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Abstract

Mathematical models for the evolution of, and deposition from, a thin particle-laden
droplet on three different porous substrates undergoing simultaneous evaporation and
imbibition are formulated and analysed. In particular, analytical expressions for the
evolution of the droplet, the flow within the droplet and the substrate, and for the
transport and deposition onto the substrate of the particles, are obtained for droplets
evolving in four different modes. While the physical mechanisms driving evaporation
(namely, the diffusion-driven transport of vapour in the atmosphere away from the
free surface of the droplet) and imbibition (namely, the pressure-driven transport of
liquid in the substrate away from the base of the droplet) are rather different, perhaps
rather unexpectedly, it is found that there are a number of qualitative and quantitative
similarities as well as differences in the resulting behaviour of the droplet as it loses
mass to its environment. For example, it is shown that a droplet undergoing pure
imbibition on an infinitely thick, isotropic, flooded, porous substrate or a finitely thick,
anisotropic, flooded, porous substrate in the constant contact radius (CR) mode never
completely imbibes (i.e., it has an infinitely long lifetime), but if it evaporates (either
with or without imbibition also occurring) then it has a finite lifetime, and increasing
the strength of evaporation and/or imbibition shortens its lifetime. It is also shown that
in the regime in which diffusion of particles is faster than axial advection but slower
than radial advection of particles for an infinitely thick, isotropic, flooded, porous
substrate, the final deposit of particles left behind on the substrate after the droplet
has completely evaporated and/or imbibed is independent of both the nature and the
strength of the physical mechanism(s) driving the mass loss from the droplet. On the

other hand, for a finitely thick, anisotropic, dry or flooded, porous substrate, this is

ii



not the case. Not only are these results of theoretical interest, but they may also
be potentially relevant to a wide variety of practical applications, including ink-jet
printing, DNA chip manufacturing, and disease diagnostics, that would benefit from
an improved ability to predict and/or control the final deposit pattern from a droplet

undergoing simultaneous evaporation and imbibition.
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simultaneous evaporation and imbibition (£ = Z = 1), and (c) pure
imbibition. The dashed lines indicate the initial profile of w at R = 1
(i.e., at t = 0) and the arrows indicate the directions of increasing R. . .
@ given by (4.1) and (4.31) in the SS mode plotted as functions of r for
0 =3/5,7/10,...,9/10 in the CR phase and R = 1/10,2/5,...,9/10 in
the CA phase when 6* = 1/2 for a droplet undergoing (a) pure evapo-
ration, (b) simultaneous evaporation and imbibition (£ = Z = 1), and
(c) pure imbibition. The dashed lines indicate the initial profile of @
at # = 1 (i.e., at t = 0), the dotted lines indicate the profile of @ at
0 =60*=1/2 (ie., at t = t*), and the arrows indicate the directions of
increasing Rand 6. . . . . . . .. .. oL
u given by (4.2) and (4.32) in the SS mode plotted as functions of r for
60 =3/5,7/10,...,9/10 in the CR phase and R = 1/10,2/5,...,9/10 in
the CA phase when 6* = 1/2 for a droplet undergoing (a) pure evapora-
tion, (b) simultaneous evaporation and imbibition (€ =Z = 1), and (c)
pure imbibition. The dashed lines indicate the initial profile of z at 6 = 1
(i.e., at t = 0), the dotted lines indicate the profile of u at § = 6* = 1/2
(i.e., at t = t*), and the arrows indicate the directions of increasing R
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lines), when 0 = 1/2. . . . . . . . . .
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Instantaneous streamlines of the flow within the droplet and the sub-
strate for a droplet evolving in the CA mode calculated from (4.76),
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lines), when R=1/2. . . . . . . . . . .
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4.14 u(R,t) given by (4.79) (dotted line) and (4.84) (solid line) in the CA
mode as functions of R. The dashed lines indicate the value of u(R,t) ~
—1.1111 where both a finitely thick, anisotropic, dry and flooded, porous

substrate yield the same value of u that occurs at R =3/5. . ... ..

5.1 (a) tring/tcr given by (5.6) and (b) tgist/tca given by (5.18) plotted as
functions of rg for € =1 and Z = 2" (n = —15,—14,...,15). The arrows
indicate the directions of increasing Z. . . . . . . ... ... ... ...

5.2 (a) ¢ given by (5.10) and (b) ¢h given by (5.11) in the CR mode plotted
as functions of r for § = 1/10,1/5,...,9/10. The dashed lines indicate
the initial values ¢o(r) = 1 and ¢o(r)h(r,0) = (1 —r?) /2 corresponding
to # = 1, and the arrows indicate the directions of increasing 6.

5.3 The evolutions of (a) Mayop/Mo and Miing /Mo plotted as functions of
t/tcr in the CR mode and (b) Mgrop/Mo and Mais /My plotted as func-

tions of ¢ /tca in the CA mode for £ = 1and Z = 2™ (n = —15, —14,...,15).

The arrows indicate the directions of increasing Z. . . . . ... ... ..

5.4 (a) ¢ given by (5.22) and (b) ¢h given by (5.23) in the CA mode plotted
as functions of r for R =1/10,1/5,...,9/10. The dashed lines indicate
the initial values ¢o(r) = 1 and ¢o(r)h(r,0) = (1 — %) /2 corresponding
to R =1, and the arrows indicate the directions of increasing R.

5.5 (a) tring/tss given by (5.7) and (b) taist/tss given by (5.28) plotted as
functions of r¢ for a droplet undergoing pure evaporation, for 6* =
1/10,1/5,...,9/10. The dashed lines in (a,b) indicate the CR and CA
mode solutions for ting/tcr and tqist/tca, respectively. The arrows in-
dicate the directions of increasing 8*. . . . . . .. ... ... ...

5.6 (a) tring/tss given by (5.6) and (b) tqist/tss given by (5.27) plotted as
functions of r¢ for a droplet undergoing simultaneous evaporation and
imbibition (£ =Z = 1) and 6* = 1/10,1/5,...,9/10. The dashed lines in
(a,b) indicate the CR and CA mode solutions for tying/tcr and tgise/tca,

respectively. The arrows indicate the directions of increasing 6*.
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(a) tring/tss given by (5.8) and (b) tqist/tss given by (5.29) plotted
as functions of ry for a droplet undergoing pure imbibition, for §* =
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line), simultaneous evaporation and imbibition with & = Z = 1 (solid
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value of 6* = 0%, = (1 —273/4)4/3 ~ 0.3000 for which Mying(tss)/Mo =
Maist(tss) /Mo = 1/2. . o o
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indicates the directions of increasing 6*. . . . . . . ... ... ... ...

XX



List of Figures
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indicate the solutions for #;i,g /tcr in the CR mode and the dotted lines in
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Chapter 1

Introduction

1.1 Motivation

The evaporation of a sessile droplet on a solid or porous substrate is not only of
fundamental scientific interest but is also of importance in a wide variety of practi-
cal applications, such as printing onto paper and textiles (see, for example, Chen et
al. [12]), paintwork restoration (see, for example, Zenit [13]), and microfabrication (see,
for example, Tseng et al. [14]). Consequently, there have been extensive experimental,
numerical, and/or theoretical investigations of the evaporation of a droplet on a solid
substrate (see, for example, the review articles by Brutin & Starov [15], Gelderblom et
al. [16], Wilson & D’Ambrosio [17], and Dombrovsky et al. [18]) and of the imbibition
of a droplet on a porous substrate (see, for example, the review articles by Daniel &
Berg [19], Gambaryan-Roisman [20], and Johnson et al. [21]) in a variety of different
contexts. However, thus far there have been relatively few experimental, numerical,
and/or theoretical investigations of a droplet undergoing simultaneous evaporation and
imbibition on a porous substrate.

The aims of this thesis are to develop and analyse mathematical models that de-
scribe the evolution of, flow within, and deposition of particles from a thin sessile
particle-laden droplet undergoing simultaneous evaporation and imbibition. This ad-
dresses a knowledge gap within the current literature, in which evaporation and imbi-

bition have largely been studied in isolation. Specifically, throughout this thesis, we
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use an approach based on lubrication theory (see, for example, Oron et al. [22], Craster
& Matar [23], and Davis [24]) to formulate and analyse our mathematical models.
The following sections introduce a sessile droplet and porous substrate, and review
the relevant literature on evaporation, imbibition, and their simultaneous occurrence.
These sections highlight the physical mechanisms, modelling approaches, and key pre-
vious results that provide the context for the aims of this thesis. We then examine
particle transport and the well-known coffee-ring effect, summarise the associated lit-
erature in this area, and outline strategies proposed to suppress the coffee-ring effect.
The chapter concludes with an overview of the thesis and a summary of the publications

and presentations arising from the present work.

1.2 A Sessile Droplet

A sessile droplet is a finite volume of liquid that is sitting on the surface of a substrate.
The liquid makes contact with the surface of the substrate and the atmosphere along
the droplet-substrate interface (i.e., the base of the droplet) and droplet-atmosphere
interface (i.e., the free surface of the droplet), respectively. The contact angle of a
droplet is formed at the three-phase boundary (i.e., the contact line) between the surface
of the substrate, the atmosphere, and the free surface of the droplet. Specifically, the
contact angle is the angle formed between the surface tangent on the liquid-vapour
interface and the tangent on the solid-liquid interface, measured from inside the liquid.
Figure 1.1 shows an image of sessile water droplets on a solid (steel) substrate. We
note that, in general, the contact angle can vary along the contact line of the droplet,
such as for asymmetric sessile droplets. Throughout this thesis we will only consider
the situation of axisymmetric sessile droplets in which the contact angle is constant
in space (but not necessarily in time) along the contact line. When a sessile droplet
is axisymmetric, the radius of the (circular) footprint of the droplet on the substrate
is referred to as the contact radius of the droplet. Throughout this thesis, we analyse
droplet evolution in four modes of evaporation and/or imbibition, namely the constant

radius (CR), constant angle (CA), Stick—Slide (SS), and Stick—Jump (SJ) modes, as
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Figure 1.1: Image of sessile water droplets resting on a solid (steel) substrate. Photo-
graph courtesy of Callum Bruce Bell.

discussed in Section 2.5.

The evolution of sessile droplets is typically measured experimentally using optical
imaging, enabling precise measurement of the droplet geometry over time. Side-view
imaging, often combined with backlighting, allows extraction of the contact angle, con-
tact radius, and free surface via image analysis algorithms, while top-view imaging
provides planform area and symmetry information. High-speed cameras are employed
to capture rapid changes in contact-line position and interferometric techniques can re-
solve subtle variations in free-surface curvature (see, for example, Edwards et al. [25]).
The flow fields within evaporating and/or imbibing droplets are visualised using par-
ticle image velocimetry (PIV) or particle tracking velocimetry (PTV), in which tracer
particles are illuminated by a laser sheet and imaged at high frame rates to reconstruct
velocity trajectories (see, for example, Jaijus & Singh [26]). Confocal and fluorescence
microscopy enable three-dimensional mapping of flow structures, revealing vertical cir-
culation patterns and stratification effects (see, for example, Li & Hong [27]). More
advanced approaches, such as optical coherence tomography (OCT) and light-sheet
microscopy, permit observation of near-surface flows and bulk circulation without sig-
nificant optical distortion due to interface curvature (see, for example, Manukyan et

al. [28]). These measurements are essential for quantifying evaporation and/or imbibi-
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tion and validating theoretical models of droplet evolution on various substrates.

1.3 A Porous Substrate

A porous substrate is a material which contains pores (i.e., voids). The skeletal por-
tion of a porous substrate is often referred to as the matrix or frame of the substrate.
The substrate consists of pore space that permits the ingress, transport, and storage
of liquids and/or gases. Natural porous substrates include soils (such as sand and
gravel), rocks (such as basalt and pumice), gemstones (such as amber and pearl), bi-
ological tissues (such as bone, wood, and cork), and everyday household materials
(such as paper, tissues, and sponges). Synthetic porous substrates include engineered
cements and ceramics (such as ceramic foams), sintered-metal and activated-carbon fil-
ters, polymer and ceramic membranes, aerogels, metal-organic frameworks, hydrogels,
and non-woven fabric mats.

Modelling the transport of liquid within porous substrates presents significant chal-
lenges due to the microstructural heterogeneity of the pore network. At the pore (i.e.,
microscopic) scale, the geometry and connectivity of individual pores can vary signifi-
cantly. Directly capturing these variations requires detailed microstructural character-
isation and computationally expensive simulations, such as pore-scale network models
(see, for example, Li et al. [29] and Yin et al. [30]). At the continuum (i.e., macro-
scopic) scale, Darcy’s law provides a representation of the flow within a porous sub-
strate by averaging the underlying pore-scale behaviour (see, for example, Larson [31]
and Whitaker [32]). In his original work, Darcy [33] investigated the flow of liquid
through flooded porous sand columns, deriving an empirical relationship between vol-
umetric flux and pressure gradient. More than a century later, Whittaker [32] derived
a theoretical variant of Darcy’s law directly from the Navier—Stokes equations using a
formal averaging procedure. Darcy’s law is mathematically analogous to other linear
transport laws, including Fourier’s law for heat conduction, Ohm’s law for electrical
conduction, Fick’s law for molecular diffusion, and Hagen—Poiseuille’s law for laminar
flow through cylindrical tubes (see, for example, Bear [34]).

In Section 2.7.1, we describe situations in which the porous substrate is modelled

4
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as an infinitely thick, isotropic, flooded substrate with interconnected pores. In this
context, the isotropy of the substrate means that flow occurs in both the radial and
vertical directions. In Sections 2.7.2 and 2.7.3, we describe situations in which the
porous substrate is modelled as thick, anisotropic, and either flooded or initially dry.
In this context, anisotropy restricts flow to the vertical direction, making the substrate
mathematically equivalent to an array of non-connected, vertically aligned capillary
tubes of constant cross-section. In this framework, Darcy’s law can be interpreted as
the macroscopic analogue of microscopic Hagen—Poiseuille flows through each capillary
(see, for example, Davis & Hocking [35,36]).

While the modelling assumption of non-connected, vertically aligned pores with
constant cross-sectional area is, in most cases, an idealisation, it can provide an ade-
quate representation of situations in which the net liquid transport within the substrate
is predominantly vertical. This simplification reduces the complexity of the imbibition
problem while retaining the essential physics governing the phenomenon. Furthermore,
it offers a reasonable approximation for certain stratified or engineered substrates with
limited pore connectivity, making it a physically relevant and informative case to con-
sider. As an example, Figure 1.2 shows top and side-view images from Pack et al. [1],
showing a porous substrate in which the pores are predominantly vertically aligned
and non-connected, closely matching the idealised geometry assumed in the imbibition
models described in Sections 2.7.2 and 2.7.3.

There are also the situations considered by some previous authors where the sub-
strate is modelled as a thin, anisotropic porous substrate with interconnected pores
which is initially flooded in the region within the initial footprint of the droplet. In
this context, the anisotropy of the substrate means that flow occurs only in the radial
direction (see, for example, Marmur et al. [37], Borhan & Rungta [38], Starov et al. [39],
Hyvéluoma et al. [40], Heinz et al. [41,42], and Zheng [43]). While some preliminary
work was carried out on this situation during the course of my PhD studies, these
results are not included as part of this thesis.

Liquid transport within porous substrates is often visualised using dye-tracking,

in which a coloured or fluorescent tracer is imbibed and imaged over time to mea-
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Figure 1.2: Top and side-view images of a nano-porous (anodic aluminium oxide) sub-
strate. Adapted from Figure 1 of Pack et al. [1] with permission, Copyright 2015, from
Langmuir.

sure the spatiotemporal evolution of liquid (see, for example, Desie & Van Roost [44]).
For opaque or complex materials, neutron radiography and X-ray micro-computed-
tomography (micro-CT) provide non-invasive, time-resolved imaging of saturation pro-
files (see, for example, Zhang et al. [45]). Optical methods such as light transmission
or reflectance imaging can quantify local saturation in thin or semi-transparent sub-
strates (see, for example, Bouchard & Chandra [46]). These measurements are essential
for quantifying imbibition and validating theoretical models of liquid transport within

porous substrates.

1.4 Droplet Evaporation on a Solid Substrate

Droplet evaporation is the process by which a liquid droplet loses mass into the sur-
rounding atmosphere as molecules escape into the vapour phase. The rate at and
manner in which this occurs depend on factors such as the properties of the liquid and
surrounding environment. In this section, we describe the modelling approaches and

key findings pertinent to the analysis within this thesis.
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1.4.1 Diffusion-limited Evaporation

The theoretical study of the diffusion-limited evaporation of a droplet on a solid sub-
strate was pioneered by Mangel & Baer [47], Picknett & Bexon [48], Birdi et al. [49],
and Bourges-Monnier & Shanahan [50]. The diffusion-limited evaporation of a droplet
is driven by the difference between the saturated concentration of vapour at the free
surface of the droplet and the ambient concentration of vapour in the atmosphere.
In Section 2.2 we provide a detailed description of the mathematical model for the
diffusion-limited evaporation of a thin sessile droplet. In practice, the timescales for
diffusion of vapour away from the free surface of the droplet and the adjustment of the
free surface are both short compared to the typical lifetime of a droplet (see, for exam-
ple, Larson [51]), and so both processes are often assumed to be quasi-steady. In their
pioneering study, Picknett & Bexon [48] determined the evolution, and hence the life-
time, of evaporating droplets with pinned (fixed) and unpinned (receding) contact-lines.
Many subsequent authors, such as Birdi et al. [49], Bourges-Monnier & Shanahan [50],
Deegan [52], Deegan et al. [53,54], Dunn et al. [55,56], Hu & Larson [8,57-59], Sultan
et al. [60,61], Masoud et al. [62], McHale et al. [63], Popov [64], Zheng et al. [65], Freed-
Brown [66], Stauber et al. [67-69], Wray et al. [70-72], Moore et al. [73,74], Schofield
et al. [75,76], Du & Deegan [77], Kang et al. [78], Boulogne et al. [79], Boulogne &
Dollet [80], D’Ambrosio et al. [81-84], Gelderblom et al. [16], Seyfert et al. [85], Moore
& Wray [86], Wray & Moore [87-89], Yariv [90], Erdem et al. [91], O’Brien et al. [92],
Mei & Zhou [93], and Jeon et al. [94] have built on the work of Picknett & Bexon [48] to
obtain exact, asymptotic, approximate, and/or numerical descriptions of the evolution,
and hence the lifetime, of droplets undergoing diffusion-limited evaporation in a variety
of different situations.

