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Abstract

This thesis focuses on the theoretical analysis, numerical implementation, and practical

applications of randomized numerical schemes for solving differential equations charac-

terized by low regularity and temporal irregularities. Randomized schemes, which in-

troduce stochastic perturbations into traditional deterministic numerical methods, can

offer advantages in convergence analysis and error estimation in certain low-regularity

settings, especially when dealing with non-smooth coefficient functions.

The research is structured into three primary components. First, we study delay

differential equations (DDEs) with Carathéodory-type coefficients that are measurable

in time and continuous in the state variables, and establish existence and unique-

ness under appropriate assumptions. We then propose a novel randomized two-stage

Runge-Kutta scheme and establish convergence rates under strengthened low-regularity

assumptions—Lipschitz in the state and Hölder in delay and time—extending the class

of DDEs tractable beyond standard deterministic methods. Numerical experiments

validate these theoretical results and demonstrate the scheme’s effectiveness.

Second, the thesis explores stochastic delay differential equations (SDDEs) with

drift coefficients satisfying Carathéodory-type conditions. By constructing and analysing

a randomized Euler scheme tailored for these equations, we derive rigorous error bounds

and confirm convergence properties theoretically. Implementation details and exten-

sive numerical experiments illustrate the practical performance and robustness of the

proposed scheme.

Lastly, the thesis introduces a randomized numerical scheme within neural ordinary

differential equation (NODE) frameworks for image denoising applications. A new deep

learning model, NODE-ImgNet, is developed by embedding a randomized Euler solver
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Chapter 0. Abstract

within a NODE architecture. Evaluated on multiple image denoising benchmarks,

the proposed model demonstrates competitive and, in many cases, superior empirical

performance relative to several strong baseline methods.

Overall, this thesis establishes randomized numerical methods as powerful tools for

handling differential equations and data-driven models with limited regularity. The

work not only provides rigorous theoretical insights but also broadens the practical

applicability of numerical methods, opening pathways for future research into higher-

order randomized schemes and deeper connections with machine learning techniques.
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Chapter 1

Introduction

Numerical schemes are fundamental tools in modern mathematical research, offering

effective solutions to a wide range of complex problems through discretization and

computer simulation. In the context of differential equations, numerical schemes are

indispensable, as most such equations do not admit explicit analytical solutions or are

computationally intractable. Leveraging high-performance computing and discretiza-

tion techniques, researchers can obtain numerical approximations that meet practical

accuracy requirements. Traditional deterministic numerical schemes for ordinary dif-

ferential equations (ODEs) and stochastic differential equations (SDEs), such as Euler

schemes [13], Runge-Kutta schemes [30], the Euler-Maruyama scheme [59], and their

implicit variants [2,40,106], achieve this by discretizing the temporal domain into finite

steps and propagating solutions iteratively. These schemes have been the cornerstone of

dynamic system analysis, enabling accurate trajectory predictions in classical mechan-

ics [41], financial modelling [59], and biological systems [78], where smooth coefficients

and well-defined initial conditions prevail.

However, many real-world models involve low-regularity or non-smooth coefficient

functions, posing serious challenges to traditional deterministic schemes. In recent

years, a new class of randomised schemes has emerged to address such difficulties

[4,7,61,64,77,87,89]. These methods introduce controlled random perturbations—such

as random evaluation points or discretization nodes—within classical discretization

frameworks. In certain low-regularity settings, this randomisation can help avoid patho-
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Chapter 1. Introduction

logical alignment with irregular features of the problem and may remain effective where

some deterministic point-evaluation-based methods fail to converge. Moreover, such

schemes often admit probabilistic error estimates, which enable rigorous convergence

analysis under weaker regularity assumptions. This thesis studies the development

of randomised numerical schemes for low-regularity delay differential equations and

stochastic delay differential equations, and further explores their extension to a neural

ODE framework for image denoising.

1.1 Background and Literature Review

We begin by reviewing the main ideas behind randomised schemes and the existing

literature on their convergence advantages in low-regularity settings. To this end,

we first consider the prototypical framework of ordinary differential equations (ODEs).

Consider the initial value problem for an ODE: for a given T ∈ (0,+∞), find a function

u : [0, T ] → Rd (d ∈ N) such that


u′(t) = f(t, u(t)), t ∈ [0, T ]

u(0) = u0

(1.1)

where u0 ∈ Rd is the initial condition.

Traditional deterministic numerical schemes typically discretize the ODE using

finitely many point evaluations to produce approximate solutions. For instance, the

classical explicit Euler scheme updates the solution via

U j = U j−1 + hf(tj−1, U
j−1), j = 1, . . . , Nh,

where h > 0 denotes a fixed step size, tj = jh, Nh = ⌊T/h⌋, and U0 = u0.

As a probabilistic extension, the randomised Euler scheme [64] incorporates ran-

domness while maintaining the original structure. Let (γj)j≥1 be a sequence of i.i.d.

U(0, 1) random variables (uniformly distributed on (0, 1)). The numerical solution is

3



Chapter 1. Introduction

then iteratively generated as

U j = U j−1 + h f
(
tj−1 + γjh, U

j−1
)
, j = 1, . . . , Nh.

This approach embeds random perturbations into the classical Euler scheme and can

be interpreted as a special case of Runge-Kutta-type Monte Carlo schemes (see [53,

99, 100]). The resulting sequence (U j) forms a discrete-time stochastic process on the

underlying probability space.

In low-regularity settings, randomised schemes can exhibit advantages in conver-

gence and stability. For initial value problems (1.1) with low-regularity coefficient

functions f , particularly Carathéodory-type problems where coefficients are only time-

integrable and Lipschitz continuous in the state (as in autonomous SDEs with additive

noise or rough differential equations), deterministic single-step schemes based on fixed

point evaluations may fail to converge, or may require stronger regularity assump-

tions [64, 77]. In contrast, Monte Carlo-based randomised algorithms can converge

under mere integrability assumptions. If f possesses slightly stronger temporal regu-

larity—specifically, γ-continuity in time for γ ∈ (0, 1]—classical Runge-Kutta or linear

multistep schemes do converge, but the best possible error rate is O(N−γ) due to

the lack of differentiability in f [48]. However, the randomised algorithms proposed

in [24, 48, 53, 55, 99] achieve improved error rates in the Lp-sense, specifically of order

O(N−γ− 1
2 ), under the same regularity conditions. Note that almost-sure convergence

is attained for sufficiently small step sizes, with a convergence order of O(N−γ− 1
2 +ϵ)

for any small ϵ > 0 [60].

The applicability of randomised schemes for ODEs has also been further extended.

For example, [25, 45] applied them to initial value problems in Banach spaces; [89]

studied randomised Euler–Maruyama schemes for stochastic ODEs; and [19] consid-

ered related quasi-random methods. More recently, attention has focused on ODEs

with time-irregular vector fields (see, e.g., [8, 9, 27, 47, 52, 64]). These works provide a

foundation for the analysis of randomised numerical schemes for differential equations

with low temporal regularity.

Building on the insights from randomised numerical schemes for ODEs, this method-
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ology has been naturally extended to SDEs, exploiting similar probabilistic structures

to handle the complexities introduced by stochastic perturbations. These advances have

been particularly important in addressing the challenges arising in engineering, physical

modelling, and computational finance, where classical schemes (e.g., [58, 72, 73]) often

become inadequate. A fundamental challenge in SDEs stems from the non-smooth

nature of solutions, inherently caused by stochastic perturbations from noise terms.

For instance, the celebrated Milstein scheme [70, 71] can achieve first-order accuracy

via Itô-Taylor expansion when coefficient functions are sufficiently smooth. However,

standard Euler-Maruyama and Milstein schemes may diverge in both strong and weak

convergence senses when handling coefficients with super-linear growth or lacking basic

differentiability [49].

To overcome this theoretical barrier, recent advances have introduced Monte Carlo-

inspired randomised algorithms (e.g., [23,46,62,74,75,88]). These approaches are well

suited to temporally irregular coefficients. Taking non-autonomous SDEs as an exam-

ple, whereas the classical Milstein scheme requires differentiability in both temporal and

spatial variables for first-order convergence, its randomised counterpart [62] attains the

same accuracy under spatial Lipschitz continuity and temporal Hölder continuity. This

improvement is mainly due to the randomised quadrature strategy adapted for Hölder

continuous processes, which reduces the need for the stronger smoothness assumptions

used in traditional Itô-Taylor expansions. Building on this theoretical foundation,

randomised Euler-Milstein schemes have been developed for SDE models including ad-

ditive noise models [4], multiplicative noise systems [61], jump-diffusion SDEs [87] and

McKean–Vlasov-type equations [7].

1.2 Overview of the Main Results

Despite this progress for ODEs and SDEs, important gaps remain. In particular, delay

equations introduce memory effects that substantially complicate both well-posedness

analysis and error propagation, and the available theory for low-regularity DDEs and

SDDEs remains much more limited than in the non-delay case. Moreover, although

neural ODEs have become an important modelling framework in machine learning,
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the use of randomised numerical solvers in this setting remains largely unexplored. In

this thesis, we address these gaps by developing and analysing randomised numerical

schemes for delay differential equations (DDEs) and stochastic delay differential equa-

tions (SDDEs), and by extending the use of randomised solvers to neural ordinary

differential equation (NODE) models.

Existence and uniqueness of delay equations have been studied in several classical

and modern settings. For deterministic delay differential equations, standard well-

posedness theory under regularity and growth assumptions can be found, for example,

in [42, 43], while Carathéodory-type delay equations with low regularity in the time

variable are treated in [27, 28]. For stochastic delay differential equations, classical ex-

istence and uniqueness results under Lipschitz and growth assumptions are available

in, for example, [68], with related stability questions studied in [69]. The added per-

spective in this thesis is to combine these well-posedness ideas with the low-regularity

randomised numerical framework considered here, and to record the quantitative mo-

ment, Hölder-regularity, and error estimates needed for the subsequent analysis of the

proposed randomised DDE and SDDE schemes.

The first core part of this thesis (Chapter 3) builds on the preprint [29] and presents

a refined version of that work, focusing on the existence, uniqueness, and numerical

approximation of solutions to DDEs of the form


x′(t) = f(t, x(t), x(t− τ)), t ∈ [0, (n+ 1)τ ],

x(t) = φ(t), t ∈ [−τ, 0],

with fixed delay τ > 0. Existence and uniqueness are established in a Carathéodory-

type setting, where t 7→ f(t, x, z) is measurable for fixed (x, z) and (x, z) 7→ f(t, x, z) is

continuous for fixed t. For the error analysis of the randomised two-stage Runge–Kutta

scheme, we further assume global Lipschitz continuity in x and Hölder continuity in z

and t. Under these conditions we derive Lp(Ω)-error bounds, validated by numerical

experiments.

The second core part of this thesis (Chapter 4) builds on the peer-reviewed work [90]

and studies SDDEs with Carathéodory-type drift coefficients. In particular, we address

6
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the existence, uniqueness, and approximation of solutions to equations of the form


dX(t) = f(t,X(t), X(t− τ)) dt+ g(t,X(t), X(t− τ)) dW (t), t ∈ [0, (n+ 1)τ ],

X(t) = x0, t ∈ [−τ, 0],

where constant time-lag τ > 0, fixed time horizon n ∈ N, f is Borel measurable in t and

continuous in (x, z), and g is continuous in all its arguments. We develop a randomised

Euler scheme for these SDDEs, derive upper error bounds for the approximations, and

validate our theoretical findings through numerical experiments.

The third core part of this thesis (Chapter 5) builds on the peer-reviewed paper [107]

and explores the application of randomised Euler schemes within the NODE framework

for image denoising. Based on this approach, we propose NODE-ImgNet, a novel neural

network architecture that integrates neural ODEs with convolutional neural network

(CNN) blocks. By leveraging the continuous-time formulation of NODEs, the model

learns the denoising process directly from data and provides a flexible alternative to

traditional hand-crafted dynamical models. Another important contribution is our

integration of a randomised Euler scheme into the NODE solver, which is motivated

by challenges posed by irregular or low-regularity dynamics and input data, while also

introducing beneficial stochastic perturbations that may enhance model robustness and

generalization. In the NODE setting considered here, the randomised Euler scheme is

adopted primarily as a computational design choice, and its effectiveness is assessed

empirically. More detailed background and literature review for each main topic are

provided in the respective chapters.

1.3 Structure of the Thesis

The structure of this thesis is as follows. Chapter 2 presents the necessary preliminary

knowledge and mathematical background. Chapters 3 to 5 contain the main research

contributions of the thesis: Chapter 3 studies DDEs and develops a randomised Runge–

Kutta scheme, Chapter 4 investigates SDDEs and develops a randomised Euler scheme,

and Chapter 5 explores the use of randomised Euler solvers in NODEs for image de-

7
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noising through the NODE-ImgNet model. Finally, Chapter 6 summarises the main

findings, discusses limitations, and outlines possible directions for future work.
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Chapter 2

Preliminaries

In this chapter, the main definitions and auxiliary results (lemmas and theorems) re-

quired throughout this thesis are collected. Notation and definitions specific to individ-

ual topics or applications will be introduced in the relevant chapters as needed. Since

the introduction and error analysis of randomised schemes form a central theme of this

work, some fundamental concepts from probability theory and stochastic analysis are

also reviewed here. For a broader introduction to these topics, the reader is referred

to standard texts such as [56,57,80], while measure-theoretic background can be found

in [5, 18].

2.1 Basic Notation and Concepts for Stochastic Analysis

As usual, we denote by N the set of all positive integers, and set N0 = N ∪ {0}. For an

integer k, we write [k] := {1, . . . , k} and [k]0 := {0} ∪ [k]. The set of real numbers is

denoted by R. The notation | · | refers to the Euclidean norm on Rd, or to the Frobenius

norm on Rd×m when appropriate. Recall that a complete probability space is a triple

(Ω,Σ,P), where Ω is the sample space, Σ is a σ-algebra of subsets of Ω that contains

all subsets of P-null sets, and P is a probability measure defined on Σ with P(Ω) = 1.

For any event A ∈ Σ, the value P(A) ∈ [0, 1] represents the probability of occurrence

of A.

A function X : Ω → Rd is called a random variable if it is measurable with respect

9
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to the σ-algebra Σ on Ω and the Borel σ-algebra B(Rd) on Rd. In other words, for any

Borel set B ∈ B(Rd), the preimage

X−1(B) = {ω ∈ Ω : X(ω) ∈ B}

belongs to Σ. Every random variableX induces a probability measure µX on (Rd,B(Rd)),

where µX(B) = P(X−1(B)) for all B ∈ B(Rd). This measure is called the distribution

(or law) of X.

For the randomised schemes in this thesis, a critical tool is the family of U(a, b)-

distributed random variables (γk)k∈N. Specifically, for each k ∈ N, the mapping γk :

Ω → R is a random variable that is uniformly distributed on the interval (a, b), where

a, b ∈ R with a < b. The distribution µγk
of γk is then given by

µγk
(A) = 1

b− a
λ
(
A ∩ (a, b)

)
for all A ∈ B(R), where λ denotes the Lebesgue measure on R. Furthermore, in the

context of DDEs or SDDEs, we will also work with families of independent random

variables (γj
k)j∈N0, k∈N, where the index j indicates the stage or segment in the delay

process (i.e., corresponding to different intervals after successive delays). Each γj
k is

also uniformly distributed on (a, b).

Recall that a random variable X : Ω → Rd is called integrable if
∫

Ω |X(ω)| dP(ω) <

∞. The expectation (or mean) of X is defined as

E[X] :=
∫

Ω
X(ω) dP(ω) =

∫
Rd
x dµX(x).

For p ∈ [1,∞), we write X ∈ Lp(Ω;Rd) if
∫

Ω |X(ω)|p dP(ω) < ∞, and define the

Lp-norm by

∥X∥Lp(Ω;Rd) := (E[|X|p])1/p =
(∫

Ω
|X(ω)|p dP(ω)

)1/p

.

The space Lp(Ω;Rd) is a Banach space when random variables that differ only on sets

of probability zero are identified. For notational simplicity, we may also write ∥X∥Lp(Ω)

10
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or ∥X∥p when the underlying space is clear from context. Further notation and con-

ventions will be introduced as needed in the subsequent chapters. This construction

is analogous to the classical Lp-spaces of p-integrable functions, such as Lp([0, T ];Rd),

consisting of measurable functions f : [0, T ] → Rd satisfying

∫ T

0
|f(t)|p dt < ∞,

and equipped with the norm

∥f∥Lp([0,T ];Rd) :=
(∫ T

0
|f(t)|p dt

)1/p

.

If we view the index m as representing time, then a collection of Rd-valued random

variables (Xm)m∈N is called a discrete-time stochastic process. A particularly important

class of such processes is that of martingales. Formally, let (Fn)n∈N0 be a filtration,

that is, an increasing sequence of σ-algebras,

F0 ⊆ F1 ⊆ · · · ⊆ F ,

where F = σ
(⋃

n∈N0 Fn
)

is the σ-algebra generated by the union of all Fn (i.e., the

smallest σ-algebra containing all sets in ⋃
n Fn). For a continuous-time filtration

(Ft)t≥0, right-continuity means that Ft = ⋂
s>t Fs for every t ≥ 0, while completeness

means that all P-null sets in F belong to F0 and hence to every Ft. When we say that

a filtration satisfies the usual conditions, we mean that it is both right-continuous and

complete. For the discrete-time filtrations used below, the relevant condition is com-

pleteness; right-continuity is only relevant in the continuous-time setting. A stochastic

process (Xn)n∈N0 is called a martingale (with respect to the filtration (Fn)) if it is

integrable, adapted to the filtration (i.e., Xn is Fn-measurable for each n), and satisfies

E[Xn+1 | Fn] = Xn, for all n ∈ N0.

For our purposes, it is particularly relevant to note that if (Ym)m∈N is a sequence

11



Chapter 2. Preliminaries

of independent, integrable random variables with E[Ym] = 0 for all m ∈ N, then the

sequence of partial sums

Sn :=
n∑

m=1
Ym, n ∈ N,

defines a discrete-time martingale with respect to the natural filtration Fn := σ(Y1, . . . , Yn).

This property enables us to utilize powerful inequalities for martingales, most notably

the discrete-time Burkholder–Davis–Gundy (BDG) inequality (see, for example, [12,

Theorem 3.2]), which plays a key role in our analysis.

Theorem 2.1.1 (BDG inequality). For each p ∈ (1,∞), there exist positive constants

cp and Cp such that for any discrete-time martingale (Xn)n∈N and any n ∈ N,

cp

∥∥[X]1/2
n

∥∥
Lp(Ω;R) ≤

∥∥∥∥ max
1≤j≤n

|Xj |
∥∥∥∥

Lp(Ω;R)
≤ Cp

∥∥[X]1/2
n

∥∥
Lp(Ω;R),

where the quadratic variation [X]n is defined as [X]n := |X1|2 +∑n
k=2 |Xk −Xk−1|2.

2.2 Error Estimates for randomised Quadrature Schemes

In this section, we introduce the error and convergence properties of randomised quadra-

ture schemes for numerical integration. The classical deterministic quadrature rules

typically rely on certain smoothness conditions of the integrand to achieve satisfac-

tory accuracy. When the integrand is only of low regularity or even discontinuous,

deterministic numerical schemes based on such rules may fail to converge or only pro-

vide suboptimal error rates, as discussed in the introduction. In contrast, randomised

quadrature schemes can provide convergence and improved error bounds for the classes

of low-regularity integrands considered below. The inclusion of these established error

estimates helps highlight the key advantages of randomised quadrature and forms the

theoretical basis for the application of such methods in subsequent chapters.

The basic intuition can be seen from the Dirichlet-type function

g(t) = 1Q(t), t ∈ [0, 1].

12
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Its Lebesgue integral is zero, but the deterministic left-endpoint rule with h = 1/N gives

h
∑N−1

j=0 g(jh) = 1, since all grid points are rational. By contrast, a randomised rule

samples jh+ hγj+1, which belongs to Q with probability zero when γj+1 is uniformly

distributed on (0, 1). Thus the randomised sum matches the integral almost surely in

this toy example, illustrating how randomisation can avoid artefacts caused by a fixed

deterministic grid.

Randomised quadrature schemes, first introduced in [38, 39], are typically the ran-

domised analogues of classical deterministic quadrature rules. The following results,

adapted from [62], provide sharp error estimates for the randomised Riemann sum (i.e.,

randomised quadrature) rule under different smoothness conditions on the integrand.

To apply these results in our setting, we now present the precise construction of the

randomised Riemann sum used to approximate the integral
∫ tn

0 g(s)ds. Fix a terminal

time T ∈ (0,∞). Given a step size h ∈ (0, 1), define Nh ∈ N as the unique integer

satisfying Nhh ≤ T < (Nh + 1)h. For every measurable function g : [0, T ] → Rd with

∥g∥Lp([0,T ];Rd) < ∞ for some p ∈ [2,∞), the randomised Riemann sum approximation

of
∫ tn

0 g(s) ds is given by

Qn
γ,h[g] := h

n∑
j=1

g(tj−1 + hγj), n ∈ {1, . . . , Nh}, (2.1)

where tj = jh and (γj)j∈N is a family of independent random variables, each uniformly

distributed on (0, 1), defined on a probability space (Ω,Σ,P).

We begin with an error estimate in the Lp(Ω;Rd)-norm for the randomised Riemann

sum. To formulate the result, we first recall the definition of the Hölder space Cγ([0, T ])

for γ ∈ (0, 1]. For every γ ∈ (0, 1], we denote by Cγ([0, T ]) := Cγ([0, T ];Rd) the set

of all γ-Hölder continuous mappings g : [0, T ] → Rd, also called Hölder continuous of

order γ (or having Hölder regularity γ), that is, the set of all functions satisfying

∥g∥Cγ([0,T ]) := sup
t∈[0,T ]

|g(t)| + sup
t,s∈[0,T ]

t̸=s

|g(t) − g(s)|
|t− s|γ

< ∞.

Equipped with this norm, Cγ([0, T ]) is a Banach space. In particular, every g ∈

13
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Cγ([0, T ]) satisfies

|g(t) − g(s)| ≤ ∥g∥Cγ([0,T ])|t− s|γ , for all t, s ∈ [0, T ]. (2.2)

More generally, if (E, ∥ · ∥E) is a Banach space, then Cγ([0, T ];E) denotes the space of

all mappings Y : [0, T ] → E such that

∥Y ∥Cγ([0,T ];E) := sup
t∈[0,T ]

∥Y (t)∥E + sup
s,t∈[0,T ]

s̸=t

∥Y (t) − Y (s)∥E

|t− s|γ
< ∞.

In particular, the notation Cγ([0, T ];Lp(Ω;Rd)) used below is understood with E =

Lp(Ω;Rd).

Theorem 2.2.1. Let g : [0, T ] → Rd be a measurable mapping satisfying ∥g∥Lp([0,T ];Rd) <

∞ for some p ∈ [2,∞). Then, for every h ∈ (0, 1) and n ∈ {1, . . . , Nh} the randomised

Riemann sum Qn
γ,h[g] ∈ Lp(Ω;Rd) is an unbiased estimator for the integral

∫ tn
0 g(s) ds,

i.e., E[Qn
γ,h[g]] =

∫ tn
0 g(s) ds. Further, for all h ∈ (0, 1) we have

∥∥∥ max
n∈{1,...,Nh}

∣∣∣ ∫ tn

0
g(s) ds−Qn

γ,h[g]
∣∣∣ ∥∥∥

Lp(Ω;R)
≤ 2CpT

p−2
2p ∥g∥Lp([0,T ];Rd)h

1
2 . (2.3)

In addition, if g ∈ Cγ([0, T ]) for some γ ∈ (0, 1], then for all h ∈ (0, 1) we have

∥∥∥ max
n∈{1,...,Nh}

∣∣∣ ∫ tn

0
g(s) ds−Qn

γ,h[g]
∣∣∣ ∥∥∥

Lp(Ω;R)
≤ Cp

√
T∥g∥Cγ([0,T ])h

1
2 +γ . (2.4)

The proof first establishes that the randomised Riemann sum is unbiased. Indeed,

by the independence and uniform distribution of γj on (0, 1), one has

E
[
h g(tj−1 + hγj)

]
=
∫ tj

tj−1
g(s) ds,

and summing over j yields E[Qn
γ,h[g]] =

∫ tn
0 g(s) ds. Consequently, the associated er-

ror process has increments with zero (conditional) expectation and therefore forms a

discrete-time martingale with respect to the natural filtration. This property makes

it possible to apply the BDG inequality to estimate the Lp-norm of the maximal er-
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ror. Further estimates are obtained via Hölder’s inequality and the properties of Lp

and Hölder spaces. A complete proof can be found in [60]. It should be emphasized

that the application of the BDG inequality critically depends on the randomness and

independence in the construction; such an approach is not available for deterministic

quadrature rules.

Remark 2.2.2 (Technique behind [60], Theorem 5.2). The proof of the randomised

Runge–Kutta error estimate in [60, Theorem 5.2] combines the preceding randomised-

quadrature mechanism with a deterministic stability argument. For an ODE solution u

and the randomised Runge–Kutta approximation, the global error is decomposed into

three parts: a randomised quadrature error for t 7→ f(t, u(t)), a local consistency error

caused by replacing u(θj) by the Runge–Kutta stage based at tj−1, and a propaga-

tion error depending on the previous grid error. The first part is controlled as above:

the random time evaluations make the quadrature increments centred and indepen-

dent, so the maximal Lp-error is estimated by the martingale/BDG argument, with

the Hölder regularity in time yielding the h1/2+γ contribution. The local consistency

term is estimated from the Hölder continuity in time and the regularity of the exact

solution, while the propagation term is controlled by the global Lipschitz condition in

the state variable and a discrete Gronwall argument. In the DDE chapter, the proof

of Theorem 3.4.3 uses this same decomposition on each delay interval; the additional

DDE-specific work is the induction over delay intervals and the auxiliary scheme used

to separate the inherited delay error from the local randomised Runge–Kutta error.

Remark 2.2.3 (Deterministic Riemann sums). In contrast, the standard deterministic

Riemann sum defined by

Qn
h[g] := h

n∑
j=1

g(tj−1)

may fail to converge if g is merely in Lp([0, T ]) without additional continuity assump-

tions. Even under the stronger assumption g ∈ Cγ([0, T ]), the deterministic quadrature

only achieves an error rate of order O(hγ) [48].

The error analysis for randomised quadrature can be extended to integrals of stochas-

tic processes, which are central in the numerical treatment of SDEs and related prob-
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lems. The following result, adapted from [62], provides Lp-error bounds for the ran-

domised Riemann sum when the integrand is itself a stochastic process.

Here and below, Bochner measurability of an E-valued mapping means measura-

bility with respect to the Borel σ-algebra of the Banach space E; equivalently, in the

separable finite-dimensional setting used in this thesis, it is the usual joint measurability

of the component functions. Let Y : [0, T ] × ΩW → Rd be a stochastic process defined

on a probability space (ΩW ,ΣW ,PW ), and assume that Y is Bochner-measurable with

∥Y ∥Lp([0,T ]×ΩW ;Rd) < ∞ for some p ∈ [2,∞). The goal turns to approximating the

integral
∫ tn

0 Y (s) ds. For the randomization, let (γj)j∈N be a sequence of independent

random variables, each uniformly distributed on (0, 1) and independent of Y , defined

on an auxiliary probability space (Ωγ ,Σγ ,Pγ).

We consider the product probability space (Ωtot,Σtot,Ptot) = (ΩW × Ωγ , ΣW ⊗

Σγ , PW ⊗Pγ), where ⊗ denotes the product operation on σ-algebras and measures, de-

fined by A⊗B := σ ({A×B : A ∈ A, B ∈ B}). On this space, for each n ∈ {1, . . . , Nh},

we approximate the random variable
∫ tn

0 Y (s) ds ∈ Lp(ΩW ;Rd) by the randomised Rie-

mann sum

Qn
γ,h[Y ] := h

n∑
j=1

Y (tj−1 + γjh), n ∈ {1, . . . , Nh}. (2.5)

Theorem 2.2.4. For p ∈ [2,∞) let Y : [0, T ] × ΩW → Rd be a stochastic process

with Y ∈ Lp([0, T ] × ΩW ;Rd). Then, for every h ∈ (0, 1) and n ∈ {1, . . . , Nh}, the

randomised Riemann sum approximation Qn
γ,h[Y ] ∈ Lp(Ωtot;Rd) defined in (2.5) is an

unbiased estimator for the integral
∫ tn

0 Y (s) ds in the sense that

Eγ
[
Qn

γ,h[Y ]
]

=
∫ tn

0
Y (s) ds ∈ Lp(ΩW ;Rd). (2.6)

Moreover, it holds that

∥∥∥ max
n∈{1,...,Nh}

∣∣∣Qn
γ,h[Y ] −

∫ tn

0
Y (s) ds

∣∣∣ ∥∥∥
Lp(Ωtot;R)

≤ 2CpT
p−2
2p ∥Y ∥Lp([0,T ]×ΩW ;Rd)h

1
2 ,

(2.7)

16



Chapter 2. Preliminaries

where Cp is a constant only depending on p ∈ [2,∞).

