but unaware of it at time ¢, 7,(¢)
denote the fraction of the aware infected PWIDs and on successful HAART time

t and p(t) denote the fraction of needles infected at time ¢.

Assume that i is the number of infectious needles at time t + Af, so we have

B =

I %4 . .
i, = and mty = P where n is the number of the PWIDs population and m
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represents the number of shared needles. We know that y = % is the gallery ratio
that represents the number of PWIDs per shared needles in the population, as
given in Table[4.1] So we use a similar technique that has been used in Chapter[2]
to derive a three-equation model. Two of these equations represent the infection
of PWIDs, and the other one represents the infectious needle. The model can be

described by the following differential equations:

The 7t;(t) equation:

The number of unaware and infected PWIDs at time ¢ + At

= number of unaware and infected PWIDs at time ¢
+ number of new PWIDs who are infected in time [t,t + At) .
— the number of the unaware infected class who progress on to successful infected

HAART treatment or leave the sharing, injecting population [t, t + At).

Note that the number of new PWIDs who are infected in the time interval [t t +
At) is the number of susceptible PWIDs who inject in [t,t + At) (A1¢(nv(t))At +
o(At)) multiplied by the probability (P, + P5)(1 — &) B(t) that they inject with an
infectious needle that has not been cleaned before use (1-£)p(t) and the infection

is transmitted (P, + P3). Hence

nry(t + At) = nmy(t) + (” —nmy(t) - ”ﬂv(t))AlcP(ﬂv(t))(Pl + P3)(1 = &)B(H)At
(1 + O)mi())AE + o(AD).

Next, subtracting both sides by nm;, and then dividing by nAt and letting At — 0

gives the following:

% = (1 - m— my)M@(riy)(P1 + P3)(1 = &) — (w1 + O)y. (5.1)

The 7ty (t) equation:

Similarly, the number of nty(t)- infected PWIDs who are on successful HAART at
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time t + At

= the number of infected PWIDs on successful HAART at time ¢

+ the number of PWIDs who are infected but unaware and transfer
to successful HAART in [t t + At)

— the number of infected PWIDs on successful HAART who leave
the sharing injecting population in [¢, t + At).

Thus

dTCV

7 = 67'([ — H2Tty. (52)

The g(t) equation :

Similarly, for the infectious needles S(t), we assume that aware PWIDs on HAART

interact with needles in the same way as susceptible PWIDs.
The number of infectious needles at time ¢ + At.
= the number of infectious needles at time ¢ not shared by PWIDs in [t, t + At)
+ the number of needles left infectious at time t + At after being shared by unaware
infected PWIDs in [t, t + At)
+ the number of needles left infectious at time ¢ + At after being shared by susceptible
PWIDs in [t, t + At)
+ the number of needles left infectious at time ¢ + At after being shared by aware PWIDs
on successful HAART in [¢t,t + At).
Thus
i(t+ At) = i[l — M (A= 7y) + Ay ] yqb(nV)At]
+ ATy )y AL [(1— B+ BE) = 1) + B(1 — &) (1 - 61))]
+ Ay (1 —m—my)i(1 =Py = P)) (1= &)P(my)At.
+ Ayymyi (1 = Py — Py) (1 = E)P(my) At + o(At).

Subtracting i(t) from both sides, dividing by m and letting At go to zero we deduce
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that
ap
datr

+ M)y [(1= B+ BE)(1 = ¢r) + B = &) (1 - 01)]
+Ay (A =m—my)p (1 =P —Py) (1= &E)P(my)

+ ALymygp(my)B (1 — Py — Py) (1= &).
Hence the system of differential equations which describe the model can be given

—[A (1 = my) + Aoy ] yp(mv)B

(5.3)

as follows

% = (1 -1 — )M Pp(ry)vB — (p1 + O) 7y (5.4)
dT(V
dt

d -
d—‘f = ¢(ty)ru(G — 7B) — P(rv)Arymyf — p(rv) (1 — 71y — my) PP (5.6)

= 0Ty — UaTly. (5:5)

We define the new composite parameters as the follows

v=A1(P1 + P3)(1 = &),

o =Myl —¢),

T=Ay[1-1-9HA-60)+(1-81-1)], (5.7)

p=Ay[l-Q0-&1-P-Py)],

Ay =M [1- (1=~ P - Py)].

We suppose that ¢(rty) is @ monotonically decreasing function with ¢(0) = 1. We
previously minimized the model’s dimensions in and by assuming that
the needle equation is at equilibrium. A similar method is employed in the
analytical part of Chapter 2 that is based on models for HIV/AIDs among PWIDs,

as explained by Liang et al.[| (2016) in models for HIV among PWIDs. Hence the

system can be written as

dm; P(ry)vro(l — iy — my)

R _ - o)my, 5.8
at T+ Ayny+p(1 -1 —my) (t +O)m 5.8)

d

% = (571[ — H2Tty. (59)

Each of these parameters v, G, 7, p and A, are positive.
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The differential equations in (5.4)- (5.6) and (5.8) -(5.9) describe the effect of

Awareness Programs on HIV/AIDS models with successful HAART. Now the
model has been formulated. In the next section, we shall look at the existence of

the unique non-negative solution.

5.3 Existence of Unique Non-Negative Solution

In this section, we perform an analysis of the existence and uniqueness of a non-
negative solution and then analyze whether any equilibrium solutions exist.