Notably, Dunn et al. [56] experimentally and theoretically investigated the evolution
of thin evaporating sessile droplets with pinned contact lines. The authors extended the
basic diffusion-limited model to include the influence of substrate thermal conductiv-
ity by coupling vapour concentration in the surrounding atmosphere with temperature
variations in the liquid and substrate through the temperature dependence of the satu-

ration concentration, and showed that droplet lifetime increases with substrate thermal
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conductivity. Their model gave good quantitative agreement with experimental evap-
oration rates for acetone and methanol, although it under-predicted rates for water.
The authors then incorporated Newton’s law of cooling on the non-wetted substrate
surface and buoyancy effects of the vapour, resulting in excellent quantitative agree-
ment for all three liquids on both aluminium and PTFE substrates. Later, Wray et
al. [71] theoretically investigated the evaporation of multiple thin sessile droplets with
pinned and unpinned contact lines. The authors considered the “shielding effect”,
whereby the droplets reduce each other’s evaporation rate and thus extend each other’s
lifetimes. Comparisons with numerical solutions for two identical droplets showed excel-
lent agreement even beyond the formal range of validity (i.e., well separated droplets),
including in the limit of touching droplets. Additionally, comparison with experimen-
tal data for seven water droplets in an I-shaped array obtained by Khilifi et al. [95]
was in quantitative agreement, with the central droplet strongly shielded and the cor-
ner droplets weakly shielded. Recently, Wray & Moore [87] theoretically investigated
the evolution of, flow within, and deposition from thin sessile non-circular particle-
laden droplets with pinned contact lines. The authors developed a novel asymptotic
solution to the mixed boundary value problem for vapour concentration, valid up to
second order for small perturbations to a circular footprint. Although formally derived
for nearly-circular droplets, the method was shown to accurately predict evaporative
fluxes for a wide range of regular and non-regular polygon shapes, such as triangles,
squares, rectangles, and five-pointed stars, in excellent agreement with direct numer-
ical simulations. Additionally, the authors also considered large, gravity-dominated,
particle-laden droplets and demonstrated that variations in contact-line curvature en-
hance deposition in high-curvature regions and suppress it in low-curvature regions,

consistent with previous studies on particle deposition in evaporating droplets.

1.4.2 Omne-sided Evaporation

There are situations in which the diffusion-limited evaporation model does not ade-
quately describe the underlying physics of droplet evaporation, such as when the vapour

phase is fully saturated or the substrate is strongly heated. The theoretical study of
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the so-called one-sided evaporation of a droplet on a solid substrate was pioneered by
Burelbach et al. [96]. The one-sided evaporation of a droplet is driven by the rate
of transfer of molecules across the free surface boundary. Specifically, the one-sided
model assumes that the density, viscosity, and thermal conductivity of the atmosphere
are small compared to those of the liquid. In their pioneering study, Burelbach et
al. [96] derived the one-sided model and considered the evaporation of a liquid film on
a heated substrate. Many subsequent authors such as Anderson & Davis [97], Oron et
al. [22], Warner et al. [98], Ajaev [99], Ajaev et al. [100], Murisic & Kondic [101], Caz-
abat & Guéna [102], Maki & Kumar [103], Karapetsas et al. [104], Ajaev & Kabov [105],
Charitatos et al. [106,107], Pham & Kumar [108,109], Kumar & Charitatos [110], and
Larsson & Kumar [111,112] have built on the work of Burelbach et al. [96] to obtain
exact, asymptotic, approximate, and/or numerical descriptions of the evolution, and
hence the lifetime, of droplets undergoing one-sided evaporation in a variety of different
situations. Furthermore, there are generalised models that incorporate both diffusion-
limited and one-sided droplet evaporation as limiting cases (see, for example, Sultan
et al. [61] and Hartmann et al. [113]). In particular, Hartmann et al. [113] considered
the evolution of a confined volatile sessile droplet and adopted a thin-film approach
formulated within the framework of gradient dynamics.

The studies described in this section provide a comprehensive understanding of
the evaporation of a sessile droplet on a solid (i.e., non-porous) substrate, establish-
ing the physical mechanisms and modelling approaches relevant to evaporating sessile
droplets. In this thesis, evaporation is not treated in isolation, instead, it forms one
part of the simultaneous problem with imbibition, whose combined influence on droplet
evolution, flow, particle transport, and deposit formation is the central focus of this
work. Throughout this thesis, we only consider the basic diffusion-limited evaporation
model, although the lubrication-based approach developed in Section 2.4 can, in prin-
ciple, also accommodate extensions to the diffusion-limited evaporation model or the

one-sided evaporation model.
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1.5 Droplet Imbibition on a Porous Substrate

Imbibition is the process by which a liquid on a porous substrate is absorbed into the
substrate through its network of pores. The rate and manner in which this occurs
depend on factors such as the pore structure, wettability, and saturation state of the
substrate. In this section, we describe the modelling approaches and key findings

pertinent to the analysis within this thesis.

1.5.1 A Flooded Porous Substrate

The theoretical study of the imbibition of a droplet on a flooded porous substrate
was pioneered by Davis & Hocking [35]. The imbibition of a droplet is driven by the
difference between the pressure within the droplet and the capillary pressure within the
substrate. When the porous substrate is flooded there are no liquid-air interfaces, and
therefore no capillary pressure, within the substrate, and hence the imbibition is driven
by the difference between the pressure within the droplet and atmospheric pressure. In
practice, the timescales for the transport of liquid away from the base of the droplet and
the adjustment of the free surface are both short compared to the typical lifetime of a
droplet (see, for example, Davis & Hocking [35]) and so, as in the evaporative problem
described in the previous section both processes are often assumed to be quasi-steady.
Davis & Hocking [35] considered several situations involving the imbibition of a thin
two-dimensional droplet. Specifically, they considered the evolution of such droplets on
both horizontal and inclined porous substrates, where the pores within the substrate
were either interconnected or non-connected and vertically aligned. In a companion
paper, Davis & Hocking [36] considered several situations involving (and related to) the
imbibition of a thin two dimensional droplet on a finitely thick, anisotropic, initially
dry, porous substrate, as discussed in Section 1.5.2.

In contrast to the large body of work on the evaporation of droplets on solid sub-
strates, relatively few subsequent authors (with the exception of Starov et al. [114],
Alleborn & Raszillier [115], and Espin & Kumar [2]) have built on the work of Davis

& Hocking [35,36] to obtain asymptotic, approximate, and/or numerical descriptions
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(b)

(d)

Figure 1.3: Images of a sessile water droplet with initial volume 11.13 mm? imbibing
on a 0.214 mm thick, porous fibre mat at time (a) 0 s, (b) 0.104 s, (c) 0.212 s, (d)
0.312 s, (e) 0.412 s, and (f) 0.812 s. The arrows indicate the (approximate) furthest
extent of liquid within the fibre mat. Reproduced from Figure 1 of Espin & Kumar [2]
with permission, Copyright 2015, from Cambridge University Press.

of the evolution of a droplet undergoing imbibition on a flooded porous substrate. In
a key study, Starov et al. [114] experimentally and theoretically investigated the si-
multaneous spreading and imbibition of a droplet on an anisotropic, flooded, porous
substrate with a solid base, where the substrate is thin relative to the initial droplet
height. The authors assumed that the flow within the substrate occurred only in the
radial direction. The theoretical model was compared with experimental results and
an empirical spreading coefficient was determined. Following this, Alleborn & Raszil-
lier [115] theoretically investigated the simultaneous spreading and imbibition of a thin
sessile droplet on a layered porous substrate. In a later contribution, Espin & Kumar [2]
theoretically investigated the simultaneous spreading and imbibition of a thin sessile
droplet on a finitely thick, anisotropic, flooded, porous substrate, where flow occurred
only in the vertical direction. Specifically, Espin & Kumar [2] described the evolution of
a droplet in the presence of intermolecular forces, a precursor film, disjoining pressure,
and surface roughness. Figure 1.3 shows Figure 1 from Espin & Kumar [2], in which a

sessile water droplet imbibes into a porous fibre mat with a pinned contact line.

11
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1.5.2 An Initially Dry Porous Substrate

The theoretical investigation of droplet imbibition into an initially dry porous substrate
was pioneered by Marmur [116,117] and Denesuk et al. [118]. In such systems, the ad-
vancing liquid forms a liquid—air interface within each pore, where the curvature of the
meniscus generates a capillary pressure that draws liquid from the droplet into the sub-
strate. This pore-scale mechanism is described by the Bell-Cameron—Lucas—Washburn
equation, commonly referred to as the Washburn equation, which models the imbi-
bition of a wetting liquid into a capillary tube or pore under the action of capillary
forces (see, for example, Bell & Cameron [119], Lucas [120], Washburn [121], Denesuk
et al. [118], and Marmur & Cohen [122]). The model predicts that the wetting front
evolution is proportional to the square root of time, a scaling widely used to compare
theoretical predictions with experimental measurements during droplet imbibition (see,
for example, Gambaryan-Roisman [20]).

The validity of this scaling has been examined experimentally by numerous authors,
including Desie & Van Roost [44], Kumar & Deshpande [123], Lee et al. [4], Léang
et al. [3], and Tan [124]. While the degree of agreement varies, good quantitative
agreement is typically observed in substrates with ordered, predominantly vertical,
and non-connected pores where inertial effects are negligible (see, for example, Tan
[124]). In contrast, substrates with disordered and interconnected pores tend to exhibit
non-uniform wetting front evolution. Figure 1.4 shows a uniform wetting front within
a colloidal silica substrate, as investigated by Léang et al. [3], whereas Figure 1.5 shows
a non-uniform wetting front within a limestone substrate, as investigated by Lee et
al. [4].

In their pioneering study Denesuk et al. [118] determined the evolution, and hence
the lifetime, of an imbibing droplet on a finitely thick, anisotropic, initially dry, porous
substrate with pinned (fixed) and unpinned (receding) contact lines. Many subsequent
authors, such as, Danino & Marmur [125], Marmur & Cohen [122], Selim et al. [126],
Middleman [127], Davis & Hocking [36], Bacri & Brochard-Wyart [128], Yip et al. [129],
Clarke et al. [130], Holman et al. [131], Starov et al. [39,132], Hapgood et al. [133], Mar-
mur [134], Alleborn & Raszillier [115,135,136], Desie et al. [137], Anderson [138], Desie

12



Chapter 1. Introduction

(a) Glycerol
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Figure 1.4: Side-view images of the evolution of the droplet and the wetting front for
sessile (a) glycerol, (b) water, and (c) ethyl acetate droplets imbibing on a porous (col-
loidal silica) substrate. Reproduced from Figure 3 of Léang et al. [3] with permission,
Copyright 2019, from the Royal Society of Chemistry.
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Figure 1.5: Side-view images of the evolution of the droplet and the wetting front for
sessile water droplets imbibing on a porous (limestone) substrate, where Vi denotes the
speed at which the droplet impacts the porous substrate. Reproduced from Figure 4
of Lee et al. [4] with permission, Copyright 2016, from Elsevier.
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& Van Roost [44], Kumar & Deshpande [123], Daniel & Berg [19], Zadrazil et al. [139],
Nguyen et al. [140], Mendez et al. [141], Xiao et al. [142], Siregar et al. [143], Oko et
al. [144], Lee et al. [4], Bhattacharjee et al. [145], Krainer & Ulrich [146,147], Léang et
al. [3], Chebbi [148], van Gaalen et al. [149], Tan [124], Schlachter et al. [150], Waldner
& Hirn [151], and Song et al. [152] have built on the works of Marmur [116,117] and De-
nesuk et al. [118] and have obtained exact, asymptotic, approximate and/or numerical
descriptions of the evolution, and hence the lifetime, of a droplet undergoing imbibition
on an initially dry porous substrate in a variety of situations. Notably, Clarke et al. [130]
experimentally and theoretically investigated the simultaneous spreading and imbibi-
tion of an ink droplet on a finitely thick, anisotropic, initially dry, porous substrate.
The authors described the evolution of a droplet by coupling a molecular-kinetic theory
model for spreading with Darcy’s law for imbibition, and fitted numerical simulation
data to experimental results to determine the physical properties that characterise mass
transport into the substrate. In related work, Anderson [138] theoretically investigated
the imbibition of a droplet on a deformable, finitely thick, anisotropic, initially dry,
porous substrate, and extended the models developed by Denesuk et al. [118], Davis
& Hocking [36], and Clarke et al. [130]. The imbibition was described using Darcy’s
law, and the substrate was modelled as an elastic porous substrate in which the ma-
trix deforms in response to imbibition. The author determined similarity solutions and
developed numerical simulations to describe the evolution of droplets with pinned and
unpinned contact lines. The author also demonstrated that pinning strongly influences
both the final substrate shape and the evolution of the wetting front. In particular, un-
pinned contact lines reduce the contact area over time, which in turn slows imbibition
and alters the slope of the final substrate shape, which can range from a raised mound
to a depressed pit, with either smooth or sharp transitions. Additionally, Zadrazil
et al. [139] experimentally and theoretically investigated the simultaneous spreading,
imbibition, and solidification of a hot, sessile (polyethylene glycol) droplet on a thick,
anisotropic, initially dry, cooler, porous (sodium carbonate) substrate. The authors
described the droplet and wetting front evolution in the presence of intermolecular

forces, a precursor layer, and disjoining pressure, which they validated through com-
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parison with experimental measurements. By fitting numerical simulations to measured
droplet radius evolution, they identified key physical parameters governing mass trans-
port into the substrate and phase change, and concluded that the relative timescales of
spreading, imbibition, and solidification determine the shape of the solidified remnant
of the original liquid droplet.

A number of experimental and theoretical investigations into the imbibition of
droplets on porous substrates have modelled the transport of liquid from the base of the
droplet into the pores as unsteady Fickian diffusion in which the imbibition is driven
by the difference in the concentration of liquid between the surface of the substrate and
the pores (see, for example, Oliver [153], Yip et al. [129], Desie & Van Roost [44], Willis
et al. [10], Boulogne et al. [154,155], Richards et al. [11], and Duprat et al. [156]). The
classic reference for concentration-driven imbibition is the treatment by Crank [157],
which describes the theory and applications of transport by unsteady Fickian diffusion
for a wide range of materials. Such models have been used to describe the imbibition
of droplets on porous substrates which are able to swell; an example of this type of
porous substrate is hydrogels, (see, for example, Boulogne et al. [154,155] and Duprat
et al. [156]) or substrates which are treated with a surface coating which is less porous
than that of the underlying substrate (see, for example, Yip et al. [129] and Desie &
Van Roost [44]). We note that, due to its mathematical equivalence with the Darcy
imbibition model into a finitely thick, anisotropic, initially dry, porous substrate(see,
for example, Yip et al. [129]), the unsteady Fickian diffusion model for droplet imbibi-
tion is not treated explicitly in this thesis. Nevertheless, the results for the imbibition
of a thin sessile droplet on a finitely thick, anisotropic, initially dry, porous substrate
are formally equivalent to those that can be obtained from such a model.

The studies described in this section provide a comprehensive understanding of the
imbibition of a sessile droplet on a porous substrate, establishing the physical mecha-
nisms and modelling approaches relevant to flooded or initially dry porous substrates.
In this thesis, imbibition is not treated in isolation, and instead, forms the second part
of the simultaneous problem with evaporation, whose combined influence on droplet

evolution, flow within the droplet, particle transport, and deposit formation is the cen-
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tral focus of the work. Throughout this thesis, we consider Darcy-law-based models for
flooded or initially dry porous substrates, although the lubrication-based framework
developed in Section 2.4 can, in principle, also accommodate a variety of imbibition

scenarios, including steady or unsteady Fickian diffusion.

1.6 Droplet Evaporation and Imbibition on a Porous Sub-

strate

Having described the evaporation of a droplet on a solid substrate and the imbibition of
a droplet on a porous substrate, in Sections 1.4 and 1.5, respectively, we now describe
the situation in which both processes occur simultaneously (i.e., when an evaporating
droplet also imbibes into a porous substrate). In this situation, mass is lost both to the
atmosphere and the substrate. In this section, we describe the modelling approaches

and key findings pertinent to the analysis undertaken within this thesis.

1.6.1 A Flooded Porous Substrate

Relatively few subsequent authors (with the exception of Pham & Kumar [109] and
Hartmann & Thiele [158]) have built on the work of Davis & Hocking [35] to ob-
tain exact, asymptotic, approximate, and/or numerical descriptions of the evolution
of a droplet undergoing simultaneous evaporation and imbibition on a flooded porous
substrate. Notably, Pham & Kumar [109] theoretically investigated the simultaneous
spreading, evaporation, and imbibition of a particle-laden droplet on a finitely thick,
anisotropic, flooded, porous substrate, in which flow occurred only in the vertical di-
rection. In this work the evaporation was described using the one-sided model, rather
than the diffusion-limited model, and the imbibition was described using Darcy’s law.
Specifically, Pham & Kumar [109] described the evolution of, and deposition from, a
droplet in the presence of intermolecular forces, a precursor layer, disjoining pressure,
and surface roughness. Pham & Kumar [109] identified that evaporation and imbibi-
tion have qualitatively similar effects on the contact line dynamics of a droplet, and as

a result, have qualitatively similar effects on particle deposition. Recently, Hartmann
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& Thiele [158] investigated the simultaneous spreading, evaporation, imbibition, and
condensation of a confined volatile droplet on a thin flooded porous substrate. Specif-
ically, Hartmann & Thiele [158] described the evolution of a droplet using a thin-film

approach based on a gradient dynamics formulation.