In addition, if Y ∈ Cγ([0, T ], Lp(ΩW ;Rd)) for some γ ∈ (0, 1], then we have

∥∥∥ max
n∈{1,...,Nh}

∣∣∣Qn
γ,h[Y ] −

∫ tn

0
Y (s) ds

∣∣∣ ∥∥∥
Lp(Ωtot;R)

≤ Cp

√
T∥Y ∥Cγ([0,T ],Lp(ΩW ;Rd))h

1
2 +γ ,

(2.8)

where Cp is the same constant as in (2.7).

2.3 A Short Hierarchy of Randomised Time-Stepping Schemes

The quadrature estimates above explain the basic source of randomisation: a fixed

deterministic evaluation time is replaced by a random point inside the current time

step. For clarity, the following schematic overview gives a formula-level guide from

classical deterministic schemes to the randomised schemes used later, especially the

delay schemes in Chapters 3 and 4. The notation in this section is schematic: the

complete assumptions, grids, measurability statements, and implementable definitions

are given in the relevant chapters. In particular, for delay equations the superscript j

below indicates the jth delay interval, while the subscript k indicates the grid point

inside that interval.

Consider first an ODE

u′(t) = F (t, u(t)), u(0) = u0,

on a grid tk = kh. The deterministic Euler method uses the left endpoint of each

interval (see, for example, [13]),

Uk+1 = Uk + hF (tk, Uk).

The randomised Euler method replaces this deterministic evaluation time by θk+1 =

tk + hγk+1, where γk+1 is uniformly distributed on (0, 1):

Uk+1 = Uk + hF (θk+1, Uk).
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This is the basic mechanism studied, for example, in [64]; it is useful when t 7→ F (t, x)

has low regularity, because the update no longer relies on a fixed grid of point evalua-

tions.

Runge–Kutta methods add intermediate stages [13, 40]. A deterministic explicit

two-stage method first forms a stage value and then evaluates the vector field at that

stage, for instance

Ûk+1 = Uk + chF (tk, Uk), Uk+1 = Uk + hF (tk + ch, Ûk+1),

with a prescribed stage parameter c ∈ [0, 1]. In a randomised Runge–Kutta method, the

stage time is randomised. With the same notation θk+1 = tk +hγk+1 and hk+1 = hγk+1,

the corresponding two-stage randomised update has the form

Ûk+1 = Uk + hk+1F (tk, Uk), Uk+1 = Uk + hF (θk+1, Ûk+1).

This is the ODE-level idea behind the randomised Runge–Kutta analysis of [60]: the

random stage time gives a randomised quadrature error, while the stage value gives the

Runge–Kutta local consistency correction.

For SDEs, the solution is already random because of the driving Wiener process,

but the coefficient evaluation times may still be randomised. For the non-autonomous

SDE

dX(t) = F (t,X(t)) dt+G(t,X(t)) dW (t)

the deterministic Euler–Maruyama method evaluates both coefficients at the left end-

point [59]:

Uk+1 = Uk + hF (tk, Uk) +G(tk, Uk)
(
W (tk+1) −W (tk)

)
.

The randomised Euler–Maruyama method keeps the diffusion coefficient adapted to

the left endpoint but replaces the drift evaluation time by a random point in the step:

Uk+1 = Uk + hF (θk+1, Uk) +G(tk, Uk)
(
W (tk+1) −W (tk)

)
.
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Here the randomisation is used for the drift integral, while the stochastic term is es-

timated through martingale inequalities such as BDG. Randomised schemes for time-

irregular SDEs and related stochastic equations are analysed, for example, in [62,74,86].

Delay equations require one further layer of notation. On the interval [jτ, (j+ 1)τ ],

the delayed value belongs to the preceding interval. For a DDE

x′(t) = f(t, x(t), x(t− τ)),

a deterministic Euler update on this interval, in line with standard numerical treatments

of delay equations [6, 66], would have the schematic form

yj
k+1 = yj

k + hf(tjk, y
j
k, y

j−1
k ),

where yj
k approximates the solution at jτ + kh, and yj−1

k represents the delayed value.

Randomising the time evaluation gives the corresponding randomised Euler DDE up-

date

yj
k+1 = yj

k + hf(θj
k+1, y

j
k, y

j−1
k ),

which is the randomised Euler structure used for Carathéodory DDEs in [28]. The

two-stage randomised Runge–Kutta method developed in Chapter 3, based on [29],

can then be viewed as the next layer: it adds not only a current-stage value but also a

delayed-stage value:

ỹj
k+1 and ỹj−1,j

k+1 .

The first quantity predicts the current state at the random stage time in the interval

[jτ, (j + 1)τ ]; the second predicts the corresponding delayed state using data from

the previous interval. This explains why the DDE scheme in Chapter 3 contains two

intermediate terms rather than the single intermediate stage seen in the ODE formula.

The SDDE scheme in Chapter 4, based on [90], follows the same delay-interval

idea, but with an additional Brownian increment. Its randomised Euler update has the
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schematic form

yj
k+1 = yj

k + hf(θj
k+1, y

j
k, y

j−1
k ) + g(tjk, y

j
k, y

j−1
k )

(
W (tjk+1) −W (tjk)

)
.

Thus the drift is evaluated at a random time point, while the diffusion term remains

adapted to the left endpoint. The error analysis then combines the randomised quadra-

ture idea for the drift, BDG estimates for the stochastic integral, and induction over

delay intervals to propagate the delayed error.

2.4 Further Notation and Useful Inequalities

We collect here some further notation, basic concepts, and useful lemmas that will be

used throughout this thesis. C(A;B) denotes the set of all continuous mappings from A

to B. The indicator function of a set A is denoted by 1A(t), which equals 1 if t ∈ A and

0 otherwise. A mapping f : [0, T ] × Rd → Rd is referred to as a Carathéodory function

if, for each fixed x ∈ Rd, the function t 7→ f(t, x) is measurable, and for almost every

t ∈ [0, T ], the mapping x 7→ f(t, x) is continuous. In this thesis, we refer to problems

with a right-hand side f satisfying the above conditions as Carathéodory-type prob-

lems. The Carathéodory setting is useful here because it allows low-regularity time

dependence, including jumps or rapidly oscillating coefficients, while keeping enough

continuity in the state variable for standard well-posedness arguments under suitable

growth and Lipschitz-type assumptions. More singular state dependence or genuinely

path-dependent coefficients require different stability estimates and are therefore out-

side the scope of this thesis.

A mapping f : D → Rm is said to satisfy the Lipschitz condition on D if there

exists a constant L > 0 such that

|f(x) − f(y)| ≤ L|x− y|, ∀x, y ∈ D.

The condition above corresponds to the special case γ = 1 of Hölder continuity. The

following inequality will be used repeatedly in the error analysis.
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Lemma 2.4.1 (Hölder’s inequality). Let {aj}, {bj} be real or complex numbers, or let

f, g be measurable functions. Let p, q ∈ [1,∞] satisfy 1
p + 1

q = 1. Then

∑
j

|ajbj | ≤

∑
j

|aj |p
1/p∑

j

|bj |q
1/q

in the discrete (finite sum) case, and

∫
|f(x)g(x)| dx ≤

(∫
|f(x)|pdx

)1/p (∫
|g(x)|qdx

)1/q

in the integral (continuous) case.

The proof appears in standard textbooks; see, for instance, [57, Theorem 2.6] or [35,

Theorem 6.8]. Jensen’s inequality will also play a key role in various estimates later in

this thesis.

Lemma 2.4.2 (Jensen’s Inequality). Let (Ω,F ,P) be a probability space, let X be an

integrable real-valued random variable, and let φ : R → R be a convex function. Then

φ
(
E[X]

)
≤ E

[
φ(X)

]
. (2.9)

In particular, for p ≥ 1 and any random variable X,

E
[
|X|p

]
≥
∣∣E[X]

∣∣p. (2.10)

A proof can be found in [57, Proposition 5.1].

Remark 2.4.3. The formulation of Jensen’s inequality in Lemma 2.4.2 is the proba-

bilistic one. In applications later in this thesis we will also make use of its integral and

discrete analogues. For f ∈ Lq([0, τ ]) with q ≥ 1,

∣∣∣ ∫ τ

0
f(s) ds

∣∣∣q ≤ τ q−1
∫ τ

0
|f(s)|q ds, (2.11)

which corresponds to applying Lemma 2.4.2 on the measure space
(
[0, τ ], ds

τ

)
with the
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convex function x 7→ |x|q. Similarly, for a finite sequence (xj)N
j=1 ⊂ R and q ≥ 1,

∣∣∣ N∑
j=1

xj

∣∣∣q ≤ N q−1
N∑

j=1
|xj |q, (2.12)

that is, Jensen’s inequality applied to the uniform measure on the finite set {1, . . . , N}.

The following continuous version of the BDG inequality will be used later in the

analysis of SDDEs. It is stated here in the form used below; see, for example, [93,

Chapter IV, Theorem 48].

Lemma 2.4.4 (Continuous Burkholder–Davis–Gundy inequality). Let (Ω,Σ,P, (Ft)t≥0)

be a filtered probability space satisfying the usual conditions, and let M = (Mt)t≥0 be

a continuous local martingale with M0 = 0. For every p ∈ (0,∞) there exist constants

cp, Cp > 0 (depending only on p and the dimension) such that for all T ≥ 0,

cp E
(
[M ]p/2

T

)
≤ E

(
sup

0≤t≤T
|Mt|p

)
≤ Cp E

(
[M ]p/2

T

)
,

where [M ]T denotes the quadratic variation of M up to time T .

Corollary 2.4.5. Let W be an m-dimensional Wiener process with respect to (Ft) and

let G : [0, T ] × Ω → Rd×m be a predictable process satisfying
∫ T

0 |G(s)|2 ds < ∞ a.s. (so

that the Itô integral
∫ t

s G(r) dW (r) is well-defined for all 0 ≤ s ≤ t ≤ T ). Then for

every p ∈ (0,∞) there exists a constant Cp > 0 such that for all 0 ≤ s ≤ t ≤ T ,

E
[

sup
u∈[s,t]

∣∣∣ ∫ u

s
G(r) dW (r)

∣∣∣p] ≤ Cp E
[( ∫ t

s
|G(r)|2 dr

)p/2
]
.

In particular, if p ≥ 2, then by applying Hölder’s and Jensen’s inequalities with respect

to the time integral (that is, with respect to the Lebesgue variable in the stochastic

integral, not with respect to the probability expectation) one further has

E
∣∣∣ ∫ t

s
G(r) dW (r)

∣∣∣p ≤ Cp (t− s)
p
2 −1

∫ t

s
E|G(r)|p dr.
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Lemma 2.4.6 (SDEs with progressively measurable Lipschitz coefficients). Let T ∈

(0,∞), p ≥ 2, and let W be an m-dimensional Wiener process on a filtered probability

space satisfying the usual conditions. Consider

X(t) = ξ +
∫ t

0
b(s,X(s)) ds+

∫ t

0
σ(s,X(s)) dW (s), t ∈ [0, T ],

where ξ is F0-measurable with E|ξ|p < ∞. Assume that, for each x ∈ Rd, the processes

b(·, x) and σ(·, x) are progressively measurable, and that there is a constant L > 0 such

that, for all x, y ∈ Rd and almost all (t, ω),

|b(t, x) − b(t, y)| + |σ(t, x) − σ(t, y)| ≤ L|x− y|.

Assume moreover that the growth at the origin is p-integrable, for instance

E
( ∫ T

0
|b(t, 0)| dt

)p
+ E

( ∫ T

0
|σ(t, 0)|2 dt

)p/2
< ∞.

Then the SDE has a unique strong solution with continuous adapted trajectories and

E
(

sup
0≤t≤T

|X(t)|p
)
< ∞.

This is the form of the classical result from [81, Proposition 3.28, p. 187] used in

Chapter 4; the corresponding moment estimate is given in [81, Remark 3.29, p. 188].

The subsequent inequality provides an effective means to estimate the error arising

in numerical approximations. A detailed proof, along with several generalizations, can

be found in [31, Proposition 4.1].

Lemma 2.4.7 (Discrete Gronwall’s inequality). Consider two non-negative sequences

(un)n∈N and (wn)n∈N which for some given a ∈ [0,∞) satisfy

un ≤ a+
n−1∑
j=1

wjuj , for all n ∈ N,
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then for all n ∈ N it also holds true that

un ≤ a exp
( n−1∑

j=1
wj

)
.

The following result on the properties of solutions to Carathéodory-type ODEs will

be used in the chapter on DDEs. In particular, it provides key existence, uniqueness,

and regularity estimates that will be instrumental in establishing well-posedness and

further analytical properties of DDEs discussed later in this thesis. It follows from [60,

Proposition 4.2].

Lemma 2.4.1. Let us consider the following ODE

z′(t) = g(t, z(t)), t ∈ [a, b], z(a) = ξ, (2.13)

where −∞ < a < b < +∞, ξ ∈ Rd and g : [a, b] × Rd → Rd satisfies the following

conditions

(G1) for all t ∈ [a, b] the function g(t, ·) : Rd → Rd is continuous,

(G2) for all y ∈ Rd the function g(·, y) : [a, b] → Rd is Borel measurable,

(G3) there exists K ∈ (0,∞) such that for all t ∈ [a, b], y ∈ Rd

|g(t, y)| ≤ K(1 + |y|),

(G4) there exists L ∈ (0,∞) such that for all t ∈ [a, b], x, y ∈ Rd

|g(t, x) − g(t, y)| ≤ L|x− y|.

Then (2.13) has a unique absolutely continuous solution z : [a, b] → Rd such that

sup
t∈[a,b]

|z(t)| ≤ (|ξ| +K(b− a))eK(b−a). (2.14)
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Moreover, for all t, s ∈ [a, b]

|z(t) − z(s)| ≤ K̄|t− s|, (2.15)

where K̄ = K ·
(
1 + (|ξ| +K(b− a))eK(b−a)

)
.

Remark 2.4.8. Assumption (G4) implies the continuity requirement in Assumption (G1),

since Lipschitz continuity in the state variable is stronger than continuity. However, As-

sumption (G4) does not by itself imply the linear growth condition in Assumption (G3):

one also needs a uniform bound on |g(t, 0)| over t ∈ [a, b]. Indeed, if such a bound is

available, then

|g(t, y)| ≤ |g(t, 0)| + L|y| ≤ (M + L)(1 + |y|),

where M := supt∈[a,b] |g(t, 0)|.

Proof. The proof for our proposition follows the approach outlined in Lemma 7.1 of

[28]. This is feasible because our assumptions (G3) and (G4) are stronger than [28,

Assumptions (G3) and (G4)]. Particularly, [28, Eqn. (7.8) and Eqn. (7.9)] will undergo

modifications as follows due to the strengthened conditions:

|z(t) − z(s)| ≤ K(1 + sup
a≤t≤b

|z(t)|)|t− s|. (2.16)

Consequently, this gives rise to our refined conclusions.
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Chapter 3

A randomised Runge-Kutta

Scheme for time-irregular delay

differential equations

3.1 Introduction

We explore the application of randomised numerical schemes to the approximation of

solutions for delay differential equations (DDEs) of the following type:


x′(t) = f(t, x(t), x(t− τ)), t ∈ [0, (n+ 1)τ ],

x(t) = φ(t), t ∈ [−τ, 0],
(3.1)

with a constant time-lag τ ∈ (0,+∞), a fixed time horizon n ∈ N, a right-hand side

function f : [0, (n+1)τ ]×Rd ×Rd → Rd, and initial-value function: φ(t) : [−τ, 0] → Rd.

We assume t 7→ f(t, x, z) is measurable and (x, z) 7→ f(t, x, z) is continuous, i.e., a

Carathéodory setting under which existence and uniqueness of solutions are ensured.

For error bounds we will strengthen these assumptions to Hölder continuity in time

and suitable regularity in (x, z).

Building upon the concepts presented in [28], our objective in this study is to

introduce a randomised Runge-Kutta scheme tailored specifically for time-irregular
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DDEs. This novel scheme differentiates itself from existing methods, including those

analysed in the literature.

The motivation behind exploring these DDEs is multifaceted. One aspect stems

from the need to model switching systems with memory, as expounded upon in [42]

and [43]. Another facet is rooted in practical engineering applications, as evidenced

by discussions in [21] and [20]. For instance, in scenarios like the phase change of

metallic materials, a DDE becomes crucial due to the time delay in response to changes

in processing conditions. In addition, low regularity in the time variable may arise

naturally when the system is perturbed by external signals with discontinuities or

rapid oscillations. Such perturbations can lead to Carathéodory-type right-hand sides

f(t, x, z), where t 7→ f(t, x, z) is merely integrable.

When classical assumptions, such as Cr-regularity of f = f(t, x, z) concerning all

variables t, x, z, are imposed on the right-hand side function, errors for deterministic

schemes have been documented in [6]. Furthermore, in [21], the error of the Euler

scheme has been explored for a certain class of non-linear DDEs under non-standard

assumptions like the one-side Lipschitz condition and local Hölder continuity. However,

limited knowledge exists regarding the approximation of solutions for DDEs with less

regular Carathéodory right-hand side functions. As discussed above, for Carathéodory

ODEs, deterministic algorithms encounter convergence issues, necessitating the use

of randomised algorithms. In this context, we propose a randomised version of the

Runge-Kutta scheme tailored for DDEs of the form (3.1).

In the landscape of existing literature, several relevant contributions are worth not-

ing. [32] provides an analysis of multistep Runge-Kutta schemes for DDEs, while [66]

offers comprehensive insights into numerical methods for DDEs. The work by [10] in-

troduces a general-purpose implicit-explicit Runge-Kutta integrator for DDEs, and [97]

proposes a novel explicit two-stage Runge-Kutta scheme for DDEs with constant delay.

Each of these works contributes valuable perspectives to the broader understanding of

numerical methods for DDEs. As mentioned earlier, despite the extensive research on

randomised algorithms for ODEs, to the best of our knowledge there is no previous sys-

tematic study of a randomised Runge–Kutta scheme for time-irregular (Carathéodory-
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type in time) DDEs. In particular, this chapter introduces such a scheme and establishes

convergence and error bounds under strengthened regularity assumptions on the drift,

including Hölder continuity in time and appropriate regularity in the delay variable.

The structure of this chapter is as follows. In Section 3.2, we introduce the model

assumptions and describe the construction of the randomised two-stage Runge-Kutta

scheme in detail. Section 3.3 is devoted to properties of solutions to DDEs under as-

sumptions stated in Section 3.2. Section 3.4 contains detailed error analysis of the

randomised Runge-Kutta scheme for DDEs. Finally, details of the Python implemen-

tation together with extensive numerical experiments are reported in Section 3.5.

3.2 Assumptions and Algorithm

We consider a complete probability space (Ω,Σ,P). For a random variable X : Ω → R,

we denote its Lp(Ω)-norm by ∥X∥p = (E|X|p)1/p, where p ∈ [2,+∞). Let us fix the

horizon parameter n ∈ N. On the right-hand side function f and initial-value function:

φ(t), we impose the following assumptions:

(A1) f(t, ·, ·) ∈ C(Rd × Rd;Rd) for all t ∈ [0, (n + 1)τ ] and φ(t) ∈ C([−τ, 0];Rd) for

t ∈ [−τ, 0].

(A2) f(·, x, z) is Borel measurable for all (x, z) ∈ Rd × Rd,

(A3) There exists K ∈ (0,∞) such that for all t ∈ [0, (n+ 1)τ ], x, z ∈ Rd

|f(t, x, z)| ≤ K(1 + |x|)(1 + |z|), (3.2)

(A4) There exists L ∈ (0,∞) such that for all t ∈ [0, (n+ 1)τ ], x1, x2, z ∈ Rd

|f(t, x1, z) − f(t, x2, z)| ≤ L(1 + |z|)|x1 − x2|, (3.3)

Remark 3.2.1. Assumption (A4) implies continuity of f with respect to the current

state variable x, for each fixed pair (t, z). It does not imply Assumption (A3), since
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(A3) is a growth condition on the value of f(t, x, z) itself. To derive such a bound from

(A4), one would additionally need a suitable bound on f(t, 0, z), uniformly in t and

with controlled growth in z.

In Section 3.3, under the assumptions (A1)-(A4), we investigate existence and

uniqueness of solution for (3.1). Next, in Section 3.4 we investigate error of the ran-

domised two-stage Runge-Kutta scheme under slightly stronger assumptions. Namely,

we impose Hölder continuity assumptions on f = (t, x, z) with respect to (t, z).

The construction below follows the hierarchy of time-stepping schemes recalled in

Section 2.3: starting from randomised Euler time evaluation, we add a Runge–Kutta

intermediate current state and, because of the delay, a matching intermediate delayed

state.

Before introducing the two-stage method, we recall the simpler randomised Euler-

type baseline used for comparison with Carathéodory DDEs in [28]. With the notation

below, this first-order baseline is obtained by setting y(−1)
k = φ(t(−1)

k ) and, for j = 0,

y0
0 = y

(−1)
N ,

y0
k+1 = y0

k + hf(θ0
k+1, y

0
k, y

(−1)
k ), k = 0, 1, . . . , N − 1,

while for j ≥ 1 it is given by

yj
0 = yj−1

N ,

yj
k+1 = yj

k + hf(θj
k+1, y

j
k, y

j−1
k ), k = 0, 1, . . . , N − 1.

Thus this baseline evaluates the drift at a random time point in each step, but it does

not use an intermediate Runge–Kutta stage. The randomised two-stage Runge–Kutta

scheme introduced next can be viewed as a higher-stage variant of this randomised

time-evaluation idea, and it will be compared numerically with this Euler baseline in

Section 3.5.

The definition of the two-stage randomised Runge-Kutta scheme for DDEs goes

as follows. Let (γj
k)j∈N0,k∈N be i.i.d. from U(0, 1), N ∈ N, h = τ/N , tjk = jτ + kh,
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θj
k+1 = tjk +hγj

k+1 for k = 0, 1, . . . , N , j = −1, 0, 1, . . . , n. The parenthesised superscript

(−1) is used only to label the initial-history interval [−τ, 0], so as to distinguish it from

ordinary delay indices such as j−1. Also let hj
k+1 := hγj

k+1 and define y(−1)
k = φ(t(−1)

k ).

For j = 0, define

y0
0 = y

(−1)
N ,

ỹ
(−1,0)
k+1 = φ(t(−1)

k + h0
k+1)

ỹ0
k+1 = y0

k + h0
k+1f(t0k, y0

k, y
(−1)
k ),

y0
k+1 = y0

k + hf(θ0
k+1, ỹ

0
k+1, ỹ

(−1,0)
k+1 ),

(3.4)

and for j ≥ 1,

yj
0 = yj−1

N ,

ỹj−1,j
k+1 = yj−1

k + hj
k+1f(tj−1

k , yj−1
k , yj−2

k ),

ỹj
k+1 = yj

k + hj
k+1f(tjk, y

j
k, y

j−1
k ),

yj
k+1 = yj

k + hf(θj
k+1, ỹ

j
k+1, ỹ

j−1,j
k+1 ).

(3.5)

Note that for j = 1, the delay term yj−2
k in the second line of (3.5) is exactly the

evaluation of the initial condition φ(t(−1)
k ).

Adapted from the schematic presentation in [29], Figures 3.1 and 3.2 illustrate the

information flow in the two-stage randomised Runge–Kutta construction. The first

figure shows the initial interval, where the delayed value is supplied by the history φ,

while the second shows a later interval, where both current and delayed intermediate

values are computed from previously available numerical data.

Let us call ỹj−1,j
k+1 and ỹj

k+1 the intermediate delay term and the intermediate term

respectively. A key component here is the intermediate delay term ỹj−1,j
k+1 : we do not

recycle the intermediate term ỹj−1
k+1 computed from preceding τ -interval [(j − 1)τ, jτ ]

to replace ỹj−1,j
k+1 for a simplified computation, because ỹj−1

k+1 is generated on γj−1
k+1, a

different random resource from γj
k+1. Using the random variable from the current

interval for both the current intermediate term and its delayed counterpart keeps the

approximation aligned at the same random quadrature point. If one recycled the in-
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Figure 3.1: Schematic illustration of the randomised Runge–Kutta construction on the
initial delay interval j = 0, adapted from [29].

Figure 3.2: Schematic illustration of the randomised Runge–Kutta construction on a
later delay interval, shown for j = 1, adapted from [29].

termediate value generated with γj−1
k+1 from the previous interval, the delayed argument

would correspond to a different random time than the current stage, which would make

the measurability structure and the error decomposition less transparent. It is easy

to see that each random vector yj
k, j = 0, 1, . . . , n, k = 0, 1, . . . , N , is measurable with

respect to the σ-field generated by the following family of independent random variables

{
θ0

1, . . . , θ
0
N , . . . , θ

j−1
1 , . . . , θj−1

N , θj
1, . . . , θ

j
k

}
. (3.6)

Equivalently, one may write the same σ-field in terms of the variables γr
i , because

θr
i = tri−1 + hγr

i and the grid points and h are deterministic. Hence σ(θr
i ) = σ(γr

i )

for each fixed pair (r, i). We use the notation with θr
i to emphasise that the scheme

evaluates the coefficient at random time points.

As the horizon parameter n is fixed, the randomised two-stage Runge-Kutta scheme

uses O(N) evaluations of f (with a constant in the O notation that only depends on n

but not on N).
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3.3 Properties of solutions to Carathéodory DDEs

This section investigates the existence and uniqueness of solutions to (3.1), assuming

conditions (A1)–(A4) hold.

In the sequel we use the following equivalent representation of the solution of (3.1),

that is very convenient when proving its properties and when estimating the error of

the randomised Runge-Kutta scheme. For j = 0, 1, . . . , n and t ∈ [0, τ ] it holds

x′(t+ jτ) = f(t+ jτ, x(t+ jτ), x(t+ (j − 1)τ)). (3.7)

Hence, we take ϕ−1(t) := φ(t − τ), ϕj(t) := x(t + jτ) and for j = 0, 1, . . . , n we

consider the following sequence of initial-value problems


ϕ′

j(t) = gj(t, ϕj(t)), t ∈ [0, τ ],

ϕj(0) = ϕj−1(τ),
(3.8)

with gj(t, x) = f(t + jτ, x, ϕj−1(t)), (t, x) ∈ [0, τ ] × Rd. Then the solution of (3.1)

can be written as

x(t) =
n∑

j=−1
ϕj(t− jτ) · 1[jτ,(j+1)τ ](t), t ∈ [−τ, (n+ 1)τ ]. (3.9)

We prove the following result about existence, uniqueness and Hölder regularity

of the solution of the DDE (3.1). We will use this theorem in the next section when

proving error estimate for the randomised Runge-Kutta algorithm.

Theorem 3.3.1. Let n ∈ N ∪ {0}, τ ∈ (0,+∞) and let f , φ satisfy the assumptions

(A1)-(A4). Then there exists a unique absolutely continuous solution x to (3.1) such

that for j = 0, 1, . . . , n we have

sup
0≤t≤τ

|ϕj(t)| ≤ Kj , (3.10)
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where K−1 := maxt∈[−τ,0] |φ(t)| and

Kj = (1 +Kj−1)(1 +Kτ) · exp
(
(1 +Kj−1)Kτ

)
. (3.11)

Then for all j = 0, 1, . . . , n, t, s ∈ [0, τ ] it holds

|ϕj(t) − ϕj(s)| ≤ (1 +Kj−1)(1 +Kj)K|t− s|. (3.12)

Remark 3.3.2 (Relation to Theorem 3.1 in [28]). The proof of Theorem 3.3.1 uses

the same interval-by-interval strategy as Theorem 3.1 in [28]. The key idea there is to

split the delay equation into successive intervals of length τ . On the first interval, the

delayed term is fully determined by the initial condition, so one obtains an ordinary

Carathéodory initial-value problem. Once the solution has been constructed on one

interval, it is treated as a known delayed input on the next interval, and the next interval

is again reduced to a Carathéodory initial-value problem. Repeating this argument gives

existence and uniqueness on the whole interval, while Gronwall-type estimates provide

the interval-wise bounds.