Liang et al.[ (2016) used the Picard—Lindeléf theory and the concept of Lipschitz
continuous functions (Choudhary (2011) to prove the existence of a unique non-
negative solution, as discussed in earlier chapters (2,3 and 4) in this thesis. In this
part, we are going to analyze the existence of the unique non-negative solution
using the Picard—-Lindel6f theory. The following theorem proves the existence of

the unique non-negative solution.

Theorem 5.3.1. For any given initial value ;(t), 7ty (t)) = (11;(0), ty(0)) € [0, 1] x [0, 1]
in the R? region, we assume that the function ¢ is Lipschitz continuous in 7y for
0 < my < 1. Then the model equations and have a unique non nega-
tive solution € [0,1] x [0, 1], moreover they are determined by the following three

cases
i. 7;(0) =0, ty(0) = 0. In this case m;(t) = ty(t) = 0 for all time.

ii. 77;(0) > 0, my(0) > 0 and 1 > 7;(0) + my(0). In this case m(t) > 0,
nty(t) > 0 and 1 > 7 (t) + my(t) for all time t > 0.
iii. 7;(0) =0, my(0) >0 and1 > m;(0) + ty(0). In this case m;(0) = 0,

nty(t) > 0 and 1 > Ty (t) for all time.

Proof: To establish this theorem, we need to show first the right-hand sides of

the equations (5.8) and (5.9) are Lipschitz continuous, and then we apply the
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Picard—Lindel6f theory. We also must verify that for any x = (I,,Vy) € D,y =
(4, V,) €D

IF(X) = f(YIl < LI x=yll,
for some constant L.

Writing I = 7i; and V = 7y, the equations (5.8) and (5.9) can be written in the form

dT([ _
W - fl(I/ V)/

dﬁv _
7 - fZ(I/ V)

We divide the proof into two parts. Write x(I,, V) and y(I,, V,). We shall show
that

|file, Vi) = £, V)| < Lillx = yll. (5.10)

|l Vi) = £, V,)| < Lollx = yll. (5.11)
In the other words the Lipschitz constants for f; and f, are L; and L, respectively.
First, let us look at part one

|, Vi) = filly, V)| < Lallx = il

for some constant L; > 0, and for any I, € [0,1],I, € [0,1]. Consider
¢V vLo(1 =L = Vy)

LT+ Ay Ve+p (-1 —=V,)
[ evyvLe(-1,-V,)

I+ AV, +p(1-1,-V,

AL, V) = fily, V)| =

- (Hl + B)Ix)

) - (Hl + 6)Iy]

3 ( S(VVLGA - I, — V) ) SV, L,5(1 -1, - V,)
TN\LTH A Vet p (= L= V)] L+ AV, +p(1-1,-V,)

+ (1 +0) L — 1.

(5.12)
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By the triangle inequality, we have that
SV L1 — I, - V) ¢V L1~ I, — V) )
LT+ Ay Vi+p (-1 —V,) LT+ Ay Ve+p (-1 —V,)

|f1(Ix/ Vi) — f1(Iy, Vy)| <

( OV L1 =L = V) ) OV WL, — I, — V)

+ — J—

LT+ AyVat p(A= L=V L1+ lyyVe+p(1-1,- Vi)

N _ewvrtea-1,-vo ) evvLe -1, - V)
LE+AyVe+p(1-1,-Vy) | \Lt+AyV,+p(1-1,-V,)

+ (u1 +0) L = I,

(5.13)
Once again, by the triangle inequality
VL1 = I, — Vy)
I, V) — AU, V)| <|Po(Vy) —p(V =
Fll V) = illy V)| £ |00V = (V)| [
+ V(_j(P(Vy) - _ Ix(l - Ix__ Vx)
LT+ AyVe+p(1-L -V,
L,(A-1,- V)
Iy’f + 7\2ny + ﬁ(l - Iy - Vx) (514)
(1-1,-Vy)
+(Vyvol, | —— —
I,T+ Ay Vi + p(l - I, - Vy)
a-1,-v,)

LT+ AV, +p(-1,-V,)

+ (1 + O)|L = I,|-
Since ¢ is Lipschitz continuous on [0, 1] we have

[6(V) = $(Vy)] < LualVie = V|
for some Lipschitz constant Ly, and it is straightforward to show that
|fil, Vo) = filly, V)| € Lia|Vie = V| + 5Ly | - L] + voLic Vi = V|
+ (41 +90) |Ix —Iy| .

where L = L1, + Ly + Lqe.

This completes the proof of inequality (5.10).
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Using similar arguments, we prove the second part as well

ol Vi) = folly, V)| < La|x = ).

ol V) = folly, V)| = |01 = V) = (01, = 2V, ). -
<@L = V) - (o1, - p212)
+[(o1, - V) = (o1, - v,
It follows that
Aol Vo) = oy, V)| < 8|1 = | + pa [V = V. (5.16)

This completes the proof of inequality (5.11)
To finish the proof, we look at the following conditions, We first suppose that
nty(0) > 0 for all Ty € [0, 1]. So there exists € > 0 with ¢(nty) > € for all my € [0, 1].

We consider three sets of initial conditions
i. 7(0) =0, ty(0) = 0. In this case m;(t) = my(t) = 0 for all time.
ii. 7t7(0) > 0, y(0) > 0 and 1 > 71;(0) + 7ty (0). In this case m(t) > 0,
nty(t) > 0 and 1 > my(t) + my(t) for all time ¢ > 0.
iii. 7;(0) =0, my(0) > 0and 1 > 7;(0) + 7ty (0). In this case m;(0) = 0,
nty(t) > 0 and 1 > 7ty (t) for all time ¢ > 0.