1.6.2 An Initially Dry Porous Substrate

In contrast to the investigation of the evolution of a droplet undergoing simultaneous
evaporation and imbibition on a flooded porous substrate, many authors such as Willis
et al. [10], Christodoulou et al. [159], Richards et al. [11], and Waldner et al. [160] have
built on the work of Marmur [116,117] and Denesuk et al. [118] to obtain exact, asymp-
totic, approximate, and/or numerical descriptions of the evolution of a droplet under-
going simultaneous evaporation and imbibition on an initially dry porous substrate.
Notably, Willis et al. [10] investigated, in the context of substrate contamination by a
chemical warfare agent, the simultaneous evaporation and imbibition of a thin sessile
droplet on military-relevant substrates. The evaporation and imbibition were described
using unsteady Fickian diffusion models. Specifically, in the work of Willis et al. [10],
the evolution of a thin sessile droplet was determined using finite element methods,
and the numerical simulation data was fitted to experimental results to determine the
mass loss into the atmosphere and substrate. In a related study, Richards et al. [11]
investigated the simultaneous evaporation and imbibition of a thin sessile droplet on
protective barrier substrates (such as gloves, face masks, or military uniforms). The
evaporation was described using the diffusion-limited evaporation model and the imbi-
bition was described using an unsteady Fickian diffusion model. Specifically, Richards
et al. [11] described the evolution of the droplet and numerical simulation data was
fitted to experimental data, in order to determine the mass transport into the atmo-
sphere and substrate. We note that while Willis et al. [10] and Richards et al. [11]
also considered the imbibition to be driven by concentration gradients within the sub-
strate, in Section 3.3 we compare the model for droplet imbibition on a finitely thick,
anisotropic, initially dry, porous substrate, developed in Section 2.7.1, with these au-

thors’ experimental results.
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Following this, Christodoulou et al. [159] investigated, in the context of pharma-
ceutical tablet coating, the simultaneous spreading, evaporation, and imbibition of a
thin sessile droplet on porous pharmaceutical tablet substrates. In this work the evap-
oration was described using the diffusion-limited evaporation model and the imbibition
was described using Darcy’s law. Specifically, Christodoulou et al. [159] described the
evolution of the droplet and wetting front in the presence of intermolecular forces, a
precursor layer, and disjoining pressure. More recently, Waldner et al. [160] investi-
gated, in the context of inkjet printing, the simultaneous spreading, evaporation, and
imbibition of a thin sessile droplet on porous paper substrates. In this work a data-
driven empirical model was used to describe evaporation and imbibition. Specifically,
Waldner et al. [160] described the evolution of the droplet and wetting front in the
presence of surface roughness.

Previous investigations of simultaneous evaporation and imbibition have been al-
most exclusively numerical, providing valuable qualitative and quantitative insight into
droplet evolution on porous substrates but without yielding closed-form analytical re-
sults. In this thesis, we present, to the best of our knowledge, the first analytical
analysis for the evolution of the droplet, flow within the droplet and substrate, and
particle transport. Throughout this thesis, we consider flooded or initially dry porous
substrates, using a lubrication-based approach that can accommodate a range of evap-

oration and imbibition models.

1.7 The Coffee-Ring Effect

In a wide variety of practical applications, the spatial distribution of the final deposit
pattern left behind on the substrate once the droplet has entirely evaporated and/or
imbibed is of considerable importance. For instance, in practical applications concern-
ing droplets in ink-jet printing (see, for example He & Derby [161]) and DNA chip
manufacturing (see, for example, Dugas et al. [162]) the desired outcome is usually a
uniform deposit. In contrast, in practical applications concerning droplets in disease

diagnostics (see, for example, Carreén et al. [163]) and conductive coatings (see, for
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example, Layani et al. [164]) the desired outcome is usually either a single ring deposit
or multiple ring deposits. Hence, a wide variety of practical applications would benefit
from an improved ability to predict and/or control the final deposit pattern of a droplet
undergoing simultaneous evaporation and imbibition a priori (see, for example, the re-
view articles by Larson [51], Sefiane [165], Mampallil & Eral [166], Parsa et al. [167],
Lohse [168], and Thampi & Basavaraj [169]).

The experimental and theoretical studies by Deegan et al. [52,53] and Deegan [54]
are credited with providing the first detailed explanation of the coffee-ring effect, in
which a ring-shaped deposit is left behind at the position of the contact line when a
particle-laden droplet with a pinned contact line evaporates. Deegan et al. [52,53] and
Deegan [54] identified that as a droplet evaporates according to the diffusion-limited
model an outward capillary flow carries the suspended particles towards the contact
line, leading to the formation of a characteristic coffee-ring deposit. Many subsequent
authors, such as Popov [64], Hu & Larson [8], Zheng et al. [65], Marin et al. [170,171],
Nguyen et al. [172], Siregar et al. [143], Wray et al. [70-72], Freed-Brown [66,173], Man
& Doi [174], Zigelman & Manor [175,176], Pham & Kumar [108], Yang et al. [177],
Moore et al. [73,74], van Gaalen et al. [149,178,179], Matavz et al. [180], Schumacher
et al. [181], Coombs et al. [182,183], D’Ambrosio et al. [82-84], and Moore et al. [184]
have built on the work of Deegan et al. [52,53] and Deegan [54] to investigate the final
deposit pattern formed when a particle-laden droplet on a solid substrate undergoes
evaporation.

The solutions for the flow within a thin sessile droplet evaporating with a pinned
contact line according to the diffusion-limited evaporation model were given by Hu
& Larson [59], Larson [51], Boulogne et al. [79], Wilson & D’Ambrosio [17], and
D’Ambrosio et al. [84] while those for the spatially uniform variant of the diffusion-
limited model were given by Boulogne et al. [79]. The solutions for the flow within
a pinned, thin sessile droplet evaporating according to one-parameter family of local
evaporative fluxes, which incorporates both the diffusion-limited model and spatially
uniform variant were given by D’Ambrosio et al. [82].

The solutions for the mass of particles leaving the bulk of the droplet and be-
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ing transferred to a ring deposit for a droplet evaporating according to the diffusion-
limited model were given by Deegan et al. [53], Boulogne et al. [79], and Wilson &
D’Ambrosio [17]. The mathematical model developed by Deegan et al. [53] predicts
that all of the particles within a pinned evaporating particle-laden droplet are trans-
ported into a ring deposit of infinitesimal width. While this model captures the un-
derlying physics of capillary-driven transport, the resulting (singular) deposit profile
at the contact line is idealised and subsequent extensions have introduced additional
physical mechanisms (such as particle jamming, diffusion, and substrate interaction)
that yield better qualitative and quantitive agreement with experimentally observed
ring deposit profiles. In particular, Gonzélez-Gutiérrez et al. [5] experimentally investi-
gated the final deposit pattern of a watercolour paint droplet evaporating and imbibing
on a porous (paper) substrate and observed a ring deposit of finite width, as shown in
Figure 1.6. In Figure 1.6 the Beer-Lambert law was used to determine the intensity of
pixels across the surface of the substrate, which is related to the density of particles at
each spatial location (see, for example, Wray et al. [72]).

Notably, Popov [64] extended the classical coffee-ring model to quantify the width
and height of the ring deposit by introducing a jammed region, in which the particle
concentration remains constant upon reaching the maximum packing fraction. This
extension yields a finite-width deposit, the outer boundary of which is fixed at the
contact line and the inner boundary of which advances inward as the droplet evaporates.
Zheng [65] extended the work of Popov [64] by introducing a jammed region that
conforms to the evolving shape of the droplet as it evaporates, allowing the particle
concentration within the growing ring deposit to vary in both space and time. Kaplan
& Mahadevan [185] extended prior work on the coffee-ring effect by allowing particles in
the bulk of the droplet to be transported through a porous immobile matrix, resulting
in a jammed region adjacent to the contact line.

Moore et al. [73,74] investigated the early-stage formation of “nascent” coffee rings
in thin sessile pinned evaporating droplets at large solutal Péclet number, before particle
jamming occurs. In particular, the authors used matched asymptotic expansions and

numerical simulations to resolve a narrow boundary layer near the contact line, in
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Figure 1.6: Images of the (a) side-view and top-view of the evolution of the droplet
and (b) greyscale image of final deposit pattern at ¢ = 1200 s from Gutiérrez et al. [5].
Adapted from Figure 2 of Gutiérrez et al. [5], with permission from Professor Roberto
Zenit. Plots of (c) pixel intensity of the final deposit pattern and (d) the average pixel
intensity per radial bin (20 bins), where r is the radial coordinate and I and Ling are
the intensity within each radial bin and within the ring, respectively.
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which diffusion counteracts the outward capillary flow. The authors showed that the
assumption that diffusive effects can be ignored is invalid within this boundary layer.
More recently, Moore & Wray [86] investigated the impact of gravitational effects on
particle transport within evaporating droplets and identified that gravitational effects
can diminish the height of the ring deposit, shift its location inward, and, under certain
conditions, generate a secondary interior peak in the concentration of particles within
the droplet.

Dou et al. [186] and Dou & Derby [187] pioneered the experimental and theo-
retical investigation of the formation of a coffee-ring deposit when a droplet imbibes
into a porous substrate. Dou & Derby [187] identified that (in a similar manner to
diffusion-limited evaporation) as a droplet imbibes an outward capillary flow carries
the suspended particles towards the contact line, leading to the formation of a coffee-
ring deposit. Several subsequent authors, such as Boulogne et al. [154,155], Al-Milaji
et al. [188], and Hwang et al. [189] have built on the work of Dou et al. [186] and Dou
& Derby [187] to investigate the final deposit pattern formed when a particle-laden
droplet on a porous substrate undergoes imbibition. Likewise, several authors such as
Pack et al. [1], Pham & Kumar [109], Gonzalez-Gutiérrez et al. [5], Li et al. [6], Kumar
et al. [190], Wijburg et al. [191], Wang & Darhuber [192], and Niu et al. [193] have
investigated the final deposit pattern formed when a particle-laden droplet undergoes
simultaneous evaporation and imbibition.

Throughout this thesis we assume that the suspended particles within the droplet
are larger than the characteristic pore size and therefore cannot penetrate the substrate.
Table 1.1 provides order-of-magnitude estimates of the reduced Péclet number, as dis-
cussed in Section 2.8, for representative particle sizes relevant to small ions/molecules,
small proteins, gold nanoparticles, polystyrene, silical microspheres, and colloids sus-
pended in a water droplet at 298 K. The particle size and diffusivity estimates in Table
1.1 are taken from Holz et al. [194], Tyn & Gusek [195], Ullman et al. [196], Stober et
al. [197], Turkevich et al. [198], Cho et al. [199]). In the absence of reported particle
diffusivities, the values are estimated using the Stokes-Einstein law (see, for example,

Miller [200]). These values show that Pe* spans several orders of magnitude across
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the particle sizes considered, indicating the parameter ranges over which our models
remain valid. Provided that the characteristic particle size exceeds the pore size of the
substrate, the particles cannot penetrate the substrate, and the modelling assumptions

underlying the two transport regimes discussed in Section 2.8 remain valid.

Particle Type Size Dy (m?/s) (tret zel(]l ) (s 26105 S)
Small ions/molecules  0.2-0.3 nm 1 x 107° 25 2.5 x 1073
Small proteins 4-7 nm 1x 10710 250 2.5 x 1072
Gold nanoparticles 10-50 nm  1-5 x 10~ 500-2500 5x1072-2.5 x 107!
Polystyrene 100 nm 5x 10712 5000 5x 107!
Silica microspheres 1 pm 5x 10713 5 x 10* 5

Colloids 2-5 ym 1x10713 2.5 x 109 25

Table 1.1: Order of magnitude estimates of the reduced Péclet number Pe* =
02 R3/(Dptref) for representative particle sizes, using Ry = 1073 m, 6 = 0.5 radians,
and t.f = 101-10° s for a water droplet at 298 K.

1.8 Suppressing the Coffee-Ring Effect

Suppression of the coffee-ring effect when a droplet evaporates and/or imbibes with a
pinned contact line can be achieved through strategies that either suppress the outward
capillary flow or immobilise particles before they can reach the ring deposit. Numerous
approaches have been reported in the literature, and in this subsection we focus on
those most pertinent to the objectives of this thesis. As a basis for this discussion,
and given the diverse range of deposit patterns identified through experimental and/or
theoretical studies of droplet evaporation and/or imbibition, Figure 1.7 illustrates the
various final deposit patterns reported in the literature and discussed throughout this

thesis, along with the terminology used to describe them.

1.8.1 Porous Substrates

While Dou et al. [186], Dou & Derby [187], and Boulogne et al. [154] identified that
the coffee-ring effect is present in a droplet undergoing imbibition, there are investi-

gations within the literature which show that, in instances in which particles are able
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Figure 1.7: Sketches of various final deposits experimentally and theoretically investi-
gated within the current literature on droplet evaporation and imbibition, and discussed
throughout this thesis.

to be transported into the pores (i.e., when the average particle size is smaller than
the average pore size), the final ring deposit is less pronounced. In particular, Pack
et al. [1] experimentally investigated the final deposit pattern of nanoparticle-laden
droplets evaporating and imbibing on nanoporous (aluminium oxide and glass) sub-
strates and found that, while the deposit pattern was concentrated near the droplet
edge, in situations where the average pore size exceeded the particle diameter the ring
deposit was less pronounced, as particles were transported into the pores of the sub-
strate during imbibition. Similarly, Li et al. [6] experimentally investigated the final
deposit pattern of particle-laden droplets evaporating and imbibing on nanoporous sub-
strates and found that, while the deposit pattern was concentrated near the droplet
edge, an additional outer ring formed within the substrate when particles were trans-

ported into the pores during droplet imbibition, as shown in Figure 1.8.

1.8.2 Contact-line De-pinning

The formation of a ring deposit, as discussed in Section 1.7, requires a pinned con-
tact line. Hence, the most simple and effective way to suppress the coffee-ring effect
is through conditions that result in the contact line de-pinning during droplet evolu-

tion. The final deposit pattern formed on the surface of the substrate when a droplet
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Figure 1.8: Images of the evolution of the ring deposits formed at the contact line and
within the substrate. The images show a particle-laden droplet undergoing simultane-
ous evaporation and imbibition, with an initial volume of 0.5 mm? and initial particle
concentration of 1 wt %. The scale bars represent a distance of 0.8 mm. Adapted from
Figure 3 of Li et al. [6] with permission, Copyright 2020, from the Royal Society of
Chemistry.

evaporates and/or imbibes with an unpinned contact line has been studied theoreti-
cally and/or experimentally (see, for example, Fukai et al. [201], Kaneda et al. [202],
Kajiya et al. [203], Biswas et al. [204], Freed-Brown [66,173], Man & Doi [174], Patil et
al. [205], Boulogne [154,155], Zigelman & Manor [175], Das et al. [206], Lee et al. [207],
Thokchom et al. [208], Kim et al. [209], Pham & Kumar [109], Lee & Kim [210], Matavz
et al. [180], Niu et al. [193], and D’Ambrosio et al. [84]).

The solutions for the flow within a thin sessile droplet evaporating in the CA mode
according to the diffusion-limited evaporation model were given by Gelderblom et al.
[16] and D’Ambrosio et al. [84], while those for spatially uniform evaporation were given
by Freed-Brown [66]. Gelderblom et al. [16] identified that as a droplet evaporates
according to the diffusion-limited model an outward capillary flow carries particles
towards the unpinned contact line. We note that, although Gelderblom et al. [16] did
not perform further analysis, as shown by D’Ambrosio et al. [84], in combination with
the movement of the contact line, the outward capillary flow results in a cleaved near-
uniform final deposit, in which the deposit profile is nearly uniform across the surface of
the substrate, with a cleave at the centre of the deposit. In contrast, Freed-Brown [66]

identified that as a droplet evaporates according to spatially uniform evaporation an
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inward capillary flow carries particles towards the centre of the droplet. However, the
contact line recedes faster than the speed at which the particles are advected by the
flow, and, as a result, all particles are eventually captured by the receding contact
line. Consequently, a peak deposit is formed on the surface of the substrate. Building
on this, Freed-Brown [173] numerically simulated the deposit pattern from a droplet
undergoing diffusion-limited evaporation on a solid substrate, and also showed that a
cleaved near-uniform deposit is formed on the surface of the substrate.

Man & Doi [174], extending Freed-Brown’s work [66], investigated how contact-line
friction and evaporation rate influence the deposition from a thin sessile droplet un-
dergoing evaporation. The evaporation was described using a spatially uniform model.
Man & Doi [174] identified transitions from ring to volcano to peak deposits, respec-
tively. Zigelman & Manor [175] theoretically investigated the evolution of, flow within,
and deposition from a droplet undergoing evaporation with pinned and unpinned con-
tact lines. In this work the evaporation was described using the diffusion-limited evap-
oration model. The authors showed that, consistent with previous studies, evaporation
in the CR and CA modes leads to the ring and volcano or peak deposit patterns. In
contrast, evaporation in the SJ mode leads to multiple concentric ring deposits. In
Section 2.8 we develop a model similar to that of Zigelman & Manor [175] to describe
the final deposit pattern formed when a droplet undergoes simultaneous evaporation
and imbibition in the CR, CA, SS, and SJ modes.