There are two differences in the present theorem. First, [28, Theorem 3.1] is stated

for a constant initial condition φ(t) = x0, whereas here the initial history φ may de-

pend on time on [−τ, 0]. This only changes the first interval through the function

g0(t, x) = f(t, x, φ(t − τ)). Secondly, [28] uses time-dependent linear-growth and Lip-

schitz assumptions on f ( [28], Assumptions A3 and A4), whereas Assumptions (A3)

and (A4) impose stronger uniform constants. Hence the same induction applies, but

the bounds are written here with the explicit constants Kj and the Lipschitz estimate

(3.12).

Proof. We use the interval-by-interval induction described in the preceding remark. We

start with the case when j = 0 and consider the following initial-value problem.


ϕ′

0(t) = g0(t, ϕ0(t)), t ∈ [0, τ ],

ϕ0(0) = φ(0),
(3.13)

33



Chapter 3. Randomised Runge-Kutta Scheme for DDEs

with g0(t, x) = f(t, x, ϕ−1(t)) = f(t, x, φ(t − τ)). It is obvious that for all t ∈ [0, τ ],

the function g0(t, ·) is continuous and for all x ∈ Rd, the function g0(·, x) is Borel

measurable. Moreover, by (3.2) we have

|g0(t, x)| ≤ K(1 + |φ(t− τ)|)(1 + |x|) ≤ K(1 +K−1)(1 + |x|), (3.14)

where K−1 := maxt∈[−τ,0] |φ(t)|, for all (t, x) ∈ [0, τ ] × Rd, and by (3.3) there exists

L ∈ (0,∞) such that for all t ∈ [0, τ ], x, y ∈ Rd we have

|g0(t, x) − g0(t, y)| ≤ L(1 + |φ(t− τ)|)|x− y| ≤ L(1 +K−1)|x− y|. (3.15)

Therefore, by Lemma 2.4.1 we have that there exists a unique absolutely continuous

solution ϕ0 : [0, τ ] → Rd of (3.13) that satisfies (3.10) with j = 0. In addition, by

Lemma 2.4.1 we obtain that ϕ0 satisfies (3.12) for j = 0. For the inductive step from

j to j + 1, we can simply follow the approach provided in [28], since our assumptions

(A3) and (A4) are stronger than [28, Assumptions A3 and A4]. It is crucial to note

that [28, Equation (3.14)] will be modified to

|ϕj+1(t) − ϕj+1(s)| ≤ (1 +Kj)(1 +Kj+1)K|t− s|,

due to the differences between our Lemma 2.4.1 and [28, Lemma 7.1]. This concludes

the inductive proof.

Remark 3.3.3. Theorem 3.3.1 already allows a general time-dependent initial history

φ on [−τ, 0]. A further possible extension would be to replace the uniform linear growth

and Lipschitz constants in Assumptions (A3) and (A4) by time-dependent functions.

This is natural, but it changes the estimates in a non-trivial way: the constants Kj and

the Lipschitz bounds for the interval problems (3.8) would have to depend on integrals of

the time-dependent growth and Lipschitz functions over successive delay intervals. Con-

sequently, the induction over the delay intervals and the later numerical error analysis

would require weighted Gronwall-type estimates rather than the uniform bounds used

here. For this reason, the thesis keeps time-independent constants in the main analy-
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sis, while treating the time dependence of the equation itself through the Carathéodory

and Hölder-in-time assumptions on f .

3.4 Error analysis of the randomised Runge-Kutta scheme

In this section we derive error bounds for the randomised two-stage Runge–Kutta

scheme under strengthened assumptions—global Lipschitz in x, Hölder continuity in z

and in time, and a Lipschitz history. Concretely, we replace Assumptions (A3)–(A4)

by (A3’) below.

(A3’) there exist K̄ ∈ [0,+∞) such that for all t ∈ [0, (n+ 1)τ ],

|f(t, 0, 0)| ≤ K̄, (3.16)

and there exist L ∈ [0,+∞), α, γ ∈ (0, 1] such that:

1. for all t ∈ [0, (n+ 1)τ ], x1, x2, z1, z2 ∈ Rd,

|f(t, x1, z1) − f(t, x2, z2)| ≤ L
(
|x1 − x2| + |z1 − z2|α

)
, (3.17)

2. for all t1, t2 ∈ [0, (n+ 1)τ ], x, z ∈ Rd,

|f(t1, x, z) − f(t2, x, z)| ≤ L(1 + |x| + |z|)|t1 − t2|γ . (3.18)

3. for all s, t ∈ [−τ, 0],

|φ(t) − φ(s)| ≤ L|t− s|, s, t ∈ [−τ, 0]. (3.19)

Remark 3.4.1. Note that the assumptions (A1), (A2), (A3’) are stronger than the

assumptions (A1)-(A4). To see this, note that if f satisfies (A1), (A2), (A3’) then we

get for all t ∈ [0, (n+ 1)τ ] and x, x1, x2, z ∈ Rd that

|f(t, x, z)| ≤ (K̄ + L)(1 + |x|)(1 + |z|), (3.20)
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|f(t, x1, z) − f(t, x2, z)| ≤ L|x1 − x2|, (3.21)

and

|f(t1, x1, z1)−f(t2, x2, z2)| ≤ L
(
(1+ |x1|+ |z1|)|t1 − t2|γ + |x1 −x2|+ |z1 −z2|α

)
, (3.22)

since 1 + |x| + |z| ≤ (1 + |x|)(1 + |z|) and |z|α ≤ 1 + |z| for all x, z ∈ Rd. Hence,

the assumptions (A1)-(A4) are satisfied with K = K̄ +L < ∞, and under the assump-

tions (A1), (A2), (A3’) Theorem 3.3.1 holds. The reason for imposing the stronger

assumption (A3’) in the error analysis is that the proof must compare the drift at dif-

ferent time points, current states, and delayed states. The global Lipschitz bound in the

current state gives the stability estimates and the discrete Gronwall step. The Hölder

continuity in the delayed variable controls how the numerical error from the previous

delay interval is transferred to the next one, which is the origin of the factor αj in

Theorem 3.4.3. The Hölder continuity in time is used in the randomised quadrature

and local consistency estimates. These assumptions are therefore not needed merely for

well-posedness, but for obtaining a quantitative convergence rate. They are satisfied,

for example, by coefficients with bounded Hölder time dependence, globally Lipschitz

dependence on the current state, and Hölder dependence on the delayed state, such as

finite sums of terms of the form a(t) + Bx + c ψ(z) where a is bounded and Hölder

continuous and ψ is bounded or Hölder continuous of order α.

We now address the regularity of gj :

Lemma 3.4.2. Assume that (A1), (A2), and (A3’) hold. For gj defined in (3.8), the

function [0, τ ] ∋ t 7→ gj(t, ϕj(t)) is bounded in Lp([0, τ ]) norm for each j ∈ N, and

is β-Hölder continuous, where β := min{γ, α}. In particular, if the initial condition

φ(t) = x0 for t ∈ [−τ, 0], then g0(·, ϕ0(·)) is γ-Hölder continuous.

Proof. Since the function [0, τ ] ∋ t 7→ gj(t, ϕj(t)) is Borel measurable and by (3.10) in

Theorem 3.3.1 and (3.20) we get

∥gj(·, ϕj(·))∥Lp([0,τ ]) ≤ (K̄ + L)(1 +Kj−1)(1 +Kj)τ1/p < +∞. (3.23)
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Then, by (3.22) and (3.12) we get

|gj(s, ϕj(s)) − gj(t, ϕj(t))|

≤L((1 + |ϕj(s)| + |ϕj−1(s)|)|s− t|γ + |ϕj(s) − ϕj(t)| + |ϕj−1(s) − ϕj−1(t)|α)

≤L((1 + |Kj | + |Kj−1|)|s− t|γ + |(1 +Kj−1)(1 +Kj)K|t− s|

+ (|(1 +Kj−2)(1 +Kj−1)K|t− s|)α)

≤Cg,j |s− t|β, (3.24)

where Cg,j is a generic constant, for any s, t ∈ [0, τ ] and j ∈ N.

The main result of this section is given as follows.

Theorem 3.4.3. Let n ∈ N0, τ ∈ (0,+∞), and let f , φ satisfy the assumptions (A1),

(A2), (A3’) for some p ∈ [2,+∞) and α, γ ∈ (0, 1]. There exist Cp,0, Cp,1, . . . , Cp,n ∈ (0,+∞)

such that for all N ≥ ⌈τ⌉ it holds for j = 0, 1, . . . , n,

∥∥∥ max
0≤i≤N

|x(tji ) − yj
i |
∥∥∥

p
≤ Cp,jh

αjρ, (3.25)

where ρ := 1
2 + β.

Remark 3.4.4 (Discussion of the convergence rate). The rate in (3.25) has two dis-

tinct components. The factor ρ = 1
2 + β is the one-step regularity contribution, where

β = min{γ, α} is the effective Hölder regularity of the integrand t 7→ gj(t, ϕj(t)) from

Lemma 3.4.2. Thus, the rate improves when the time dependence of f and the delayed

argument are more regular. The factor αj reflects propagation through the delay in-

tervals. Indeed, the error on [jτ, (j + 1)τ ] depends on the numerical error from the

previous delay interval through the delayed variable, and the assumption (3.17) trans-

fers this previous error with Hölder exponent α. Consequently the theoretical order

may deteriorate as j increases. In the Lipschitz case α = 1, this loss disappears and

the same order hρ is retained on each fixed delay interval, although the constants Cp,j

may still depend on j.
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Remark 3.4.5 (Proof roadmap for Theorem 3.4.3). The proof is organised as an

induction over the delay intervals. On the first interval, the delayed value is supplied

by the prescribed initial history, so the equation reduces to an ordinary Carathéodory

initial-value problem and the randomised quadrature estimate from [60, Theorem 5.2]

gives the initial error bound.

For the induction step, the delayed argument in the implementable scheme is numer-

ical rather than exact. We therefore introduce an auxiliary randomised Runge–Kutta

scheme in which the delayed path is still the exact solution. The error is then decom-

posed into the propagated delay error and the new local discretisation error, and both

parts are closed by stability and discrete Gronwall estimates. The Hölder dependence

on the delayed variable transfers the previous error with exponent α, which is why the

final rate on the jth interval contains the factor αj.

Proof. We start with j = 0 and consider the initial-vale problem (3.13). From Lemma

3.4.2, it has been shown that g0 is β-Hölder continuous in time. Moreover, by (A1),

(A2) and (A3’) we have that g0 is Borel measurable, and for all t ∈ [0, τ ] and x, y ∈ Rd

|g0(t, x) − g0(t, y)| ≤ L|x− y|. (3.26)

Hence, by Theorem 3.3.1 and using the randomised Runge–Kutta error mechanism

recalled in Remark 2.2.2, which is based on the proof of [60, Theorem 5.2], we obtain

(3.25), where the constant Cp,0 is independent of N .

Recall that ϕj(t) := x(t + jτ) for t ∈ [0, τ ] and tji = jτ + t0i with t0i = ih. In

particular, ϕj(t0i ) = x(tji ). Let us now assume that there exists l ∈ {0, 1, . . . , n− 1} for

which there exists Cp,l ∈ (0,+∞) such that for all N ≥ ⌈τ⌉

∥∥∥ max
0≤i≤N

|ϕl(t0i ) − yl
i|
∥∥∥

p
≤ Cp,lh

αlρ. (3.27)

We consider the following initial-value problem


ϕ′

l+1(t) = gl+1(t, ϕl+1(t)), t ∈ [0, τ ],

ϕl+1(0) = ϕl(τ),
(3.28)
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with

gl+1(t, x) = f(t+ (l + 1)τ, x, ϕl(t)). (3.29)

From Lemma 3.4.2 we know that gl+1(·, ϕl+1(·)) is β-Hölder continuous.

In the proof we use the following auxiliary notations: δj
k+1 = h(k + γj

k+1) and

hj
k+1 = hγj

k+1. Then δj
k+1 is uniformly distributed in (t0k, t0k+1) and θj

k+1 = δj
k+1 + jτ is

uniformly distributed in (tjk, t
j
k+1). The latter one hj

k+1 is a random step size uniformly

distributed in [0, h]. We define the auxiliary randomised Runge-Kutta scheme as

ȳl+1
0 = yl+1

0 = yl
N ,

ȳl+1
k+1 = ȳl+1

k + hgl+1
(
δl+1

k+1, ȳ
l+1
k + hl+1

k+1gl+1(t0k, ȳl+1
k )

)
, k = 0, 1, . . . , N − 1. (3.30)

To express the auxiliary scheme directly in terms of f we have:

ȳl+1
k+1 = ȳl+1

k + hf
(
θl+1

k+1, ȳ
l+1
k + hl+1

k+1f(tl+1
k , ȳl+1

k , ϕl(t0k)), ϕl(δl+1
k+1)) (3.31)

From the definition, it follows that ȳj
k, for j = 0, 1, . . . , n and k = 0, 1, . . . , N ,

is measurable with respect to the σ-field generated by (3.6), as is yj
k. Note that this

auxiliary scheme serves only as a theoretical construction. Moreover, ȳ l+1
i approximates

ϕl+1 at t0i , although the sequence {ȳ l+1
i }N

i=0 is not implementable in practice, since the

delay term involves the exact history ϕl(·). We use ȳl+1
i solely to estimate the error

(3.25) of yl+1
i , since it holds that

∥∥∥ max
0≤i≤N

|ϕl+1(t0i ) − yl+1
i |

∥∥∥
p

≤
∥∥∥ max

0≤i≤N
|ϕl+1(t0i ) − ȳl+1

i |
∥∥∥

p

+
∥∥∥ max

0≤i≤N
|ȳl+1

i − yl+1
i |

∥∥∥
p
.

(3.32)

39



Chapter 3. Randomised Runge-Kutta Scheme for DDEs

Firstly, we estimate
∥∥∥ max

0≤i≤N
|ȳl+1

i − yl+1
i |

∥∥∥
p
. For k ∈ {1, . . . , N} we get

ȳl+1
k − yl+1

k

=
k∑

j=1
(ȳl+1

j − ȳl+1
j−1) −

k∑
j=1

(yl+1
j − yl+1

j−1)

= h
k∑

j=1

(
f
(
θl+1

j , ȳl+1
j−1 + hl+1

j f(tl+1
j−1, ȳ

l+1
j−1, ϕl(t0j−1)), ϕl(δl+1

j )
)

− f
(
θl+1

j , yl+1
j−1 + hl+1

j f(tl+1
j−1, y

l+1
j−1, y

l
j−1), yl

j−1 + hl+1
j f(tlj−1, y

l
j−1, y

l−1
j−1)

))
,

which, by using (3.17) twice, gives

|ȳl+1
k − yl+1

k |

≤ hL
k∑

j=1

∣∣ȳl+1
j−1 + hl+1

j f(tl+1
j−1, ȳ

l+1
j−1, ϕl(t0j−1)) − yl+1

j−1 − hl+1
j f(tl+1

j−1, y
l+1
j−1, y

l
j−1)

∣∣
+ hL

k∑
j=1

|ϕl(δl+1
j ) − yl

j−1 − hl+1
j f(tlj−1, y

l
j−1, y

l−1
j−1)|α

≤ hL
k∑

j=1

(
(1 + hL)|ȳl+1

j−1 − yl+1
j−1| + hL|ϕl(t0j−1) − yl

j−1|α
)

+ hL
k∑

j=1
|ϕl(δl+1

j ) − yl
j−1 − hl+1

j f(tlj−1, y
l
j−1, y

l−1
j−1)|α

≤ hL(1 + L)
k∑

j=1
|ȳl+1

j−1 − yl+1
j−1| + h2L2

k∑
j=1

|ϕl(t0j−1) − yl
j−1|α

+ hL
k∑

j=1

∣∣∣ϕl(t0j−1) − yl
j−1

+
∫ tl

j−1+hl+1
j

tl
j−1

(
f(s, ϕl(s− lτ), ϕl−1(s− lτ)) − f(tlj−1, y

l
j−1, y

l−1
j−1)

)
ds
∣∣∣α,

where for the last term we use the expression of the initial-value problem (3.28). Note

that |a + b|α ≤ |a|α + |b|α for α ∈ (0, 1]. Now using (3.17), and (3.24) to estimate the

last term, it follows that
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∣∣∣ϕl(t0j−1) − yl
j−1 +

∫ tl
j−1+hl+1

j

tl
j−1

(
f(s, ϕl(s− lτ), ϕl−1(s− lτ)) − f(tlj−1, y

l
j−1, y

l−1
j−1)

)
ds
∣∣∣α

≤ |ϕl(t0j−1) − yl
j−1|α + hα

∣∣f(tlj−1, ϕl(t0j−1), ϕl−1(t0j−1)) − f(tlj−1, y
l
j−1, y

l−1
j−1)

∣∣α
+
∣∣∣ ∫ tl

j−1+hl+1
j

tl
j−1

(
f(s, ϕl(s− lτ), ϕl−1(s− lτ)) − f(tlj−1, ϕl(t0j−1), ϕl−1(t0j−1)

)
ds
∣∣∣α

≤ |ϕl(t0j−1) − yl
j−1|α + Lαhα(|ϕl(t0j−1) − yl

j−1|α + |ϕl−1(t0j−1) − yl−1
j−1|α2)

+ |Cg,lh
β+1|α

(3.33)

Thus, overall,

|ȳl+1
k − yl+1

k |

≤ hL(1 + L)
k∑

j=1
|ȳl+1

j−1 − yl+1
j−1| + Lh(1 + Lαhα + Lh)

k∑
j=1

|ϕl(t0j−1) − yl
j−1|α

+ L1+αh1+α
k∑

j=1
|ϕl−1(t0j−1) − yl−1

j−1|α2 + hL
k∑

j=1
|Cg,lh

β+1|α

≤ hL(1 + L)
k∑

j=1
max

0≤i≤j−1
|ȳl+1

i − yl+1
i | + Lτ(1 + 2L) max

0≤i≤N
|ϕl(t0i ) − yl

i|α

+ L1+ατhα max
0≤i≤N

|ϕl−1(t0i ) − yl−1
i |α2 + τLCg,lh

α(β+1).

Taking the Lp-norm on both sides gives that

E
(

max
0≤i≤k

|ȳl+1
i − yl+1

i |p
)

≤ cph
pLpE

( k∑
j=1

max
0≤i≤j−1

|ȳl+1
i − yl+1

i |
)p

+ cpL
pτp(1 + 2L)pE

[
max

0≤i≤N
|ϕl(t0i ) − yl

i|αp
]

+ cpL
(1+α)pτphαpE

[
max

0≤i≤N
|ϕl−1(t0i ) − yl−1

i |α2p
]

+ cpτ
pLpCp

g,lh
α(β+1)p.

(3.34)
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By Jensen’s inequality (see Lemma 2.4.2) and (3.27) we have

E
[

max
0≤i≤N

|ϕl(t0i ) − yl
i|αp

]
≤
(
E
[

max
0≤i≤N

|ϕl(t0i ) − yl
i|p
])α

≤ Cαp
p,lh

αl+1ρp,

and

E
[

max
0≤i≤N

|ϕl−1(t0i ) − yl−1
i |α2p

]
≤ Cα2p

p,l−1h
αl+1ρp.

Note that via the Hölder inequality (see Lemma 2.4.1) we get, for k = 1, 2, . . . , N

and all positive numbers a1, a2, . . . , ak, that

hp
( k∑

j=1
aj

)p
≤ τp−1h

k∑
j=1

ap
j , (3.35)

and hence

hpE
[ k∑

j=1
max

0≤i≤j−1
|ȳl+1

i − yl+1
i |

]p
≤ τp−1h

k∑
j=1

E
[

max
0≤i≤j−1

|ȳl+1
i − yl+1

i |p
]
. (3.36)

Finally, substituting all the estimates above into (3.34) gives

E
(

max
0≤i≤k

|ȳl+1
i − yl+1

i |p
)

≤ cpτ
p−1Lph

k∑
j=1

E
[

max
0≤i≤j−1

|ȳl+1
i − yl+1

i |p
]

+ C̄Part1,p,l+1h
αl+1ρp.

(3.37)

where C̄Part1,p,l+1 is a generic constant, for any l ∈ {0, 1, . . . , n− 1}, p ∈ [2,∞).

Now applying Gronwall inequality (see Lemma 2.4.7) to (3.37) gives that

E
(

max
0≤i≤k

|ȳl+1
i − yl+1

i |p
)

≤ CPart1,p,l+1h
αl+1ρp. (3.38)

We now establish an upper bound on
∥∥∥ max

0≤i≤N
|ϕl+1(t0i ) − ȳl+1

i |
∥∥∥

p
. For k ∈ {1, 2, . . . , N}
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we have

ϕl+1(t0k) − ȳl+1
k

=ϕl+1(0) − ȳl+1
0 + (ϕl+1(t0k) − ϕl+1(t00)) − (ȳl+1

k − ȳl+1
0 )

=(ϕl(t0N ) − yl
N ) +

k∑
j=1

(ϕl+1(t0j ) − ϕl+1(t0j−1)) −
k∑

j=1
(ȳl+1

j − ȳl+1
j−1)

=(ϕl(t0N ) − yl
N ) +

k∑
j=1

( t0
j∫

t0
j−1

gl+1(s, ϕl+1(s))ds

− hgl+1
(
δl+1

j , ȳl+1
j−1 + hl+1

j gl+1(t0j−1, ȳ
l+1
j−1)

))
=(ϕl(t0N ) − yl

N ) + Sk
1,l+1 + Sk

2,l+1 + Sk
3,l+1,

(3.39)

where

Sk
1,l+1 :=

k∑
j=1


t0
j∫

t0
j−1

gl+1(s, ϕl+1(s))ds− hgl+1(δl+1
j , ϕl+1(δl+1

j ))

 ,
Sk

2,l+1 := h
k∑

j=1

(
gl+1(δl+1

j , ϕl+1(δl+1
j ))

− gl+1(δl+1
j , ϕl+1(t0j−1) + hl+1

j gl+1(t0j−1, ϕl+1(t0j−1)))
)
,

Sk
3,l+1 := h

k∑
j=1

(
gl+1(δl+1

j , ϕl+1(t0j−1) + hl+1
j gl+1(t0j−1, ϕl+1(t0j−1)))

− gl+1(δl+1
j , ȳl+1

j−1 + hl+1
j gl+1(t0j−1, ȳ

l+1
j−1))

)
.

Since gl+1(·, ϕl+1(·)) is β-Hölder continuous from Lemma 3.4.2 and by (3.23) and

(3.24) we get by Theorem 3.1 in [60] that

∥∥∥ max
1≤k≤N

|Sk
1,l+1|

∥∥∥
p
≤ cp

√
τ∥gl+1(·, ϕl+1(·))∥Cβ([0,τ ])h

ρ =: CS1,l+1h
ρ. (3.40)
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Then, by inequity (3.21) and (3.24) we get

|Sk
2,l+1| ≤ Lh

k∑
j=1

∣∣∣ϕl+1(δl+1
j ) − ϕl+1(t0j−1) − hl+1

j gl+1(t0j−1, ϕl+1(t0j−1))
∣∣∣

≤ Lh
k∑

j=1

∫ t0
j−1+hl+1

j

t0
j−1

∣∣∣gl+1(s, ϕl+1(s)) − gl+1(t0j−1, ϕl+1(t0j−1))
∣∣∣ds

≤ Lh
k∑

j=1

∫ t0
j−1+hl+1

j

t0
j−1

∣∣∣Cg,l+1|s− t0j−1|β
∣∣∣ds

≤ Cg,l+1Lh
k∑

j=1
β−1(hl+1

j )β+1

≤ Cg,l+1β
−1Lτhβ+1

=: CS2,l+1h
β+1. (3.41)

Moreover, for the last term Sk
3,l+1, by using (3.21) twice, we get

Sk
3,l+1 ≤ hL

k∑
j=1

(
ϕl+1(t0j−1) + hl+1

j gl+1(t0j−1, ϕl+1(t0j−1)) − ȳl+1
j−1 − hl+1

j gl+1(t0j−1, ȳ
l+1
j−1)

)

≤ hL
k∑

j=1

(
ϕl+1(t0j−1) − ȳl+1

j−1 + hl+1
j L(ϕl+1(t0j−1) − ȳl+1

j−1)
)

≤ hL
k∑

j=1

(
(hl+1

j L+ 1)(ϕl+1(t0j−1) − ȳl+1
j−1)

)

≤ CS3,l+1h
k∑

j=1

(
(ϕl+1(t0j−1) − ȳl+1

j−1)
)
. (3.42)

Therefore, by (3.27), (3.40), (3.41), (3.42), and (3.35), for all k ∈ {1, 2, . . . , N} the
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following inequality holds

E
[

max
0≤i≤k

|ϕl+1(t0i ) − ȳl+1
i |p

]
(3.43)

≤E
[

max
0≤i≤k

|(ϕl(t0N ) − yl
N ) + Sk

1,l+1 + Sk
2,l+1 + Sk

3,l+1|p]

≤cp

(
E|ϕl(t0N ) − yl

N |p + E
[

max
1≤k≤N

|Sk
1,l+1|p

]
+ E

[
max

1≤k≤N
|Sk

2,l+1|p
])

+ cpE
[

max
1≤k≤N

|Sk
3,l+1|p

]
≤cp

(
Cp

p,lh
αlρp + Cp

S1,l+1h
pρ + Cp

S2,l+1h
p(β+1)

)
+ cpE

[
(CS3,l+1h

N∑
j=1

|ϕl+1(t0j−1) − ȳl+1
j−1|)p

]
(3.44)

≤C̄Part2,p,l+1h
αlρp + cpC

p
S3,l+1τ

p−1h
N∑

j=1
E
[
|ϕl+1(t0j−1) − ȳl+1

j−1|p
]
. (3.45)

where C̄Part2,p,l+1 is a generic constant, for any l ∈ {0, 1, . . . , n− 1}, p ∈ [2,∞).

By using Gronwall’s Lemma 2.4.7, we get for all k ∈ {1, 2, . . . , N}

E
[

max
0≤i≤k

|ϕl+1(t0i ) − ȳl+1
i |p

]
≤ C̄Part2,p,l+1h

αlρp exp(cpL
p(L+ 1)pτp−1hN)

≤ C̄Part2,p,l+1h
αlρp exp(cpL

p(L+ 1)pτp),

which gives ∥∥∥ max
0≤i≤N

|ϕl+1(t0i ) − ȳl+1
i |

∥∥∥
p
≤ CPart2,p,l+1h

αlρ. (3.46)

Combining (3.32), (3.38), and (3.46) we finally obtain

∥∥∥ max
0≤i≤N

|ϕl+1(t0i ) − yl+1
i |

∥∥∥
p
≤ Cp,l+1h

αl+1ρ, (3.47)

which ends the inductive part of the proof. Finally, ϕl+1(t0i ) = ϕl+1(ih) = x(ih+ (l +

1)τ) = x(tl+1
i ) and the proof of (3.25) is finished.
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3.5 Numerical experiments

3.5.1 The implementation

The implementation of the randomised Runge-Kutta scheme is not straightforward. To

evaluate the solution at time point tji = ih + jτ within the interval [jτ, (j + 1)τ ] for

j ≥ 1, we need four steps:

Step (j1): First simulate γ ∼ U(0, 1) and set a random step size γh ∈ [0, h] and a

random time point tji−1 + γh ∈ [tji−1, t
j
i ].

Step (j2): Following the second line of (3.5), compute the intermediate delay term

ỹj−1,j
i via the random step size, the time grid point and evaluations from the preceding

τ -intervals, namely, tj−1
i−1 and yj−1

i−1 over [(j−1)τ, jτ ], and yj−2
i−1 within [(j−2)τ, (j−1)τ ].

Step (j3): Following the third line of (3.5), compute the intermediate term ỹj
i via

the random step size, the time grid point and previous evaluations from the preceding

or the current τ -interval, namely, tji−1 and yj
i−1 within [jτ, (j + 1)τ ], and yj−1

i−1 over

[(j − 1)τ, jτ ].

Step (j4): Following the last line of (3.5), compute evaluation yj
i via the random

time point, the preceding evaluation yj
i−1, the intermediate term ỹj

i and the intermediate

delay term ỹj−1,j
i from Step (j1)-Step (j3).