We set ¢ = (1 — ; — mty) , SO we can rewrite (5.8) and (5.9) in the form

@ __ (@ N d“_V)
dt dt dt

_ ( (1 =7 — my)P(my) v

— \mt+ Aymy + p(1 - 11 - my)

(5.17)

) + Tt + Tty
We start with the first condition
i. 7;(0)=0, y(0)=0
Using the Picard—Lindeldf Theorem, we can see that 7i; = 7ty = 0
is a solution for all time. As long as At is greater than 0, the system
has an unique local solution in [0, At]. Forall £in [0, T.), let [0, T.) be
the maximum interval where a solution exists with 77;(&) = (&) =

0. It is necessary to have 7, > At > 0, so we assume that 7, < o
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and ;(0) = wy(0) = 0 for all + < 7,. By using the Picard-Lindel&f
Theorem the solution exists with 77;(&) = y(&) = 0in [0, T.+&]. This
contradicts the definition of 7,. Therefore, there is unique solution

on 11;(&) = y(&) = 0 for all time t > 0.

ii. 711(0) > 0, ﬂv(O) >0and1 > T([(O) + 7'Cv(0).

Suppose that (0, 7.) is the maximum interval where a solution exists

and for
{For &£e(0,7):m(&)>0,my(&)>0 and 1> m(&)+my()}.

By the Picard-Lindeléf Theorem there exists At > 0 so that the
equations and have a unique solution in & € [0, At]. It
is straightforward to show that if At is small enough m;(At) > 0,
nty(At) > 0 and ¢ (At) > 0.

We assume that 7. < oo, and by integrating equation we have
that

dm
d_tI > —([,ll + 6)771,
SO

(&) = m(0)exp[—(ur + 0)E].

Hence by letting & — 7,

gn (&) = T(0)exp[—(u1 + O).]-
>0

for & € (0, 7.].
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Similarity, for equation (5.9) and (5.17) we have

dm
d_tV > —U2Tly.

So nty > my(At)exp[—pa(t — At)].

nV(Te) 2 nV(At)exp[_‘UZ(Te - At)]

> 0.

d_ll’ —pP(my)vmo

> — .
dt — T + AQ'}/T(V + ﬁ(l — T+ ﬂv)

S —eyvmy, [At, 1,]6
min[i—/ 12’)/1 ﬁ]
= —klyb.

where 7t;, [At, T.] denotes the strictly positive lower bound of 7t; in

4

[At,7.] and k; > 0. Hence
() = P(ADexpl—ki(t - AD).
Letting t — T,
P(te) > P(ADexp[—ky (T, — Af)] > 0.

So we can extend the solution a little beyond .. This contradicts

the definition of 7, so 7, = .

iii. 77;(0) = 0, my(0) > 0and 1 > 7;(0)+ 7ty (0). In this case it is clear that

7;(t) = 0 for all ¢, 7ty (t) = 71y(0) e+ is a solution to equations
and so by the Picard-Lindeldf Theorem it is unique solution
there. This completes the proof of the theorem in the case
where ¢(rt,) > 0 for all r, € [0, 1].

Now suppose that there exists 7}, > with ¢(rty) = 0 for

_0
(t2 +0)
ny > my,. Then the above proof and theorem is not valid but the
results and proof can be modified as follows:

The case (i) and (iii) are the same. For case (ii) we have two pos-

sibilities
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a ny(0) < mj,. Then it is straightforward to show
my(t) 2 0, my, = my(t) > 0 and 1 > my(t) + my(t) for all t > 0 and
my(t) > 0, i}, > my(t) > 0 and 1 > my(t) + my(t) for all ¢ > 0.

b ny(0) > 7;,. Then it is straightforward to show that m, must

v
decrease to 7}, in a finite time T* and during this time 7} is also
exponentially decreasing. After this finite time for t > T*

m(t) > 0, 7}, > my(t) > 0 and 1 > 7ry(t) + mry(t).

By this augment we have completed the proof of the existence of a unique non-
negative solution. Next, we will calculate the basic reproduction number, which is

an important factor in our model.

5.4 The Basic Reproductive Number R,

The basic reproductive number R, plays an important role when studying the
behavior of analytical mathematical models of disease. For our model we use
a similar definition of the basic reproductive number R, that has been used in
Chapter[2] The basic reproductive number R is calculated by considering a single
newly PWID who is infected with HIV virus entering a disease-free population,
when all needles are clean. The infection can occur in two ways during a visit to

the shooting gallery

e The infected PWIDs who are unaware and have not had successful

HAART passes HIV virus to an uninfected needle.

e The newly infected needle passes the virus to a susceptible PWID

If we write I = nm; to be the total number of unaware infectious PWIDs, V = nmy to

be the total number of aware infectious PWIDs, and i = mf to be the total number

184



of infectious needles at time ¢ then from equations (5.4) and (5.6), we have

dl - i _
7 = (= I=V)o(my)v— = (1 + O,
av . _
i ol — u,V,
and
di m - - . n-I1-V\_.
i ;(P(T(V)I(ﬁ —1B) — LV d(nv)i — Pp(mv) (T) pr.
Linearising about the disease-free equilibrium we have
dl i _
ki (11 + 0,
av . _
=8I -uV
ar = oLV,
and
di_ S
At n P

To calculate Ry we proceed as follows: Each unaware newly infected PWIDs

remains in the sharing, injecting population for an average time time units.