Thokchom et al. [208] experimentally investigated droplets evaporating on solid
(glass) substrates and observed a transition from a ring deposit when the contact line
was pinned to either a uniform or doughnut deposit when the contact line was unpinned.
In particular, Thokchom et al. [208] identified that increasing the sugar concentration
within an evaporating droplet promoted contact-line de-pinning, as shown in Figure
1.9. Shimobayashi et al. [7] experimentally investigated droplets evaporating on solid
(ceramic) substrates and observed a transition from a ring deposit when the contact line
was pinned to a volcano and dome deposits when the contact line was unpinned. Simi-
larly, Matavz et al. [180] experimentally investigated ink droplets evaporating on solid

(silicon wafer) substrates and observed a transition from a ring deposit when the contact
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Figure 1.9: Final deposit patterns from pinned and unpinned evaporating droplets.
(a) Bright field image of coffee-laden droplets without and with caster sugar (97.8 %
sucrose) in 200 mM. The scale bar is 1 cm. (b,c) Enlarged images from (a) where a
ring deposit and dome deposit are formed in (b) and (c), respectively. The scale bars
are 500 pm. (d,e) Confocal images of the final deposit pattern of droplets (1 pum in
diameter, 0.5 pl, and 0.1 vol %) without sugar and with sucrose (200 mM), where a
ring deposit and doughnut deposit are formed in (d) and (e), respectively. The scale
bars are 500 um. Adapted from Figure 1 of Shimobayashi et al. [7] with permission,

Copyright 2018, from Nature.
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line was pinned to a dome deposit when it was unpinned. Boulogne [154, 155] experi-
mentally investigated droplets imbibing on porous (hydrogel) substrates and observed
a transition from a ring deposit when the contact line was pinned to a near-uniform
deposit when it was unpinned. Niu et al. [193] experimentally investigated droplets
evaporating and imbibing on nanoporous (paper) substrates and evaporating on solid
(glass) substrates. They observed contact-line de-pinning in both cases, but found that
the contact line receded more rapidly on porous substrates. In both cases, the final
deposit was a near-uniform deposit.

D’Ambrosio et al. [84] theoretically investigated droplets evaporating in the CR,
CA, SS, and SJ modes. In this work the evaporation was described using the basic or
spatially uniform diffusion-limited model. Specifically, the authors described the evolu-
tion of, flow within, and deposition from a thin sessile droplet. The authors determined
analytical expressions for the evolution of the particle concentration within the droplet,
the surface density of deposited particles on the surface of the substrate, and the mass
of particles remaining in and leaving the droplet, respectively. The results were com-
pared quantitatively with experimental measurements across a range of contact-line
behaviours, with the model successfully reproducing both the qualitative deposit pro-
file for unpinned contact lines and the quantitative mass distributions of multiple-ring
deposits. Building on this work, we extend this analysis to droplets undergoing simul-
taneous evaporation and imbibition on the three different porous substrates discussed

in Section 1.5.

1.8.3 Marangoni Flows

Marangoni flows are driven by surface-tension gradients that develop along the lig-
uid—air interface of an evaporating droplet. In general, the surface tension depends on
both the temperature and the chemical composition at the interface. Consequently,
there are a variety of different types of Marangoni flows depending on the physical
mechanism inducing the variation in the surface tension. Thermal Marangoni flow
arises when temperature differences develop along the free surface, for example due to

evaporative cooling or heating of the substrate. Solutal Marangoni flow results from
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variations in the concentration of solutes or surfactants along the free surface. These
two mechanisms can act simultaneously, either reinforcing or opposing one another,
and their interplay can generate complex circulatory patterns that strongly influence
particle deposition during evaporation and/or imbibition. These internal circulatory
flows can be strong enough to compete with, or even overcome, the outward capillary
flow that transports particles toward the contact line. Depending on their direction and
strength, Marangoni flows can redistribute suspended particles away from the droplet
edge and toward the centre, suppressing the coffee-ring effect, and/or create complex
flow fields inside the droplet (see, for example, Hu & Larson [8,57-59], Sdenz et al. [211],
Pham & Kumar [109], van Gaalen et al. [178,179,212], Williams et al. [213], and Rocha
et al. [214]).

Notably, Hu & Larson [8] extended the basic diffusion-limited evaporation model
to consider the additional effect of thermal Marangoni flows on the flow within an
evaporating droplet. Experiments with particle-laden droplets validated the modelling
prediction that sufficiently strong Marangoni flows can transport particles inward in
a circulatory flow, suppressing ring deposit formation. Figure 1.10 shows the effect of
thermal Marangoni on the flow-field within an evaporating octane droplet, as exper-
imentally investigated by Hu & Larson [8]. While Hu & Larson [8] focused on solid
substrates, Dou et al. [186] and Dou & Derby [187] investigated the effect of solutal
Marangoni flows on ink droplets undergoing simultaneous evaporation and imbibition.
For droplets evaporating on a solid substrate, a volcano deposit formed due to solutal
Marangoni flows overcoming the outward capillary flow, concentrating particles toward
the droplet centre. In contrast, for droplets evaporating and imbibing on a porous
(powder-bed) substrate, a ring deposit formed as the additional outward flow due to
imbibition overwhelmed the inward Marangoni flow, concentrating particles near the

contact line.

1.8.4 Particle Interactions

In Sections 1.8.1-1.8.3 we have described methods to suppress the coffee-ring effect by

altering the outward capillary flow. However, the final deposit pattern will be deter-
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(a)

(b)

Figure 1.10: Images showing the effect of thermal Marangoni on the flow-field within
an evaporating octane droplet, as experimentally investigated by Hu & Larson [8].
Reproduced with permission, Copyright 2006, from The Journal of Physical Chemistry
B.

mined by a combination of both the capillary flow and particle interactions. Specifically,
particle interactions can be decomposed into particle—substrate, particle—particle, and
particle—free-surface interactions.

Particle—substrate interactions can suppress the coffee-ring effect by anchoring sus-
pended particles to the surface of the substrate before the outward capillary flow can
transport them to the contact line. When the substrate surface is chemically or phys-
ically modified to promote strong particle adhesion (e.g., through covalent bonding,
electrostatic attraction, hydrogen bonding, or van der Waals forces) particles become
adsorbed at their initial point of contact with the surface of the substrate. Particle—
particle interactions can suppress the coffee-ring effect by aggregating suspended par-
ticles before the outward capillary flow can transport them to the contact line. When
the particles within the droplet promote strong cohesion (e.g., through electrostatic
forces, or capillary bridging) particles form clusters which may then disrupt the flow
or sediment onto the surface of the substrate. Particle-free-surface interactions can
suppress the coffee-ring effect by trapping suspended particles at the liquid—air inter-
face before the outward capillary flow can transport them to the contact line. When

the interface is chemically or physically modified to promote strong particle attachment
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(e.g., through particle self-assembly, jamming, Marangoni flows, or surfactant-mediated
interactions) particles may alter the shape of the free surface or drive inward flow away
from the contact line. Several authors such as Widjaja & Harris [215], Yunker et al. [9],
Siregar [216], Siregar et al. [143], Crivoi & Duan [217], Crivoi et al. [218], Zigelman &
Manor [176], Kumar & Pham [108], Ren et al. [219], van Gaalen et al. [212], Erdem et
al. [91], and D’Ambrosio et al. [83] have investigated the impact of particle interactions
on the final deposit pattern formed from an evaporating and/or imbibing droplet.

Notably, Widjaja & Harris [215] theoretically investigated the final deposit pattern
from a pinned droplet undergoing evaporation. The evaporation was described by the
diffusion-limited model. The authors identified a range of final deposit patterns, from
ring to nearly-uniform deposits. The final deposit pattern was governed by the balance
between particle advection, diffusion, and adsorption. Sung et al. [220] theoretically
investigated the same situation as Widjaja & Harris [215] with the additional effect of
the desorption of particles from the substrate. Siregar [216] theoretically investigated
the evolution of, and deposition from, both pinned and unpinned evaporating or imbib-
ing particle-laden droplets in the presence of intermolecular forces, a precursor layer,
disjoining pressure, and particle-substrate adsorption and desorption. Although evap-
oration and imbibition were not modelled simultaneously, the author identified that
evaporation and imbibition have similar effects on contact-line dynamics, and hence,
particle deposition. For imbibition on an initially dry porous substrate, varying sub-
strate thickness, permeability, and capillary pressure showed that adsorption within the
pores was greatest near the surface and decreased toward the wetting front. Building on
this, Siregar et al. [143] investigated evaporating particle-laden droplets and quantified
the influence of contact-line dynamics on both the spatial distribution and total mass
of particles adsorbed to the substrate. In the physical system examined, pinned con-
tact lines produced edge-concentrated deposits, whereas unpinned contact lines yielded
peak deposits, and pinning led to a greater total adsorbed mass of particles on the
surface of the substrate.

Van Gaalen et al. [212] theoretically investigated the de-pinning mechanisms of

evaporating droplets with the incorporation of both insoluble and soluble surfactants
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at the free surface. Specifically, van Gaalen et al. [212], in order to incorporate moving
contact lines, implemented a precursor film or a slip length model. When compared
with the experimental data of Nguyen et al. [172], the numerical results showed closer
agreement with the slip-length model than with the precursor-film model. Van Gaalen
et al. [149] theoretically investigated both pinned and unpinned droplets imbibing into
an initially dry porous substrate in the presence of particle—substrate adsorption. In
this work the imbibition was described using Darcy’s law. Specifically, van Gaalen
et al. [149] described the evolution of a droplet, and wetting front, in the presence of
intermolecular forces, a precursor layer, disjoining pressure, slip, and particle—substrate
adsorption. Van Gaalen et al. [149] identified that a pinned contact line results in a
mostly flat, radially expanding wetting front, while an unpinned contact line produces
a parabolic wetting front which imbibes further into the substrate. In the presence
of particle-substrate adsorption, the rate of imbibition increases if the timescale for
particle—substrate adsorption is slow relative to that for imbibition, enabling surfactant
to reach and adsorb at the wetting front. In contrast, if the timescale for particle—
substrate adsorption is fast relative to that for imbibition, surfactant is unable to reach
the wetting front, and instead adsorbs on the pore walls.

Yunker et al. [9] experimentally investigated the effect of particle shape on the
final deposit pattern from an evaporating droplet. Specifically, Yunker et al. [9] iden-
tified that spherical (polystyrene) particles form a ring deposit, whereas ellipsoidal
(polystyrene) particles deform the free surface and induce strong, long-range parti-
cle—particle attractive interactions that assemble loosely packed or arrested clusters,
leading to the formation of a uniform deposit, as shown in Figure 1.11. Crivoi &
Duan [217], Crivoi et al. [218], and Ren et al. [219] employed Monte Carlo simulations
to investigate the transition from ring to uniform deposits formed on the surface of
the substrate when a droplet evaporates with a pinned contact line. According to the
model of Crivoi & Duan [217], suppression of the coffee-ring effect at the contact line
requires the simultaneous presence of particle adsorption at the free surface, long-range
particle-particle attractive interactions, and Marangoni flows. The required interplay

of mechanisms highlights the relative strength of the outward capillary flow to trans-
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Figure 1.11: Images of the final deposit profile from an evaporating water droplet laden
with polystyrene particles showing that (a) ellipsoidal particles form a near-uniform
deposit and (b) spherical particles form a ring deposit. Adapted from Figure 1 of
Yunker et al. [9] with permission, Copyright 2011, from Springer Nature.

port particles to the edge of a droplet and the conditions required to counteract such
flow.

Zigelman & Manor [176] theoretically investigated the effect of particle-substrate
adsorption and particle—particle coagulation on the final deposit pattern formed when
a thin sessile pinned droplet undergoes evaporation. The evaporation was described
by spatially uniform evaporation. In particular, Zigelman & Manor [176] identified
a critical value of particle-substrate adsorption at which a uniform deposit forms.
They further observed a transition from a ring deposit, below this value, to a peak
deposit above it. Erdem et al. [91] theoretically investigated the evolution of, and de-
position from, a thin two-dimensional droplet undergoing one-sided evaporation. In
particular, the authors analysed the impact of contact-line motion, Marangoni flows,
particle-substrate adsorption, and particle diffusion on the final deposit pattern. In
particular, the authors recovered several of the deposit patterns investigated by previ-
ous authors, namely ring, near-uniform, volcano, dome, and peak deposits. D’Ambrosio
et al. [83] theoretically investigated the adsorption of particles onto the substrate sur-
face of an evaporating droplet with a pinned contact line. The droplet evaporation
was described by the diffusion-limited model or a spatially uniform variant. In particu-

lar, D’Ambrosio et al. [83] identified that the presence of particle-substrate adsorption
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completely suppresses the formation of a ring deposit when the evaporation is spa-
tially uniform, but only partially suppresses the formation of a ring deposit when the
evaporation is diffusion-limited. However, in both cases, the final adsorbed deposit is
concentrated near the contact line when radial advection dominates particle—substrate
adsorption, and concentrated near the centre when particle-substrate adsorption dom-
inates radial advection. Building on this, Moore et al. [184] theoretically investigated
the effects of particle advection, particle diffusion, and particle—substrate adsorption
on the early-time evolution of the ring deposit. In particular, the authors identified
that the presence of particle—substrate adsorption suppresses particle transport into
the boundary-layer region, and hence reduces the mass of particles transported to the
nascent ring deposit at early times.

While strategies for suppressing the coffee-ring effect have been extensively studied
for droplets undergoing either evaporation or imbibition in isolation, few theoretical
investigations have investigated the simultaneous problem. In this thesis, we examine
the effectiveness of porous substrates and contact-line de-pinning in suppressing the

coffee-ring effect for droplets undergoing simultaneous evaporation and imbibition.

1.9 Thesis Outline

Motivated by the wide variety of practical applications that would benefit from theo-
retical insight into the evolution of a droplet on a porous substrate and the formation
of various final deposit patterns, in this thesis, we investigate the evolution of, flow
within, and deposition from, a droplet undergoing simultaneous evaporation and imbi-
bition using a combination of analytical and numerical techniques.

In Chapter 2 we formulate a mathematical model for the evolution of a thin sessile
droplet undergoing simultaneous evaporation and imbibition on a porous substrate.
Specifically, we provide a detailed description of the evaporation and imbibition mod-
els considered throughout this thesis, namely diffusion-limited evaporation; flooded,
isotropic and anisotropic imbibition; and initially dry, anisotropic imbibition. We then
formulate the hydrodynamic problem and the particle transport and deposition prob-

lem. In Chapter 3 we analyse mathematical models for the evolution of a thin sessile
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droplet in the three situations considered in this thesis. In Chapter 4 we analyse the
flow within the droplet and substrate for the three situations considered in this thesis.
In Chapter 5 we analyse the concentration of particles and mass of particles within,
and leaving, the bulk of the droplet in the three situations considered in this thesis.
In Chapter 6 we calculate the paths of particles within the droplet for the three situa-
tions considered in this thesis. In Chapter 7 we discuss the implications of the results
obtained throughout this thesis, draw conclusions, and discuss open questions and pos-
sible directions for future work on a droplet undergoing simultaneous evaporation and

imbibition on a porous substrate.

1.10 Publications and Presentations

Several aspects of the investigation of a thin sessile droplet undergoing simultaneous
evaporation and imbibition on a flooded, isotropic porous substrate have been presented
at several local and international conferences, namely the British Applied Mathematics
Colloquium, Newcastle University, Newcastle in April 2024; 10th International Bifurca-
tions and Instabilities in Fluid Dynamics, University of Edinburgh, Edinburgh in June
2024; and the 1st European Fluid Dynamics Conference, RWTH Aachen University,
Aachen, in September 2024. In addition, aspects of this investigation were presented
in poster form at the 37th Scottish Fluid Mechanics Meeting, University of Edinburgh,
Edinburgh in May 2024. An account of this work has recently been published in Phys-
ical Review Fluids (Craig et al. [221]).

Several aspects of the investigation of a thin sessile droplet undergoing simultaneous
evaporation and imbibition on an initially dry, anisotropic porous substrate have been
presented at several local and international conferences, special interest groups and
research visits, namely at the UK Fluids Conference, University of Strathclyde, Glasgow
in October 2023; Droplet Dynamics, University of Warwick, Coventry in June 2025; 6th
International Conference on Droplets: Droplets 2025, University of Liege, Liege in July
2025; and Applied and Industrial Mathematics Research Group Seminar, University of
Bath, Bath in December 2025. In addition, aspects of this work were presented in poster

form at the 38th Scottish Fluid Mechanics Meeting, University of Glasgow, Glasgow in
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May 2025. An account of this work is currently being prepared for publication.
Several aspects of the investigation of a thin sessile droplet undergoing simultaneous
evaporation and imbibition on a flooded, anisotropic porous substrate has been pre-
sented orally by myself at several special interest groups and local conferences, namely
at Droplet and Flow Interactions with Bio-inspired and Smart Surfaces, Durham Uni-
versity, Durham in November 2022, Droplet Dynamics, Wadham College, University of
Oxford, Oxford in March 2023, British Applied Mathematics Colloquium, University
of the West of England, Bristol in April 2023, and the 36th Scottish Fluid Mechan-
ics Meeting, University of Strathclyde, Glasgow in May 2023. In addition, aspects of
this investigation were presented in poster form by myself at an international summer
school, namely The Power and Beauty of Asymptotic Methods, International Centre

for Mechanical Sciences, Udine, Italy in June 2023.
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Chapter 2

Mathematical Model of Droplet

Evaporation and Imbibition

2.1 Overview

In this chapter, we develop mathematical models for a thin sessile droplet undergoing
simultaneous evaporation and imbibition on the three porous substrates discussed in
Section 1.3.

In Section 2.2 we formulate the general problem set-up, coordinate system and
key variables which we will consider throughout thesis. In Sections 2.3 and 2.4 we
formulate the hydrodynamic problem and describe the evolution of, and flow within,
a thin droplet undergoing simultaneous evaporation and imbibition. In Section 2.5 we
describe the modes of evolution which we will consider. In Section 2.6 we describe
the diffusion-limited evaporative problem. In Section 2.7 we describe the imbibition
problems which we will consider. In Section 2.8 we describe the particle transport and

deposition problem.