Equivalently, for j ≥ 1 these four steps are given by the following update formulas:

hj
i = γj

i h, θj
i = tji−1 + hj

i ,

ỹj−1,j
i = yj−1

i−1 + hj
if(tj−1

i−1 , y
j−1
i−1 , y

j−2
i−1 ),

ỹj
i = yj

i−1 + hj
if(tji−1, y

j
i−1, y

j−1
i−1 ),

yj
i = yj

i−1 + hf(θj
i , ỹ

j
i , ỹ

j−1,j
i ). (3.48)

For j = 0, the same structure is used, except that the delay value is supplied by the
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initial history φ:

h0
i = γ0

i h, θ0
i = t0i−1 + h0

i ,

ỹ
(−1,0)
i = φ(t(−1)

i−1 + h0
i ),

ỹ0
i = y0

i−1 + h0
i f(t0i−1, y

0
i−1, y

(−1)
i−1 ),

y0
i = y0

i−1 + hf(θ0
i , ỹ

0
i , ỹ

(−1,0)
i ). (3.49)

Listing 3.1: A sample implementation of (3.4) and (3.5) in Python

import numpy as np

def rand_rrk_dde(tau, phi, h, f, n_taus):
N = int(round(tau / h))
y = np.zeros((N + 1, n_taus + 1))

delay_grid = -tau + h * np.arange(N + 1)
y[:, 0] = np.array([phi(t) for t in delay_grid])

for j in range(1, n_taus + 1):
y[0, j] = y[N, j - 1]
for i in range(1, N + 1):

t = (j - 1) * tau + (i - 1) * h
gamma = np.random.rand()
h_gamma = h * gamma
theta = t + h_gamma

if j == 1:
z_left = phi(t - tau)
z_stage = phi(theta - tau)

else:
z_left = y[i - 1, j - 1]
z_prev = y[i - 1, j - 2]
z_stage = z_left + h_gamma * f(t - tau, z_left, z_prev)

x_left = y[i - 1, j]
x_stage = x_left + h_gamma * f(t, x_left, z_left)
y[i, j] = x_left + h * f(theta, x_stage, z_stage)

return y

Remark 3.5.1 (Relation of the DDE experiments to Theorem 3.4.3). The two DDE

examples below play different roles. Example 1 contains jump discontinuities in the

time-dependent factor g(t), and hence the Hölder-in-time part of Assumption (A3’) is

not satisfied. Figure 3.3 is therefore used as a robustness and comparison test for a
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time-irregular DDE, rather than as a direct verification of Theorem 3.4.3. Example 2,

by contrast, is designed so that the drift and the initial history satisfy the assumptions

of Theorem 3.4.3; Figure 3.4 and Table 3.1 are the theorem-backed numerical tests

illustrating the dependence of the rate on α, γ and the delay interval.

3.5.2 Example 1

We modify [63, Example 6.2] as follows:


u̇(t) = g(t)

(
u(t) + (1 + |u(t− τ)|)α

)
, t ∈ [0, 3τ ],

u(t) = 1, t ∈ [−τ, 0],
(3.50)

where g(t) :=
[
− 1

10sgn(1
4T − t) − 1

5sgn(1
2T − t) − 7

10sgn(3
4T − t)

]
and

sgn(t) :=


−1, if t < 0,

0, if t = 0,

1, if t > 0.

(3.51)

Here we have three jump points at t = 1
4T , t = 1

2T and t = 3
4T . Note that when α = 0,

our proposed scheme can recover the performance shown in [63, Example 6.2], with an

order of convergence roughly 1.5.

In this example, we choose α = 0.5 and investigate the performance of our proposed

randomised Runge-Kutta scheme for solving such a time-irregular DDE. We compare

it with the randomised Euler scheme proposed in [28] and recalled in Section 3.2,

which is designed for Carathéodory DDEs, in terms of convergence rate, accuracy, and

computational efficiency. The reference solution is computed through the randomised

Runge-Kutta scheme at step size href = 2−15. We test the performance via 1000

experiments for each h = 2−l, l = 2, . . . , 7, and record the mean-square error (MSE)

and time cost against MSE for both methods respectively in Figure 3.3. It can be

observed from Figure 3.3, and in particular from Figure 3.3a and Figure 3.3b, that the

randomised Runge-Kutta scheme outperforms consistently over all intervals in terms of
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(a) MSE of randomised Runge-Kutta. (b) MSE of randomised Euler.

(c) Time cost against MSE over [τ, 2τ ]. (d) Time cost against MSE over [2τ, 3τ ].

Figure 3.3: The performance of solving DDE (3.50) via randomised Runge-Kutta and
randomised Euler.
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accuracy and the order of convergence. Clearly, due to the additional computation of

ỹj
k+1 and ỹj−1,j

k+1 in (3.5), the randomised Runge-Kutta scheme is approximately three

times as expensive as the randomised Euler scheme with the same step size. But due

to its better accuracy, the randomised Runge-Kutta scheme is superior for all the step

sizes smaller than 2−3.

3.5.3 Example 2

To verify (3.25) in Theorem 3.4.3, we test the sensitivity of the performance of the ran-

domised Runge-Kutta scheme with respect to parameters α, γ ∈ (0, 1] on the following

DDE: 
u̇(t) = u(t) − |u(t− τ)|α + |t|γ , t ∈ [0, 3τ ],

u(t) = t+ τ, t ∈ [−τ, 0].
(3.52)

Clearly DDE (3.52) satisfies all the assumptions of Theorem 3.4.3. We choose the

combinations

(α, γ) ∈ {(0.1, 0.1), (0.1, 0.5), (0.5, 0.1), (0.5, 0.5), (0.5, 1), (1, 0.5)}

For each pair, the reference solution is computed through the randomised Runge-

Kutta scheme at step size href = 2−16. We test the performance via 1000 experiments for

each h = 2−l, l = 5, . . . , 10, and record the mean-square error (MSE) and the negative

MSE slope in Figure 3.4 and Table 3.1 respectively. One can observe from Table 3.1

that for each pair of (α, γ), the order of convergence over [jτ, (j + 1)τ ] is consistently

higher than the theoretical one for j = 0, 1, 2, where the latter one is
(

1
2 + (γ ∧ α)

)
αj

in (3.25). In particular, Figure 3.4a, Figure 3.4b and Figure 3.4c show that, although

the observed orders from the three cases are similar over [0, τ ], those over [τ, 2τ ] and

[2τ, 3τ ] in Figure 3.4b are slightly higher than the other two, due to the larger value of

α. This behaviour is consistent with Theorem 3.4.3.
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(a) (α, γ) = (0.1, 0.1) (b) (α, γ) = (0.5, 0.1). (c) (α, γ) = (0.1, 0.5).

(d) (α, γ) = (0.5, 0.5). (e) (α, γ) = (0.5, 1). (f) (α, γ) = (1, 0.5).

Figure 3.4: The performance of solving DDE (3.52) via randomised Runge-Kutta.

Table 3.1: Performance of solving DDE (3.52) using randomised Runge-Kutta: negative
MSE slopes for varying α and γ.

α γ [0, τ ] [1τ, 2τ ] [2τ, 3τ ] Figure
0.1 0.1 0.86 0.83 0.84 Figure 3.4a
0.5 0.1 0.87 0.93 0.95 Figure 3.4b
0.1 0.5 0.85 0.82 0.82 Figure 3.4c
0.5 0.5 1.16 0.97 1.01 Figure 3.4d
0.5 1 1.34 1.01 1.30 Figure 3.4e
1 0.5 1.36 1.15 1.03 Figure 3.4f
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Chapter 4

On approximation of solutions of

stochastic delay differential

equations via randomised Euler

scheme

4.1 Introduction

In this chapter, we investigate the efficiency of randomised numerical scheme for sim-

ulating the stochastic delay differential equations (SDDEs) by considering the SDDEs

of the following form


dX(t) = f(t,X(t), X(t− τ)) dt+ g(t,X(t), X(t− τ)) dW (t), t ∈ [0, (n+ 1)τ ],

X(t) = x0, t ∈ [−τ, 0],
(4.1)

with the constant time-lag τ ∈ (0,+∞), fixed time horizon n ∈ N, f : [0, (n+1)τ ]×Rd×

Rd → Rd, g : [0, (n+ 1)τ ] ×Rd ×Rd → Rd×m, and x0 ∈ Rd. Here, we consider the drift

coefficient f to satisfy Carathéodory type conditions, which means that we assume

drift coefficient f = f(t, x, z) is Borel measurable with respect to t, and (at least)

continuous with respect to (x, z). For the diffusion coefficient g(t, x, z) we assume (at
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least) continuity with respect to all variables (t, x, z).

Though SDEs can be regarded as a special case of SDDEs, the extension of the

randomised numerical approaches from SDEs to SDDEs is non-trivial. On the one

hand, compared to SDEs, the existence, uniqueness and Lp-Hölder regularity of the

strong solution to (4.1) is currently not known in the literature under conditions for

f and g considered in this chapter. On the other hand, the time-delays may induce

instabilities in the basic SDDEs [69], and the presence of time-delays may further

influence the convergence speed [14].

In this chapter, we resolve these challenges one by one. For the study of the exact

solution to (4.1), instead of considering the SDDE over the entire interval all at once,

we follow a different way, known for DDEs form in [27]. The entire time interval will

be divided into multiple subintervals of the length τ and the solution of the SDDE

will be considered at each subinterval separately. This will allow the SDDE to be

converted into a sequence of iterative SDEs with random coefficients and analysed by

induction, where the delay term is treated as a random resource that has been given

(see (4.12)). The randomised Euler-Maruyama scheme is defined in the same manner,

i.e., iteratively. We keep the same grid for all the subintervals of length τ so that

the simulation obtained from the preceding subinterval will directly be the delay input

for the current subinterval. To assist the error analysis, we introduce the auxiliary

randomised Euler-Maruyama scheme. In the case when f or g are Hölder continuous

with respect to z we observe that the numerical error accumulates over the subintervals.

In particular, this may suggest that this analysis is not valid for the infinite time horizon

cases.

To summarise, the main contributions of the study are as follows:

• We show existence, uniqueness, and Hölder regularity of the strong solution to

(4.1) when both the drift f(t, x, z) and diffusion g(t, x, z) coefficients are Borel

measurable with respect to t, satisfy a global Lipschitz condition with respect to

x and global linear growth condition with respect to (x, z), but are continuous

with respect to the delay variable z (see Theorem 4.3.1).

• We perform rigorous error analysis of the randomised Euler scheme applied to
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(4.1) when both drift coefficient f(t, x, z) and diffusion coefficient g(t, x, z) satisfy

a global Lipschitz condition with respect to x and a global Hölder condition with

respect to z. Still, we assume that f is only Borel measurable with respect to

t, but for g we assume now that it is also Hölder continuous with respect to the

time variable t. (See Theorem 4.4.4).

• We present an implementation of the randomised Euler-Maruyama scheme in

Python code and report results of numerical experiments that show stable error

behaviour as stated in Theorem 4.4.4.

The structure of this chapter is as follows. Basic notions, definitions together with

assumptions and the construction of the randomised Euler-Maruyama scheme are given

in Section 4.2. Section 4.3 is devoted to the issue of existence and uniqueness of strong

solutions of the Carathéodory type SDDEs (4.1). Section 4.4 contains the proof of the

main error result for the randomised Euler-Maruyama scheme. In Section 4.5 we report

results of numerical experiments with an exemplary Python implementation.

4.2 Assumptions and Algorithm

We consider a complete probability space (Ω,Σ,P). Recall from Chapter 2 that for a

random variable X : Ω → Rd we write ∥X∥Lp(Ω) for its Lp-norm, where p ∈ [2,+∞);

throughout this chapter, cp denotes a generic constant that depends on p. We denote

by (Σt)t≥0 a filtration, satisfying the usual conditions. Let W = (W (t))t≥0 is m-

dimensional standard Wiener process on (Ω,Σ,P) with respect to (Σt)t≥0. Let Σ∞ =

σ
(⋃

t≥0 Σt

)
. For two sub-σ-fields A, B of Σ we denote by A ∨ B = σ(A ∪ B). Let

Y : [0, T ] × Ω → Rd be a stochastic process and ξ : Ω → [0, T ] a random variable.

Let us fix the horizon parameter n ∈ N. On the drift coefficient f : [0, (n + 1)τ ] ×

Rd × Rd 7→ Rd we impose the following assumptions:

(A1) f(t, ·, ·) ∈ C(Rd × Rd;Rd) for all t ∈ [0, (n+ 1)τ ],

(A2) f(·, x, z) : [0, (n+ 1)τ ] → Rd is Borel measurable for all (x, z) ∈ Rd × Rd,
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Symbol Meaning
γj

k uniformly distributed sample from [0, 1] for j ∈ N0 and k ∈ N
tjk tjk = jτ + kh for k ∈ [N ]0 and j ∈ [n]0
θj

k+1 θj
k+1 = tjk + hγj

k+1
δj

k+1 δj
k+1 = kh+ hγj

k+1

Table 4.1: Notations.

(A3) there exist Kf ∈ (0,∞) such that for all t ∈ [0, (n+ 1)τ ], x, x1, x2, z ∈ Rd

|f(t, x, z)| ≤ Kf (1 + |x| + |z|),

|f(t, x1, z) − f(t, x2, z)| ≤ Kf |x1 − x2|.
(4.2)

For the diffusion coefficient g : [0, (n+ 1)τ ] ×Rd ×Rd 7→ Rd×m we impose the following

assumptions:

(B1) g(t, ·, ·) ∈ C(Rd × Rd;Rd×m) for all t ∈ [0, (n+ 1)τ ],

(B2) g(·, x, z) : [0, (n+ 1)τ ] → Rd×m is Borel measurable for all (x, z) ∈ Rd × Rd,

(B3) there exists Kg ∈ (0,∞) such that for all t ∈ [0, (n+ 1)τ ], x, x1, x2, z ∈ Rd

|g(t, x, z)| ≤ Kg(1 + |x| + |z|),

|g(t, x1, z) − g(t, x2, z)| ≤ Kg|x1 − x2|.
(4.3)

In Section 4.3 we show that, under the assumptions (A1)-(A3), (B1)-(B3), the SDDE

(4.1) has an unique strong solution. Next, in Section 4.4 we investigate error of the

randomised Euler scheme under slightly stronger assumptions than (A1)-(A3), (B1)-

(B3). The scheme defined below is the SDDE instance of the hierarchy described in

Section 2.3: the drift is evaluated at a random time point, while the diffusion coefficient

is kept at the left endpoint so that the Brownian increment remains adapted. The

aforementioned randomised Euler scheme is defined as follows. Fix the discretization

parameter N ∈ N and set

tjk = jτ + kh, k ∈ [N ]0, j ∈ [n]0, (4.4)
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where

h = τ

N
. (4.5)

Note that for each j the sequence {tjk}N
k=0 provides uniform discretization of the subin-

terval [jτ, (j+1)τ ]. Let {γj
k}j∈N0,k∈N be an i.i.d. sequence of random variables, defined

on the complete probability space (Ω,Σ,P), where every γj
k is uniformly distributed on

[0, 1]. We assume that the σ-fields σ({γj
k}j∈N0,k∈N) and Σ∞ are independent. Then

W = (W (t))t≥0 is also the Wiener process with respect to the extended filtration

Σ̃t = Σt ∨ σ({γj
k}j∈N0,k∈N), t ≥ 0. (4.6)

Here, as in Chapter 3, the superscript (−1) labels the prescribed initial-history interval

[−τ, 0] rather than a further computed delay interval. We define randomised Euler

scheme as setting y(−1)
0 = . . . = y

(−1)
N = x0 and then for j ∈ [n]0, k ∈ [N − 1]0 taking

yj
0 = yj−1

N , (4.7)

yj
k+1 = yj

k + h · f(θj
k+1, y

j
k, y

j−1
k ) + g(tjk, y

j
k, y

j−1
k )(W (tjk+1) −W (tjk)), (4.8)

where θj
k+1 = tjk + hγj

k+1. As the output we obtain the sequence of Rd-valued ran-

dom vectors {yj
k}k∈[N ]0,j∈[n]0 that provides a discrete approximation of the values

{X(tjk)}k∈[N ]0,j∈[n]0 . By induction we get that for all j ∈ [n]0, k ∈ [N ]0

σ({yj
k}) ⊂σ

(
{γ0

1 . . . , γ
0
N , . . . , γ

j−1
1 , . . . , γj−1

N , γj
1, . . . , γ

j
k}
)

∨ σ
(
{W (t00), . . . ,W (t0N ), . . . ,W (tj−1

0 ),

. . . ,W (tj−1
N ),W (tj0), . . . ,W (tjk)}

)
, (4.9)

as the horizon parameter n is fixed, the randomised Euler scheme uses O(N) evaluations

of f , g and W (with a constant in the ’O’ notation that depends on n but not on N).

The aim is to establish upper bounds on the Lp(Ω)-error

∥∥∥ max
0≤k≤N

|X(tjk) − yj
k|
∥∥∥

Lp(Ω)
(4.10)
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for all j = 0, 1, . . . , n.

4.3 Properties of solutions to Carathéodory SDDEs

We take into account the semi-flow property holds for SDDE (4.1). Namely, we define

ϕl(t) := X(t+ lτ), t ∈ [0, τ ], l = −1, 0, 1, . . . , n (4.11)

and, in particular, ϕ−1(t) = x0 for t ∈ [0, τ ]. Using change of variable formula for

Lebesgue and Itô integrals we arrive at the following SDE with random coefficients


dϕl(t) = fl

(
t, ϕl(t)

)
dt+ gl

(
t, ϕl(t)

)
dWl(t), t ∈ [0, τ ],

ϕl(0) = ϕl−1(τ),
(4.12)

where the random fields fl : [0, τ ] × Rd → Rd and gl : [0, τ ] × Rd → Rd×m are defined

follows

fl(t, x) := f
(
t+ lτ, x, ϕl−1(t)

)
,

gl(t, x) := g
(
t+ lτ, x, ϕl−1(t)

)
,

(4.13)

and Wl(t) := W (t+ lτ), t ∈ [0, τ ], x ∈ Rd. We also set

Σ(−1)
t := {∅,Ω}, (4.14)

Σj
t := Σt+jτ , (4.15)

for t ∈ [0, τ ], j ∈ [n]0. The solution X of (4.1) can be written as

X(t) =
n∑

j=−1
ϕj(t− jτ) · 1[jτ,(j+1)τ ](t), t ∈ [−τ, (n+ 1)τ ]. (4.16)

We state Lp-boundedness and regularity of the solution X in the following Theorem

4.3.1. Theorem 3.1 on pages 156–157 of [68] gives an existence and uniqueness result

for stochastic delay differential equations under classical Lipschitz and growth assump-
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tions. Our use of this result here is therefore not to claim a new existence theorem in

that classical setting, but to adapt the interval-by-interval construction to the present

formulation and, more importantly, to record the explicit Lp estimates and Lp-Hölder

regularity of the solution that are needed later in the numerical error analysis. These

quantitative estimates are not stated in Theorem 3.1 of [68].

Theorem 4.3.1. Let n ∈ N0, τ ∈ (0,+∞), x0 ∈ Rd and let f, g satisfy the assumptions

(A1)-(A3), (B1)-(B3). Then there exists a unique strong solution X = X(x0, f, g) to

(4.1) such that for j ∈ [n]0 we have

E
(

sup
0≤t≤τ

|ϕj(t)|p
)

≤ Kj,p, (4.17)

where K−1,p := |x0|p, K = max{Kf ,Kg},

Kj,p = cp

(
Kj−1,p + τp/2Kp(τp/2 + 1)(1 +Kj−1,p)

)
exp

(
cpτ

pKp(1 +Kp)
)
, (4.18)

and for all j ∈ [n]0, t, s ∈ [0, τ ] it holds

∥ϕj(t) − ϕj(s)∥Lp(Ω) ≤ cpK(τ1/2 + 1)(1 + p

√
Kj−1,p + p

√
Kj,p)|t− s|1/2. (4.19)

Proof. We proceed by induction. We start with the case when j = 0 and consider the

following SDE


dϕ0(t) = f0(t, ϕ0(t)) dt+ g0(t, ϕ0(t)) dW0(t), t ∈ [0, τ ],

ϕ0(0) = x0,

(4.20)

with f0(t, x) = f(t, x, ϕ−1(t)) = f(t, x, x0), g0(t, x) = g(t, x, ϕ−1(t)) = g(t, x, x0). More-

over, by (4.2), (4.3) we have for all t ∈ [0, τ ], x, y ∈ Rd that

max{|f0(t, x)|, |g0(t, x)|} ≤ max{Kf ,Kg}(1 + |x| + |x0|), (4.21)
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and

max{|f0(t, x) − f0(t, y)|, |g0(t, x) − g0(t, y)|} ≤ max{Kf ,Kg}|x− y|. (4.22)

Therefore, by Lemma 2.4.6 we have that there exists a unique strong solution ϕ0 :

[0, τ ] → Rd of (4.20) that is adapted to (Σ0
t )t∈[0,τ ]. By the moment estimate recalled in

that lemma, the solution ϕ0 satisfies (4.17) with j = 0 and

K0,p = cp

[
|x0|p + τp/2Kp(1 + τp/2)(1 + |x0|p)

]
exp

(
cpτ

pKp(1 +Kp)
)
, (4.23)

with K = max{Kf ,Kg}. In addition, ϕ0 satisfies (4.19) for j = 0.

Let us now assume that for some j ∈ [n− 1]0, there exists a unique strong solution

ϕj : [0, τ ] × Ω → Rd adapted to (Σj
t )t∈[0,τ ] of the following equation:


dϕj(t) = fj(t, ϕj(t)) dt+ gj(t, ϕj(t)) dWj(t), t ∈ [0, τ ],

ϕj(0) = ϕj−1(τ),
(4.24)

that satisfies (4.17), (4.19), where fj(t, x) = f(t + jτ, x, ϕj−1(t)), gj(t, x) = g(t +

jτ, x, ϕj−1(t)). We consider the following SDE


dϕj+1(t) = fj+1(t, ϕj+1(t)) dt+ gj+1(t, ϕj+1(t)) dWj+1(t), t ∈ [0, τ ],

ϕj+1(0) = ϕj(τ),
(4.25)

with fj+1(t, x) = f(t+ (j+ 1)τ, x, ϕj(t)), gj+1(t, x) = g(t+ (j+ 1)τ, x, ϕj(t)). Since the

process ϕj is adapted to (Σj
t )t∈[0,τ ], Σj

t ⊂ Σj+1
t and has continuous trajectories, for all

x ∈ Rd the processes (fj+1(t, x))t∈[0,τ ], (gj+1(t, x))t∈[0,τ ] are (Σj+1
t )t∈[0,τ ]-progressively

measurable. Moreover, by (4.2), (4.3) for all (t, x) ∈ [0, τ ] × Rd

max{|fj+1(t, x)|, |gj+1(t, x)|} ≤ K(1 + |ϕj(t)|) +K|x|, (4.26)
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and for all t ∈ [0, τ ], x, y ∈ Rd it holds

max{|fj+1(t, x) − fj+1(t, y)|, |gj+1(t, x) − gj+1(t, y)|} ≤ K|x− y|. (4.27)

Hence, by Lemma 2.4.6 there exists a unique strong solution ϕj+1 : [0, τ ] × Ω → Rd of

(4.25). By the inductive assumption, the moment estimate recalled in Lemma 2.4.6,

and Jensen’s Inequality (see Lemma 2.4.2) we get that

E
(

sup
0≤t≤τ

|ϕj+1(t)|p
)

≤ cp

(
E|ϕj(τ)|p + E

( τ∫
0

K(1 + |ϕj(s)|) ds
)p

+ E
( τ∫

0

K2(1 + |ϕj(s)|)2 ds
)p/2

)

× exp
(
cpτ

p−1
τ∫

0

(Kp +K2p) ds
)

≤ cp

(
E|ϕj(τ)|p + τp−1

τ∫
0

E [Kp(1 + |ϕj(s)|))p ] ds+ τp/2−1
τ∫

0

E[Kp(1 + |ϕj(s)|)p] ds
)

× exp
(
cpτ

pKp(1 +Kp)
)

≤ cp

(
Kj,p + τp/2Kp(τp/2 + 1)(1 +Kj,p)

)
exp

(
cpτ

pKp(1 +Kp)
)

= Kj+1,p, (4.28)

and therefore, by the Hölder inequality (see Lemma 2.4.1) and BDG inequality (see

Corollary 2.4.5), we get for s, t ∈ [0, τ ], s < t

E|ϕj+1(t) − ϕj+1(s)|p

≤ cp

(
E
∣∣∣∣∫ t

s
fj+1(u, ϕj+1(u))du

∣∣∣∣p +
∣∣∣∣∫ t

s
gj+1(u, ϕj+1(u))dW (u)

∣∣∣∣p)

≤ cp

[
(t− s)p−1

t∫
s

E|fj+1(u, ϕj+1(u))|p du+ (t− s)
p−2

2

t∫
s

E|gj+1(u, ϕj+1(u))|p du
]

≤ K̄j+1,p(t− s)p/2, (4.29)

where K̄j+1,p = cp
pK

p(τp/2 + 1)(1 +Kj,p +Kj+1,p). This ends the inductive proof.
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4.4 Error analysis for the randomised Euler algorithm

In this section we provide error analysis for randomised Euler scheme under slightly

stronger assumptions than those stated in Section 4.2. Namely, for the drift coefficient

we assume that instead of (A3) it satisfies what follows:

(A3’) There exist α1 ∈ (0, 1], K̄f , Lf ∈ (0,∞) such that for all t ∈ [0, (n+ 1)τ ]

|f(t, 0, 0)| ≤ K̄f , (4.30)

and for all t ∈ [0, (n+ 1)τ ], x1, x2, z1, z2 ∈ Rd

|f(t, x1, z1) − f(t, x2, z2)| ≤ Lf (|x1 − x2| + |z1 − z2|α1). (4.31)

For the diffusion coefficient we impose the following assumption, that is stronger than

(B3):

(B3’) There exist α2, ϱ ∈ (0, 1], K̄g, Lg ∈ (0,∞) such that for all t1, t2 ∈ [0, (n + 1)τ ],

x, z ∈ Rd

|g(t1, x, z) − g(t2, x, z)| ≤ K̄g(1 + |x| + |z|)|t1 − t2|ϱ, (4.32)

and for all t ∈ [0, (n+ 1)τ ], x1, x2, z1, z2 ∈ Rd

|g(t, x1, z1) − g(t, x2, z2)| ≤ Lg(|x1 − x2| + |z1 − z2|α2). (4.33)

Note that for any f that satisfies the assumption (A3’) it holds for all t ∈ [0, (n+ 1)τ ],

x, z ∈ Rd

|f(t, x, z)| ≤ Kf (1 + |x| + |z|), (4.34)

with Kf = K̄f + Lf , while for any g satisfying (B3’) we have for all t ∈ [0, (n + 1)τ ],

x, z ∈ Rd

|g(t, x, z)| ≤ Kg(1 + |x| + |z|), (4.35)

with Kg = |g(0, 0, 0)| +Lg + K̄g((n+ 1)τ)ϱ. Note that under (A3’) and (B3’), f and
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g automatically satisfy (4.2) and (4.3).

The strengthened assumptions above are used only for the error analysis, not for the

basic existence result. The weaker assumptions in Section 4.2 are sufficient to construct

the SDDE solution and obtain moment estimates. In contrast, the randomised Euler

error proof requires quantitative control of the drift and diffusion coefficients when the

time argument, the current state, and the delayed state are perturbed. The Lipschitz

dependence on the current state is used in the stability estimates after the error decom-

position, while the Hölder dependence on the delayed state controls the propagation of

the previous interval’s error through the delay term. For the diffusion coefficient, the

Hölder continuity in time in (B3’) is also needed to estimate the local stochastic con-

sistency error and to identify the regularity contribution min{ϱ, 1/2} in Theorem 4.4.4.

These assumptions still allow time-irregular coefficients; differentiability in time is not

required. Typical examples are coefficients of the form

f(t, x, z) = af (t) +Bfx+ ψf (z), g(t, x, z) = ag(t) +Bgx+ ψg(z),

where ag is ϱ-Hölder continuous, the time-dependent part of f is bounded as required in

(A3’), Bf , Bg are bounded linear maps, and ψf , ψg are Hölder continuous in the delayed

variable with exponents α1 and α2, respectively. Thus the strengthened assumptions

describe the regularity needed to prove rates, while remaining compatible with the

low-regularity time-dependent coefficients considered in this thesis.

Remark 4.4.1 (Relation to assumptions in related SDDE approximation work). The

assumptions used in this chapter should be interpreted according to the part of the

analysis in which they are used. Classical well-posedness results for SDDEs, such as

the result recalled from [68], are typically based on Lipschitz and growth conditions

which guarantee existence, uniqueness, and moment bounds. The assumptions (A1)–

(A3) and (B1)–(B3) play this role here, with the delay equation treated interval by

interval.

The strengthened assumptions (A3’) and (B3’) are imposed for a different purpose.