1
Yy + 0
During that time he or she visits the shooting galleries at rate A, and they infect

——— new needles during the time that they are infected. Once the needle
y(u1 +9)

is infected with HIV/AIDs it remains infected for time % and during that time it

infects PWIDs at an average rate % so altogether it infects :1—1{; Aware infected

PWIDs (who are on HAART) do not infect any needles. So the basic reproduction

number can be written as

__ 9 mw__ o
y(p +0) mp (g +0)p

This concludes our analysis of the basic reproduction number R,. In the next

Ry (5.18)

section, we are going to show the behaviour of our model analytically.
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5.5 Analysis of The Model

We study the behaviour of our transmission model in this section, concentrating
on the key of biological parameter R, since that will show whether the HIV/AIDS
disease persists or whether it disappears. In order to determine the nature of any
equilibrium solution, We shall prove that there are two types of equilibrium solu-
tions: a zero solution (disease-free equilibrium) and unique non-zero (endemic
equilibrium). Then we will perform stability analysis, and furthermore, we will also
do numerical simulations of our analytical comes system to verify the implemen-
tation of disease awareness programs is indeed effective. Next we are going to

perform a detailed analysis to investigate the existence of equilibrium.

5.5.1 Existence of equilibrium

In this section, we are going to explore the possibility of the existence of an equi-
librium for our model. We shall show the model has two non-negative equilibria,
the first one being the disease-free equilibrium DFE E, = (79, mv0) = (0,0) and
the second one being the endemic equilibrium EE E; = (rt}, },) > 01in (0, 1]x(0, 1].

This is shown in the following:

Theorem 5.5.1. The system (5.8) and (5.9) has a unique disease-free equilibrium
solution where the disease dies out in bothPWIDs and needles if Ry < 1, whereas

if Ry > 1 then there is a unique endemic equilibrium where the disease is present.

Proof: Suppose that ¢ is strictly monotone decreasing in nty. From the equilib-
rium solution of (5.8) and (5.9) one solution is clearly 7i; = rj, = 0.

For a non-zero solution
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(5.19)

. M2,
TG = 37’(‘/,
H2_ 5
g Loqpte 7 O+ 1] (5.20)
T, 6  vep(my,) — (U1 +0)p '
Re-arranging (5.20) we deduce that
LR S , (5.21)
0, 0 Vo S() — P
(1 +90)t v
where * = %T + Ayy.
Define
g1(my) = i and (5.22)
Tty
1
o) =1+2 1 (5.23)
o Vo
¢( V) I

(4 + )T

By using the reproduction number equation
. ov
(11 +0)p’

< 1. In this case, we have that from

we take into account several situations
+0)p

(I) Suppose that Ry = @ 161/
the equilibrium equation 7t; = 57
T+, <1,
nv(l + %) <1,
Ty, < 1;12
1+ 5

i >1+ % We know that ¢(mt},) is strictly mono-
Therefore, the the denominator of the

Thus gl(T(V) =
V
tone decreasing in 7,

equation g,(r;,) in (5.23 m gives
Vo P
= L v
(u + 5)T o) - (/J + &)1 o <0, v,
H2

so we have g(mt},) <1+ 5
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*é and gi(m}) > 1+ ‘; for 1}, € (0,6/(5 + w2)).

Therefore, there is no feasible solution with Ry < 1.

ov - =1, this is similar to we had at the first case

(i1 +0)p

Hence g (j,) <1+

() If Ry =

p VG p .
e e S e T T Y

y

Hence g () < 1+ £2 or g»(m},) = oo and gi(m},) > 1+ — 2 for

o
Ty, € (0,6/(6 + yZ)). In this case also, there is no feasible solutlon

with Ry =1.
ol
) If Rp = ——— > 1, since ¢(m},) is strictly monotonically de-
creasing, we consider the equation given by
. Pp(ur+0)
P(mty,) = —5 < 1. (5.24)

Our considerations are based on three cases.

p(u1 +0) . .
) If ¢ > —, the equation (5.24) has no roots in
6 + Uz Vo
(O, 0 ) In this case as iy — 0, then g;(nty) — o0 and
o+ U2
25} 1 Ha2
8(”v)_’1+g+ pyes _£>1+6'
(i +0)T 7
At ), = L then we have g(m},) =1 + &. Therefore
O+ Uy 0
1
o) =1+ 24 S1482
0 VG 0 P 0
o Norm) 7
since

o p
(1 + 6)T*¢)(6 + yz) =

As a result, the equation (5.21) has a non-zero root 7}, in

(O, 6f ) In addition, because g(rt},) is strictly monotone
2

decreasing in 7r;, and g»(},) is strictly monotone increasing in

0
(S+‘L12 '

7, this root is unique in (O,
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_ p(p1 +9) . _
) If ¢ = —, the equation (5.24) has a unique
6 + U 17
o . :
root mj, = . Again, we use the same argument as in

o+ Uz
Case (a), so in the same way as n;, — 0, then we have that

g1(m},) — oo and

ke !
(1) = 1+6+ pyes _£<oo.
(L +o)T 1
oV
because Ry = ——— > 1, and
T (i +o)p
, 10
dg(nv) —¢ () (4 + )T 0
i 5 > 0.

((y - 5)1 2plm) - )
So the right hand side of (5.21) is increasing.