2.2 Droplet Wetting

After being deposited onto the surface of a substrate, a thin sessile droplet undergoes

a relatively short initial period during which it rapidly adjusts to its quasi-static shape
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Atmosphere

- ; >
s, Contact Line  4sa

Ideal Substrate

Figure 2.1: Sketch of the three-phase boundary between the substrate, atmosphere,
and free surface of the droplet (i.e., the contact line) for a thin sessile droplet situated
on the hydrophilic surface of an ideal solid or porous substrate.

defined by the initial value of the equilibrium contact angle, denoted by fo. The initial

value of the contact radius is denoted by Ry. The Young—Dupré equation,
4 cos éo = YSA — YSL, (2.1)

describes the equilibrium contact angle of a sessile droplet on an ideal (i.e., smooth
and chemically homogeneous) substrate, where 4, 5o, and Asp, denote the constant
coefficient of surface tension at the droplet-atmosphere interface, substrate-atmosphere
interface, and droplet-substrate interface, respectively. The extent of wetting is charac-
terised by the value of fy. Throughout this thesis we investigate sessile droplets which
have a high degree of wetting, corresponding to values of 0y in the range 0 < by < /2
(i.e., the substrate is “hydrophilic”). Figure 2.1 shows a sketch of the three-phase
boundary between the substrate, atmosphere, and free surface of the droplet (i.e., the
contact line) for a thin sessile droplet situated on the hydrophilic surface of an ideal
solid or porous substrate.. We note that the uniqueness of the contact angle of a sessile
droplet on an ideal substrate, as described by equation (2.1), is not the case in reality,
as substrates are non-ideal and there is often a range of equilibrium contact angles (see,
for example, De Gennes et al. [222]). The difference between the largest and smallest

measurable equilibrium contact angles is known as “contact-angle hysteresis”.
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2.3 Problem Formulation

We refer the description to polar coordinates 7 and Z with OZ perpendicular to the
surface of the substrate at 2 = 0. We denote the free surface of the droplet by Z =
fl(f’,f), the radial and axial components of the velocity within the droplet by o =
a(7, 2,1) and @ = (%, 2,1), respectively, and the pressure within the droplet by p =
p(7, 2,1), where £ denotes time. The local evaporation and imbibition mass fluxes are
denoted by Jg = jE(f’,f) and J; = J}('F,f), and the corresponding global evaporation
and imbibition mass fluxes are denoted by Fg = FE(f) and [} = Fl(f), while the volume,
contact radius, and contact angle are denoted by V = V(f), R = R({), and 6 = 0({),
respectively. The droplet is deposited onto the surface of the substrate at £ = 0, and
thereafter undergoes mass loss due to simultaneous evaporation and imbibition. We do
not consider the relatively short initial period during which the droplet rapidly adjusts
to its quasi-static shape after it is deposited.

We non-dimensionalise and scale the variables appropriately for a thin droplet ac-

cording to
~ ~ ¥ s é = i ~
7"27:, z:AZA, V:AVA?), R:{%, 0=—, t—Ufef, :Au,
Ry o Ro to 2 Ry to Ry Uset
; 20— p j j A
w:AwA ; :RO(pAApOO)a Jg = AJE ,  J1= AJI ) E= 25 AE )
UrefHO 700 JE,ref JI,ref ROJE,ref
F
FI - A27AI, (22)
RQJI,ref

where Uref is an appropriate characteristic radial velocity scale, P, is the constant at-
mospheric pressure, jEJef is an appropriate characteristic local evaporation mass flux
scale for the evaporation of liquid from the free surface of the droplet into the atmo-
sphere, and jl’ref is an appropriate characteristic local imbibition mass flux scale for
the imbibition of liquid from the base of the droplet into the substrate. The dimension-

less ratios that characterise evaporation and imbibition, denoted by £ and Z, hereafter
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referred to as the evaporation number and the imbibition number, are defined by

j re j re
£="2r and 7= A (2.3)
p@o Urer p90 Utef

respectively, where p is the constant density of the liquid. For clarity, we note that
the nondimensionalisation always scales on the dominant process so that either £ =1
or Z = 1, and in the figures throughout this thesis we adopt the presentation choice
of fixing £ = 1 while varying Z. We note that large values, such as Z = 22, fall
outside the O(1) regime and are included to illustrate the behaviour of the models
investigated throughout this thesis under increasingly strong imbibition. Furthermore,
because the plotted solutions are rescaled over the droplet lifetime, varying 7 in this
way corresponds to examining the weak and strong evaporation and imbibition limits,
respectively. Before defining Uref, jE,ref, eref, and appropriate characteristic timescales
for evaporation and imbibition, we first state the key assumptions and derive the hy-
drodynamic problem and the global mass balance equation for a droplet undergoing

simultaneous evaporation and imbibition.

2.4 The Hydrodynamic Problem

In this section, we describe the evolution of, and the flow within, a thin sessile droplet
undergoing simultaneous evaporation and imbibition. Specifically, we consider the sit-
uation in which the droplet is sufficiently small that the effect of gravity is negligible
and surface tension is sufficiently strong that the free surface of the droplet evolves
quasi-statically. More specifically, we consider situations in which the appropriately

defined Bond number Bo and capillary number Ca, namely

(2.4)

respectively, are both small and satisfy ég , Bo « Ca <« 1, where § is the magnitude of
acceleration due to gravity and i is the constant dynamic viscosity of the liquid.

Throughout this thesis we assume that the droplet remains in the thin-film regime,
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meaning that its aspect ratio is O(éo) and that gravity and viscous stresses are weak
compared with surface tension. In the asymptotic regime defined by 9%, Box Ca <« 1,
the free surface evolves quasi-statically and the lubrication approximation is formally
valid. For millimetre-scale water droplets these conditions are not strictly satisfied: with
Ro ~ 1mm, p = 1000kgm™>, i = 1073 Pas, 4 = 0.072Nm™!, 6y ~ 10° (fy ~ 0.17),
and ﬁref ~ 1072 ms™!, we obtain Bo ~ 1.4 x 1072 and Ca ~ 1.4 x 107°, while ég R~
3 x 1072 is larger than both numbers. Thus the droplets are small enough that gravity
is weak and the free surface evolves quasi-statically, but they do not satisfy ég, Bo «
Ca < 1. Nevertheless, the lubrication-based model built on the three valid assumptions
gives good quantitative agreement with experiments, indicating that violation of the
formal ordering does not strongly affect the leading-order behaviour.

We seek an asymptotic solution for the pressure p in the form
p=pOr 2, t)+CapWM(r,z,t) + O (9}%, Bo, Ca2> , (2.5)

with corresponding expressions for the other variables. However, since the pressure p
and the concentration of particles ¢ = ¢(r, z,t) introduced subsequently in Section 2.8
are the only quantities that we require beyond leading order, for clarity, we omit the
superscript “(0)” on all of the other leading-order variables.

At leading order in Ca, the Stokes equations yield dp(®) Jor = ap®) /0z = 0, and
hence the leading-order pressure is independent of 7 and z. Therefore, p© = p(© () is

given by the normal stress condition at the free surface to be

10 ( Oh
0 — =7 (22
P ror (r 87") ‘ (26)
Hence, the free surface of the droplet h(r,t) satisfies
J[10 ([ oh
or [7" or <r 67“)] =0 @7

subject to h = 0 and Oh/Or = —0 at r = R. An additional requirement is that h(0,t)

must be finite at » = 0, and hence the shape of the free surface takes the familiar
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paraboloidal form

2 _ 2
=T, (2.8)

h =
Evaluating the pressure (2.6) using (2.8) yields

20
pl0 = = (2.9)

We note that the leading-order pressure given by (2.9) is spatially uniform. The volume
V = V(t) of the droplet is given by

R OR3
V= 27r/ h(r,t)r dr = T 1 (2.10)
0

At leading order in the thin-film limit, the continuity and Stokes equations reduce to

the familiar axisymmetric lubrication equations, namely

10(ru) Ow Pu opM  ap) B
ror Ta " T e e O (@11

subject to the tangential stress condition,

@:0 at z=h for 0<r <R, (2.12)
0z
and the kinematic condition,
oh oh
a+u5—w:—é’JE at z=h for 0<r <R, (2.13)
on the free surface, together with a no-slip condition,
u=0 on z=0 for 0<r <R, (2.14)
and a penetration condition,
w=-2ZJ1 on z=0 for 0<r <R, (2.15)
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are imposed at the solid-liquid interface (i.e. on the surface of the substrate within
the footprint of the droplet). The penetration condition (2.15) is a key feature of the
present model and couples the flow within droplet to the flow within the substrate.
Applying conditions (2.12), (2.14), and (2.15) to the solutions of (2.11), the radial and

axial components of the flow within the droplet are given by

__@h=z)zp® 20
u = 5 5 Y6 ((3h 2)r " ) ZJi, (2.16)

respectively. The kinematic condition (2.13) can be rewritten as

oh 1

0
ot + TE(T'Q) = —(5JE —i—IJI), (2.17)

where Q = Q(r,t) is the local radial volume flux of liquid given by

h 3 4 (1)
Q:/ wds = O (2.18)
0

3 Or

The depth-averaged radial velocity @ = u(r,t), is given by

1 h
ﬂ:/ udz =
h Jo

We note that it will be convenient to rearrange and integrate the kinematic condition

=

(2.19)

(2.13) to express Q as

1 (" oh
= —— z — . 2.2
Q 7“/0 (SJE+ Jr+ at)rdr (2.20)

Using (2.18) to eliminate the first-order pressure p!) from the expression for u in (2.16)

and then evaluating the integral in the expression for w in (2.16) yields

_ 3Q(2h —2)z B _zjﬁ rQ(3h — 2)
“= 2h3 YT Ty h3

} —TJ. (2.21)

Integrating the kinematic condition (2.17) from r = 0 to r = R leads to the global
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mass balance equation

av R
i —27 (EJg +ZJy)r dr, (2.22)
0

and substitution of the expression for the droplet volume (2.10) into (2.22) yields an
evolution equation for R and 6, namely

d (0R?)

R
= —8/ (EJg +TJy)r dr. (2.23)
at ;

However, (2.23) is only one equation for two unknowns, and so in order to determine
the evolution, and hence the lifetime, of a droplet we must either determine or (as we
do throughout thesis) specify the manner (i.e., the mode) in which the droplet evolves

as it undergoes mass loss into the atmosphere and/or the substrate.

2.5 Modes of Evolution

Throughout this thesis, we classify droplet evolution into modes, each defined by simple
constraints on the contact radius and contact angle. These classifications provide an
analytically tractable framework for modelling and analysis. However, as discussed in
this section, these modes are not purely theoretical and are observed in experiments
on both evaporating and/or imbibing droplets. In many cases, a droplet will spend the
majority of its evolution in one (or more) of these modes before transitioning to a final
stage in which both the contact radius and contact angle decrease simultaneously (see,
for example, Johnson et al. [21]). It should, of course, be noted that these modes are
not the only way in which droplets can evolve. In particular when a droplet imbibes
on porous substrates, several investigations, such as Wang et al. [223], Léang [3], and
Tan [124] have observed droplet evolutions in which the contact radius and contact
angle decrease simultaneously throughout the evolution, without a prolonged phase
which can be easily classified into one of the modes considered in this thesis. Similarly,
when a droplet evaporates and imbibes, Gongalves et al. [224], and Heinz et al. [41,42]

observed droplet evolutions in which the contact radius and contact angle decrease
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simultaneously throughout the evolution.

The modes of evolution which have received the most attention within the literature
are the so-called extreme modes, namely the constant contact radius (CR) mode and
the constant contact angle (CA) mode. In the CR mode the contact line remains pinned
at the initial value R = Ry and the contact angle decreases to zero. In contrast, in the
CA mode the contact angle remains constant, and equal to its initial value 6 = éo, and
the contact radius decreases to zero.

There are also a variety of mixed modes in which both the contact radius and the
contact angle vary. Omne combination of the extreme modes that frequently occurs
in practice is the Stick—Slide (SS) mode, as described by Picknett & Bexon [48], and
subsequently by Bourges et al. [50] (and many other authors, such as Nguyen et al. [225],
Gelderblom et al. [226], Trybala et al. [227], Boulogne et al. [154,155], Johnson et
al. [21], and Bhattacharjee et al. [145]) in which the droplet first evolves in a CR phase
with a pinned contact line R = Ry until the contact angle reaches a critical (receding)
value, denoted by 6 = é*, where 0 < 6* < 6y. The time at which the contact line
de-pins is denoted by # = #*. Once the critical contact angle has been reached, the
contact line de-pins, and thereafter the droplet evolves in a CA phase with a constant
contact angle, 6 = 6*, for the remainder of its evolution. The SS mode reduces to the
CR mode when 6* = 0, in which case the contact line never de-pins, and reduces to the
CA mode when 6* = éo, in which case the contact line immediately de-pins.

Another mode that occurs in practice is the Stick-Jump (SJ) mode, as described
by Deegan et al. [53], (and many other authors, such as Moffat et al. [228], Shanahan
& Sefiane [229], and Orejon et al. [230]), in which the droplet initially evolves in a
CR phase with a pinned contact line. However, when the contact angle reaches a
critical (minimum) value, denoted by 6 = émina the contact line de-pins and jumps
instantaneously inwards to a new position with a smaller contact radius, while the
contact angle jumps instantaneously up to a critical (maximum) value, denoted by
0 = émax, where 0 < Opin < Omax = éo. This pattern then repeats itself, with a
(theoretically infinite) sequence of CR phases separated by a (theoretically infinite)

sequence of instantaneous jump phases. The values of R and 6 in the nth CR phase
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~ ~

(n = 1,2,3,...), which lasts from f = £, 1 to t = t,, where { = t,, where fy = 0
and t = t, (n = 1,2,3,...) is the time at which the nth jump phase occurs, are
denoted by R, and 0, = én(f), respectively, with Ry = Ryand 6, = 6y = émax, where
0< émin < émax. The SJ mode incorporates the CR and CA modes as special cases.
Specifically, the SJ mode reduces to the CR mode when émin = 0, and reduces to the

A~

CA mode in the limit fpin — oy = 05 -

Figure 2.2 shows sketches of the evolutions of the free surface, contact radius, and
contact angle in the four modes discussed. The lifetimes of a droplet evolving in the
CR, CA, SS, and SJ modes are denoted by tcr, tca, tss, and tgy, respectively.

While the occurrence of these modes is firmly established for a droplet evaporating
on a solid substrate (see, for example, Wilson & D’Ambrosio [17]) the same cannot
be said for a droplet evaporating and/or imbibing on a porous substrate. Hence, we
summarise some of the key experimental investigations which observe these modes for
a droplet undergoing imbibition or simultaneous evaporation and imbibition.

Over the past thirty years, the imbibition of droplets into various porous substrates
has been experimentally investigated. A major contribution by Denesuk et al. [118]
investigated the imbibition of silicone oil droplets on thick, initially dry, porous soda-
lime-silicate substrates with the CR, CA, and SS modes observed. The forced imbibition
of glycerol-water droplets on thick, initially dry, porous polycarbonate and polyvinyli-
dene fluoride (PVDF) substrates was investigated by Bacri & Brochard-Wyatt [128]
with the SS mode observed. The imbibition of silicon oil droplets on thin and thick,
initially dry, porous cellulose nitrate substrates was investigated by Starov et al. [39,132]
with the droplets found to evolve in the CA mode. Similarly, Starov et al. [114] inves-
tigated the imbibition of silicone oil droplets on thin, flooded, porous substrates and
also observed the CA mode. The imbibition of water droplets on thick, initially dry,
cellulose porous substrates was investigated by Clarke et al. [130], with the CR mode
observed. Similarly, the imbibition of water droplets on thick, initially dry, porous
powder bed substrates was investigated by Hapgood et al. [133], with the CR mode
observed. Kumar & Desphande [123] investigated the imbibition of silicone oil droplets

on thin, initially dry, porous glass-fibre mat substrates and observed the CR, CA, and
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Figure 2.2: Sketches of the evolutions of the free surface iL(f,f), the contact radius
R(f), and the contact angle é(f), respectively. Each row of the figure corresponds to
a different mode of evolution; (a) the CR mode, (b) the CA mode, (c¢) the SS mode,
and (d) the SJ mode. The dashed lines in (a) and (b) correspond to the lifetime of the
droplet. The dashed lines in (c) correspond to the instant # = £* at which the droplet
contact line de-pins in the SS mode and to the lifetime of the droplet. The dashed lines
in (d) correspond to the instants = ¢, (n = 1,2, 3,...) at which the droplet contact line
de-pins and jumps inwards from R, to Rn+1(< Rn) and to the lifetime of the droplet.
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SS modes. The imbibition of blood droplets on thin, initially dry, porous filter paper
substrates was investigated by Chao et al. [231], with the CA mode observed. The
imbibition and deposition patterns of colloidal droplets on thick hydrogels was exam-
ined by Boulogne et al. [154,155], with the SS mode observed. The imbibition of water
droplets on thick, initially dry, porous limestone substrates was investigated by Lee et
al. [4], with the CR mode observed. The imbibition of particle-laden water droplets on
thin, initially dry, porous filter paper substrates was investigated by Kumar et al. [232],
with the CA mode observed. To the best of our knowledge, no evolution in the SJ mode
has been reported for a droplet imbibing into a porous substrate in the literature, even
though it is commonly observed for a droplet evaporating on equally spaced pillars (see
Orejon et al. [230]), which closely resemble vertically aligned, cylindrical pores.

In contrast to the pure evaporation and imbibition problems, relatively few experi-
mental studies have investigated the simultaneous effect of evaporation and imbibition
on droplet evolution. The evaporation and imbibtion of ink droplets on thick, initially
dry, porous powder bed substrates was investigated by Dou et al. [186] and Dou &
Derby [187]. Similarly, Pack et al. [1] investigated the evaporation and imbibition of
water droplets on initially dry, porous anodic aluminium oxide substrates. Willis et
al. [10] investigated the evaporation and imbibition of (2-chloroethyl) sulfide (com-
monly referred to as distilled mustard gas or “HD”, in military terminology) droplets
on thick, initially dry, porous silicone substrates. Similarly, Richards et al. [11] in-
vestigated the evaporation and imbibition of trichloroethylene and tetrachloroethylene
droplets on thick, initially dry, porous butyl-rubber substrates. Li et al. [6] investigated
the evaporation and imbibition of particle-laden water droplets on thick, initially dry,
nano-porous silica substrates. In all of the investigations discussed in this paragraph

the CR mode was observed.