They are not meant to claim a weakest possible existence theory for SDDEs. Rather,
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they provide the quantitative regularity needed for the strong error analysis of the

randomised Euler scheme. In the non-delay SDE setting, randomised approximation

results such as [74] already show that the convergence rate depends on the available

time regularity and on martingale estimates for the stochastic integral. In the present

SDDE setting the same type of local error control must be combined with an additional

delay-interval induction: errors made on one interval enter the delayed argument on the

next interval. This is why Hölder continuity in the delayed variable is tracked explicitly

through the exponents α1 and α2.

Thus the contribution here is not a blanket weakening of all assumptions in the

SDDE literature. It is a rate-oriented framework for Carathéodory-type SDDEs which

combines standard moment estimates, randomised quadrature ideas for low-regularity

drift terms, BDG-based estimates for the stochastic part, and delay-error propagation.

This explains the form of the final rate in Theorem 4.4.4, where both the regularity of

the coefficients and the repeated propagation through delay intervals are visible.

Before proceeding with the error analysis, we introduce the following auxiliary

lemma regarding measurability properties of stochastic processes evaluated at random

times, which will be crucial for our subsequent proofs.

Lemma 4.4.1. Let Y = (Y (t))t≥0 is (Σt)t≥0-progressively measurable stochastic pro-

cess and let ξ : Ω 7→ [a, b], 0 ≤ a < b < +∞, is a random variable on (Ω,Σ,P). Then

Y (ξ) is σ(ξ) ∨ Σb-measurable.

Proof. Since Y is progressively measurable, its restriction to [0, b] × Ω is B([0, b]) ⊗ Σb-

to-B(Rd) measurable. In particular, the mapping [a, b] × Ω ∋ (t, ω) 7→ Y (t, ω) ∈ Rd is

B([a, b]) ⊗ Σb-to-B(Rd) measurable. Define

H : Ω → [a, b] × Ω, H(ω) := (ξ(ω), ω),

and let F0 := {B × F : B ∈ B([a, b]), F ∈ Σb}, so that B([a, b]) ⊗ Σb = σ(F0). For any

B × F ∈ F0 we have

H−1(B × F ) = {ω : ξ(ω) ∈ B} ∩ F = ξ−1(B) ∩ F ∈ σ(ξ) ∨ Σb.
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Hence, by Proposition 2.3. in [17], the map H is σ(ξ)∨Σb-to-B([a, b])⊗Σb measurable.

Therefore, for ω ∈ Ω,

Y (ξ(ω), ω) = (Y ◦H)(ω),

where ◦ denotes composition, i.e. (Y ◦H)(ω) := Y (H(ω)). For any A ∈ B(Rd),

(Y ◦H)−1(A) = H−1(Y −1(A)) ∈ σ(ξ) ∨ Σb,

which shows that Y (ξ) is σ(ξ) ∨ Σb-measurable.

Recall the expression of randomised Euler-Maruyama scheme in (4.7)-(4.8) as well

as the expressions for fl and gl in (4.13). In order to perform error analysis, we define

the auxiliary randomised Euler-Maruyama scheme with solutions {ȳl
k} as follows:

ȳ0
0: = y0

0 = y
(−1)
N = x0, (4.36)

ȳ0
k+1: = ȳ0

k + h · f0(θ0
k+1, ȳ

0
k) + g0(t0k, ȳ0

k)∆0
kW, k = 0, 1, . . . , N − 1, (4.37)

and for l = 0, 1, . . . , n− 1

ȳl+1
0 : =yl+1

0 = yl
N , (4.38)

ȳl+1
k+1: =ȳl+1

k + h · fl+1(δl+1
k+1, ȳ

l+1
k )

+ gl+1(t0k, ȳl+1
k )∆l+1

k W, k = 0, 1, . . . , N − 1, (4.39)

where δl+1
k+1 = kh+ γl+1

k+1h and ∆l+1
k W := W (tl+1

k+1) −W (tl+1
k ) for l = −1, 0, . . . , n− 1.

The auxiliary randomised Euler-Maruyama scheme differs from the randomised

Euler-Maruyama one over each [lτ, (l + 1)τ ] in that the delay terms of f and g evalu-

ated in the former scheme are the exact values while the ones in the latter scheme are

numerical approximations from [(l − 1)τ, lτ ] .

Note that δl+1
k+1 is uniformly distributed in (t0k, t0k+1) and θl+1

k+1 = δl+1
k+1 + (l + 1)τ

is uniformly distributed in (tl+1
k , tl+1

k+1). For N ≥ 2 we have that h ∈ (0, τ), which

gives that tl+1
k > tlk+1 and Σtl

k+1
⊂ Σtl+1

k
. This fact and Lemma 4.4.1 imply that for
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ϕl(δl+1
k+1) = X(tlk + hγl+1

k+1), where ϕl is defined in (4.11), we have

σ(ϕl(δl+1
k+1)) ⊂ σ({γl+1

k+1}) ∨ Σtl
k+1

⊂ σ({γl+1
k+1}) ∨ Σtl+1

k
, (4.40)

and hence, ϕl(δl+1
k+1) is independent of ∆l+1

k W . Moreover, it follows from (4.13), (4.39)

that

ȳl+1
k+1 =ȳl+1

k + h · f(tl+1
k + hγl+1

k+1, ȳ
l+1
k , ϕl(δl+1

k+1))

+ g(tl+1
k , ȳl+1

k , ϕl(t0k)) · ∆l+1
k W. (4.41)

Hence, by (4.41), (4.40), and induction we get for j ∈ [n]0 and k ∈ [N ]0 that

σ(ȳj
k) ⊂ Σ

tj
k

∨ σ({γ0
1 . . . , γ

0
N , . . . , γ

j−1
1 , . . . , γj−1

N , γj
1, . . . , γ

j
k}). (4.42)

Therefore, ȳj
k is measurable with respect to larger σ-field than yj

k (see (4.9)). Note that

ȳl
k is not implementable. However, we use ȳl

k only in order to estimate the error (4.10)

of (implementable scheme) yl
k.

Before turning to the error analysis, we note that both the randomised Euler scheme

and its auxiliary counterpart admit finite second moments on each subinterval. The

following lemma collects this elementary estimate.

Lemma 4.4.2. Assume that f, g satisfy (A1)–(A3) and (B1)–(B3). Let {yj
k} be given

by (4.7)–(4.8) and let {ȳj
k} be given by (4.36)–(4.39). Then for every j ∈ [n]0 it holds

max
0≤k≤N

E|yj
k|2 < ∞, max

0≤k≤N
E|ȳj

k|2 < ∞.

Proof. We first show the assertion for {yj
k} by induction over j. For j = −1 we

have y(−1)
k = x0, hence maxk E|y(−1)

k |2 = |x0|2 < ∞. Fix j ∈ [n]0 and assume that

max0≤k≤N E|yj−1
k |2 < ∞. Since yj

0 = yj−1
N , we have E|yj

0|2 < ∞. For k ∈ [N − 1]0, by
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(4.2), (4.3), (4.8), E|∆j
kW |2 = h, and |a+ b+ c|2 ≤ 3(|a|2 + |b|2 + |c|2), we have

E|yj
k+1|2 = E

∣∣∣yj
k + hf(θj

k+1, y
j
k, y

j−1
k ) + g(tjk, y

j
k, y

j−1
k )∆j

kW
∣∣∣2

≤ 3E|yj
k|2 + 3h2E

∣∣f(θj
k+1, y

j
k, y

j−1
k )

∣∣2 + 3E
∣∣g(tjk, y

j
k, y

j−1
k )∆j

kW
∣∣2

≤ 3E|yj
k|2 + 9h2K2

f E
(
1 + |yj

k|2 + |yj−1
k |2

)
+ 9hK2

g E
(
1 + |yj

k|2 + |yj−1
k |2

)
≤
(
1 + Ch

)
E|yj

k|2 + Ch
(
1 + E|yj−1

k |2
)
,

where we used h2 ≤ τh (since h = τ/N ≤ τ) and absorbed all constants into C < ∞.

Taking maximum over k and applying a discrete Gronwall argument (see Lemma

2.4.7) yields max0≤k≤N E|yj
k|2 < ∞. This completes the induction in j.

We now prove the bound for {ȳj
k}. For j = 0 we have ȳ0

k = y0
k, hence maxk E|ȳ0

k|2 <

∞. Let j ≥ 1. Using (4.41) and repeating the above estimate with yj
k replaced by ȳj

k

and yj−1
k replaced by ϕj−1, we obtain

E|ȳj
k+1|2 ≤ (1 + Ch)E|ȳj

k|2 + Ch
(
1 + E|ϕj−1(t0k)|2

)
.

By Theorem 4.3.1, supt∈[0,τ ] E|ϕj−1(t)|2 < ∞, and thus max0≤k≤N E|ϕj−1(t0k)|2 < ∞.

Another discrete Gronwall argument (see Lemma 2.4.7) yields max0≤k≤N E|ȳj
k|2 < ∞.

To bound the error between the implementable randomised Euler scheme (yl
k) and

the SDDE’s exact solution (X), we will analyse the error chain |X−y| ≤ |X−ȳ|+|ȳ−y|.

The following lemma quantifies key component errors between the decomposed exact

solution ϕl and ȳl
k, laying the groundwork for total error aggregation.

Lemma 4.4.3. Let n ∈ N0, τ ∈ (0,+∞), x0 ∈ Rd, and let f, g satisfy the assumptions

(A1), (A2), (A3’) and (B1), (B2), (B3’) for some ϱ, α1, α2 ∈ (0, 1]. Consider the

initial-value problem (4.12) for ϕl with l ∈ [n]0. For any N ≥ ⌈τ⌉, take the grid points

{tlk}N
k=0 defined in (4.4) for [lτ, (l + 1)τ ] with δl

j defined in (4.39), then the following
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estimates hold

∥∥∥∥∥ max
1≤k≤N

∣∣∣ k∑
j=1

( t0
j∫

t0
j−1

fl(s, ϕl(s)) ds− hfl(δl
j , ϕl(δl

j))
)∣∣∣∥∥∥∥∥

Lp(Ω)

≤ cpτ
1/2Kf (1 + p

√
Kl−1,p)(1 + p

√
Kl,p)h1/2.

(4.43)

∥∥∥∥∥ max
1≤k≤N

∣∣∣h k∑
j=1

(
fl(δl

j , ϕl(δl
j)) − fl(δl

j , ϕl(t0j−1))
)∣∣∣∥∥∥∥∥

Lp(Ω)

≤ cpLfτK(τ1/2 + 1)(1 + p

√
Kl−1,p + p

√
Kl,p)h1/2,

(4.44)

∥∥∥∥∥ max
1≤k≤N

∣∣∣ t0
k∫

0

N∑
j=1

(
gl(s, ϕl(s)) − gl(t0j−1, ϕl(s))

)
1[t0

j−1,t0
j )(s) dWl(s)

∣∣∣∥∥∥∥∥
Lp(Ω)

≤ 1{l=0}(l)c̃l,ph
ϱ + 1{l ̸=0}(l)c̃l,ph

min{ϱ,α2/2},

(4.45)

and

∥∥∥∥∥ max
1≤k≤N

∣∣ t0
k∫

0

N∑
j=1

(
gl(t0j−1, ϕl(s)) − gl(t0j−1, ϕl(t0j−1))

)
1[t0

j−1,t0
j )(s) dWl(s)

∣∣∥∥∥∥∥
Lp(Ω)

≤ c̃l,ph
1/2,

(4.46)

where c̃l,p is a generic constant that depends on both l and p.

Proof. We consider the initial-value problem (4.12) for ϕl. By (A1), (A2), (A3’) and

(B1), (B2), (B3’) we have that fl and gl are Borel measurable, and for all t, t1, t2 ∈ [0, τ ],

x, y ∈ Rd

|fl(t, x)| ≤ Kf (1 + |x| + |ϕl−1(t)|),

|fl(t, x) − fl(t, y)| ≤ Lf |x− y|.
(4.47)
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and

|gl(t, x)| ≤ Kg(1 + |x| + |ϕl−1(t)|),

|gl(t, x) − gl(t, y)| ≤ Lg|x− y|,

|gl(t1, x) − gl(t2, x)|

≤ K̄g(1 + |x| + |ϕl−1(t1)|)|t1 − t2|ϱ + 1{l ̸=0}(l)Lg|ϕl−1(t1) − ϕl−1(t2)|α2 .

(4.48)

To show (4.43), we define

k∑
j=1

( t0
j∫

t0
j−1

fl(s, ϕl(s)) ds− hfl(δl
j , ϕl(δl

j))
)

:=
t0
k∫

0

Yl(s) ds− h
k∑

k=1
Yl(δl

j)

:=
t0
k∫

0

Yl(s) ds−Qk,l
γ,h(Yl),

(4.49)

where δl
j = t0j−1 + hγl

j , Yl(t) = fl(t, ϕl(t)) = f
(
t + lτ, ϕl(t), ϕl−1(t)

)
, Qk,l

γ,h(Yl) :=

h
k∑

j=1
Yl(δl

j), and σ((Y (t))t∈[0,τ ]) ⊂ Σ∞. Hence, the process Y is independent of the

σ-field σ({γj
k}j∈N0,k∈N). Moreover, by Theorem 4.3.1, (4.47) and Jensen’s inequality

(see Lemma 2.4.2), we arrive at

∥Yl∥Lp([0,τ ]×Ω;Rd) = ∥fl(·, ϕl(·))∥Lp([0,τ ]×Ω;Rd)

≤ Kf (∥1∥Lp([0,τ ]×Ω;Rd) + ∥ϕl(·)∥Lp([0,τ ]×Ω;Rd) + ∥ϕl−1(·)∥Lp([0,τ ]×Ω;Rd)

≤ τ1/pcpKf (1 +Kl−1,p +Kl,p)1/p < +∞.

(4.50)
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Therefore, by Theorem 4.1 in [62] and using the estimate in (4.50) we obtain

∥∥∥∥∥ max
1≤k≤N

∣∣∣ k∑
j=1

( t0
j∫

t0
j−1

fl(s, ϕl(s)) ds− hfl(δl
j , ϕl(δl

j))
)∣∣∣∥∥∥∥∥

Lp(Ω)

=
∥∥∥ max

1≤k≤N

∣∣ t0
k∫

0

Yl(s) ds−Qk,l
γ,h(Yl)

∣∣∥∥∥
Lp(Ω)

≤ cpτ
p−2
2p ∥Yl∥Lp([0,τ ]×Ω;Rd)h

1/2

≤ cpτ
1/2Kf (1 +Kl−1,p +Kl,p)1/ph1/2.

≤ cpτ
1/2Kf (1 + p

√
Kl−1,p)(1 + p

√
Kl,p)h1/2.

(4.51)

To get (4.44), by (4.47) and Jensen’s inequality (see Lemma 2.4.2) we have

max
1≤k≤N

∣∣∣h k∑
j=1

(
fl(δl

j , ϕl(δl
j)) − fl(δl

j , ϕl(t0j−1))
)∣∣∣p

≤ max
1≤k≤N

∣∣∣Lfh
k∑

j=1

(
ϕl(δl

j) − ϕl(t0j−1)
)∣∣∣p

≤ max
1≤k≤N

Lfh
k∑

j=1

∣∣∣ϕl(δl
j) − ϕl(t0j−1)

∣∣∣
p

≤ max
1≤k≤N

(Lfh)pkp−1
k∑

j=1

∣∣∣ϕl(δl
j) − ϕl(t0j−1)

∣∣∣p


≤ τp−1Lp
fh

N∑
j=1

|ϕl(δl
j) − ϕl(t0j−1)|p.

Thus, by Theorem 4.3.1

∥∥∥∥∥ max
1≤k≤N

∣∣∣h k∑
j=1

(
fl(δl

j , ϕl(δl
j)) − fl(δl

j , ϕl(t0j−1))
)∣∣∣∥∥∥∥∥

Lp(Ω)

≤ cpLfτK(τ1/2 + 1)(1 + p

√
Kl−1,p + p

√
Kl,p)h1/2.

(4.52)
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Regarding (4.45), define for all t ∈ [0, t0N ] the following stochastic process

M l(t) :=
∫ t

0

N∑
j=1

(
gl(s, ϕl(s)) − gl(t0j−1, ϕl(s))

)
1[t0

j−1,t0
j )(s) dWl(s). (4.53)

Since the process

( N∑
j=1

(
gl(s, ϕl(s)) − gl(t0j−1, ϕl(s))

)
1[t0

j−1,t0
j )(s)

)
t∈[0,t0

N ]
(4.54)

has càdlàg trajectories (recall that càdlàg means right-continuous with left limits; hence

the trajectories are also in L2([0, t0N ])) and is adapted, the stochastic integral M l(t) is

well-defined for all t ∈ [0, t0N ] (see, for example, page 30 in [68]). By the basic property

of Itô integrals (see, e.g., [68]), for t ∈ [0, t0N ] the quadratic variation of the martingale

M l is given by

⟨M l⟩(t) =
∫ t

0

N∑
j=1

∣∣gl(s, ϕl(s)) − gl(t0j−1, ϕl(s))
∣∣21[t0

j−1,t0
j )(s) ds. (4.55)

Now we are able to conclude the Lq boundedness for ⟨M l⟩ for any q ≥ 2 by using
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Jensen’s inequality (see Lemma 2.4.2), Theorem 4.3.1 and (4.48) on gl:

E
[
|⟨M l⟩(t0N )|q

]

= E
( t0

N∫
0

N∑
j=1

∣∣gl(s, ϕl(s)) − gl(t0j−1, ϕl(s))
∣∣21[t0

j−1,t0
j )(s) ds

)q

= E
(

N∑
j=1

t0
j∫

t0
j−1

∣∣gl(s, ϕl(s)) − gl(t0j−1, ϕl(s))
∣∣2 ds

)q

≤ (τ
h

)
q−1 N∑

j=1
E
( t0

j∫
t0
j−1

∣∣gl(s, ϕl(s)) − gl(t0j−1, ϕl(s))
∣∣2 ds

)q

≤ τ q−1
N∑

j=1

t0
j∫

t0
j−1

E|gl(s, ϕl(s)) − gl(t0j−1, ϕl(s))|2q ds

≤ τ q−1
N∑

j=1

t0
j∫

t0
j−1

E
(
K̄g|s− t0j−1|ϱ

(
1 + |ϕl(s)| + |ϕl−1(s)|)

+ 1{l ̸=0}(l)Lg

∣∣ϕl−1(s) − ϕl−1(t0j−1)
∣∣α2
)2q

ds

≤ c2qτ
q−1
(
K̄2q

g

N∑
j=1

t0
j∫

t0
j−1

|s− t0j−1|2qϱE
(
1 + |ϕl(s)| + |ϕl−1(s)|)2q ds

+ 1{l ̸=0}(l)L2q
g

N∑
j=1

t0
j∫

t0
j−1

E
∣∣ϕl−1(s) − ϕl−1(t0j−1)

∣∣2qα2 ds
)

≤ c2qτ
q−1
(
K̄2q

g (1 +Kl−1,2q)(1 +Kl,2q)
N∑

j=1

∫ t0
j

t0
j−1

|s− t0j−1|2qϱ ds

+ 1{l ̸=0}(l)L2q
g K̄l−1,2q

N∑
j=1

∫ t0
j

t0
j−1

|s− t0j−1|qα2 ds

)
,

≤ c2qτ
qK̄2q

g (1 +Kl−1,2q)(1 +Kl,2q)h2qϱ + 1{l ̸=0}(l)c2qτ
qK̄l−1,2qL

2q
g h

qα2

< ∞.

(4.56)

By now we have shown that M l is a martingale and we shall apply BDG inequality
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(Corollary 2.4.5) and reuse the estimate in (4.56) with q = p/2 to get

E
[

max
1≤k≤N

∣∣∣ t0
k∫

0

N∑
j=1

(
gl(s, ϕl(s)) − gl(t0j−1, ϕl(s))

)
1[t0

j−1,t0
j )(s) dWl(s)

∣∣∣p]

≤ cpE
( t0

N∫
0

N∑
j=1

∣∣gl(s, ϕl(s)) − gl(t0j−1, ϕl(s))
∣∣21[t0

j−1,t0
j )(s) ds

)p/2

≤ cpτ
p/2K̄p

g (1 +Kl−1,p)(1 +Kl,p)hpϱ + 1{l ̸=0}(l)cpτ
p/2K̄l−1,pL

p
gh

pα2/2

≤ 1{l=0}(l)c̃l,ph
pϱ + 1{l ̸=0}(l)c̃l,ph

p min{ϱ,α2/2}.

(4.57)

Similarly, we can show the integral in (4.46) is well-defined and is a martingale.

Utilising BDG inequality (Corollary 2.4.5), Theorem 4.3.1 and (4.48) on gl we get

E
[

max
1≤k≤N

∣∣ t0
k∫

0

N∑
j=1

(
gl(t0j−1, ϕl(s)) − gl(t0j−1, ϕl(t0j−1))

)
1[t0

j−1,t0
j )(s) dWl(s)

∣∣p]

≤ cpE
( t0

N∫
0

N∑
j=1

∣∣gl(t0j−1, ϕl(s)) − gl(t0j−1, ϕl(t0j−1))
∣∣21[t0

j−1,t0
j )(s) ds

)p/2

≤ cpL
p
gE
(

N∑
j=1

t0
j∫

t0
j−1

∣∣ϕl(s) − ϕl(t0j−1)
∣∣2 ds

)p/2

≤ cpL
p
g(τ
h

)
p
2 −1 N∑

j=1
E
( t0

j∫
t0
j−1

∣∣ϕl(s) − ϕl(t0j−1)
∣∣2 ds

)p/2

≤ cpL
p
gτ

p
2 −1

N∑
j=1

t0
j∫

t0
j−1

E
[∣∣ϕl(s) − ϕl(t0j−1)

∣∣p]ds ≤ c̃l,ph
p/2.

(4.58)

Theorem 4.4.4. Let n ∈ N0, τ ∈ (0,+∞), x0 ∈ Rd, and let f, g satisfy the assumptions

(A1), (A2), (A3’) and (B1), (B2), (B3’) for some ϱ, α1, α2 ∈ (0, 1]. For any p ≥ 2

p ∈ N, there exist C0,p, C1,p, . . . , Cn,p ∈ (0,+∞) such that for all N ≥ ⌈τ⌉ and l =
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0, 1, . . . , n it holds

∥∥∥ max
0≤k≤N

|X(tlk) − yl
k|
∥∥∥

Lp(Ω)
≤ Cl,ph

min{ϱ, 1
2 }αl

, (4.59)

where α := min{α1, α2}, and, in particular, if α = 1 then

∥∥∥ max
0≤k≤N

|X(tlk) − yl
k|
∥∥∥

Lp(Ω)
≤ Cl,ph

min{ϱ, 1
2 }. (4.60)

Remark 4.4.5 (Discussion of the convergence rate). The rate in (4.59) combines the

temporal regularity of the stochastic equation with the propagation of delay errors. On

the first interval, where l = 0, the exponent is min{ϱ, 1
2}. Here ϱ comes from the Hölder

regularity in time of the diffusion coefficient in (4.32), while the exponent 1
2 is the

natural strong-order limitation associated with Brownian increments and the stochastic

integral estimates. For later intervals, the delayed argument introduces the factor αl,

where α = min{α1, α2} is the weakest Hölder exponent in the delayed variable for the

drift and diffusion coefficients. Hence each passage to the next delay interval can reduce

the theoretical order by a factor α. If α = 1, the delayed dependence is Lipschitz and

the order remains min{ϱ, 1
2} on every fixed interval, as stated in (4.60); nevertheless,

the constants Cl,p may still grow with l.

Before giving the proof, we outline its structure. The argument first treats the

initial interval [0, τ ], where the delayed value is the deterministic initial datum and the

auxiliary and implementable schemes coincide. On this interval, the error is decomposed

into drift quadrature terms, stochastic integral terms, and stability terms, which are

estimated using the randomised quadrature estimate, the BDG inequality, Jensen’s

inequality, and a discrete Gronwall argument. For the later intervals, the proof proceeds

by induction over the delay interval index l. The auxiliary scheme ȳl+1 is used to

separate the new local discretisation error on [lτ, (l + 1)τ ] from the error propagated

from the previous interval. The total error is then bounded through the decomposition

∥X − y∥ ≤ ∥X − ȳ∥ + ∥ȳ − y∥,
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and the Hölder dependence on the delayed variable transfers the previous interval error

into the exponent αl. This explains why the convergence order in (4.59) deteriorates

with l unless α = 1.

Proof. The proof uses the error-decomposition and martingale-estimate strategy from

[74], with additional induction over the delay intervals and with the auxiliary scheme

introduced above to handle the delayed arguments. We start with the initial-vale

problem (4.12) with l = 0. Since ȳ0
0 = y0

0 = x0, f0(t, x) = f(t, x, x0) and g0(t, x) =

g(t, x, x0), we have that ȳ0
k = y0

k for all k = 0, . . . , N . For k ∈ [N ] we have by the facts

ϕ0(0) = y0
0 = x0 and ȳ0

k = y0
k for all k = 0, . . . , N that

ϕ0(t0k) − y0
k = ϕ0(0) − y0

0 + (ϕ0(t0k) − ϕ0(t00)) − (y0
k − y0

0)

=
k∑

j=1
(ϕ0(t0j ) − ϕ0(t0j−1)) −

k∑
j=1

(y0
j − y0

j−1)

=
k∑

j=1

( t0
j∫

t0
j−1

f0(s, ϕ0(s)) ds− hf0(δ0
j , y

0
j−1)

)

+
k∑

j=1

( t0
j∫

t0
j−1

g0(s, ϕ0(s)) dW0(s) − g0(t0j−1, y
0
j−1)∆0

j−1W

)

=:
6∑

i=1
Sk

i,0,

(4.61)
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where

Sk
1,0 :=

k∑
j=1

(∫ t0
j

t0
j−1

f0(s, ϕ0(s)) ds− h f0(δ0
j , ϕ0(δ0

j ))
)
,

Sk
2,0 := h

k∑
j=1

(
f0(δ0

j , ϕ0(δ0
j )) − f0(δ0

j , ϕ0(t0j−1))
)
,

Sk
3,0 := h

k∑
j=1

(
f0(δ0

j , ϕ0(t0j−1)) − f0(δ0
j , y

0
j−1)

)
,

Sk
4,0 :=

∫ t0
k

0

N∑
j=1

(
g0(s, ϕ0(s)) − g0(t0j−1, ϕ0(s))

)
1[t0

j−1,t0
j )(s) dW0(s),

Sk
5,0 :=

∫ t0
k

0

N∑
j=1

(
g0(t0j−1, ϕ0(s)) − g0(t0j−1, ϕ0(t0j−1))

)
1[t0

j−1,t0
j )(s) dW0(s),

Sk
6,0 :=

∫ t0
k

0

N∑
j=1

(
g0(t0j−1, ϕ0(t0j−1)) − g0(t0j−1, y

0
j−1)

)
1[t0

j−1,t0
j )(s) dW0(s).

For Sk
1,0, S

k
2,0, S

k
4,0 and Sk

5,0, by Lemma 4.4.3 we have that

∥∥∥ max
1≤k≤N

|Sk
1,0|
∥∥∥

Lp(Ω)
≤ cpτ

1/2Kf (1 + p

√
K−1,p)(1 + p

√
K0,p)h1/2, (4.62)

∥∥∥ max
1≤k≤N

|Sk
2,0|
∥∥∥

Lp(Ω)
≤ cpLfτK(τ1/2 + 1)(1 + p

√
K−1,p + p

√
K0,p)h1/2, (4.63)

∥∥∥ max
1≤k≤N

|Sk
4,0|
∥∥∥

Lp(Ω)
≤ c̃0,ph

ϱ, (4.64)

and ∥∥∥ max
1≤k≤N

|Sk
5,0|
∥∥∥

Lp(Ω)
≤ c̃0,ph

1/2. (4.65)
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Moreover, by (4.47) and Jensen’s inequality (see Lemma 2.4.2) it holds that

E
[

max
1≤i≤k

|Si
3,0|p

]
≤ Lp

fE
[

max
1≤i≤k

( i∑
j=1

h|ϕ0(t0j−1) − y0
j−1|

)p]

≤ Lp
fτ

p−1h
k∑

j=1
E
[
|ϕ0(t0j−1) − y0

j−1|p
]

≤ Lp
fτ

p−1h
k−1∑
j=1

E
[

max
0≤i≤j

|ϕ0(t0i ) − y0
i |p
]
.