Again at i, = Lyz then we have that ¢(n},) =1+ % Ina
1+F
similar way,
_14 b2 1
g2(6+y2)_1+ 5 ( 5 )_E'
(p+0)T""\6+u/)

and therefore because
Vo ( o) ) B E
(y1+6)7*¢ o+ ) T’

0 1
wl5vm)= A
T T

so gi1(my,) < ga(m}). It follows then the equation (5.21) has

. . o - .
a unique root 7, in (0,—), and similarly to case (a), this
o+ U2

0
(3+[.12 '

5 - p(p + 0)
6+y2 %o

root is unique in [0,

, then we know that

c) If <p(

—p(y1_+ %) and,
Vo

) < p(u1 +06)
O+ Uz Vo '

(i) $(0)=1>
(ii) <P(
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As result, the equation (5.24) has a unique root rj; in (0

o+ Hz)
. Similarly, in this case as iy — 0, we have g;(mty) — oo and

gz(nv)—>1+%+ 1

[co

— — <
_vw___P
(g +o)
1
As iy — mj; then ¢i(nty;) — = < oo and g,(n}) — co. As a
v
result, the equation (5.21) has a root in (0, 7};), and unique-

ness follows as before.

Aty = 1}y, g1(T})) < co and g(mty;) = o0. Formy € (n*‘}‘, _o )
o+ U2
Uz

we have that g;(ny) > 1 + S5 and g(my) < 1+ % So there

are no roots of the equation (5.21) in [n;

]. Therefore
0+ U2

the equation (5.21) has a unique root in (0

o+ MZ)'
The proof of Theorem (5.5.1) is now completed. In the next

section, we are going to show the local stability analysis of

the equilibria.

5.5.2 Local Stability Analysis of Equilibrium

To do the local stability analysis we use the Routh—Hurwitz criterion (May| (2001)
and |Dedesus and Kaufman| (1987)). We examine the stability of the system using
the coefficients of polynomial in the characteristic equation. It is the technique
used to investigate the local stability of the equilibrium, as done in previous chap-
ters. We are going to look first at the disease-free equilibrium DFE and then the

endemic equilibrium points EE.

Theorem 5.5.2. The disease-free equilibrium of the system of equations (5.8) and
(5.9) is locally asymptotically stable if Ry < 1 and unstable if Ry > 1. If Ry = 1 the
disease-free equilibrium is neutrally stable. If Ry > 1 there is a unique endemic

equilibrium which is locally asymptotically stable.
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Proof. We assume that ¢(m) is a differentiable function. By linearizing the system
of equations and (5.9), and using the variational matrix method around the
equilibrium point we can identify the local stability.

We write equations and as

P(ry)vryo (1l — iy — my)

T + Ayymy + p(1 — 111 — 71,)

filmy, my) = — (p1 + 0)my = 0. (5.25)

fo(my, my) = 0y — pamty = 0. (5.26)

We define the matrix representation of this system as follows This system can be
dy

represented in matrix form as i J, where y' = (r;, my). Our Jacobian matrix
is
d d
ai ai A-(u+6) B
Jr, ) =| 9T o= . (5.27)
h s
(971[ aT(V H2
Here
) (1 - 27 — n})qb(n})v@[nﬁ + Ay, + p(1 — 1) — n’{,)]
= 2
(n}‘T + Aoy, + p(l — 7 — n’{,))
("c - ﬁ)[(l - = n’{/)qb(n})vnja]
_ - >,
(7’(;7 + Ayym, + p(1 — 15 — n“{,))
and

. qb(n;)n;v&[ - (R;T + Ay, + p(l — 7 — n’{/)) -y -pA-m; - n;)]

- 2
(nﬁ + Ayymy, + p(1 — 17 — n;))

(1-m)— n’{/)gb'(n;)mvé(n}f + Aoy, + p(l — 1) — nv))
+

2
(nﬁ + Aym, + p(1 — 1) — n;))

(5.28)
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5.5.2.1 The Disease-Free Equilibrium.

At the disease-free equilibrium DFE E; = (n;, 7t},) = (0, 0).
det(J; — wl) =0,
In other words

Vvop
— (1 +96)~w 0
detd; =| P = 0. (5.29)
o —Up — @
We define the eigenvalues w of the Jacobian matrix J, as the roots of the char-

acteristic equation

Vo

(a)+y1+6—3)(a)+y2):0
with roots wq = —(u; +96) + % and w, = —uy. wy is clearly always negative. w; is
positive if Ry > 1, zero if Ry = 1 and negative if Ry < 1.

As a result, the local asymptotic stability of the DFE equilibrium point depends on

the value of the basic reproduction number R, = —V_ Hence there are three
(1 +0)p
possible stability scenarios.
ov
e If Ry = ——— < 1, then the DFE is locally asymptotically stable.
0 o) y asymp y
e IfRy) = L_ =1, then the DFE is neutrally stable.
(W1 +0)p
o f Ry = —2Y > 1, then the DFE is unstable.
(1 +0)p

5.5.2.2 The Endemic equilibrium.

Similarly, we use a similar argument to examine local stability at the endemic
equilibrium point as we used to investigate the disease-free equilibrium.

Recall the Jacobian matrix around the endemic equilibrium point EE. E; = (71}, 717,
of the above system then the Jacobian matrix J,(rt}, },) of system corresponding

to E; is obtained as
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A-(um+d)-w B
Dol ) = (5.30)

o —l2 — @

For J, the characteristic equation is

w*+aw+b=0, and

wherea =+ uy +6—Aand b = uy(uq +6) — Aup — OB.
Using the equilibrium equations, we now have
— (10, )G T—p)(1 - —1y,)P(r), v
A-(m+0)= - v/ - ( )_ 5
(nfc + Ayymy, + p(1 — 17 — n;)) (n’;’f + Ayym, + p(1 — 15 — n’{,))

—qb(n’{,)n;vé[nﬁ + Ay, + (1 -1 - n})] )

= <0.
_ 2
(n’;’f + Ayym, + p(1 — 15 — n’{,))

Note that qb'(n;) < 0 since ¢(mty) is monotone decreasing. So

[n}"‘r + Ayy(1 - n;)]
B < —¢(mty,)mvo 5 <0.
T + Ay, + p(l — ) — n;]

So we have
a=w+u+6-A>0, and

b= 1o (1 + 6) = A) = 6B > 0.