2.6 The Evaporative Problem

In this section, we describe the evaporation of liquid from the free surface of a thin
droplet into the atmosphere according to the basic version of the well-known diffusion-

limited model, as sketched in Figure 2.3, with constant diffusion coefficient D. The
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concentration of vapour in the atmosphere is denoted by é = &(7, 2,). The constant
concentration of vapour at the free surface of the droplet z = ﬁ(f,f) is denoted by
¢ = Csat, and the constant far-field concentration is denoted by ¢ = ¢. The phys-
ical quantities ﬁ, Csat, and €, are all assumed to be isotropic and constant in the
basic version of the diffusion-limited model considered in the present work. Before

proceeding further, we introduce the additional non-dimensional variables involved in

the evaporative problem, namely

c—¢ 2
c=——"— and 2*=—, (2.24)
Csat — Coo Ry

where z® denotes the non-dimensional z coordinate in the atmosphere. Appropriate

choices of UEJef and jE7ref for the diffusion-limited evaporation problem are given by

ﬁ(ésat — éoo) ﬁ@sat - é<:>o)

NS and jE,ref = ﬁéOﬁE,ref = ~ (225)
pboRo Ro

UE,ref =

(see, for example, Wilson & D’Ambrosio [17]). An appropriate characteristic timescale
for the diffusion-limited evaporation of a thin droplet is
pO R

= (2.26)
D(Csat - Coo)

tE,ref =

(see, for example, Wilson & D’Ambrosio [17]). These scales are appropriate because
they reflect the characteristic strength of the diffusive transport that drives evaporation
and the corresponding internal flow required to replenish liquid at the free surface of a
thin droplet.

Since the droplet is thin, the concentration of vapour ¢ = ¢(r, 2%, t) satisfies Laplace’s
equation in the upper half-space,

10 ( Oc d%c a
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z

=

Figure 2.3: Sketch of a thin sessile particle-laden droplet evaporating on a solid sub-
strate.

subject to the appropriate boundary and far-field conditions, namely,

c=1 on 2*=0 for 0<r <R, (2.28)
88;:0 on =0 for r>R, (2.29)
c—=0 as (24222 5 . (2.30)

Note that, in general, the boundary condition (2.28) applies on the free surface z =
h(r,t), but for a thin droplet, such as that considered throughout this thesis, it can be
transferred to the plane z* = 0 by Taylor expanding about z* = 0. Equations (2.27)—
(2.30) may be solved to obtain the well-known solution for the concentration of vapour

in the atmosphere (see, for example, Carslaw & Jager [233]), namely

c= 2 arcsin 7 2 5 (2.31)
m [(R+7)2 4 222] /7 + [(R —7)% + 232]

The local evaporation mass flux is then given by

Oc 2 _ TQ)_l/Q

Jo — — —
B 0z

on z*=0 for 0<r<R, (2.32)
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z

Figure 2.4: Sketch of a thin sessile particle-laden droplet evaporating and imbibing on
an infinitely thick, isotropic, flooded, porous substrate.

and hence the global evaporation mass flux is

R
FE = 27T/ JE r dr =4R. (2.33)
0

2.7 The Imbibition Problem

In this section, we describe the imbibition of liquid from the base of a thin sessile
droplet into the three porous substrates introduced in Section 1.3: (i) an infinitely thick,
isotropic, flooded, porous substrate; (ii) a finitely thick, anisotropic, initially dry, porous
substrate; and (iii) a finitely thick, anisotropic, flooded, porous substrate. Figures
2.4, 2.5, and 2.6 show sketches of a thin sessile particle-laden droplet evaporating and

imbibing on these three substrates, respectively.

2.7.1 An infinitely thick, isotropic, flooded, porous substrate

In this subsection, we describe the imbibition of liquid from the base of a thin sessile
droplet into an infinitely thick, isotropic, flooded, porous substrate with interconnected
pores.

The radial and axial components of the macroscopic velocity within the substrate are
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denoted by U = U(f, %,t) and W= W(f, %,1), respectively, and the pressure within the
substrate is denoted by P = P(f, 2,t). The constant porosity of the substrate, denoted
by ¢, 0 < ¢ < 1, is a measure of the volume-averaged fraction of the interconnected
pores within the substrate, and the constant permeability of the substrate, denoted by
k, is an intrinsic property of the substrate that describes the viscous resistance to the
flow through the pores. In general, a larger internal pore surface area per unit volume
leads to a larger friction within the substrate and, hence, a lower permeability. The
pressure at the surface of the substrate within the footprint of the droplet is equal to
the (spatially uniform) pressure at the base of the droplet, and the constant far-field
pressure (assumed to be equal to the atmospheric pressure) is denoted by Psy (= foo)-
The physical quantities ¢, k, and P, are all assumed to be isotropic and constant in
the imbibition model described in this section. Before proceeding further, we introduce

the additional non-dimensional variables involved in the imbibition problem, namely

e 51 (P P
vV o W p BB F) e 2 (2.34)
JI,ref JI,ref ’790 Ry

IS

where z°%(= 2?) denotes the non-dimensional z coordinate in the substrate. Appropriate

choices of ULref and eref for the imbibition problem are given by

~ A A

) vk > Jpa 74k
UI,ref = ALA2 and JLref = pQOULref - pAiAQ
fiRg R

(2.35)

An appropriate characteristic timescale for the imbibition of a thin sessile droplet on
an infinitely thick, isotropic, flooded, porous substrate is
AR3

EI,rcf = MA AO . (236)
ky

Throughout this thesis, Darcy’s law is used to describe the flow of liquid within

the substrate, and so the radial and axial components of the macroscopic velocity are
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related to the pressure according to

10P 1 0P
=——— d W=—— .
U " an pos

(2.37)

Local conservation of mass of liquid within the substrate leads to the appropriate

continuity equation,

19(rU) N ow
r Or 028

=0, (2.38)

and substitution of (2.37) into (2.38) shows that the pressure within the porous sub-

strate P = P(r, 2%, t) satisfies Laplace’s equation in the lower half-space,

2
L9 < 8P) P =0 for 2°<0, (2.39)

ror \or 0252

subject to the appropriate boundary and far-field conditions, namely

P=p on 22=0 for 0<r<R, (2.40)
P

gzs =0 on 2°=0 for r>R, (2.41)
P—=0 as (r+2H)Y2 5 . (2.42)

Analogous to solving equations (2.28)—(2.30) to obtain the solution for the concentration
of vapour in the atmosphere given by (2.31), equations (2.40)—(2.42) may be solved to

obtain the corresponding solution for the pressure within the substrate, namely

P = 40 arcsin i 22R 7 (2.43)
R [(R+7')2+252]/ +[(R—r)2+252]/
The local imbibition mass flux is then given by
oP 40 9 o\ —1/2
= = — — S = <r< .
JI 9= = R (R T ) on z°=0 for 0<r <R, (2.44)
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and hence the global imbibition mass flux is
R
F = 27T/ Jrr dr = 86. (2.45)
0

Note that, in contrast to the global evaporation mass flux Fg given by (2.33), which
depends on R but not 6, the global imbibition mass flux F7 given by (2.45) depends on
0 but not R. However, both depend on ¢ parametrically via either R or 6.

The boundary condition (2.40) on the substrate—atmosphere interface is a modelling
idealisation introduced to avoid resolving the detailed behaviour of partially saturated
regions of the substrate. In the present formulation, liquid that enters the porous sub-
strate beneath the droplet is assumed not to return to the surface or be displaced out of
the pores, so the exposed region of the substrate is treated as effectively sealed. A more
natural condition would be P = 0 (atmospheric pressure), but imposing this would re-
quire a full description of pore-scale saturation, redistribution, and possible back-flow,
which lies outside the scope of the current model. Further discussion of related ideal-
isations can be found in Davis & Hocking [35], and a more complete treatment of the

substrate—air interface would be a natural extension for future work.

2.7.2 A finitely thick, anisotropic, initially dry, porous substrate

In this subsection, we describe the imbibition of liquid from the base of a thin sessile
droplet into a finitely thick, anisotropic, initially dry, porous substrate, as discussed in
Section 1.4. In this situation the pores are vertically aligned and non-connected, and
as a result flow only occurs within the substrate in the vertical direction. The axial
component of the macroscopic velocity within the substrate is denoted by W = W(f)
and the pressure within the substrate is denoted by P= 15(2,5). The pressure at the
surface of the substrate within the footprint of the droplet is equal to the pressure at
the base of the droplet given by equation (2.6), and hence is spatially uniform, with the
pressure at the wetting front, denoted by 2 = —H (t) being equal to P = —P., where
P, is the constant capillary pressure within each pore. The capillary pressure is defined

as the tendency of a porous substrate to suck in liquid (i.e., the wetting phase) or to
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Figure 2.5: Sketch of a thin sessile particle-laden droplet evaporating and imbibing on
a finitely thick, anisotropic, initially dry, porous substrate.

repel air (i.e., the non-wetting phase) (see, for example, Bear [34]). We assume the
substrate thickness, denoted by cz, exceeds maximum depth of the wetting fronts once
the droplet volume is fully depleted.

Throughout this thesis, we keep our analysis as general as possible and do not explic-
itly specify the exact geometry of the pores and instead, in the spirit of Darcy’s original
description, consider k and P, to be experimentally determined variables. However, we
highlight the situation often used within the literature to mathematically describe the
permeability and capillary pressure, in which the pores within the substrate are de-
scribed as vertically aligned, cylindrical, non-connected, and of constant cross-sectional

area, given by

. 62 . 24 5
szg—amifzziﬁgg, (2.46)
a

respectively, where @ is the constant radius of the cross-sectional area of each pore
and & is the constant contact angle at the gas-liquid interface within each pore (see,
for example, Alleborn & Raszillier [135]). Alternatively, in situations in which the
solid matrix within the porous substrate is described as a packed bed of spheres of

uniform radius, and the net-average flow occurs in the axial direction, the permeability
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is often estimated from the Carman-Kozeny equation (see, for example, Kozeny [234],
Carman [235], Bear [34], Xiao et al. [142], and Gambaryan-Roisman [20]).

We follow the conventional approach (see, for example, Denesuk et al. [118], Alle-
born & Rasziller [135], and Zadrazil et al. [139]) and assume that the pore radius is
orders of magnitude smaller than the radius of the droplet. Hence, (p(0) — pog)/Pe < 1
and the pressure within the droplet and atmospheric pressure are neglected in subse-
quent analysis. Before proceeding further, we introduce the additional non-dimensional

variables involved in the imbibition problem, namely

P i :
P=—, W= L , and 2°= ﬂ, (2.47)
P J1ref o Ro

where we denote the non-dimensional z coordinate 2z° in the porous substrate with a

({9}

superscript “s”.

Appropriate choices of ﬁLref and eref for the imbibition problem are given by

5 kP, . o pok P,
U f — ——>—=— and J f = 0o, f = . 2.48
Lre ﬂQ(Q]RO I,re PYOUL re [LeoRO ( )

A characteristic timescale for the imbibition of a thin sessile droplet on a finitely thick,
anisotropic, initially dry, porous substrate is

. (1622

tHoref = — = 2.49
Ire gOkZPC ( )

(see, for example, Denesuk et al. [118] and Middleman [127]). Mass conservation within
the porous substrate is imposed by the continuity equation,

oW
s = 0: (2.50)

and the pressure within the porous substrate P = P(r, 2% t) satisfies a second-order

linear homogeneous differential equation, namely

9P

@:0 for — H <2°<0, (2.51)
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subject to the appropriate boundary conditions, namely

P=0 on 2°=0 for 0<r<R, (2.52)

P=-1 on 2°=-H for 0<r<R. (2.53)

Equations (2.51) to (2.53) may be solved to obtain the corresponding solution for the

pressure within the substrate, namely

zS
pP=— 2.54
z, (254)
where the evolution of the wetting front is given by
OH 0P 1
— = —pW = == 2.55
ot 0z H’ (2.55)
and hence
H = (2t)'/2. (2.56)

We note that this is a well-known result for the evolution of the wetting front within
a porous substrate (see, for example, Denesuk et al. [118] and Davis & Hocking [36]).

The local imbibition mass flux is then given by

opP 1\?
— = — S — f <r< 2.
Jr 55 <2t> on 2°=0 for 0<r <R, (2.57)

and hence the global imbibition mass flux is

R 1 1/2
= 271'/ Jyr dr = mR? <> . (2.58)
0 2t

Note that, in contrast to the global imbibition flux given by (2.45), which depends on
6 but not R, the global imbibition mass flux Fy given by (2.58) depends on R but not

6. However, (2.58) may depend on R or § parametrically via ¢.
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z

Figure 2.6: Sketch of a thin sessile particle-laden droplet evaporating and imbibing on
a finitely thick, anisotropic, flooded, porous substrate.

2.7.3 A finitely thick, anisotropic, flooded, porous substrate

In this subsection, we describe the imbibition of liquid from the base of a thin droplet
into a finitely thick, anisotropic, flooded, porous substrate, as discussed in Section 1.3.
In this model, liquid flows from the base of the droplet into the pores and out of the base
of the substrate, as illustrated in Figure 2.6. The thickness of the substrate is denoted
by d. This model was first developed by Davis & Hocking [35], and later adopted by
Espin & Kumar [2], as well as Pham & Kumar [109]. The pressure at the surface of the
substrate within the footprint of the droplet is equal to the (spatially uniform) pressure
at the base of the droplet, and the pressure at the bottom of the substrate (where it
is open to the atmosphere) is P = Py (= Poo). Continuity of pressure implies that
the pressure at the base of the droplet is equal to the Laplace pressure (2.9). We note
that the mathematical model for the imbibition problem described in this subsection
also describes the imbibition of a thin droplet on a finitely thick, isotropic, flooded
porous substrate with interconnected pores in the limit where CZ/ Ry < 1. We note that
for gravity to be negligible we require Bo < 0yRy/d. Before proceeding further, we

introduce the additional non-dimensional variables involved in the imbibition problem,
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namely
ATT - a _ poo ~
w=W o p_ M and 25 =2, (2.59)
I ref 400 d

where z° denotes the non-dimensional z coordinate in the substrate. Appropriate

choices of ULref and jl’ref for the imbibition problem are given by

~ A A

- vk - PN 0y k6
UI,ref = LA and JI,ref = ﬁHOUI,ref = LAO (260)
fid Ry fid Ry

An appropriate characteristic timescale for the imbibition of a thin droplet on a finitely

thick, anisotropic, flooded, porous substrate is
I?I,ref = ~ (261)

(see, for example, Davis & Hocking [35]).  Similarly to Sections 2.7.2 and 2.7.3,
we use Darcy’s law to describe the flow of liquid within the substrate, and so the
axial component of the macroscopic velocity is given by equation (2.37). Hence, local
conservation of mass of liquid within the substrate leads to the appropriate reduced
continuity equation (2.50) and the pressure within the porous substrate satisfies the
reduced one-dimensional Laplace equation given by (2.51) subject to the appropriate

boundary conditions, namely

P=p© for 0<r<R on 2*=0, (2.62)

P=0 for 0<r<R on 2°=-1, (2.63)

Equations (2.51), (2.62), and (2.63) may be solved to obtain the corresponding solution

for the pressure within the substrate, namely

20
P=2(z+1). (2.64)
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The local imbibition mass flux is then given by

P 2
or _ 20 on 2°=0 for 0<r <R, (2.65)

Ji = -
= 92 R

and hence the global imbibition mass flux is

R
F = 27r/ Jrr dr =2w0R. (2.66)
0

2.8 The Particle Transport and Deposition Problem

In this section, we describe the transport and deposition onto the substrate of a dilute
suspension of neutrally-buoyant and hydrodynamically passive particles from a particle-
laden droplet (see, for example, Kang et al. [78], Moore et al. [73], Wray et al. [72], and
Wilson & D’Ambrosio [17]).

The concentration of particles per unit volume within the bulk of the droplet qAS =
gZA)(f, 2,1) satisfies an advection-diffusion equation subject to a penetration condition on
the surface of the substrate and a no-flux condition on the free surface of the droplet.
The concentration of particles per unit volume within the bulk of the droplet is non-
dimensionalised according to ¢ = gZS/ (;Aﬁref, where gZ;ref is the spatial average of the initial

concentration of particles. Hence ¢ = ¢(r, z,t) satisfies

-2 (2.67)

o e TV "or ) T o2

(06 b 99\ 020 [ 0p\ 0%
Pe <8t or w@z) < >+

where Pe* is the appropriately defined reduced Péclet number that is the ratio of the
characteristic advective and diffusive particle transport timescales, namely
A 02 RoU

Pe* = 2Pe = 007rel, (2.68)
Dy
where f)p is the constant diffusivity of the particles within the droplet. For simplicity,
in the present work we assume that particles do not pass into the substrate and that
the accumulation of particles on the surface of the substrate does not inhibit the flow

of liquid into the substrate, but both of these assumptions could be revisited in future
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work. Hence (2.67) is subject to the boundary conditions

99

5, = —Pe*ZJ1¢p on z=0 (2.69)
and
1 09  O0hOd\ | B
<8z 00(97“(97“) =Pe'éJp¢p on z=h. (2.70)

(1 + 62 (8h/8r)2>1/2

We consider the regime in which diffusion of particles is faster than axial advection
but slower than radial advection of particles. In other words, we consider the regime in
which the reduced Péclet number satisfies 9}% < Pe* <« 1 (see, for example, Jensen &
Grotberg [236] and D’Ambrosio et al. [82]). (In Chapter 6 we will consider the paths
of the particles within the droplet in the alternative regime Pe* > 1 in which diffusion
of particles is slower than both radial and axial advection of particles, and hence at
leading order diffusion of particles plays no role and the transport of particles is purely
advective.) Hence, we seek an asymptotic solution for the concentration of particles ¢

in the form

¢ = 6O (r, 2,t) + Pe* ¢ (r, 2,t) + O (ég, Pe*2) . (2.71)

At leading order in Pe*, equations (2.67), (2.69), and (2.70) reduce to

9290
i A 2.72
5.2 (2.72)
subject to
990
3 =0 on z=0 and z=h, (2.73)
z

and hence the leading-order concentration ¢(°) is independent of z, i.e., (0 = ¢(O (7, ).
At first order in Pe*, equations (2.67), (2.69), and (2.70) reduce to
926 90 g0

222~ ot “or (274)
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subject to
o)
5 = —¢ZJ; on z=0 (2.75)
and
(1)
% =¢EJg on z=h. (2.76)

Integrating (2.74) with respect to z subject to (2.75) and (2.76), and omitting the
superscript “(0)” for clarity, we arrive at the equation governing the evolution of the

leading-order concentration of particles within the droplet, namely

9 0o  EJp+Th

Equation (2.77) can be written in characteristic form as

d EJe +1J; d
£ = %qﬁ on the characteristics determined by d—:

a, (2.78)

subject to the initial condition r = ro (0 < 79 < 1) and ¢ = ¢(r,0) = ¢o(r) at t = 0,
where o = ro(r,t) denotes the initial radial position of the particle that is at the radial
position r at time ¢ (see, for example, Boulogne et al. [79] and D’Ambrosio et al. [82]).