(4.66)

Regarding the last term Sk
6,0, it is convenient to introduce a notation that will also

be used in the induction step. For any fixed l ∈ [n]0 and k ∈ [N ], define

Sk
6,l :=

∫ t0
k

0

N∑
j=1

(
gl(t0j−1, ϕl(t0j−1)) − gl(t0j−1, ȳ

l
j−1)

)
1[t0

j−1,t0
j )(s) dWl(s). (4.67)

In the present case l = 0 we have ȳ0 = y0, hence (4.67) coincides with the term Sk
6,0

appearing in (4.86). Now set, for j ∈ [N ],

Ql
j−1 := gl(t0j−1, ϕl(t0j−1)) − gl(t0j−1, ȳ

l
j−1), (4.68)

and define the associated simple process

Hl(s) :=
N∑

j=1
Ql

j−1 1[t0
j−1,t0

j )(s), s ∈ [0, τ ].

Then (4.67) can be written as Sk
6,l =

∫ t0
k

0 Hl(s) dWl(s). Note that by (4.68), (4.9), and

(4.42) we have

σ(Ql
j−1) ⊂ Σ̃tl

j−1
= Σl

t0
j−1

∨ σ({γj
k}j∈N0,k∈N). (4.69)

Hence the process Hl(s) is simple and Σ̃t-predictable. Moreover, by (4.33) we have
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|Ql
j−1| ≤ Lg|ϕl(t0j−1) − ȳl

j−1|. Hence, by Theorem 4.3.1 and Lemma 4.4.2,

E
∫ tl

N

0
|Hl(s)|2 ds = h

N∑
j=1

E|Ql
j−1|2 < ∞.

Therefore, the Itô integral Sk
6,l =

∫ t0
k

0 Hl(s) dWl(s) is well-defined. Consequently, we

may apply the BDG inequality (Corollary 2.4.5), together with Jensen’s inequality

(Lemma 2.4.2) and (4.33), to obtain

E
[

max
1≤i≤k

|Si
6,l|p

]
≤ E

[
sup

0≤t≤t0
k

∣∣∣∫ t

0

k∑
j=1

Ql
j−11[t0

j−1,t0
j )(s) dWl(s)

∣∣∣p]

≤ cp E
(∫ t0

k

0

k∑
j=1

|Ql
j−1|21[t0

j−1,t0
j )(s) ds

)p/2

= cp E
(
h

k∑
j=1

|Ql
j−1|2

)p/2

≤ cp τ
p
2 −1h

k∑
j=1

E|Ql
j−1|p

≤ cp L
p
g τ

p
2 −1h

k∑
j=1

E
∣∣ϕl(t0j−1) − ȳl

j−1
∣∣p

≤ cp L
p
g τ

p
2 −1h

k−1∑
j=1

E
[

max
0≤i≤j

∣∣ϕl(t0i ) − ȳl
i

∣∣p].

(4.70)

Therefore,

E
[

max
1≤i≤k

|Si
6,0|p

]
≤ cp L

p
g τ

p
2 −1h

k−1∑
j=1

E
[

max
0≤i≤j

|ϕ0(t0i ) − y0
i |p
]
, (4.71)

Hence, from (4.61), (4.66) and (4.71) we have for all k ∈ [N ]

E
[

max
0≤i≤k

|ϕ0(t0i ) − y0
i |p
]

≤ cp

∑
m∈{1,2,4,5}

E
[

max
1≤i≤N

|Si
m,0|p

]

+ cp(Lp
fτ

p−1 + Lp
gτ

p/2−1)h
k−1∑
j=1

E
[

max
0≤i≤j

∣∣ϕ0(t0i ) − y0
i

∣∣p].
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Now by using Gronwall’s lemma (see, Lemma 2.4.7), and (4.62) to (4.71) we get for all

k ∈ [N ]

E
[

max
0≤i≤k

|ϕ0(t0i ) − y0
i |p
]

≤ ecp(Lp
f

τp−1+Lp
gτp/2−1)τ ∑

m∈{1,2,4,5}
E
[

max
1≤i≤N

|Si
m,0|p

]
≤ C̃0,ph

p min{ϱ, 1
2 }.

Consequently, ∥∥∥ max
0≤i≤N

|ϕ0(t0i ) − y0
i |
∥∥∥

Lp(Ω)
≤ C0,p h

min{ϱ, 1
2 }. (4.72)

Since ϕ0(t0k) = X(t0k) we get (4.59) for l = 0.

Let us now assume that there exists l ∈ {0, 1, . . . , n − 1} for which there exists

Cl,p ∈ (0,+∞) such that for all N ≥ ⌈τ⌉

∥∥∥ max
0≤k≤N

|ϕl(t0k) − yl
k|
∥∥∥

Lp(Ω)
≤ Cl,ph

min{ϱ, 1
2 }αl

. (4.73)

The following error decomposition holds

∥∥∥ max
0≤k≤N

|ϕl+1(t0k) − yl+1
k |

∥∥∥
Lp(Ω)

≤
∥∥∥ max

0≤k≤N
|ϕl+1(t0k) − ȳl+1

k |
∥∥∥

Lp(Ω)

+
∥∥∥ max

0≤k≤N
|ȳl+1

k − yl+1
k |

∥∥∥
Lp(Ω)

.
(4.74)

Firstly, we estimate
∥∥∥ max

0≤k≤N
|ȳl+1

k − yl+1
k |

∥∥∥
Lp(Ω)

. For k ∈ [N ], by taking into account

the fact that yl+1
0 = ȳl+1

0 from (4.38) we get

ȳl+1
k − yl+1

k =
k∑

j=1
(ȳl+1

j − ȳl+1
j−1) −

k∑
j=1

(yl+1
j − yl+1

j−1)

= h
k∑

j=1

(
f(θl+1

j , ȳl+1
j−1, ϕl(δl+1

j )) − f(θl+1
j , yl+1

j−1, y
l
j−1)

)

+
k∑

j=1

(
g(tl+1

j−1, ȳ
l+1
j−1, ϕl(t0j−1)) − g(tl+1

j−1, y
l+1
j−1, y

l
j−1)

)
∆l+1

j−1W,
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where ∆l+1
j−1W = W (tl+1

j ) −W (tl+1
j−1). This gives by the assumption (4.31) that

|ȳl+1
k − yl+1

k |p ≤ CpL
p
f

(
h

k∑
j=1

|ȳl+1
j−1 − yl+1

j−1| + h
k∑

j=1
|ϕl(δl+1

j ) − yl
j−1|α1

)p

+ cp

∣∣∣ k∑
j=1

(
g(tl+1

j−1, ȳ
l+1
j−1, ϕl(t0j−1)) − g(tl+1

j−1, y
l+1
j−1, y

l
j−1)

)
∆l+1

j−1W
∣∣∣p.

Let us denote by

Gl+1
j−1 = g(tl+1

j−1, ȳ
l+1
j−1, ϕl(t0j−1)) − g(tl+1

j−1, y
l+1
j−1, y

l
j−1). (4.75)

Hence, by Jensen’s inequality (see Lemma 2.4.2), we get that for k ∈ [N ]:

E
[

max
0≤i≤k

|ȳl+1
i − yl+1

i |p
]

≤ Lp
fcpτ

p−1h
k∑

j=1
E
[

max
0≤i≤j−1

|ȳl+1
i − yl+1

i |p
]

+ cpL
p
fτ

p−1h
k∑

j=1
E
[
|ϕl(δl+1

j ) − yl
j−1|α1p

]

+ cpE
[

max
1≤i≤k

∣∣∣ i∑
j=1

Gl+1
j−1 · ∆l+1

j−1W
∣∣∣p].

(4.76)

Moreover,

E
[∣∣ϕl(δl+1

j ) − yl
j−1
∣∣α1p

]
= E

[∣∣ϕl(δl+1
j ) − ϕl(t0j−1) + ϕl(t0j−1) − yl

j−1
∣∣α1p

]
≤ E

[
2α1p−1

(∣∣ϕl(δl+1
j ) − ϕl(t0j−1)

∣∣α1p +
∣∣ϕl(t0j−1) − yl

j−1
∣∣α1p

)]
≤ cp E

[∣∣ϕl(δl+1
j ) − ϕl(t0j−1)

∣∣α1p
]

+ cp E
[

max
0≤k≤N

∣∣ϕl(t0k) − yl
k

∣∣α1p
]
.

Then, by Theorem 4.3.1 and Jensen’s inequality (see Lemma 2.4.2) we have

E[|ϕl(δl+1
j ) − ϕl(t0j−1)|α1p] ≤

(
E[|ϕl(δl+1

j ) − ϕl(t0j−1)|p]
)α1

≤ (K̄l,p)α1hα1p/2, (4.77)

79



Chapter 4. Randomised Euler Scheme for SDDEs

and

E
[

max
0≤k≤N

|ϕl(t0k) − yl
k|α1p

]
≤
(
E
[

max
0≤k≤N

|ϕl(t0k) − yl
k|p
])α1

. (4.78)

Now define for all t ∈ [0, tl+1
N ] the following stochastic process

M(t) :=
∫ t

0

N∑
j=1

Gl+1
j−1 · 1[tl+1

j−1,tl+1
j )(s) dW (s).

Note that by (4.75), (4.9), and (4.42) we have that

σ(Gl+1
j−1) ⊂ Σ̃tl+1

j−1
= Σl+1

t0
j−1

∨ σ({γj
k}j∈N0,k∈N). (4.79)

Moreover, we have

E
∫ tl+1

N

0

∣∣∣ N∑
j=1

Gl+1
j−11[tl+1

j−1,tl+1
j )(s)

∣∣∣2ds = h
N∑

j=1
E|Gl+1

j−1|2. (4.80)

By (4.33) we have

|Gl+1
j−1| ≤ Lg

(
|ȳl+1

j−1 − yl+1
j−1| + |ϕl(t0j−1) − yl

j−1|α2
)
.

Hence, by Theorem 4.3.1 and Lemma 4.4.2, E|Gl+1
j−1|2 < ∞ and therefore (4.80) is finite.

Therefore, the stochastic Itô integral above is well-defined as a stochastic integral of

the simple process (
Gl+1

j−1 · 1[tl+1
j−1,tl+1

j )(s)
)

s≥0
(4.81)

that is adapted to the filtration (4.6), with respect to which W is also a Wiener process.

Moreover, the quadratic variation of the martingale M for t ∈ [0, tl+1
N ] is as follows

⟨M⟩(t) =
∫ t

0

N∑
j=1

|Gl+1
j−1|2 · 1[tl+1

j−1,tl+1
j )(s) ds
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and then for k ∈ [N ]

⟨M⟩(tl+1
k ) = h

k∑
j=1

|Gl+1
j−1|2.

Following the martingale estimate used in [74], from BDG inequality (Corollary 2.4.5),

Jensen’s inequality (Lemma 2.4.2) and the assumption (4.33) on g, we have that

E

max
1≤i≤k

∣∣∣∣∣∣
i∑

j=1
Gl+1

j−1 · ∆l+1
j−1W

∣∣∣∣∣∣
p

≤ cpE


 k∑

j=1

∣∣∣Gl+1
j−1 · ∆l+1

j−1W
∣∣∣2
p/2


≤ cpE


 k∑

j=1
|Gl+1

j−1|2 · |∆l+1
j−1W |2

p/2


≤ cpτ
p
2 −1h

k∑
j=1

E
[
|Gl+1

j−1|p
]

≤ cpτ
p
2 −1Lp

gh
k∑

j=1
E
[

max
0≤i≤j−1

|ȳl+1
i − yl+1

i |p
]

+ cpτ
p
2Lp

g

(
E
[

max
0≤k≤N

|ϕl(t0k) − yl
k|p
])α2

.

(4.82)

Combining (4.76), (4.77), (4.78) and (4.82) we arrive at for k ∈ [N ]

E
[

max
0≤i≤k

|ȳl+1
i − yl+1

i |p
]

≤ cp(Lp
fτ

p−1 + Lp
gτ

p/2−1)h
k−1∑
j=1

E
[

max
0≤i≤j

|ȳl+1
i − yl+1

i |p
]

+ (K̄l,p)α1hα1p/2 + cp

(
E
[

max
0≤k≤N

|ϕl(t0k) − yl
k|p
])α1

+ cpτ
p/2Lp

g

(
E
[

max
0≤k≤N

|ϕl(t0k) − yl
k|p
])α2

.

(4.83)
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By the discrete version of Gronwall’s lemma (see Lemma 2.4.7) we get

E
[

max
0≤k≤N

|ȳl+1
k − yl+1

k |p
]

≤ c̃l+1,pe
cp(Lp

f
τp−1+Lp

gτp/2−1)τ
[
hα1p/2 +

(
E
[

max
0≤k≤N

|ϕl(t0k) − yl
k|p
])α1

+
(
E
[

max
0≤k≤N

|ϕl(t0k) − yl
k|p
])α2

]
.

(4.84)

We now establish an upper bound on
∥∥∥ max

0≤i≤N
|ϕl+1(t0i ) − ȳl+1

i |
∥∥∥

Lp(Ω)
. For k ∈ [N ] by

definition (4.86) we have

ϕl+1(t0k) − ȳl+1
k

= ϕl+1(0) − ȳl+1
0 + (ϕl+1(t0k) − ϕl+1(t00)) − (ȳl+1

k − ȳl+1
0 )

= (ϕl(t0N ) − yl
N ) +

k∑
j=1

(ϕl+1(t0j ) − ϕl+1(t0j−1)) −
k∑

j=1
(ȳl+1

j − ȳl+1
j−1)

= (ϕl(t0N ) − yl
N ) +

k∑
j=1

( t0
j∫

t0
j−1

fl+1(s, ϕl+1(s)) ds− hfl+1(δl+1
j , ȳl+1

j−1)
)

+
k∑

j=1

( t0
j∫

t0
j−1

gl+1(s, ϕl+1(s)) dWl+1(s) − gl+1(t0j−1, ȳ
l+1
j−1)∆l+1

j−1W

)

= (ϕl(t0N ) − yl
N ) +

6∑
i=1

Sk
i,l+1.

(4.85)
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where

Sk
1,l+1 =

k∑
j=1

( t0
j∫

t0
j−1

fl+1(s, ϕl+1(s)) ds− hfl+1(δl+1
j , ϕl+1(δl+1

j ))
)
,

Sk
2,l+1 = h

k∑
j=1

(
fl+1(δl+1

j , ϕl+1(δl+1
j )) − fl+1(δl+1

j , ϕl+1(t0j−1))
)
,

Sk
3,l+1 = h

k∑
j=1

(
fl+1(δl+1

j , ϕl+1(t0j−1)) − fl+1(δl+1
j , ȳl+1

j−1)
)
,

Sk
4,l+1 =

t0
k∫

0

N∑
j=1

(
gl+1(s, ϕl+1(s)) − gl+1(t0j−1, ϕl+1(s))

)
1[t0

j−1,t0
j )(s) dWl+1(s),

Sk
5,l+1 =

t0
k∫

0

N∑
j=1

(
gl+1(t0j−1, ϕl+1(s)) − gl+1(t0j−1, ϕl+1(t0j−1))

)
1[t0

j−1,t0
j )(s) dWl+1(s),

Sk
6,l+1 =

t0
k∫

0

N∑
j=1

(
gl+1(t0j−1, ϕl+1(t0j−1)) − gl+1(t0j−1, ȳ

l+1
j−1)

)
1[t0

j−1,t0
j )(s) dWl+1(s).

(4.86)

For Sk
1,l+1, S

k
2,l+1, S

k
4,l+1 and Sk

5,l+1, by Lemma 4.4.3 we have that

∥∥∥ max
1≤k≤N

|Sk
1,l+1|

∥∥∥
Lp(Ω)

≤ cpτ
1/2Kf (1 +K

1/p
l,p )(1 +K

1/p
l+1,p)h1/2, (4.87)

∥∥∥ max
1≤k≤N

|Sk
2,l+1|

∥∥∥
Lp(Ω)

≤ cpLfτK(τ1/2 + 1)(1 +K
1/p
l,p +K

1/p
l+1,p)h1/2, (4.88)

∥∥∥ max
1≤k≤N

|Sk
4,l+1|

∥∥∥
Lp(Ω)

≤ c̃l+1,ph
min{ϱ,α2/2}, (4.89)

and ∥∥∥ max
1≤k≤N

|Sk
5,l+1|

∥∥∥
Lp(Ω)

≤ c̃l+1,ph
1/2. (4.90)
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Moreover by (4.31) and Jensen’s Inequality (see Lemma 2.4.2) we have,

E
[

max
1≤i≤k

|Si
3,l+1|p

]
≤ Lp

fE
[

max
1≤i≤k

( i∑
j=1

h|ϕl+1(t0j−1) − ȳl+1
j−1|

)p]

≤ Lp
fτ

p−1h
k∑

j=1
E
[
|ϕl+1(t0j−1) − ȳl+1

j−1|p
]

≤ Lp
fτ

p−1h
(
E|ϕl(t0N ) − yl

N |p +
k−1∑
j=1

E
[

max
0≤i≤j

|ϕl+1(t0i ) − ȳl+1
i |p

])
.

(4.91)

For the last term Sk
6,l+1, by (4.70) (applied with l replaced by l + 1), we obtain for

k ∈ [N ] that

E
[

max
1≤i≤k

|Si
6,l+1|p

]
≤ cpL

p
g τ

p
2 −1h

k∑
j=1

E
∣∣ϕl+1(t0j−1) − ȳl+1

j−1
∣∣p

= cpL
p
g τ

p
2 −1hE

∣∣ϕl+1(t00) − ȳl+1
0
∣∣p

+ cpL
p
g τ

p
2 −1h

k∑
j=2

E
∣∣ϕl+1(t0j−1) − ȳl+1

j−1
∣∣p

≤ cpL
p
g τ

p
2 −1hE

∣∣ϕl(t0N ) − yl
N

∣∣p
+ cpL

p
g τ

p
2 −1h

k−1∑
j=1

E
[

max
0≤i≤j

∣∣ϕl+1(t0i ) − ȳl+1
i

∣∣p].

(4.92)

Hence, from (4.85), (4.91) and (4.92) we have for k ∈ {1, 2, . . . , N}

E
[

max
0≤i≤k

|ϕl+1(t0i ) − ȳl+1
i |p

]
≤ cp(Lp

fτ
p−1 + Lp

gτ
p/2−1)hE|ϕl(t0N ) − yl

N |p

+ cp

∑
m∈{1,2,4,5}

E
[

max
1≤k≤N

|Sk
m,l+1|p

]

+ cp(Lp
fτ

p−1 + Lp
gτ

p/2−1)h
k−1∑
j=1

E
[

max
0≤i≤j

∣∣ϕl+1(t0i ) − ȳl+1
i

∣∣p].
Now by using Gronwall’s lemma (see Lemma 2.4.7), and (4.87) to (4.90) we get for all
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k ∈ [N ]

E
[

max
0≤i≤k

|ϕl+1(t0i ) − ȳl+1
i |p

]
≤ cp(Lp

fτ
p−1 + Lp

gτ
p/2−1)ecp(Lp

f
τp−1+Lp

gτp/2−1)τ

×
(
E|ϕl(t0N ) − yl

N |p +
∑

m∈{1,2,4,5}
E
[

max
1≤k≤N

|Sk
m,l+1|p

])
,

which gives

∥∥∥ max
0≤i≤N

|ϕl+1(t0i ) − ȳl+1
i |

∥∥∥p

Lp(Ω)
≤ c̃l+1,p

(
E
[

max
0≤k≤N

|ϕl(t0k) − yl
k|p
]

+ hp min{ϱ,α2/2}
)
. (4.93)

Combining (4.74), (4.84), and (4.93) we obtain

∥∥∥ max
0≤i≤N

|ϕl+1(t0i ) − yl+1
i |

∥∥∥
Lp(Ω)

≤ c̃l+1,p

(
hmin{ϱ,α1/2,α2/2} +

∥∥∥ max
0≤i≤N

|ϕl(t0i ) − yl
i|
∥∥∥

Lp(Ω)

+
∥∥∥ max

0≤i≤N
|ϕl(t0i ) − yl

i|
∥∥∥α1

Lp(Ω)
+
∥∥∥ max

0≤i≤N
|ϕl(t0i ) − yl

i|
∥∥∥α2

Lp(Ω)

)
,

and therefore by (4.73) we have,

∥∥∥ max
0≤i≤N

|ϕl+1(t0i ) − yl+1
i |

∥∥∥
Lp(Ω)

≤ Cl+1,ph
min{ϱ, 1

2 }αl+1
, (4.94)

which ends the inductive part of the proof. Finally, ϕl+1(t0i ) = ϕl+1(ih) = X(ih+ (l +

1)τ) = X(tl+1
i ) and the proof of (4.59) is finished.

Remark 4.4.6. We briefly comment on optimality of the defined algorithm in the

Information-Based Complexity sense, see [54]. In this context, Information-Based

Complexity studies the best possible convergence rate that any numerical method can

achieve when it is allowed to use only a prescribed amount of information about the

coefficients, such as finitely many point evaluations. Thus, optimality means that the

error rate cannot in general be improved by another method using the same type and

order of available information. In the special case α1 = α2 = 1 we have the optimal

bound Θ(hmin{ϱ,1/2}), which follows from Proposition 5.1 in [86].
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Remark 4.4.7. In general, for fixed τ and p, the coefficient Cl,p in (4.59) strictly

increases with l while the convergence order min{ϱ, 1
2}αl decreases. Such a trend is

a consequence of the error propagation used in the proof of Theorem 4.4.4. For a

larger but finite l, the error can grow extremely large over [lτ, (l+ 1)τ ], where the error

bound may become too large to be informative. With this nature, the theoretical result

(Theorem 4.4.4) can not be extended to infinite time horizon case.

4.5 Numerical experiments

In order to illustrate our theoretical findings we perform several numerical experiments.

We chose the following exemplary right-hand side functions for i ∈ {1, 2}:

fi(t, x, z) = ki(t)
(
x+ 0.01|z|α1 + sin(10x) · cos(100|z|α1)

)
, (4.95)

and the diffusion is either additive

g1(t, x, z) = 0.5| cos(25πt)|, (4.96)

or multiplicative

g2(t, x, z) = k(t)
(
x+ 0.01|z|α2 + cos(10x) · cos(100|z|α2)

)
, (4.97)

where, α1, α2 ∈ (0, 1], k1 is the following periodic function

k1(t) =
n∑

j=0

(
(j + 1)τ − t

)−1/γ1
· 1[jτ,(j+1)τ ](t), γ1 > 2, (4.98)

which belongs to Lp([0, (n+ 1)τ ]), k2 is a step function satisfying

k2(t) =
n∑

j=0
0.1 · (j + 1) · 1[jτ,(j+1)τ ](t), (4.99)

and k is given by

k(t) = tγ2 , γ2 ∈ (0, 1], (4.100)
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which is γ2-Hölder continuous. Note that formally f1 does not satisfy our assump-

tions; nevertheless, the numerical evidence suggests that the result may extend to set-

tings where the time-dependent bound in the drift is integrable rather than uniformly

bounded.

Remark 4.5.1 (Relation of the SDDE experiments to Theorem 4.4.4). The SDDE

experiments below have two roles. Example 4.5.2 and the final multiplicative-noise

example use the singular time factor k1 and are therefore outside Assumption (A3’);

they are included as stress tests for irregular time dependence. The second experiment

uses the drift formula (4.95) with the bounded step factor k2 and the Hölder continuous

diffusion factor k(t) = tγ2, and is the numerical test directly related to Theorem 4.4.4.

By fixing the value of N ∈ N, we implement randomised Euler-Maruyama scheme

(4.7)-(4.8) at step size h = τ/N ∈ (0, 1) using Python programming language. More-

over, since for the right-hand side functions (4.95) plus (4.96) or (4.95) plus (4.97) we

do not know the exact solution X(t), the reference solution ỹ is obtained via ran-

domised Euler-Maruyama scheme at a refined step size h̃ = h/m for m ≫ 1, m ∈ N.

We approximate the mean square error (4.10) for each 0 ≤ j ≤ n with

∥∥∥∥ max
0≤i≤N

|ỹj
i − yj

i |
∥∥∥∥

L2(Ω)
≈
(

1
K

K∑
k=1

max
0≤i≤N

|ỹj
i (ωk) − yj

i (ωk)|2
) 1

2

,

where K ∈ N, {ωk}K
k=1 represents the kth realisation from the complete probability

space, yj
i is the output of the randomised Euler-Maruyama scheme on the initial mesh

tji := jτ + ih for i = 0, . . . , N − 1, while ỹj
i is the reference solution evaluated at tji .

Note that tji = jτ + imh̃ on the refined mesh.

The implementation of the randomised Euler-Maruyama scheme is straightforward.

To evaluate the solution at time point tji = ih+ jτ within the interval [jτ, (j+ 1)τ ], we

need two steps:

Step (j1): First simulate γ ∼ U(0, 1) and set random time point tji−1 + γh ∈

[tji−1, t
j
i ].

Step (j2): Compute yj
i as defined in (4.7) and (4.8).
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Listing 4.1 shows an implementation of scheme (4.7) and (4.8) in the case of a

1-dimensional Wiener process (m = 1) in Python.

Listing 4.1: A sample implementation of (4.7) and (4.8) in Python

import numpy as np

def f ( t , x , z ) :

return [ . . . ]

def g ( t , x , z ) :

return [ . . . ]

def randEM_full ( tau , X0 , h , f , g , n_taus ) :

# input : de lay l a g tau , s t e p s i z e h , i n i t i a l s X0,

# d r i f t and d i f f u s i o n f u n c t i o n s f and g

# number o f i n t e r v a l s o f l e n g t h tau n_taus

# output :

# one t r a j e c t o r y o f the randomized Euler−Maruyama method

###to ge t numerical e v a l u a t i o n :

#number o f s t e p s w i th in one i n t e r v a l wi th l e n g t h tau

N=int ( tau/ s t e p s i z e )

#s e t t i n g i n i t i a l c ond i t i on s

s o l = np . z e ro s ( (N+ 1 , n_tau+1))+X0

#for each i n t e r v a l [ j ∗ tau , ( j +1)∗ tau ]

for j in range (1 , n_taus +1):
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s o l [ 0 , j ] = s o l [ −1 , j −1]

# c o l l e c t the g r i d po in t s over [ j ∗ tau , ( j +1)∗ tau ]

g r id = j ∗ tau + h ∗np . arange (0 , N)

for i in range (1 ,N+1):

# step ( j1 ) :

gamma=np . random . rand ( )

rand_time=gr id [ i −1]+gamma∗h

# step ( j2 ) :

d r i f t=h∗ f ( rand_time , s o l [ i −1, j ] , s o l [ i −1, j −1])

d i f f=g ( g r id [ i −1] , s o l [ i −1, j ] , s o l [ i −1, j −1]) \

∗np . sq r t (h)∗np . random . normal ( )

s o l [ i , j ] = s o l [ i −1, j ]+ d r i f t+d i f f

return s o l

Example 4.5.2 (Additive noise). In the following numerical test we use (4.95) with

(4.98) and (4.96), generalised from [27, Example 5.1] of an ordinary DDE case. In

this example, we formally have α2 = 1, which allows us to examine in the stochastic

setting the numerical effect of α1 alone, i.e., the regularity of the delay term in the drift.

Due to the irregularity of f with respect to t, Assumption (A3’), and hence Theorem

4.4.4, does not apply, though such a condition is covered in [27, Assumption (A3’)]

for the ordinary DDE case. Through this example, we illustrate the behaviour of the
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Table 4.2: Negative mean square error slopes and corresponding figures for (4.95) plus
(4.96).

γ1 α1 [0, τ ] [1τ, 2τ ] [2τ, 3τ ] Figure

3
0.1 0.43 0.43 0.40 Figure 4.1a
0.5 0.44 0.43 0.40 Figure 4.1b
1 0.42 0.42 0.39 Figure 4.1c

5
0.1 0.39 0.40 0.39 Figure 4.2a
0.5 0.39 0.41 0.40 Figure 4.2b
1 0.40 0.41 0.39 Figure 4.2c

(a) α1 = 0.1. (b) α1 = 0.5. (c) α1 = 1.

Figure 4.1: Mean square error slopes for γ1 = 3 and values of α1 = 0.1, 0.5, 1 for (4.95)
plus (4.96).

proposed scheme outside the assumptions of the present theorem. We fix the number

of experiments K = 1000 for each N = 2l, l = 5, . . . , 10, and the reference solution is

computed with step size 2−17; also, the horizon parameter is n = 3. We present the

results in Table 4.2, which illustrate the negative mean square error slopes for different

combinations of γ1 = 3, 5 and α1 = 0.1, 0.5, 1.

All the figures show that the error of [jτ, (j + 1)τ ] is worse than the error of [(j −

1)τ, jτ ] for j ∈ {1, 2}, although the deterioration is not as pronounced as the delay-

interval deterioration predicted by Theorem 4.4.4 in the theorem-covered setting.