Since a > 0 and b > 0 satisfy the Routh-Hurwitz conditions, the endemic equilib-
rium EE is locally asymptotically stable if Ry > 1. This completes the proof of the

Theorem[5.5.2]

5.5.3 Global Stability of Equilibrium

In this section we are going to show the global stability of disease free equilibrium

DFE and discuss the global stability of the endemic equilibrium.
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5.5.3.1 The Disease-Free Equilibrium .

Theorem 5.5.3. If Ry < 1, then the disease-free solution for the system (5.8) and
(5.9) is globally stable, and HIV/AIDS will be eliminated from all PWIDs, as well

as needles and syringes.

Proof: To prove this theorem we use a mathematical technique. First, we pick

the equation (5.8)
@ B P(ny)vo(1 — iy — my) 1y

ar T + Zz)/nv + ﬁ(l — T — Ty)

- (Hl + 6)7111

We are going to show that 7;(t) — 0 as t — co. We have that 77;(0) = 0 implies
that 7t;(t) = O for all time. So we can suppose that 7;(0) > 0 and by the results

of the existence and uniqueness theorem 7;(0) > 0 for all t. We can rewrite the

equation (5.8) as
1 dﬂ[

—Tl = g(my), (5.31)
where
Tty )VO
g1(my) = - Pv) = —(t +0),
7T N Ayymy L5
A-m-my) A-m-m) © (5.32)

1%
<— - ( + (5)
o
as ¢(mty) is monotone decreasing in my. Hence gi(m;) < —(u1 + 6)(1 = Ro) = —

where ¢ > 0, so from equation (5.31) we have

1 dn;
- <
f 7y dt at f( ),

[log nl] —et, (5.33)
log (771111((;)))) < —et.

Hence 0 < m;(t) < m(0)e~!. Now as t — oo then m;(0)e ¢ — 0, so m;(t) — 0 as

t — oo,

It is then straightforward to show that 7ty (t) —» 0 as t —» oo. Given ¢ > 0 there
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exists to such that i; < e for t > t,. Hence for t > ¢,
i(nve“zt) < Omet?!
dt - '
< deet?,
niyet? — my(0) < Seet?,
0 < mty(t) < my(0)e 2 + (;—8(1 — et
2
SO
o
limsupry (t) < o<
2
As ¢ can be made arbitrarily small it is straightforward to show that 7y, — 0.

This completes the proof of Theorem (5.5.3). So the DFE is globally stable for
Ry «1.

However, to investigate the global stability of the endemic equilibrium (EE) we
attempted several mathematical methods such as the construction of Dulacs cri-
terion and the Poincaré-Bendixson Theorem (Strogatz| (2018), May| (2001) and
Dedesus and Kaufman| (1987)) to analyse the global stability of endemic equilib-
rium EE. Unfortunately, this proved difficult, and no results were obtained.

As we move forward in the following section, we will present some numerical

simulations of our analytical results for the models.

5.5.4 Simulations

We employ numerical simulations to verify our theoretical results, which showed
the behaviour of our HIV/AIDS model with a disease awareness program showing
that the disease will die out if Ry < 1 or become endemic if Ry > 1. Similarly to
previous chapters, in section simulations,we used MATLAB and a numerical ODE
solver (ode45) to estimate the behaviour of HIV/AIDS disease prevalence over
time. We used realistic parameter settings for the model and with

two disease awareness programs function ¢(n) ((Greenhalgh et al.[2015), (Misra
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et al. 2011) and (Samanta et al.[2013)). In this simulation, we test two functional
forms of awareness programs ¢(mn) that have been used in the previous chapters.

The two functions are as follows

(i) ¢(n) = (1 — %) where a and b are positive constants with 0 < a <

1.

(i) ¢(rr) = e7™"™ where my is constant and n represents the number

of the PWIDs population.

We shall make similar assumptions as in Chapter 2. We assume that A; > A,
so that susceptible and infected but unaware PWIDs visit shooting galleries at a

higher rate A, than aware infected PWIDs who are on HAART treatment.

We kept the same values for the probabilities parameters as shown in Chapter
2 namely p = 0, ¢, and 0, are zero as these probabilities are very small. We
assume that the realistic values for u, > u;, which are the per capita rates at which
infected PWIDs leave the sharing injecting population, and we have y = n/m =1
(based on |Liang et al. (2016)). We assume the value of 6=1/six months ,which
is the per capita rate at which infected but unaware PWIDs transfer to successful

HAART. These values are as fallows:

(= 7.0637x107%/ day, pa = 7.9398 x10~*/ day, P, =0.74,
P, =0.25, P; =0.01, P, =0.0,
Ay = 0.190/day, A, = 0.143/day, 0 =1/180 = 0.0056 /day.