The mass of particles per unit area within the bulk of the droplet is given by ¢h,
and hence the mass of particles in the bulk of the droplet, denoted by Marop = Marop (%)

and non-dimensionalised by éoR%(Zgref, is given by
R(t)

Maop = 27 / o(r, O)h(r, D) dr, (2.79)

0

which can alternatively be expressed as

ro(R(t)t)
Mayop = 27r/ é(r,0)h(r,0)r dr. (2.80)
0

The initial mass of particles in the bulk of the droplet is denoted by My = Mgrop(0).
For simplicity, in the remainder of the present work we take the initial concentration

of particles in the bulk of the droplet to be spatially uniform, i.e., ¢o(r) = 1, in which
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(a) (b)
(c) (d)
Figure 2.7: Sketches of the final deposit patterns arising from particle-laden droplets
evolving in the CR, CA, SS, and SJ modes, respectively, namely (a) a ring deposit, (b)

a distributed deposit, (c¢) a combined ring and distributed deposit, and (d) multiple
ring deposits.

case My is given by

1 1
My = 271'/0 ¢o(r)h(r,0)r dr = 27r/0 h(r,0)r dr = % (2.81)

The final deposit pattern (i.e., the pattern of particles left behind on the substrate
after the droplet has completely evaporated and/or imbibed) depends on the manner
(i.e., the mode) in which the droplet evolved. The four modes of evolution considered
in the present work give rise to the four qualitatively different final deposit patterns
sketched in Figure 2.7, namely a ring deposit, a distributed deposit, a combined ring
and distributed deposit, and multiple ring deposits. In the next four subsections we
describe how these four final deposit patterns arise from droplets evolving in the CR,

CA, SS, and SJ modes, respectively.
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2.8.1 Particle Deposition in the CR Mode

In the CR mode, the particles are deposited onto the substrate via the pinned contact
line, resulting in the formation of a ring deposit at » = 1 (i.e., the well-known coffee-
ring effect), as sketched in Figure 2.7(a). The mass flux of particles from the bulk of

the droplet into the contact line is given by
lim,_,;- 2wohur (2.82)

(see, for example, Deegan et al. [54] and D’Ambrosio et al. [82]), and so the mass of par-
ticles in the ring deposit at time ¢, denoted by M;ing = Mying(t) and non-dimensionalised

by éoRg’qgref, is given by

t
Mying = 27T/O lim ¢(r, t)h(r,t)u(r,t)r dt, (2.83)

r—1-

which can alternatively be expressed as

1
Miing = 27T/ o(r,0)h(r,0)r dr. (2.84)
To(l,t)

Note that, since all of the particles are initially within the bulk of the droplet, but are
all eventually transferred to the ring deposit, Ming(0) = 0 and Miing(tcr) = Mo.

2.8.2 Particle Deposition in the CA Mode

In the CA mode, the particles are again deposited onto the substrate via the contact
line, but, since the contact line is continuously receding, this results in the formation
of a distributed deposit within the initial footprint of the droplet (i.e., in 0 < r < 1),
as sketched in Figure 2.7(b). The mass flux of particles from the bulk of the droplet

into the contact line is given by

d
hmr—>R(t)* 2w ph <u — d}:> r (285)
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(see D’Ambrosio et al. [84]), and so the mass of particles in the distributed deposit that
occupies the annular region R(t) < r < 1 at time ¢, denoted by Mgy = Maist(t) and

non-dimensionalised by éoRg(Zgref, is given by

t d
Myist = 277/0 T_)l}%rg)_ o(r, t)h(r,t) <u(T, t) — £> r dt, (2.86)
which can alternatively be expressed as
1
Mgist = 27r/ ¢(r,0)h(r,0)r dr. (2.87)
TO(R(t)vt)

Note that, since all of the particles are initially within the bulk of the droplet, but are
all eventually transferred to the distributed deposit, Mgist(0) = 0 and My;st(tca) = M.

Following the approach of Freed-Brown [66] and D’Ambrosio et al. [84], the final
density per unit area of the distributed deposit of particles on the substrate, denoted

by Pdgist = Pdist(r) and non-dimensionalised by o Robret, is given by

¢dist (R) = ¢(T0(Rv t)a O)h(TO(R7 t)v 0)

ro(R,t) O(ro(R, 1)) for 0<R<1, (2.88)
R B 7 ‘

OR

and Myisy can be expressed in terms of ¢gis; as
Mdist =27 qﬁdist(r)r d?‘. (2.89)

2.8.3 Particle Deposition in the SS Mode

In the SS mode, the droplet evolves in a CR phase with R = 1 for 0 < ¢ < t* and
then in a CA phase with 0 < R < 1 for t* < t < tgg, resulting in the formation of
a combined ring and distributed deposit comprising a ring deposit at » = 1 and a
distributed deposit in 0 < r < 1, as sketched in Figure 2.7(c). The mass of particles in
the ring deposit is given by (2.83) and (2.84) for 0 < ¢ < t* and by Mying = Miing(t*) for

t* <t < tgg, and the mass of particles in the distributed deposit is given by Myjs; = 0
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for 0 <t < t* and by

Mg = 27 /t " lm e th(nt) <ﬂ(r, 5 — dR> - dt (2.90)

« T—R(t)~ dt

for t* < t < tgg, the latter of which can alternatively be expressed as either

1
Mg = 27 / S(r t)h(r, t*)r dr (2.91)
ro(R(t),t)

or (2.89), where ¢qist is given by

¢dist(R) = ¢(TO(R7 t)v t*)h(TO(R’ t)v t*)

To(ﬁ» t) 0(ro(R, 1)) for 0<R<1. (292)

OR

2.8.4 Particle Deposition in the SJ Mode

In the SJ mode, the droplet evolves in a (theoretically infinite) sequence of CR phases
with R = R, for t,—1 < t < t, separated by a (theoretically infinite) sequence of
instantaneous jump phases at t = ¢, (n = 1,2,3,...), resulting in the formation of a
(theoretically infinite number of) ring deposits, as sketched in Figure 2.7(d). The mass
of particles in the nth (n = 1,2,3,...) ring deposit, denoted by Myingn = Mringn (%)

and non-dimensionalised by éoRoéref, is given by Ming,n = 0 for 0 <t <t,_1, and by

t
Mg = 27 /t lim (r, OYh(r, )a(r, t)r dt, (2.93)

n—1 T—)R;

which can alternatively be expressed as

Ry,
Myingn = 277/ o(rytp—1)h(r,tp_1)r dr, (2.94)
To’n(Rn,t)

for t,—1 <t < t,, and by Mringn = Mringn(tn) for t,, <t < tgy. The total mass of
particles in the multiple ring deposits, denoted by Myings = Myings(t), is then determined
by summing the masses of the particles in the ring deposits that have either been

previously created or are still being created at time ¢.
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Chapter 3

Evolution and Lifetime of a Thin

Sessile Droplet

3.1 Overview

In this chapter, we determine the evolution, and hence the lifetime, of a thin sessile
droplet on the three different porous substrates discussed in Chapter 2 in the CR, CA,
SS, and SJ modes. In Section 3.2 we determine the evolution, and hence the lifetime,
of a thin sessile droplet on an infinitely thick, isotropic, flooded, porous substrate.
In Section 3.3 we determine the evolution, and hence the lifetime, of a thin sessile
droplet on a finitely thick, anisotropic, initially dry, porous substrate. In Section 3.4
we determine the evolution, and hence the final depth, of the wetting front on a finitely
thick, anisotropic, initially dry, porous substrate. In Section 3.5 we determine the
evolution, and hence the lifetime, of a thin sessile droplet on a finitely thick, anisotropic,

flooded, porous substrate.

3.2 An infinitely thick, isotropic, flooded, porous sub-

strate

In this section, we determine the evolution, and hence the lifetime, of the droplet

on an infinitely thick, isotropic, flooded, porous substrate undergoing simultaneous
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evaporation and imbibition in the CR, CA, SS, and SJ modes.
Substituting the expressions for the local evaporation mass flux Jg given by (2.32)
and the local imbibition mass flux Ji given by (2.44) into the evolution equation (2.23)

and performing the integration, yields

(ER + 270). (3.1)

d(AR?) 16
dt T

In situations in which evaporation dominates, it is most appropriate to choose

~

tret = tAEJef given by (2.26) and Uset = UE’ref and Joof = jE’ref given by equation (2.25)
in the non-dimensionalisation (2.2), and hence

5 == 1 and I e [?I,I‘ef — jI,ref — tAE,I'ef — p/\;?]%éo

Ubret  JBret  tlref  D(Csat — Coo)ftRo

(3.2)

On the other hand, in situations in which imbibition dominates, it is most appropriate
to choose tyer = £I7ref given by (2.36) and Uset = ULref and Jyof = eref given by equation
(2.35) in the non-dimensionalisation (2.2), and hence

£ = UE,ref _ jE,ref . tAI,ref ﬁ(ésat - éoo)/l]%()

- —— = = — and Z = 1. (3.3)
UI,ref JI,ref tE,ref p’)’k@o

For clarity of presentation, we leave tyef, Uref, and jref unspecified and retain both £ and
7 in the general expressions given in the remainder of this thesis. In particular, taking
this approach means that the results in the special case of a droplet undergoing pure
evaporation expressed using the evaporation scaling leading to (3.2) can be obtained
by setting £ = 1 and taking the limit Z — 0, while the results in the special case of
a droplet undergoing pure imbibition expressed using the imbibition scaling leading to

(3.3) can be obtained by setting Z = 1 and taking the limit & — 0.
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R
1.0

0.8F
0.6+
0.4¢

0.2¢

t/tca

Figure 3.1: The evolutions of (a) # for a droplet evolving in the CR mode given by
(34) for € =1 and Z = 2" (n = —15,—14,...,15) plotted as a function of ¢/tcr
and (b) R for a droplet evolving in the CA mode given by (3.9) also for £ = 1 and
Z=2"(n=-—15,—14,...,15) plotted as a function of t/tca. The arrows indicate the
directions of increasing 7.

3.2.1 Evolution and Lifetime in the CR Mode

Setting R =1 in (3.1) and solving for 6 shows that a droplet undergoing simultaneous

evaporation and imbibition in the CR mode evolves according to

B 1 327
and so has lifetime
T E+2T
tcr = 39T log ( z ) . (3.5)

Figure 3.1(a) shows the evolution of # given by (3.4) for a range of values of Z plotted as
a function of t/tcr. In particular, (3.5) shows that, as expected, increasing the strength
of evaporation and/or imbibition (i.e., increasing €& and/or Z) shortens the lifetime of

the droplet. In particular, a droplet undergoing pure evaporation evolves according to

R=1, Gzl—Et, (3.6)
T
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and so has lifetime tcr = tcr,E given by

v
torE = = .
CRE = 1¢ (3.7)

(see, for example, Wilson & Duffy [237]), while a droplet undergoing pure imbibition

evolves according to

2
R=1, 6f=exp (—it) — 07, (3.8)

and so never completely imbibes, i.e., it has an infinitely long lifetime tcr = tcr,1 = oo.
Physically, the qualitative difference in the behaviour of a droplet undergoing pure
evaporation and pure imbibition in the CR mode arises because the global evaporation
mass flux F = 4 given by (2.33) remains constant as the droplet evolves because the
contact line remains pinned. When combined with the droplet geometry, this leads
to the finite lifetime (3.7) in the case of pure evaporation, whereas, since the leading-
order pressure p(®) = 26 given by (2.9) tends to zero as the droplet evolves, the global
imbibition mass flux F1 = 860 given by (2.45) also tends to zero. When combined
with the droplet geometry, this leads to an infinitely long lifetime in the case of pure

imbibition.

3.2.2 Evolution and Lifetime in the CA Mode

Setting # = 1 in (3.1) and solving for R shows that a droplet undergoing simultaneous

evaporation and imbibition in the CA mode evolves according to

3m 2 E+21 _ _
and so has lifetime
3 5 E+271

Figure 3.1(b) shows the evolution of R given by (3.9) for a range of values of Z plotted

as a function of ¢/tca. In particular, (3.10) shows that, as in the CR mode, increasing
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& and/or Z shortens the lifetime of the droplet. In particular, a droplet undergoing

pure evaporation in the CA mode evolves according to

9 \1/2
Rz(l—;t) L 0=1, (3.11)

and so has lifetime tcA = tca g given by

3r 3
tCcAE = = = ZtCRE (3.12)

32 2
(see, for example, Wilson & Duffy [237]). Physically, the quantitative difference in
the lifetime of a droplet undergoing pure evaporation in the CR and CA modes arises
because the global evaporation mass flux, given by (2.33), remains constant in the CR
mode, Fg = 4, and tends to zero in the CA mode, Fr = 4R, as the droplet evaporates.
When combined with the droplet geometry, this reduction in Fx leads to an extended
lifetime in the CA mode. A droplet undergoing pure imbibition in the CA mode evolves

according to
9\ 1/3
R= <1 — 3t> , 0=1, (3.13)
T

and so has lifetime tca = tca 1 given by

T
- . 14
toar = 55 (3.14)

According to (3.11) R? and V?/3 are both linear in t, results that are often referred to
in the literature as the “d? law” and the “2/3 law” of pure evaporation, respectively
(see, for example, Wilson and D’Ambrosio [17]). Similarly, according to (3.11) R? and
V are both linear in ¢, and so by analogy we could term these results the “d® law” and
the “1 law” of pure imbibition, respectively. Physically, the qualitative difference in
the behaviour of a droplet undergoing pure imbibition in the CR and CA modes arises
because the global imbibition mass flux, given by (2.45), tends to zero in the CR mode,
F1 = 86, as the droplet imbibes. When combined with the droplet geometry, this leads
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to an infinitely long lifetime. In the CA mode, by contrast, the leading-order pressure
within the droplet, p(®) = 2/R given by (2.9), tends to infinity as the droplet imbibes
and F1 = 8 remains constant. When combined with the droplet geometry, this leads to

the finite lifetime (3.14).

3.2.3 Evolution and Lifetime in the SS Mode

R 0
1.0 1.0
0.8 0.8
0.6 0.6|
0.4 0.4}
0.2 02!
o0z 01 06 08 1o/t %02 01 o6 os 10/t

(a) (b)

Figure 3.2: The evolutions of (a) R and (b) € for a droplet evolving in the SS mode
given by (3.16) and (3.4) with (3.15) for pure evaporation (dashed line), simultaneous
evaporation and imbibition with £ = Z = 1 (solid line), and pure imbibition (dotted
line) plotted as functions of t/tgs when 6* = 1/2.

tss/tcr

0 0.2 0.4 0.6 0.8 1.0

Figure 3.3: tgs/tcr given by (3.17) for € = 1 and Z = 2" (n = —15,—14,...,15)
plotted as a function of 6*. The dots (e) indicate the values of tca /tcr obtained when
0* =1, and the arrow indicates the directions of increasing Z.

A droplet undergoing simultaneous evaporation and imbibition in the SS mode
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evolves according to (3.4) in the CR phase for 0 < ¢t < t*, where

. T E+21
T (5 + 229*) ’ (3:.15)

and according to

3mo*
3283

&+ 210"
ER+ 216*

{8126*2 log < ) +E1-R{EQ+R) - 419*}] =t—t*, H=06"

(3.16)

in the CA phase for t* < t < tgg, and so has lifetime

 [os £+2I N omoae [+ 20 .
= — 1 -— L L 1 _— — 47 .
tss 9557 [5 og (S—i—QIQ* + 326 < 8Z0*“ log 570" +E(& 6%)

(3.17)

Figure 3.2 shows the evolutions of R and 6 given by (3.16) and (3.4) for pure evaporation
(dashed line), simultaneous evaporation and imbibition (solid line), and pure imbibition
(dotted line) plotted as functions of ¢/tgs when 6* = 1/2. Figure 3.3 shows tgs/tcr
given by (3.17) for a range of values of Z plotted as a function of 8*. In particular,
Figure 3.3 illustrates that tgg is, in general, a non-monotonic function of 6*, and that
tgs does not, as might have naively been expected, always lie between tcr and tca. The
non-monoticity arises from the opposing trends in the pure evaporation and imbibition
problems, respectively. In particular, a droplet undergoing pure evaporation evolves

according to (3.6) in the CR phase for 0 <t < t*, where t* = tj; is given by

m(1l—6%)
= "7 1
and according to
39 1/2
R=|1——(t—1t}) , 0=0" (3.19)
3mo*
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R
10 ..

0.8+ —

0.6 ——

0.4} S
0.2 T 0.2}

0 Iy 0 ‘ ‘ ‘ : 1/t
0 02 04 06 08 1.0 /tss 0 02 04 06 08 1.0 [tsi

(a) (b)

Figure 3.4: The evolutions of (a) R and (b) 6 for a droplet evolving in the SJ mode are
given by (3.24) with (3.26) for pure evaporation (dashed line), simultaneous evaporation
and imbibition with £ = Z = 1 (solid line), and pure imbibition (dotted line) plotted
as functions of ¢/tsy when O, = 1/2.

in the CA phase for t* <t < tgg, and so has lifetime tgs = tgs g given by

(2 +6%)

2 (3.20)

tss,E =

(see, for example, Wilson & Duffy [237]). On the other hand, a droplet undergoing

pure imbibition evolves according to (3.8) in the CR phase for 0 < ¢ < t*, where t* = t]

is given by
= —(—log6") (3.21)
I — 39 og ) .
and according to
9 1/3
R— [1 S t}“)] — (3.22)
i

in the CA phase for t* <t < tgs, and so has lifetime tsg = tsg1 given by

T
tss1 = 5(1 —log 6). (3.23)
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tsy/ter

Figure 3.5: tsj/tcr given by (3.27) for € = 1 and Z = 2" (n = —15,—14,...,15)
plotted as a function of fy,i,. The dots (e) indicate the values of tca /tcr obtained in

the limit Opnin — 0.« = 17, and the arrow indicates the directions of increasing 7.