To illustrate that the accumulated error over later delay intervals becomes more

visible, we plot in Figure 4.3 the order of convergence over [3τ, 4τ ], [4τ, 5τ ] and [5τ, 6τ ]

for the case when α1 = 0.1 and γ1 = 3, 5. One can observe that the convergence

rate further reduces compared to the corresponding convergence rate over [0, τ ], [τ, 2τ ]

and [2τ, 3τ ] (shown in Figure 4.1a and Figure 4.2a), and the error grows to a scale of

102 − 103 over [5τ, 6τ ].
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(a) α1 = 0.1. (b) α1 = 0.5. (c) α1 = 1.

Figure 4.2: Mean square error slopes for γ1 = 5 and values of α1 = 0.1, 0.5, 1 for (4.95)
plus (4.96).

(a) γ1 = 3. (b) γ1 = 5.

Figure 4.3: Mean square error slopes over [3τ, 4τ ], [4τ, 5τ ] and [5τ, 6τ ] for γ1 = 3, 5 and
α1 = 0.1 for (4.95) plus (4.96).
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Table 4.3: Negative mean square error slopes for (4.95) with (4.99) plus (4.97) at
γ2 = 0.1, 0.5, 1 and values of α1 = α2 = α = 0.1, 0.5, 1.

γ2 α [0, τ ] [1τ, 2τ ] [2τ, 3τ ] Figure

0.1
0.1 0.18 0.19 0.15 Figure 4.4a
0.5 0.21 0.12 0.11 Figure 4.4b
1 0.24 0.09 0.05 Figure 4.4c

0.5
0.1 0.21 0.19 0.12 Figure 4.4d
0.5 0.24 0.11 0.08 Figure 4.4e
1 0.28 0.09 0.07 Figure 4.4f

1
0.1 0.23 0.17 0.23 Figure 4.4g
0.5 0.24 0.16 0.14 Figure 4.4h
1 0.22 0.01 0.09 Figure 4.4i

Example 4.5.3 (Multiplicative noise). To illustrate the rate behaviour predicted by

Theorem 4.4.4 in the general setting where α1 and α2 are both nontrivial, in the

following numerical test we use (4.95) with (4.99) and (4.97). We fix the number of

experiments K = 1000 for each N = 2l, l = 5, . . . , 10, and the reference solution is

computed with step size 2−17; also, the horizon parameter is n = 3. We vary γ2, α1,

but allow the same value of α2 as α1, i.e., α1 = α2 = α. We present the results in Table

4.3, which illustrate the negative mean square error slopes for different combinations

of γ2 = 0.1, 0.5, 1 and α1 = α2 = α = 0.1, 0.5, 1.

One can compare the results horizontally or vertically in Figure 4.4. For each fixed

(α1, α2) pair and for each fixed γ2, the negative slope in general decreases with j.

Horizontally, each fixed γ2 and for each fixed [jτ, (j + 1)τ ] interval, the error decreases

significantly with increasing α1. Vertically, for each fixed (α1, α2) pair and for each

fixed [jτ, (j + 1)τ ] interval, the numerical error decreases with γ2. These observations

are broadly consistent with the qualitative dependence predicted by Theorem 4.4.4.

Example 4.5.4 (Multiplicative noise). Finally, we extend Example 4.5.2 to the multi-

plicative noise case by replacing (4.96) with (4.97). As in Example 4.5.2, Assumption

(A3’), and hence Theorem 4.4.4, does not apply here. We use this example to test the

behaviour of the proposed scheme in this more irregular setting. We fix the number

of experiments K = 1000 for each N = 2l, l = 5, . . . , 10, and the reference solution is
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(a) γ2 = 0.1, and α = 0.1. (b) γ2 = 0.1 and α = 0.5. (c) γ2 = 0.1 and α = 1.

(d) γ2 = 0.5, and α = 0.1. (e) γ2 = 0.5 and α = 0.5. (f) γ2 = 0.5 and α = 1.

(g) γ2 = 1 and α = 0.1. (h) γ2 = 1 and α = 0.5. (i) γ2 = 1 and α = 1.

Figure 4.4: Mean square error slopes for (4.95) with (4.99) plus (4.97) at γ2 = 0.1, 0.5, 1
and values of α1 = α2 = α = 0.1, 0.5, 1.
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Table 4.4: Negative mean square error slopes for γ1 = 5 and γ2 = 0.1, 0.5, 1 and values
of (α1, α2) = (0.1, 0.1), (1, 0.1), (0.1, 1), (0.5, 0.5) for (4.95) plus (4.97).

γ1 γ2 α1 α2 [0, τ ] [1τ, 2τ ] [2τ, 3τ ] Figure

5 0.1

0.1 0.1 0.20 0.16 0.26 Figure 4.5a
1 0.1 0.20 0.16 0.20 Figure 4.5b

0.1 1 0.21 0.07 0.21 Figure 4.5c
0.5 0.5 0.20 0.19 0.23 Figure 4.5d

5 0.5

0.1 0.1 0.18 0.18 0.17 Figure 4.6a
1 0.1 0.21 0.17 0.23 Figure 4.6b

0.1 1 0.17 0.14 0.17 Figure 4.6c
0.5 0.5 0.19 0.15 0.16 Figure 4.6d

5 1

0.1 0.1 0.19 0.23 0.27 Figure 4.7a
1 0.1 0.21 0.33 0.25 Figure 4.7b

0.1 1 0.18 0.18 0.21 Figure 4.7c
0.5 0.5 0.21 0.27 0.36 Figure 4.7d

computed with step size 2−17; also, the horizon parameter is n = 3. We fix γ1 = 5

and vary γ2, α1 and α2. We present the results in Table 4.4, which illustrate the

negative mean square error slopes for different combinations of γ1 = 5, γ2 = 0.1, 0.5, 1

and (α1, α2) = (0.1, 0.1), (1, 0.1), (0.1, 1), (0.5, 0.5).

It can be observed that for each fixed (α1, α2) pair and for each fixed [jτ, (j + 1)τ ]

interval, the order of convergence increases with γ2; for each fixed γ2 and for each fixed

[jτ, (j + 1)τ ] interval, the negative slopes for (α1, α2) = (0.1, 0.1), (1, 0.1), (0.1, 1) are

almost the same, and are slightly lower than the negative slope for (α1, α2) = (0.5, 0.5);

for each fixed (α1, α2) pair and for each fixed γ2, the negative slope decreases with j.

Although this example is outside the assumptions of Theorem 4.4.4, these observations

mirror, at an empirical level, the same qualitative dependence on temporal regularity,

Hölder exponents and the delay interval.
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(a) α1 = 0.1 and α2 = 0.1. (b) α1 = 1 and α2 = 0.1.

(c) α1 = 0.1 and α2 = 1. (d) α1 = 0.5 and α2 = 0.5.

Figure 4.5: Mean square error slopes for γ1 = 5 and γ2 = 0.1 and values of (α1, α2) =
(0.1, 0.1), (1, 0.1), (0.1, 1), (0.5, 0.5) for (4.95) plus (4.97).
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(a) α1 = 0.1 and α2 = 0.1. (b) α1 = 1 and α2 = 0.1.

(c) α1 = 0.1 and α2 = 1. (d) α1 = 0.5 and α2 = 0.5.

Figure 4.6: Mean square error slopes for γ1 = 5 and γ2 = 0.5 and values of (α1, α2) =
(0.1, 0.1), (1, 0.1), (0.1, 1), (0.5, 0.5) for (4.95) plus (4.97).
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(a) α1 = 0.1 and α2 = 0.1. (b) α1 = 1 and α2 = 0.1.

(c) α1 = 0.1 and α2 = 1. (d) α1 = 0.5 and α2 = 0.5.

Figure 4.7: Mean square error slopes for γ1 = 5 and γ2 = 1 and values of (α1, α2) =
(0.1, 0.1), (1, 0.1), (0.1, 1), (0.5, 0.5) for (4.95) plus (4.97).
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Chapter 5

NODE-ImgNet: A Robust Image

Denoising Model via a

Randomised Euler Scheme

5.1 Introduction

In this work, we enhance image denoising by integrating randomised numerical schemes

into the neural ordinary differential equation (NODE) framework, aiming to improve

denoising performance. The image denoising problem can be formulated as follows:

y = x + ϵ,

where y is the noisy image, x is the ground truth image and ϵ is the noise. Given the

noisy image y, the task is to recover the ground truth x by eliminating the noise ϵ.

Inspired by traditional differential equation-based image denoising techniques, we

propose a novel neural network architecture, NODE-ImgNet, which combines NODEs

with convolutional neural network (CNN) modules. In solving the NODE component,

we employ a randomised Euler scheme, which improves robustness to irregularities in

the data. To the best of our knowledge, this is the first work to incorporate a randomised

numerical scheme as the solver of a neural ODE within a deep-learning architecture.
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It should be noted that the observed improvements are not solely attributable to the

use of the randomised Euler scheme, but also largely depend on the intrinsic structure

of NODEs.

It is well known that noise in images can arise from various sources. The most

common types are sensor noise [110], compression noise [79], and optical noise [65].

Image denoising refers to the process of removing unwanted noise or artefacts from an

image. It is critical for improving the quality, accuracy, and usefulness of images in a

wide range of applications. Image denoising techniques have been extensively explored

both in the industry and academia in the last several decades, see e.g., [33,50,76] for a

brief review.

In general, image denoising methods can be categorized into two main groups:

classical methods and machine learning-based methods. Classical methods are rooted

in mathematical models and signal processing techniques, such as median filtering [34],

wavelet denoising [15], total variation denoising [94], non-local means filtering [11],

to list a few. On the other hand, machine learning-based methods use artificial neural

networks or other machine learning algorithms to learn the mapping between noisy and

clean images. In recent years, many machine learning-based image denoising models

have achieved remarkable success. Popular deep learning methods in this area include

image denoising CNNs (DnCNN) [111], residual dense networks (RDN) [113], non-

local neural networks (N3Net) [85], Batch renormalization denoising network (BRDNet)

[102], to list a few.

Among classical methods, differential equation-based approaches have been widely

used to remove noise from digital images, with representative examples including the

Perona–Malik model [84], total variation (TV) method [94], and fast marching methods

(FMM) [96]. While these traditional methods, which do not involve neural networks,

are effective in preserving edges and textures, they are often computationally intensive

due to the need to solve non-linear differential equations numerically, and each fixed

model typically has limited capacity for handling complex or varying noise. These

drawbacks have motivated ongoing research into more flexible and efficient alternatives

for image denoising.
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Recently several neural network methods have been proposed to learn differential

equations for various imaging tasks [3, 26]. One advantage of using learning-based dif-

ferential equations over traditional ones is that they do not require human intervention,

as they are learned directly from training data. In contrast, the traditional approach

often involves human input and expertise in formulating mathematical equations. In

this article, we also take a similar learning-based approach. Such an approach allows

us not to propose any specific dynamic system in the first instance, and instead learn

it through a general ODE system modelled by the neural ODE (NODE) method [16].

More precisely, we assume that the image denoising task can be modelled by the

following dynamic system:

vt = F (t,v), v(t = 0) = y, v(t = T ) = x, (5.1)

where the functional F (t,v) is to be learned. This formulation models the denoising

process as a continuous evolution governed by the dynamics defined by F , transitioning

from the initial noisy image v(0) = y to the target denoised image v(T ) = x over the

variable t.

Since our model in Equation 5.1 represents a general ODE system, it is then natural

to utilize a NODE-based neural network [16] to model the system. In addition, NODE

is also closely related to the Deep Residual Network (ResNet) [44] as ResNets can be

viewed as a discrete-time approximation of a Neural ODE. The authors in [16] demon-

strated that NODEs are capable of diverse tasks, such as image classification, density

estimation, and generative modelling, and show that they can outperform traditional

neural networks on certain tasks while using fewer parameters.

While deterministic numerical solvers can be employed within the NODE frame-

work, they may encounter difficulties when the underlying dynamics or the input data

exhibit irregularity or low regularity. To address these challenges, we adopt a ran-

domised Euler scheme for solving the NODE system. Randomised numerical schemes

have been shown to be effective in certain challenging ODE settings in the numerical

analysis literature, particularly for differential equations with non-smooth coefficients

or solutions [60,62,64]. Moreover, in the context of deep learning, explicitly introducing
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noise is known to improve the robustness and generalization of models [36, 98]. The

stochastic perturbations arising in randomised numerical schemes introduce such noise

without an additional noise-injection module, thereby potentially improving the stabil-

ity and performance of NODE-based architectures for image denoising. These advan-

tages motivate our integration of the randomised Euler scheme within the NODE-based

architecture for enhanced image denoising performance.

This chapter is organized as follows: Section 5.2 introduces the proposed NODE-

ImgNet model in detail. In particular, Section 5.2.1 presents the NODE framework,

followed by the randomised Euler scheme used as the numerical solver. In Section 5.3,

we present the results of our proposed method on multiple benchmark datasets, which

include two greyscale image datasets (BSD68 and Set12) and three colour-scale image

datasets (CBSD68, Kodak24 and McMaster). Our method achieves state-of-the-art

performance in terms of peak signal-to-noise ratio (PSNR) across multiple scales of

additive Gaussian noise. Moreover, our proposed model surpasses other highly com-

petitive baseline models in real image denoising tasks.

5.2 NODE-ImgNet for Image Denoising

5.2.1 Preliminaries on the NODE Framework

We first recall the NODE framework that serves as the foundation of NODE-ImgNet. A

standard feed-forward neural network transforms an input through a finite sequence of

layers. A NODE instead regards the hidden representation as a continuous-time state

and lets a learned vector field describe how that state evolves. Thus the network output

is obtained by following the flow of an ordinary differential equation from an initial time

to a final time. This viewpoint is useful in the present chapter because image denoising

can naturally be interpreted as an evolution from a noisy state towards a cleaner state.

More concretely, a NODE models a continuous map from Rd to Rd as follows. For

an input h0 ∈ Rd, the output is the final-time value h(T ) of the solution trajectory
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h(t)t∈[0,T ] satisfying

dh(t)
dt = N vec

θ (h(t), t), h(0) = h0. (5.2)

Here the vector field N vec
θ is a neural network with trainable parameters θ. In the

image denoising model, it is natural to take h0 as the initial noisy image y and h(T )

as the denoised image, ideally close to the clean image x. This is the standard initial-

value formulation used in NODEs; in practice the vector field is represented by a neural

network and the flow is computed numerically [16].

A residual neural network (ResNet) is built from residual blocks of the form

hk+1 = hk + Rθk
(hk),

where Rθk
is a trainable nonlinear transformation. The skip connection hk 7→ hk +

Rθk
(hk) makes the block resemble one forward Euler step. Equivalently, if a residual

update is written in the scaled form

hk+1 = hk + ∆t F (tk, hk; θk),

then it has the same algebraic structure as a forward Euler discretisation of an ODE. In

this sense, the NODE model can be viewed as a continuous-depth analogue of a ResNet:

instead of stacking finitely many residual blocks, it specifies an ODE vector field and

obtains the output by solving the corresponding initial-value problem. The practical

computation is still discrete, since an ODE solver evaluates the learned vector field at

selected time points and returns an approximation to h(T ); these solver evaluations

reuse the same trainable vector field rather than adding new trainable layers. Residual

blocks have been widely used in many state-of-the-art image denoising neural networks,

e.g., DnCNN [111], FFDNet [112], DudeNet [103], and batch renormalization denoising

network (BRDNet) [102]. It is important to note that we have the flexibility to utilize

various state-of-the-art image denoising network models for the vector field N vec
θ .

With the recent increase in computational power, state-of-the-art image denoising
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models have become more complex, with millions of tunable parameters [37, 82, 109].

However, this increased complexity often requires a large amount of training data to

achieve optimal results. In many applications where images are obtained at a high

cost, there may be insufficient training data, leading to over-fitting with large iterations.

One of our aims is to enable the network to handle different training data sizes, thereby

providing greater flexibility. Our guidance is to use a simpler model for smaller training

data sets and a more complex model for larger ones through a simple adjustment of

time integration steps used in the ODE numerical solver.

More specifically, the complexity of our NODE-based neural network arises from

two factors: the vector field N vec
θ (h(t), t) on the right-hand side and the number of

time integration steps N used in the numerical ODE solver. As aforementioned, we

have the flexibility to construct our vector network N vec
θ (h(t), t) using many state-of-

the-art networks as a basis. Notably, when the number of time integration steps is

set to N = 1, the NODE model reduces to a single residual-style update based on the

vector field.

However, unlike classical residual blocks, increasing the number of time integration

steps in the NODE network does not increase the number of model parameters; it

mainly increases the computational cost of training and evaluation. This is because

the same vector field N vec
θ is reused at every numerical time step: changing N changes

how many times the learned vector field is evaluated, but it does not introduce a new

set of trainable weights at each step. To balance the two components of complexity, we

propose using a structure-similar yet much simpler analogue of state-of-the-art neural

networks for the vector field. The model can then compensate for its simpler vector

field by choosing an appropriate number of time integration steps. Since our model

uses fewer parameters, it tends to be more effective for small training sets. Further-

more, by increasing the number of time integration steps, we can increase the effective

integration depth of the learned flow, which may be beneficial when larger training sets

are available.
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5.2.2 Randomised Euler Scheme

In practice, solving the NODE system for high-dimensional image denoising tasks re-

quires numerical methods that are both computationally efficient and well-suited to

parallel implementation on modern hardware. While classical adaptive ODE solvers

such as Runge-Kutta-Fehlberg or Dormand-Prince methods are well-established in sci-

entific computing, they are less commonly used in large-scale deep learning frameworks

due to their sequential nature and the substantial memory overhead associated with

storing intermediate states, particularly in the context of backpropagation and auto-

matic differentiation.

Consequently, most implementations of neural ODEs rely on fixed-step solvers, such

as the forward Euler or Runge-Kutta schemes, which are more compatible with mini-

batch training and GPU acceleration. In our framework, we go further by introducing a

randomised Euler scheme as the solver for the NODE. Our motivation is twofold: first,

randomised numerical schemes have been shown to be effective in certain challenging

ODE settings in the numerical analysis literature [64]; second, the resulting stochas-

ticity provides a practical and flexible mechanism that may improve robustness during

training [36, 98]. In the present learning-based setting, we do not claim that existing

convergence theory directly applies to the NODE framework considered here. Rather,

we adopt the randomised Euler scheme as a computational design choice and assess its

value empirically in the NODE-ImgNet architecture. A rigorous theoretical analysis

of this randomised Euler scheme within the present learning-based NODE framework

remains an interesting direction for future research.

The analysis in Section 3.4 suggests a possible route towards such a theory: one may

first fix the trained vector field N vec
θ and study the randomised Euler discretisation as

a numerical approximation of the corresponding NODE flow. Under suitable regularity

and growth assumptions on this learned vector field, estimates similar in spirit to the

low-regularity ODE analysis could be sought for the solver error. A complete theory

for NODE-ImgNet, however, would also have to account for training and optimisation

effects, the high-dimensional convolutional parametrisation, and generalisation beyond

the training distribution. For this reason, the present chapter focuses on the empiri-
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cal performance of the randomised solver, while a full convergence and generalisation

analysis for randomised NODE solvers is left as future work.

We now define the randomised Euler scheme employed in this work.

Definition 5.2.1 (Randomised Euler Scheme for NODE-ImgNet). Let (Ω,F ,P) be a

complete probability space, and let [0, T ] be partitioned uniformly into N subintervals

with step size ∆t = T/N :

0 = t0 < t1 < · · · < tN = T, tk = k∆t, k = 0, 1, . . . , N.

For each k = 1, . . . , N , let τk be an independent random variable uniformly distributed

on [tk−1, tk], i.e.

τk = tk−1 + ∆t γk, γk
i.i.d.∼ U(0, 1).

Consider the NODE system

dh(t)
dt = N vec

θ (h(t), t), h(0) = y.

The randomised Euler approximation is defined recursively by

hk = hk−1 + ∆tN vec
θ (hk−1, τk), k = 1, 2, . . . , N,

with initial value h0 = y. The numerical approximation to h(T ) is then given by hN .

5.2.3 Our proposed NODE-ImgNet

We use (5.2) to model the dynamics of the image denoising process. In particular, we

choose to use a shallow CNN with batch normalization and dilation as our vector field

for image denoising. Such a structure has been used as a basic block in many state-of-

the-art networks for image denoising tasks, e.g., the BRDNet [102], DilatedConv-BN-

ReLU [105], FFDNet [112], DudeNet [103].

The structure of the shallow CNN vector field consists of a 9-layer CNN, with

integrated batch normalization (BN) and dilated convolution. Batch normalization

and dilated convolution have been proven effective and widely used in the construction
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Figure 5.1: Architecture of the proposed NODE-ImgNet network.

of deep CNN models [51, 105]. BN has been proven effective in removing exploding or

vanishing gradients, as well as resolving the internal covariate shift problem caused by

convolutional operations [51]. The dilation factor and the number of dilated convolution

layers directly determine the receptive field size of the network. We refer to Figure 5.1

for a graphical illustration of NODE-ImgNet. The detailed structure of the 9-layer

vector field is comprised of two types of structures: Conv+BN+ReLU and Conv. The

term ‘Conv’ refers to a dilated convolutional layer with 3 × 3 filters and ReLU refers to

rectified linear units.

Layers 1-8 are of the Conv + BN + ReLU type and the 9-th layer is Conv. For all

layers except the first and the last, the in-channel and out-channel numbers are both

set to 128, unless otherwise specified. The in-channel number of the first layer is set to

c+1 where c is the channel of the image with the extra channel being the time variable.

For the final layer, the out-channel number is set to be c.

For the first and last two layers, the dilation factor is set to be 1, which is equivalent

to the normal convolution without dilation. The dilation factor of 4 is applied in the

convolution layers 2-7. Applying such dilated convolutions gradually increases the

receptive field size of the network. More precisely, the initial receptive field size is

3 in the first layer, the same as the kernel size. For each subsequent layer, the size

of the receptive field is increased by (kernel size − 1) × dilation factor. Therefore,
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the receptive field sizes of our model in the nine layers are 3, 11, 19, 27, 35, 43, 51, 53

and 55, respectively. We note that the dilation factors are chosen such that the final

receptive field size is close to the size of the image patches. Recall that one of the key

features of our model is the flexibility to control its depth by adjusting the number

of time integration steps, N . In the experiments described in the chapter, we set

N to be between 2 and 8, which allowed us to balance the training time and the

expected performance of the model effectively. As mentioned earlier, for the numerical

integration, we use the randomised (forward) Euler scheme [64]. Finally, we choose the

final time parameter T = 1.

5.2.4 Loss function

In our work, we choose the mean-square error (MSE). Define

l(θ) = 1
Np

Np∑
i=1

∥f(yi,θ) − xi∥2
2, (5.3)

where Np is the number of noisy image patches, θ denotes the set of all model param-

eters, and f(yi,θ) denotes the network output at the final time t = T for the input

noisy image yi, i.e.,

f(yi,θ) = h(T ), with h(0) = yi

in (5.2). Here, xi is the ground truth image corresponding to yi. The norm ∥ · ∥2

denotes the Euclidean norm.

5.3 Experimental results

This section presents the experimental results of NODE-ImgNet, together with com-

parisons against competitive baseline models with similar CNN-based structures. The

datasets and experimental settings used in the experiments are documented in Sec-

tion 5.3.1 and 5.3.2. We compare the model performance on the synthetic Gaussian

noise denoising for both gray and colour images in Section 5.3.3 and 5.3.3 respec-

tively. We also perform experiments on the real images and the results are presented

107



Chapter 5. NODE-ImgNet: Image Denoising via Randomised Euler Scheme

in Section 5.3.3. After that, we investigate the scalability of our proposed method

on small-scale partial datasets in Section 5.3.4. In Section 5.3.5, we present our ab-

lation experiments and demonstrate the flexibility of our model. Lastly, we discuss

the computational costs in the subsequent Section 5.3.6. The codes are available at

https://github.com/xiexinheng/NODE-ImgNet.

5.3.1 Datasets

Training dataset

For the experiments of Gaussian noise denoising, we train our model on the Waterloo

Exploration Database, which contains 4744 colour images. The full database is used

for both colour and gray image denoising tasks, where for the latter we first convert

the original colour images to gray images. To test the effectiveness of our model in

handling data of various sizes, we also train the model based on 2%, 10%, 20%, and

50% portion of the full image set with random sampling. In all experiments, each

image from the dataset is cropped into 300 small 60 × 60 sized patches. The choice of

60 × 60 as the patch size is made as a trade-off between computational efficiency and

performance. The Gaussian noises are added as independent and identically distributed

(i.i.d.) random variables with a mean of 0 and a standard deviation of σ (either fixed

or to be specified in a range) to each patch in the training dataset.

For the real image denoising, we train our model based on a dataset of 40 image pairs

collected by Xu et al. [108], as well as the SIDD Medium dataset [1], which includes 320

image pairs. Each image pair contains a ground truth image and a corresponding noisy

image. Since the images in the first dataset are relatively small, we augment the dataset

by applying classical image augmentation techniques such as rotations of 90°, 180°, and

270°, resulting in 120 additional images. We also apply horizontal flipping to each of the

160 images, resulting in an additional 160 images. Combining the augmented dataset

with the SIDD dataset, we obtain a total of 640 images. Finally, each image is cropped

into 662 patches of size 60 × 60 pixels, resulting in a total of 423, 680 training patches.
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Test dataset

For a fair comparison, we follow other Gaussian image denoising models [102,111,112]

and test our model on datasets BSD68 and Set12 for the trained gray-scale image

models, and on CBSD68, Kodak24 and McMaster for the trained colour image models.

BSD68 consists of 68 natural images with dimensions of either 481 × 321 or 321 × 481;

Set12 consists of 12 gray-scale images with a size of either 256 × 256 or 512 × 512.

CBSD68 includes 68 colour images with the same background as BSD68. Kodak24 is

composed of 24 natural colour images, each with a size of 500×500. McMaster consists

of 18 colour images, each with a size of 500 × 500.

It is known that real noisy images are usually captured by cameras of different

types with different ISO values [22]. Motivated by this fact, we choose cc [79] as the

test dataset for real noise task. The cc dataset has 15 noisy images captured by three

different cameras, i.e., Nikon D800, Nikon D600, and Canon 5D Mark III with different

ISO values (1600, 3200, and 6400), shown in Figure 5.2.

Figure 5.2: 15 images in the cc dataset.
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5.3.2 Other experimental settings

We use the Adam optimizer with a learning rate of 5 × 10−4, β1 of 0.9, β2 of 0.999, and

epsilon of 1×10−8. Here, β1 and β2 control the exponential decay rates for the first and

second moment estimates of the gradient, respectively, while ϵ is a small value added to

the denominator of the Adam update formula to prevent division by zero. The batch

size is set to 40, and the maximum number of epochs for training NODE-ImgNet is 50.

During the training, the learning rate is halved if the training loss does not decrease for

three consecutive epochs. Additionally, we employ early stopping techniques to reduce

training time and avoid overfitting. In particular, the loss on a specified test set is

computed after each epoch. For gray and colour image denoising tasks, we use the

BSD68 and McMaster test sets, respectively. The early stopping is activated if the loss

of test set does not decrease for five consecutive epochs.

We train our proposed NODE-ImgNet model under the PyTorch framework [83].

All experiments are conducted on a server running the Linux-5.4.0 operating system

and Python 3.9 environment. The server has a memory capacity of 1.4 TiB and is pow-

ered by an Intel Xeon(R) Gold 6240 CPU @ 2.60GHz x 72G processor. The server is

equipped with an NVIDIA GeForce RTX 3080 Ti GPU, which has 12 GB of GPU RAM.

To accelerate the computational performance of the GPU, we use the NVIDIA CUDA

11.8 version. We use the 0.2.3 version of the torchdiffeq package to solve NODEs. This

package is optimized for GPU usage and offers a way to reduce memory consumption

through backpropagation. To provide the reader with a point of reference, the training

of a colour Gaussian denoising NODE-ImgNet model, employing the structure pre-

sented in Section 5.2.3 and utilizing N = 8, requires an estimated duration of around

82 hours.

5.3.3 Compared results

In this section, we provide both quantitative and qualitative analyses of the performance

of NODE-ImgNet. We compare NODE-ImgNet with other competitive baseline image

denoising methods, including DnCNN [111], Dilated Conv-BN-ReLU(DC-B-R) [105],

FFDNet [112], complex-valued denoising network (CDNet) [91], DudeNet [103], batch
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renormalization denoising network(BRDNet) [102], ADNet [101], MWDCNN [104] and

GradNet [67]. We select these models because they are primarily constructed using

Convolution (Conv), Batch Normalization (BN), Residual Learning (RL), and Rectified

Linear Unit (ReLU) technologies, or their variations such as complex-valued and batch

renormalization. Comparing our model to these existing models allows for a clear

demonstration of the improvements made by our model.