We choose to vary the needle cleaning probability £ with 0 < & <1,

We examined the behaviour of the model equations and by altering Ry
by choosing two different values of &. In the following examples, we chose two
values of £ one where the disease is die out when Ry < 1 and one where the
disease is endemic when R, > 1. The starting value was initially 7(0) =1 g(0) = 1

in all cases.
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e Example 5.1:

Figure shows the plot of two simulations without using disease
awareness program function over time. We use the the current set
of parameter values shown above .So the sub-Figures show
ni; and my the fraction of PWIDs who are unaware infected and
aware infected respectively, where the disease is present in both
PWIDs and needles if Rp > 1 when choosing & = 0.0. Then from
the equations model - and the composite parameters
in equation (5.7), we have v = 0.1425/day, ¢ = 0.1900/day, T =
0.1900/day and = 0.0475/day,, = 0.1416/day, giving R, = 22.9865.

On the other hand, the sub-Figures show 7i; and nty the frac-
tion of PWIDs who are unaware infected and aware infected re-
spectively, where the disease is die out in both PWIDs and nee-
dles if Ry < 1 when choosing ¢ = 1.0, then from the model equa-
tions - and the composite parameters in equations (5.7),
we have v = 0.0/day, 6 = 0.1900/day, T = 0.1900/day and p =
0.1900/day, , = 0.1430/day, giving R, = 0.0.

HIV with cleaning of needles before use ¢=0.0 . HIV with cleaning of needles before use £=1.0

||
—— my

— | N

of PWID population infected

(a) £ =0.0, then Ry > 1. (b) £ =1.0,then Ry < 1.

Figure 5.1: The plots of simulations for the solution of model and without values of awareness program function

where n = 1000.

e Example 5.2: ¢(n) = 70",
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We now simulate our model and using the first disease
awareness program function, the function we use is ¢(m)= e """
(taken from Cui et al. (2008)) with choosing different values of m
where is constant and n represents the number of the PWIDs pop-
ulation. In the Figure shows plots of six simulations with the
disease awareness program over time, we picked my = 2.0/n,3.7/n
and 10.0/n, and use the same set of parameters values shown

above.

Again what seems to be illustrated in sub-Figures and
is the fraction of PWIDs who are unaware infected an aware
infected respectively. These PWIDs do not clean their needles be-
fore use As previous an example if £ = 0.0 then Ry = 22.9865. This
indicates that over a considerable period of time, the proportion of
the PWID population that was HIV-positive tended to the particular

endemic equilibrium.

One other case, the sub-Figures[5.2b] [5.2d and [5.2f choosing m, =
2.0/n,3.7/n and 10.0/n show the fraction of PWIDs who are un-

aware infected an aware infected respectively. These PWIDs often
cleaned their needles successfully before use. if £ = 1.0 then we
have R, = 0.0 as case Ry, < 1 in example 5.1, then After a long
period of time thee HIV virus eliminated from both PWIDs and nee-

dles.

artt
b+m
and (5.9) using the second disease awareness program function
artt
=1- —
() b+m
of the constants @ and b constant are shown in the Figure[5.3] Apply

Example 5.3: ¢(m)=1 — We now simulate our model (5.8)

(taken from |Li et al.| (2008a)), with different values

the same values to the parameters as were previously shown.

The plots of six simulations in Figure [5.3]are shown the fraction of
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PWIDs who are unaware infected an aware infected respectively.
So aging we have a similarly results to the previous Figures [5.2]
and[5.1] If £ = 0.0, so we have that R, > 1 for the sub-figures [5.34)]
[5.3c| and [5.3€] of Figure when both PWIDs and needles are

infected with the virus. The composite parameters in equation (5.7),
and the equations model - (6.9), thus give us v = 0.1425/day,
& = 0.1900/day, 7 = 0.1900/day and j = 0.0475/day,, = 0.1416/day,
giving Ry = 22.9865.

On other hand, if £ = 1.0 then we have R, < 1 for sub-figures
and of Figure 5.3, So in this case We can ob-
serve that the proportion of infected PWIDs and needles will even-
tually reach zero. So from the equations model - (6.9)and the
composite parameters in equation we have that v = 0.0/day,
& = 0.1900/day, T = 0.1900/day and p = 0.1900/day, , = 0.1430/day,
giving Ry = 0.0.
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Figure 5.2: The plots of simulations for the solution of model (5.8) and (5.9) with awareness program function ¢(m)=
e~™o"™ where n = 1000 and when £ = 0.0 s0 Ry > 1 and so & = 1.0 then Ry < 1.
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and so £ = 0.0 when Ry > 1and so & = 1.0 when R < 1.
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5.6 Conclusion

In this chapter, we have discussed the effects of awareness programs on the
transmission dynamics of HIV among PWIDS on successful HAART. We have
developed and investigated a deterministic model that focussed on the impact of
awareness programs on the behaviour of HIV/AIDS transmission in two groups
of infected PWIDS where the first group is unaware and the second group is
successfully treated with HAART. This model is an original model although its
derivation is based on the models discussed in Chapters 2 and 3. As far as we
are aware this is the first model in the literature that takes account of the effect of

HAART on the spread of HIV amongst PWIDs.

The model studied in this chapter differs from the models discussed in the pre-
vious chapters in that the susceptibles are split into successfully treated (with

HAART) and unaware susceptibles.

A formula for the basic reproduction number R, was derived that allowed us to
perform the analysis of the model. Our analysis indicates that this is a critical
threshold parameter R, = 1. Based on our analytical results, the system has
two equilibria: the disease-free equilibrium solution and the endemic equilibrium
solution. Our analysis is assuming that ¢ is monotone decreasing shows that the
disease-free equilibrium is locally asymptotically stable if Ry < 1, neutrally stable
if Ry = 1 and unstable if Ry > 1. In the case when R, > 1, we demonstrated that
the endemic equilibrium existed and is also locally asymptotically stable. Also,
we showed that the disease-free equilibrium solution was globally asymptotically
stable when If Ry < 1. Lastly, we carried out numerical simulations to illustrate the

dynamic behaviour of this model.
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Chapter 6

Conclusions and Further Work

The spread of HIV and AIDS among communities that use intravenous drugs
poses a significant threat to their health. Sharing needles and other injectable
supplies makes it possible for this virus to spread more quickly and efficiently
within these populations than it would within the general population. The trans-
mission of HIV through the sharing of needles is influenced by a diverse set of fac-
tors, each of which has been demonstrated to be significant in its own right. Social
networks that facilitate the sharing of injections amongst addicts have also been
identified as potentially key parts of the problem. \Greenhalgh and Hay (1997)is
one author who has proven the significance of variation in needle-sharing rates
and needle-cleaning efficacy.

In Chapter 2, we have developed a mathematical model of the effect of disease
awareness programs on the prevalence of HIV amongst PWIDs, building on the
models developed by Greenhalgh and Hay (1997) and |Liang et al. (2016). A sys-
tem of differential equations has been deduced to describe the improved model
that reduces the spread of the diseases through the effect of awareness of the

disease on sharing needles and syringes amongst the PWID population.

Our discussion has been focused on two ways of studying the effect of awareness

programs into disease transmission models. The key biological parameter of our
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model is the basic reproductive number Ry. We have shown that the system has
a unique equilibrium solution. If ¢ is monotone decreasing, then we have shown
that if Ry < 1 then the DFE is globally asymptotically stable, so whatever the initial
fraction of infected individuals, the disease will die out as time becomes large. If
there is no disease initially present, then there will never be any disease. If there
is disease initially present and Ry > 1 then the system tends to the unique EE.
We also showed that the DFE is locally asymptotically stable if Ry < 1, neutrally
stable if Ry = 1 and unstable if R, > 1. In the case if Ry > 1, we showed that the

EE was locally asymptotically stable too.

Chapter 3, We began chapter 3 by expanding our study model to be a two-
dimensional model. We derived a system of differential equations of HIV amongst
PWIDs with the disease awareness programs which kept the expression of the
biological parameter for Ry as same as in the previous chapter. We showed the
equilibrium solutions analytically if ¢ is strictly monotone decreasing or mono-
tone decreasing. Then we have shown that if Ry < 1 is the only condition for the
disease to die out in all PWIDs and needles. Whereas if the disease is initially
present and R, > 1 the disease will present among the population of PWIDs for all
time. Furthermore, we proved that the free disease equilibrium of the model
and is locally and globally stable if Ry < 1, whereas it is unstable if Ry > 1.
Also, we showed that if Ry > 1 the system has a unique endemic solution which
is locally and globally stable, wherever the disease is present and either 7z(0) > 0
or f(0) > 0. So if either (0) > 0 or f(0) > 0 and R, > 1the system tends to the
unique endemic equilibrium.

In Chapter 4 we have considered the effect of awareness programs in a three-
stage infectivity model of HIV/AIDS. We developed the three-stage HIV/AIDS in-
fection model studied by Lewis (2000) by applying awareness programs func-
tions. And then we derived the system of differential equations for the spread of

HIV amongst PWIDs with disease awareness programs. We calculated an ex-
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pression for the basic reproduction number R, that allowed us to figure out the
analysis of the model, we have shown that for any given initial value condition
in the region D=[0, 1]* in R*, the system of the model has a unique non-negative
solution that remains in D for all time, and also the conditions required for persis-
tence for the infected fractions of PWIDs and needles 7, iy, 13 and . In general,
the disease is persistent when Ry > 1 as shown in Theorem [4.3.5] Analytically,
we determined the equilibrium solution where the disease dies out or persists in
both PWIDs and needles for our model and evaluated its local and global stability.
We showed that if Ry < 1 there is only the disease-free equilibrium where if Ry < 1
disease free DFE equilibrium is locally asymptotically stable, as well as globally
stable. Otherwise, the disease-free solution DFE is unstable if R, > 1. Also, there

is endemic equilibrium solution EE which is locally asymptotically stable if Ry < 1.

In the last chapter, we have discussed the effects of awareness programs on
the transmission dynamics of HIV among people who inject drugs (PWIDs) on
successful HAART. We have developed and investigated a deterministic model,
that focused on the impact of awareness programs on the behaviour of HIV/AIDS
transmission in two groups of infected PWIDs where the first group is unaware

and the second group is successfully treated with HAART.

A formula for the basic reproduction number R, was derived that allowed us to
perform the analysis of the model. Our analysis indicates that this is a critical
threshold parameter Ry, = 1. Based on our analytical results, the system has
two equilibria: the disease-free equilibrium solution and the endemic equilibrium
solution. Our analysis assumes that ¢ is monotone decreasing shows that the
disease-free equilibrium is locally asymptotically stable if Ry < 1, neutrally stable
if Ry = 1 and unstable if Ry > 1. In the case when R, > 1, we demonstrated that
the endemic equilibrium existed and is also locally asymptotically stable. Also,
we showed that the disease-free equilibrium solution was globally asymptotically

stable when If Ry < 1. Lastly, we carried out numerical simulations to illustrate the
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dynamic behaviour of this model.

To the greatest extent of our knowledge, the study we are doing presently fills
a research gap as it is the first time disease awareness programs have been

applied to a mathematical model of HIV among PWIDs.

For further study, we believe that the awareness programs technique employed in
this thesis can be applied to additional diseases such as COVID and measles, To

reduce the global spread of epidemic diseases.
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