In this section, we use N = 8 by default as the number of time integration steps in

the ODE solver for NODE-ImgNet, unless otherwise specified. This specific hyperpa-

rameter selection is based on finding the optimal balance between accuracy and training

cost, ensuring an effective trade-off between the two.

In the following, we first present a comparison of NODE-ImgNet’s denoising per-

formance on gray images using the BSD68 and Set12 test sets in Section 5.3.3. Next,

in Section 5.3.3, we evaluate the denoising capabilities of NODE-ImgNet on colour

images of three test datasets: CBSD68, Kodak24, and McMaster. We also compare

NODE-ImgNet’s denoising ability on real images using the cc dataset in Section 5.3.3.

NODE-ImgNet for gray Gaussian image denoising

For gray Gaussian image denoising, we train multiple NODE-ImgNet models in two

modes. In the first mode, following literature [102, 111, 112] we train three separate

models with fixed noise level σ = 15, 25, 50, respectively. We refer to these three

models as NODE-ImgNet.

In the second mode, we employ a blind denoising approach, where the noise level σ

for each image patch is randomly sampled based on a uniform distribution between 0

and 55 during the training process. We refer to this model as NODE-ImgNet-B, which

aims to provide a robust image denoising model that can deal with a wide range of

noise levels in real-world scenarios.

The test results of our trained models along with comparisons based on the BSD68

dataset are presented in Table 5.1, where the highest and second-highest PSNR values

for each noise level are highlighted in red and blue, respectively. The results show that

NODE-ImgNet outperforms all the compared benchmark models in terms of PSNR.
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Moreover, we observe a more significant improvement in our model as the noise level

increases. In particular, compared to the baseline model DnCNN, whose structure is

similar to the vector field of NODE-ImgNet, NODE-ImgNet achieves average improve-

ments of 0.09, 0.13, 0.22 (in dB) for σ = 15, 25 and 50, respectively. NODE-ImgNet-B

also shows competitive performance. Notably, when tested at σ = 50, NODE-ImgNet-B

performs better than all other models except NODE-ImgNet.

σ

Methods DnCNN
[111]

DC-B-R
[105]

FFDNet
[112]

ADNet
[101]

DudeNet
[103]

CDNet
[91]

MWDCNN
[104]

BRDNet
[102]

NODE-
ImgNet

NODE-
ImgNet-B

σ = 15 31.72 31.68 31.63 31.74 31.78 31.74 31.77 31.79 31.81 31.66

σ = 25 29.23 29.18 29.19 29.25 29.29 29.28 29.28 29.29 29.36 29.27

σ = 50 26.23 26.21 26.29 26.29 26.31 26.36 26.29 26.36 26.45 26.41

Table 5.1: Average PSNR (dB) results of various methods for Gaussian gray image
denoising on the BSD68 Dataset at various noise levels.

In Figure 5.3, we compare the results through visualisation of the same zoomed

region from denoised images produced by various methods when σ = 25. We observe

that the image denoised by NODE-ImgNet better preserves edges and fine textures.

Figure 5.4 visualises all test images from Set12. In Table 5.2, we present the com-

parison results for each individual image from Set12 on various noise levels. As before,

the highest and second-highest PSNR results for each setting are marked in red and

blue, respectively. We again observe that NODE-ImgNet on average outperforms all

other models. In particular, compared to the baseline model DnCNN, NODE-ImgNet

achieves average improvements of 0.18, 0.30, 0.45 (in dB) for σ = 15, 25 and 50, re-

spectively. Clearly, NODE-ImgNet demonstrates superior performance compared to

other models across a wide range of image settings. In particular, when evaluated on

the Set12 dataset with noise levels of σ = 15, 25, and 50, NODE-ImgNet achieves the

highest PSNR results for 58%, 71%, and 92% of the images, respectively. Similar to

previous observations, as the noise level increases, our model achieves more significant

improvement.

In Figure 5.5, we compare the results through visualisation of the same zoomed

region from denoised images produced by various methods when σ = 50. These visual

results suggest that NODE-ImgNet is better at preserving edges and complex textures.
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(a) Original Image (b) Noisy Image (20.71dB) (c) DnCNN (29.17dB)

(d) FFDNet (29.15dB) (e) BRDNet (29.51dB) (f) MWDCNN (29.25dB)

(g) NODE-ImgNet-B (29.52dB) (h) NODE-ImgNet (29.56dB)

Figure 5.3: Denoising results for Gaussian gray noisy image from the BSD68 dataset
with σ = 25.

Figure 5.4: The 12 images in the Set12 dataset.

In summary, we conclude that NODE-ImgNet provides a highly competitive model

for image denoising on gray images with Gaussian noise. Moreover, as noise level

increases, we observe that the NODE-ImgNet achieves more significant improvement
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Methods
Images C.man House Peppers Starfish Monarch Airplane Parrot Lena Barbara Boat Man Couple Average

Noise Level σ = 15
DnCNN [111] 32.61 34.97 33.30 32.20 33.09 31.70 31.83 34.62 32.64 32.42 32.46 32.47 32.86
FFDNet [112] 32.43 35.07 33.25 31.99 32.66 31.57 31.81 34.62 32.54 32.38 32.41 32.46 32.77
ADNet [101] 32.81 35.22 33.49 32.17 33.17 31.86 31.96 34.71 32.80 32.57 32.47 32.58 32.98

DudeNet [103] 32.71 35.13 33.38 32.29 33.28 31.78 31.93 34.66 32.73 32.46 32.46 32.49 32.94
MWDCNN [104] 32.53 35.09 33.29 32.28 33.20 31.74 31.97 34.64 32.65 32.49 32.46 32.52 32.91

BRDNet [102] 32.80 35.27 33.47 32.24 33.35 31.85 32.00 34.75 32.93 32.55 32.50 32.62 33.03
NODE-ImgNet 32.68 35.44 33.48 32.35 33.29 31.90 31.97 34.76 32.87 32.53 32.52 32.65 33.04

NODE-ImgNet-B 32.55 35.28 33.39 32.22 33.10 31.78 31.88 34.70 32.35 32.44 32.44 32.58 32.89
Noise Level σ = 25

DnCNN [111] 30.18 33.06 30.87 29.41 30.28 29.13 29.43 32.44 30.00 30.21 30.10 30.12 30.43
FFDNet [112] 30.10 33.28 30.93 29.32 30.08 29.04 29.44 32.57 30.01 30.25 30.11 30.20 30.44
ADNet [101] 30.34 33.41 31.14 29.41 30.39 29.17 29.49 32.61 30.25 30.37 30.08 30.24 30.58

DudeNet [103] 30.23 33.24 30.98 29.53 30.44 29.14 29.48 32.52 30.15 30.24 30.08 30.15 30.52
MWDCNN [104] 30.19 33.33 30.85 29.66 30.55 29.16 29.48 32.67 30.21 30.28 30.10 30.13 30.55

BRDNet [102] 31.39 33.41 31.04 29.46 30.50 29.20 29.55 32.65 30.34 30.33 30.14 30.28 30.61
NODE-ImgNet 30.33 33.68 31.12 29.82 30.57 29.31 29.55 32.80 30.56 30.41 30.21 30.43 30.73

NODE-ImgNet-B 30.22 33.61 31.07 29.64 30.51 29.23 29.51 32.74 29.90 30.33 30.19 30.35 30.61
Noise Level σ = 50

DnCNN [111] 27.03 30.00 27.32 25.70 26.78 25.87 26.48 29.39 26.22 27.20 27.24 26.90 27.18
FFDNet [112] 27.05 30.37 27.54 25.75 26.81 25.89 26.57 29.66 26.45 27.33 27.29 27.08 27.32
ADNet [101] 27.31 30.59 27.69 25.70 26.90 25.88 26.56 29.59 26.64 27.35 27.17 27.07 27.37

DudeNet [103] 27.22 30.27 27.51 25.88 26.93 25.88 26.50 29.45 26.49 27.26 27.19 26.97 27.30
MWDCNN [104] 26.99 30.58 27.34 25.85 27.02 25.93 26.48 29.63 26.60 27.23 27.27 27.11 27.34

BRDNet [102] 27.44 30.53 27.67 25.77 26.97 25.93 26.66 29.73 26.85 27.38 27.27 27.17 27.45
NODE-ImgNet 27.32 31.10 27.73 26.05 27.18 26.03 26.67 29.90 27.32 27.46 27.41 27.37 27.63

NODE-ImgNet-B 27.30 31.03 27.68 25.98 27.17 26.00 26.68 29.88 27.08 27.41 27.36 27.33 27.57

Table 5.2: PSNR (dB) results of various methods for Gaussian gray image denoising
on the Set12 Dataset at various noise levels.

than baseline models.

NODE-ImgNet for colour Gaussian image denoising

For colour Gaussian image denoising, we also train multiple NODE-ImgNet models in

two modes. In the first mode, we train 5 separate NODE-ImgNet models with fixed

noise levels σ = 15, 25, 35, 50, 75, respectively. In the second mode, we employ a similar

blind denoising approach as in section 5.3.3, i.e., the noise level σ for each image patch

is uniformly distributed between 0 and 55 during the training process. This model is

also referred to as NODE-ImgNet-B. We assess the denoising performance of our mod-

els with other benchmark models on datasets CBSD68, Kodak24, and McMaster. The

results are presented in Table 5.3. NODE-ImgNet consistently demonstrates superior

performance for colour Gaussian image denoising in comparison to other baseline mod-

els. In addition, it is worth noting that our NODE-ImgNet-B model also outperforms

other baseline models at σ = 25, 35, 50 for all test datasets, demonstrating superior

blind noise reduction capabilities.

Figures 5.6, 5.7 and 5.8 visualize the resulting denoised colour images from various

denoising models at different Gaussian noise, i.e., σ = 25, 50 and 75. It is evident from
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(a) Original image (b) Noisy image (14.77dB)

(c) DnCNN (26.22dB) (d) FFDNet (26.45dB) (e) BRDNet (26.85dB)

(f) NODE-ImgNet-B (27.08dB) (g) NODE-ImgNet (27.32dB)

Figure 5.5: Denoising results for Gaussian gray noisy image “Barbara” from the Set12
dataset with σ = 50.

each of the figures that the denoised image produced by NODE-ImgNet successfully

restores the most texture and details depicted in the clean image.

In summary, NODE-ImgNet stands out as a competitive model for denoising colour

images affected by Gaussian noise. Once again, as the noise level escalates, NODE-

ImgNet exhibits a considerably more substantial improvement in performance in con-
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Datasets Methods σ = 15 σ = 25 σ = 35 σ = 50 σ = 75
DnCNN [111] 33.98 31.31 29.65 28.01 -
DC-B-R [105] 31.68 - 29.18 26.21 -
FFDNet [112] 33.80 31.18 29.57 27.96 26.24
GradNet [67] 34.07 31.39 - 28.12 -
ADNet [101] 33.99 31.31 29.66 28.04 26.33

DudeNet [103] 34.01 31.34 29.71 28.09 26.40
BRDNet [102] 34.10 31.43 29.77 28.16 26.43
NODE-ImgNet 34.19 31.49 29.88 28.29 26.60

CBSD68

NODE-ImgNet-B 34.05 31.45 29.86 28.24 -
DnCNN [111] 34.73 32.23 30.64 29.02 -
FFDNet [112] 34.55 32.11 30.56 28.99 27.25
GradNet [67] 34.85 32.35 - 29.23 -
ADNet [101] 34.76 32.26 30.68 29.1 27.4

DudeNet [103] 34.81 32.26 30.69 29.1 27.39
BRDNet [102] 34.88 32.41 30.8 29.22 27.49
NODE-ImgNet 34.96 32.51 31.00 29.47 27.78

Kodak24

NODE-ImgNet-B 34.87 32.47 30.96 29.38 -
DnCNN [111] 34.80 32.47 30.91 29.21 -
FFDNet [112] 34.47 32.25 30.76 29.21 27.29
GradNet [67] 34.81 32.45 - 29.39 -
ADNet [101] 34.93 32.56 31 29.36 27.53

BRDNet [102] 35.08 32.75 31.15 29.52 27.72
NODE-ImgNet 35.11 32.83 31.35 29.79 27.97

McMaster

NODE-ImgNet-B 35.01 32.78 31.31 29.72 -

Table 5.3: Average PSNR (dB) results of various methods for Gaussian colour image
denoising at various noise levels on the CBSD68, Kodak24, and McMaster datasets.

trast to the baseline models.

NODE-ImgNet for real image denoising

In this subsection, we compare the performance of NODE-ImgNet on real image de-

noising with other competitive baseline methods including DnCNN [111], ADNet [101],

DudeNet [103], MWDCNN [104] and BRDNet [102]. The trained model is tested on

the cc [79] dataset with 15 noisy images. The results presented in Table 5.4 show that

NODE-ImgNet outperforms other models for the majority of images in the data set. In

particular, when the ISO values are larger, indicating higher levels of noise, our model
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(a) Clean image (b) Noisy image (23.89dB) (c) FFDNet (33.28dB)

(d) BRDNet (33.54dB) (e) NODE-ImgNet-B (33.59dB) (f) NODE-ImgNet (33.65dB)

Figure 5.6: Denoising results for a Gaussian colour noisy image from the McMaster
dataset with σ = 25.

performs uniformly better with higher improvement. This along with former results

indicates that our NODE-ImgNet has strong denoising capabilities for more complex

noise types, such as real-world noise.

It is important to note that for real image denoising, the improvement of NODE-

ImgNet over other baseline networks, e.g., BRDNet, is more significant than the syn-

thetic Gaussian denoising tests. More precisely, for the colour Gaussian denoising

experiments, the average improvement range in PSNR compared to BRDNet across

each test set is between 0.03 to 0.29 dB. Whereas, for the real image denoising, the

improvement is 0.60 in dB which is more than twice as large.
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(a) Clean image (b) Noisy image (18.16dB) (c) FFDNet (32.85dB)

(d) BRDNet (33.05dB) (e) NODE-ImgNet-B (33.35dB) (f) NODE-ImgNet (33.50dB)

Figure 5.7: Denoising results for a Gaussian colour noisy image from the Kodak24
dataset with σ = 50.

Camera settings DnCNN [111] ADNet [101] DudeNet [103] MWDCNN [104] BRDNet [102] NODE-ImgNet
37.26 35.96 36.66 36.97 37.63 37.09
34.13 36.11 36.70 36.01 37.28 36.78Canon 5D ISO=3200
34.09 34.49 35.03 34.80 37.75 35.58
33.62 33.94 33.72 33.91 34.55 34.93
34.48 34.33 34.70 34.88 35.99 36.43Nikon D600 ISO=3200
35.41 38.87 37.98 37.02 38.62 42.05
35.79 37.61 38.10 37.93 39.22 37.92
36.08 38.24 39.15 37.49 39.67 39.81Nikon D800 ISO=1600
35.48 36.89 36.14 38.44 39.04 38.14
34.08 37.20 36.96 37.10 38.28 40.35
33.70 35.67 35.80 36.72 37.18 36.76Nikon D800 ISO=3200
33.31 38.09 37.49 37.25 38.85 40.93
29.83 32.24 31.94 32.24 32.75 34.79
30.55 32.59 32.51 32.56 33.24 34.14Nikon D800 ISO=6400
30.09 33.14 32.91 32.76 32.89 34.34

Average 33.86 35.69 35.72 35.74 36.73 37.33

Table 5.4: PSNR (dB) Results of Various Methods on Real Noisy Images

5.3.4 Efficiency with Small-Scale Partial Datasets

As aforementioned, the inherent flexibility in NODE-ImgNet enables its efficacy on

smaller datasets, which is critical for tasks with limited access to training data. To
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(a) Clean image (b) Noisy image (15.48dB)

(c) FFDNet (30.68dB) (d) BRDNet (30.94dB) (e) NODE-ImgNet (31.12dB)

Figure 5.8: Denoising results for a Gaussian colour noisy image from the CBSD68
dataset with σ = 75.

better support the statement, we train our NODE-ImgNet and BRDNet models based

on each dataset that comprises 50%, 25%, 10%, and 2% of the Waterloo Exploration

Database with random sampling, respectively. The resulting number of training im-

ages for the four experiments is, therefore, 2372, 1186, 474, and 95, respectively. Each

selected image is also cropped into 300 patches of size 60 × 60, following the same

procedure as before. The models are trained with fixed noise level σ = 50.

The test results on the McMaster, Kodak24, and CBSD68 dataset are presented in

Table 5.5. We observe that NODE-ImgNet is less negatively affected when decreasing

the amount of training data. To better visualize the data, we also organize them in

Figure 5.9 for the McMaster test dataset. With linear regression, the decrease rates

for NODE-ImgNet and BRDNet are −0.168 and −0.246 in dB/percent, respectively.

Therefore, Figure 5.9 further confirms that our model can achieve better performance

on small-scale partial datasets compared to BRDNet and, therefore, can effectively

handle tasks with limited training data.

5.3.5 Ablation Experiments and Demonstration of Model Flexibility

In this subsection, we conducted ablation experiments. The results highlight the efficacy
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Figure 5.9: Performance of NODE-ImgNet and BRDNet with decreasing size of training
Dataset. Shown results are obtained through the McMaster test set.

Training Data Ratio NODE-ImgNet BRDNet Relative Decrease Value (dB) Relative Decrease Percentage
100% 29.79 29.52 NODE-ImgNet BRDNet NODE-ImgNet BRDNet
50% 29.73 29.46 -0.06 -0.06 -0.19% -0.19%
25% 29.66 29.12 -0.13 -0.40 -0.45% -1.37%
10% 29.53 29.06 -0.26 -0.47 -0.87% -1.60%
5% 29.29 29.02 -0.50 -0.50 -1.72% -1.74%

McMaster

2% 29.05 28.49 -0.74 -1.03 -2.56% -3.61%
100% 29.47 29.22 NODE-ImgNet BRDNet NODE-ImgNet BRDNet
50% 29.46 29.20 0.01 -0.02 -0.03% -0.08%
25% 29.35 28.95 -0.13 -0.27 -0.42% -0.94%
10% 29.26 28.95 -0.21 -0.27 -0.72% -0.94%
5% 29.06 28.90 -0.41 -0.32 -1.39% -1.09%

Kodak24

2% 28.94 28.50 -0.53 -0.72 -1.81% -2.52%
100% 28.29 28.16 NODE-ImgNet BRDNet NODE-ImgNet BRDNet
50% 28.28 28.10 -0.01 -0.06 -0.04% -0.20%
25% 28.22 27.95 -0.07 -0.22 -0.24% -0.77%
10% 28.17 27.93 -0.12 -0.23 -0.44% -0.83%
5% 28.03 27.90 -0.26 -0.26 -0.91% -0.93%

CBSD68

2% 27.93 27.58 -0.36 -0.59 -1.30% -2.12%

Table 5.5: Performance of NODE-ImgNet and BRDNet with decreasing size of training
Dataset. Evaluations are shown on CBSD68, Kodak24, and McMaster test sets.

of our approach. Concurrently, these ablation studies also reveal a significant advantage

of our NODE structure: it offers flexibility in choosing the hyper-parameter N , thereby

facilitating a balance between training time and accuracy.

The novelty of our model stems from the combination of the NODE framework

with the CNN-based vector field. This leads us to consider two aspects in the ablation

study: first, removing the NODE structure to assess the denoising capability of the

underlying vector-field CNN; and second, varying the number of time integration steps

N to evaluate the behaviour of NODE-ImgNet under different integration depths. For
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the former, we design two baseline models. In the first, we completely remove the

NODE structure and retain only the vector-field CNN. We refer to this model as Vec-

tor field (N = 0). In the second, we again remove the NODE structure but introduce

a residual connection between the input and output to strengthen the original CNN.

We refer to this model as Vector field (N = 1). This notation is used only for con-

venience: when N = 1, the discretisation reduces to a single residual-style update, so

the residual-augmented vector-field model serves as the closest non-NODE comparator.

Accordingly, rather than reporting a separate NODE-ImgNet configuration at N = 1,

we use this residual-augmented baseline for comparison. For the latter approach, we

test the denoising capability of NODE-ImgNet by solely adjusting the N from 2 to 8,

examining its performance under various time integration steps.

For a fair comparison, all of the aforementioned models are trained based on the

full Waterloo dataset with a fixed noise level of σ = 50. The final experimental results

are shown in Figure 5.10. On the x-axis, the labels N = 0 and N = 1 correspond to the

Vector field (N = 0) and Vector field (N = 1) models respectively, while labels N = 2

to N = 8 represent the NODE-ImgNet with the number of time integration steps from

N = 2 to N = 8. In the figure, the model’s performance is depicted by a blue curve,

while the training time is represented by a red curve.

Comparing the results of Vector field (N = 0, 1) with NODE-ImgNet N = 2 − 8

underscores the efficacy of incorporating NODE with an appropriate number of steps,

thus validating the effectiveness of our structure. Further, when observing the results of

NODE-ImgNet from N = 2 to N = 8, it’s evident that both the training time (for 100

batches) and the PSNR value exhibit an almost linear relationship with the value of N .

This demonstrates the flexibility of our model, as the trade-off between performance

and training time can be adjusted simply by changing N .

However, it’s crucial to point out that as the value of N increases, the growth

rate for PSNR is relatively more gradual than that for the training time. Nonetheless,

it’s noteworthy that with N = 2, NODE-ImgNet already surpasses BRDNet under an

identical noise setting.

121



Chapter 5. NODE-ImgNet: Image Denoising via Randomised Euler Scheme

Figure 5.10: Average PSNR for Ko-
dak24 test set and training time for 100
batches under varying N values.

Figure 5.11: Test time versus N val-
ues on a 1024 × 1024 colour image using
NODE-ImgNet.

5.3.6 Computational Costs

Testing time and the number of parameters are also important metrics for evaluating

models [95]. In this subsection, we compare our model NODE-ImgNet with various

other baseline models including FFDNet, DnCNN, MWDCNN, and BRDNet in terms

of evaluation/testing time and the number of parameters. The testing times are ob-

tained on testing colour images of size 256 × 256, 512 × 512, and 1024 × 1024 with

Gaussian fixed noise level σ = 50. To ensure fair comparison, we rebuild these models

and test them on the same device mentioned in section 5.3.2. The results are shown

in Table 5.6. We also plot the testing time for denoising the same 1024 × 1024 colour

image versus N , as shown in Figure 5.11. We observe that when N = 2, the testing

time of NODE-ImgNet is comparable with BRDNet whereas NODE-ImgNet performs

better and has less number of parameters.

Methods DnCNN ADNet DudeNet MWDCNN BRDNet
NODE-ImgNet

N=2, 128 channels N=8, 128 channels N=8, 64 channels

Parameters 0.56M 0.52 M 1.03M 0.50M 1.11M 1.04M 1.04M 0.26M

size
256 × 256 0.007s 0.012s 0.014 0.027s 0.012s 0.017s 0.072 0.052s

512 × 512 0.024s 0.032s 0.047s 0.147s 0.047s 0.060s 0.254s 0.148s

1024 × 1024 0.103s 0.142s 0.221s 0.877s 0.197s 0.228s 0.887s 0.4763s

Table 5.6: Comparison of testing time for various models using different input image
sizes.

It is worth mentioning that BRDNet utilizes a channel number of 64 in its interme-
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diate layers. To provide a comparison point, we also train NODE-ImgNet models with

the same intermediate channel number of 64 and N = 8.

In this scenario, the vector field network employed by NODE-ImgNet is a proper

subset of BRDNet, resulting in NODE-ImgNet utilizing only 23% of the parameters

found in BRDNet. The performance of NODE-ImgNet, with a channel number of 64,

is presented in Table 5.7. We also include a comparison to other baseline models for

three colour image test datasets. Upon examining the results, our model demonstrates

superior performance compared to all the baseline models for the chosen high levels of

noise.

The results suggest that NODE-ImgNet exhibits significant potential for image de-

noising on portable devices like smartphones, drones, embedded systems, and cameras.

Datasets Noise Level DnCNN [111] FFDNet [112] GradNet [67] ADNet [101] DudeNet [103] BRDNet [102] NODE-ImgNet-S

σ = 50 28.01 27.96 28.12 28.04 28.09 28.16 28.19
CBSD68

σ = 75 - 26.24 - 26.33 26.40 26.43 26.54

σ = 50 29.02 28.99 29.23 29.1 29.1 29.22 29.30
Kodak24

σ = 75 - 27.25 - 27.4 27.39 27.49 27.67

σ = 50 29.21 29.21 29.39 29.36 - 29.52 29.57
McMaster

σ = 75 - 27.29 - 27.53 - 27.72 27.81

Table 5.7: Comparison of NODE-ImgNet (channel number 64) and various other models
for Gaussian colour image denoising at two high noise levels.
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Conclusion

This thesis focuses on the development and analysis of randomized numerical schemes

for differential equations with low regularity, and further demonstrates their application

in data-driven contexts. First, for DDEs with time dependence that is only Hölder con-

tinuous, a randomized Runge-Kutta scheme is proposed and its convergence and error

bounds are rigorously established under suitable strengthened low-regularity assump-

tions, thereby extending the class of low-regularity Carathéodory-type DDEs that can

be treated within a rigorous numerical analysis framework. Second, for SDDEs with

Carathéodory-type drift coefficients, a randomized Euler scheme is constructed and

analysed, providing a rigorous convergence analysis together with numerical validation

for this class of low-regularity SDDEs. Finally, the randomized numerical schemes are

extended to data-driven domains by introducing the randomized Euler scheme into

NODE solvers, resulting in the NODE-ImgNet model for image denoising, which shows

competitive and, in many cases, superior empirical performance on both synthetic and

real noisy-image benchmarks, while also performing well under limited training data.

A central theme throughout this thesis is the usefulness of randomized numerical

schemes for differential equations with low regularity. Compared to traditional fixed-

grid approaches, randomized evaluation points within each time step can reduce the

adverse impact of pathological alignment between the discretization and irregular fea-

tures of the problem. Both theoretical analysis and numerical experiments demonstrate

that, for problems where classical deterministic schemes may fail or experience a sig-
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nificant loss in accuracy, randomized schemes can still provide controlled error bounds

and, in some settings, improved convergence rates relative to classical deterministic

schemes. In other words, while randomization does not improve the inherent regularity

of the underlying problem, it enables effective control over the numerical error induced

by non-smoothness. This perspective relaxes the strict smoothness requirements typi-

cally associated with classical numerical schemes and makes it possible to approximate

a broader class of low-regularity problems with high accuracy.

From a practical standpoint, randomized numerical integrators broaden the range

of low-regularity problems that can be treated effectively, but they also introduce new

considerations. Unlike deterministic schemes, randomized algorithms typically provide

statistical forms of convergence, such as convergence in expectation, in probability, or

in suitable Lp-senses. Careful control of random seeds and sampling procedures is help-

ful for reproducibility in practical implementations. Additionally, the accumulation of

random perturbations must be monitored in high-dimensional or long-time simulations,

though theoretical Lp error bounds provide quantitative control of the approximation

error in an average sense. In data-driven contexts such as deep learning, integrating

randomized solvers (as in NODE-ImgNet) requires balancing solver-induced stochas-

ticity with training stability in practical implementation. Despite these additional

considerations, randomized schemes provide a promising framework for problems that

are challenging for classical approaches.

For future work, several promising avenues emerge from this research. One direction

is the development of higher-order randomized schemes: while this thesis focused on a

first-order Euler scheme and a basic two-stage Runge-Kutta scheme, one could design

multistage or adaptive randomized integrators to achieve greater accuracy when the

problem’s regularity permits. Another promising avenue is to extend the randomized

integration approach to partial differential equations (PDEs); for example, by applying

random time stepping to time-dependent PDEs or introducing randomness into spa-

tial discretization to handle irregular coefficients in space. Such generalizations would

enable the application of similar Monte Carlo-inspired techniques to solve PDEs and

stochastic PDEs with low regularity.
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Additionally, further integration with deep learning presents an exciting frontier.

The empirical performance of NODE-ImgNet suggests that further exploration of neural

architectures embedding advanced numerical solvers is a promising direction. Exam-

ples include physics-informed neural networks (PINNs) [92] that incorporate random-

ized time integrators, as well as frameworks that exploit solver-induced stochasticity to

improve robustness and support uncertainty-aware learning. It would also be worth-

while to pursue theoretical refinements, such as establishing almost-sure convergence

results or reducing the variance in the random sampling, to strengthen the reliability

of these algorithms. By pursuing these directions, future research can build upon the

foundations laid in this thesis, applying the power of randomized numerical schemes to

an even broader class of high-dimensional, low-regularity, and data-driven problems.
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