3.2.4 Evolution and Lifetime in the SJ Mode

A droplet undergoing simultaneous evaporation and imbibition in the SJ mode evolves

according to

05 \ D3 ER, 327 ER,
R= Rn = (Hmax> s 0= <9max + 21_) exXp I:_T('_l%S(t - tn—l):| - 27T

(3.24)

in the nth CR phase for ¢,y <t < t, (n = 1,2,3,...), the duration of the nth CR

phase, denoted by dt,, = t,, — t,,—1, is given by

0. . (n—1)/3
T Omin " € (ﬁ) + 27 0max
= 3271 <9max> log 0. (n—1)/3 ’ (325)
€ (g—) + 2Z0min
the time at which the nth CR phase ends, namely t = t,, is given by
n
th=> ot (3.26)
i=1
and so has lifetime
tsy = ILm tn, (3.27)
n oo
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which must, in general, be evaluated numerically, which was implemented using Mathe-
matica [238]. Figure 3.4 shows the evolutions of R and 6 given by (3.24) with (3.26) for
pure evaporation (dashed line), simultaneous evaporation and imbibition (solid line),
and pure imbibition (dotted line) plotted as functions of ¢/tgy when 6, = 1/2. Figure
3.5 shows tgj/tcr given by (3.27) for a range of values of Z plotted as a function of
Omin- In particular, Figure 3.5 illustrates, similarly to the variation of tgg with 6* in
the SS mode shown in Figure 3.3, that tgj is, in general, a non-monotonic function of
Omin, and that tgy does not, as might have naively been expected, always lie between
tcr and tca. In particular, a droplet undergoing pure evaporation evolves according

to

o\ (n=1)/3 1
R=R, = (9“‘“> ;0= Omax — 77—6 t—tn_1) (3.28)

emax

in the nth CR phase for t,_1 <t <t, (n=1,2,3,...), with

. 0. . 2(n—1)/3

5tn = T amax - emin — 2

B ) (g ) (3.20)

and
2n/3
emin

T (amax - Qmin) 1 - <9maX)

tn,E — 16 o 2/3 ) (330)

and so has lifetime ts; = tgy g given by

U (gmax - emin) 91211/8:.3X
16 02/3 . 92/3

max min

ts3,E = (3.31)
(see, for example, Wilson & Duffy [237]). On the other hand, a droplet undergoing

pure imbibition evolves according to

emin (n=1)/3 32
Rn = < > N 0= Qmax exp <—m(t - tn_]_)> (332)

emax n

R
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in the nth CR phase for ¢, 1 <t <t, (n=1,2,3,...), with

7T Hmin nl emax
= — 1 .
5t?’b,1 32 <0max) o8 ( gmin > (3 33)

and

tnt = — [1 ~ (3;3) } log <9ma"> , (3.34)

and so has lifetime ts; = tgj1 given by

Wemax Hmax
SI1 CTTC—— og <9min> (3.35)

3.3 A finitely thick, anisotropic, initially dry, porous sub-

strate

In this section, we determine the evolution, and hence the lifetime, of the droplet on
a finitely thick, anisotropic, initially dry, porous substrate undergoing simultaneous
evaporation and imbibition in the CR, CA, SS, and SJ modes. In particular, the
evolution, and hence the lifetime, of a droplet undergoing pure evaporation in the CR,
CA, SS, and SJ modes are given in Sections 3.2.1, 3.2.2, 3.2.3, and 3.2.4, respectively.

Substituting the expressions for the local evaporation mass flux Jg given by (2.32)
and the local imbibition mass flux Ji given by (2.57) into the evolution equation (2.23)

and performing the integration, yields

d(OR3) 8E 27\ /2
=—-2R|—+R|— 3.36
dt T * t ( )
In situations in which evaporation dominates, as discussed in Section 3.2,
Ot et i ol
=1 and T = — I,ref _ AI,ref _ E,ref - PPYRIc . (337)

UE,ref JE,ref tI,ref D (ésat — éoo)

On the other hand, in situations in which imbibition dominates, as also discussed in
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t/tcr

0 0.2 0.4 0.6 0.8 1.0

Figure 3.6: The evolutions of (a) # for a droplet evolving in the CR mode given by
(3.39) for € =1and Z =2" (n = —5,—4,...,5) plotted as a function of t/tcg and (b)
R for a droplet evolving in the CA mode given by (3.43) also for £ = 1 and Z = 2"
(n = —=5,—4,...,5) plotted as a function of ¢/tca. The arrows indicate the directions
of increasing Z.

Section 3.2,

~

&= Z?E,ref _ jAE,ref _ ?I,ref _ D(éAsatA_A éoo) and T =1. (338)
ULref JI,ref tE,ref pgokPC

3.3.1 Evolution and Lifetime in the CR Mode

Setting R = 1 in (3.36) and solving for 6 shows that a droplet undergoing simultaneous

evaporation and imbibition in the CR mode evolves according to

1
R=1, Qzl—igt—ZL(QIt)l/z, (3.39)
T

and so has lifetime

T |:7TI<1—{1+% 1/2> —l—g}
16£2 ’

tcr = (3.40)

Figure 3.6(a) shows the evolution of € given by (3.39) for a range of values of Z plotted
as a function of ¢/tcg. In particular, (3.40) shows that, as expected, increasing the
strength of evaporation and/or imbibition (i.e., increasing £ and/or Z) shortens the

lifetime of the droplet. In particular, a droplet undergoing pure imbibition evolves
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RO ) fE f fIﬁ t - m

Symbol 0o () | B Aol CREC L R2 g for.t
(mm) (s) (s) (s) (%)
. 1.64 | 19.70 | 244440 | 7814 | 242 | 0.99 | 0.03 0.90
n 1.86 | 16.36 | 2611.13 | 223.24 | 6.79 | 0.99 | 0.09 2.67
A 2.03 | 15.52 | 2950.55 | 404.66 | 12.12 | 0.91 | 0.14 4.16

Table 3.1: The values of Ro, éo, fEref, fLﬁt, fCRﬁt, R?, &, and 1 — tACRyﬁt/tACR’I used in
our analysis, and based on the experimental results of Li et al. [6].

according to

R

1, 6=1-—4(2t)"2, (3.41)
and so has lifetime tcr = tcr,1 given by

1
t = 42
CRI= 55 (3.42)

(see, for example, Denesuk et al. [118] and Middleman [127]). We note that the dimen-
sional solutions for the evolution, and hence the lifetime, as determined by Denesuk et
al. [118] and Middleman [127] are recovered by substituting k and P, given by (2.46)
into (2.49). From equation (3.40) we infer that the lifetime is only weakly sensitive to
small evaporation in an imbibition-dominated evolution, with tcg ~ 1/32 —&/(327) as
£ — 0 when Z = 1. In contrast, for an evaporation-dominated evolution the lifetime is
strongly affected by even weak imbibition, with tcg ~ 7/16 —73/2 (21)1/2 /16 asZ — 0
when £ = 1. Hence, weak evaporation produces only a small correction to the lifetime,

whereas weak imbibition produces a comparatively large correction to the lifetime.

3.3.2 Experimental Comparisons in the CR Mode: Imbibition Dom-

inates

In contrast to the situation described in Section 3.2, several authors have experimentally
investigated the simultaneous evaporation and imbibition of a droplet on a finitely thick,
anisotropic, initially dry, porous substrate. In order to verify and validate equation

(3.39) when imbibition dominates, we compare the predictions of the present model
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Figure 3.7: Comparison of the evolution of droplets in the CR mode: (a) the contact
radius R and the contact angle  as a function of 7, (c) the contact radius R =1 (solid
line) as a function of t/tcr and (d) € from (3.39) with Z = 1 and £ from Table 3.1 (solid
lines), together with pure evaporation (dashed) and pure imbibition (dotted), plotted
as functions of ¢/tcr. The symbols denote the corresponding experimental results of
Li et al. [6].

with the results of the experimental investigation of Li et al. [6], as discussed in Section
2.5. These authors measured the evolutions of R and 6 of water droplets with increasing
initial volume. The experiments were carried out at a temperature of T = 22°C and the
porosity of the substrate was reported to be ¢ = 0.33. The constant density, viscosity,
diffusion coefficient, saturation concentration, and far-field concentration of a water
droplet as given by Li et al. [6] are p = 1000 kg m™3, i = 1072 Pa s, D = 26.1 x 1076
m? 57!, Gear = 2.23 x 1072 kg m 3, and ¢éoo = 0.78 x 1072 kg m 3, respectively. The
initial values Ro and éo are given in Table 3.1.

The evolution of R and 6, respectively, for the droplets considered by Li et al. [6] are

shown in Figure 3.7. From the reported parameter values, we determine the evaporation

timescale £E7ref, and then obtain a fitted value for Z by applying the FindFit function
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RO N 7gE f £I fit 7§CR fit 2 — lomit
o ,‘re s , tA
Symbol | -y [0 by | a0t | ot | B T %)
. 110 | 5787 | 3305 | 857.10 3.99 | 0.99 | 0.04] 3851
n 103 | 56.72 | 6025 | 1207.09 | 6.81 | 0.8 | 0.05| 4243
A 0.95 | 59.60 | 28477 | 2521.53 | 2464 | 098 | 0.11 | 55.93

Table 3.2: The values of RO, é(], £E7ref, fLﬁt, tACRﬁt, R?, Z,and 1 — tACR,ﬁt/tACR’E used in
our analysis, and based on the experimental results of Willis et al. [10].

in Mathematica [238] to (3.39). From this fitted Z value, we calculate theoretical values
for the imbibition timescale fLﬁt and droplet lifetime fcRﬁt. This yields fE,ref, T, fLﬁt,
and ‘ECRVﬁt, together with the associated coefficient of determination values, denoted by
R?, all of which are given in Table 3.1 for which the R? values are all close to unity.
The predictions for the evolution of the present model (i.e., equation (3.39)) shows
good quantitative agreement with the experimental data, as indicated by the R? values
in Table 3.1. Under the experimental conditions studied by Li et al. [6], which cor-
respond to a relatively small evaporation number &, the predicted droplet lifetime for
simultaneous evaporation and imbibition is approximately 1-4% shorter than that for

pure imbibition.

3.3.3 Experimental Comparisons in the CR Mode: Evaporation Dom-

inates

In order to verify and validate (3.39) when evaporation dominates, we compare the
predictions of the present model with the results of the experimental investigations of
Willis et al. [10] and Richards et al. [11], as discussed in Section 3.3.2. Willis et al. [10]
measured the evolutions of R and 6 of HD droplets at temperatures of T = 20, 40,
and 50 °C. The constant density, diffusion coefficient, saturation concentration, and
far-field concentration of HD droplets as given by Willis et al. [10] are p = 1274, 1253,
and 1242 kg m™3, D = 7.0, 7.8, and 8.2 x107% m? s !, ¢y = 0.0006, 0.0028, and
0.0056 kg m™3, and és = 0 kg m™> at each temperature, respectively. The initial
values ]%0 and éo are given in Table 3.2.

The evolution of # for the droplets investigated by Willis et al. [10] are shown in
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L 10° £ (s)
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Figure 3.8: Comparison of the evolution of droplets in the CR mode: (a) € from the
dimensional form of (3.39) with ¢g yef and #1 g from Table 3.2 (solid lines) as a function
of £, (b) 6 from (3.39) with £ = 1 and Z from Table 3.2 (solid lines), together with pure
evaporation (dashed line) and pure imbibition (dotted line), plotted as functions of
t/tcr, and (c) experimental images of a droplet evaporating on a solid glass substrate
and simultaneously evaporating and imbibing on a porous silicone substrate. Repro-
duced from Figure 2 of Willis et al. [10] with permission, Copyright 2012, from the
American Chemical Society. In (a,b) the symbols denote the corresponding experimen-
tal results of Willis et al. [10].
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Ry | fost | g | fomse | po ~ fena
Symbol 0o (° e e ! R T toR,E
wm) | PO @ | ay | o
° 1.22 40.00 | 458.10 154.02 78.46 0.99 | 0.003 12.77
[ | 1.33 31.00 | 1369.78 | 468.52 234.89 | 0.99 | 0.003 12.67

Table 3.3: The values of RO, éo ,£E7ref, fLﬁt, tACRﬁt, R?, 7, and 1 — tACR,ﬁt/tACR,E used in
our analysis, and based on the experimental results of Richards et al. [11].

Figure 3.8. Figure 3.8(c) shows side-view images which show both a droplet undergoing
pure evaporation on a solid glass substrate and one undergoing simultaneous evapo-
ration and imbibition on a porous silicone substrate. From the reported parameter
values, we determine l‘?E’ref and obtain a fitted value for Z from (3.39), following the
same approach outlined in Section 3.3.2 for the analysis of Li et al. [6]. This approach
yields fE’ref, 7z, ‘EI’ﬁt, and fCR7ﬁt, together with the associated R? values, all of which are
given in Table 3.2.

The predictions for the evolution of the present model show good quantitative agree-
ment with the experimental data, as indicated by the R? values. Under the experimental
conditions of Willis et al. [10], which correspond to a relatively small Z, the predicted
droplet lifetime for simultaneous evaporation and imbibition is 39-56% shorter than
that for pure evaporation.

Richards et al. [11] measured the evolution of the contact angle of trichloroethylene
and tetrachloroethylene droplets. The experiments were carried out at a temperature
of T'= 22 °C. The constant density, diffusion coefficient, saturation concentration, and
far-field concentration of trichloroethylene and tetrachloroethylene droplets as given by
Richards et al. [11] are p = 1460 and 1620 kg m 3, D = 8.3 and 7.7x107% m? s !,
Gsat = 0.399 and 0.147 kg m—3, and é,, = 0 kg m—3, respectively. The initial values Ry
and 6 are given in Table 3.3 for which the R? values are all close to unity.

The evolution of 6 for the droplets investigated by Richards et al. [11] is shown
in Figure 3.9. From the reported parameter values, we determine £E7ref and obtain
a fitted value for Z from (3.39), following the same approach outlined above for the
analysis of Li et al. [6]. This procedure yields fEref, 7T, tAI’ﬁt, and tACPMﬁt, together with

the associated R? values, all of which are given in Table 3.3 for which the R? values are
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all close to unity.

The results show good quantitative agreement between the experimental data and
(3.39), as indicated by the R? values. Under the experimental conditions of Richards
et al. [11], which correspond to a very small Z, the predicted droplet lifetime for simul-
taneous evaporation and imbibition is approximately 13% shorter than that for pure
evaporation.

Assuming that the flow within the porous substrates experimentally investigated by
Li et al. [6], Willis et al. [10], and Richards et al. [11] can be idealised as Hagen—Poiseuille
flow, we substitute the permeability and capillary pressure given by equation (2.46)
into the characteristic imbibition timescale (2.49), giving @ = 403 R2/(¢*t1 a1 cos &).
Assuming that cos @ ~ 1 and applying this procedure to the Li et al. [6] and Willis et
al. [10] data yields pore radii of order 1nm. Li et al. [6] report that their substrate
is nanoporous, and Willis et al. [10] do not provide a characteristic pore size, so the
inferred value cannot be compared directly with their measurements. In contrast,
the Richards et al. [11] data imply a pore radius of order 10~2nm, which is several
orders of magnitude smaller than typical pore sizes reported for nanoporous polymeric
materials. This discrepancy suggests that the simple Hagen—Poiseuille model does
not capture the imbibition behaviour in the Richards et al. [11] experiments, while
remaining appropriate for the other two porous substrates. Nanoporous polymeric
materials commonly exhibit pore sizes well below 200 nm (see, for example, Notario et
al. [citation no)), so the inferred nanometre-scale values for the Li et al. [6] and Willis

et al. [10] data are at least qualitatively plausible.
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0 30.0 60.0 90.0 120.0

Figure 3.9: Comparison of the evolution of droplets in the CR mode: (a) 6 from
the dimensional form of (3.39) with tAE,ref and £Lﬁt from Table 3.3 (solid lines) as a
function of £ (s), and (b) 6 from (3.39) with & = 1 and Z from Table 3.3 (solid lines),
together with pure evaporation (dashed line) and pure imbibition (dotted line), plotted
as functions of t/tcr. In (a,b), model predictions are compared with the experimental
results (markers) of Richards et al. [11].

3.3.4 Evolution and Lifetime in the CA Mode

Setting @ = 1 in (3.36) and solving for R shows that a droplet undergoing simultaneous

evaporation and imbibition in the CA mode evolves according to

3R
2tanh™! [1+2(2Iz>1/2 ]

3226 4 (1-12£)"/7 T
log | 22t 4+ = (27t)2 R+ R?| + + -0, 6=1,
37 3 (1_@)1/2 (@_1)1/2
L L
(3.43)
and so has lifetime
1-—12¢ —1/2
37T 7_‘_1:(1_{1_% 1/2) ( WI)
tca -1 : (3.44)

~ 32¢ 6E

Figure 3.6(b) shows the evolution of R given by (3.43) for a range of values of Z plotted
as a function of ¢/tca. In particular, (3.44) shows that, as in the CR mode, increasing

& and/or Z shortens the lifetime of the droplet. In particular, a droplet undergoing
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pure imbibition in the CA mode evolves according to
4
R= 1—5(2t)1/2, 0=1, (3.45)
and so has lifetime tca = tca 1 given by

9
= —_— -4
toAl 5 9tcr.1 (3.46)

(see, for example, Denesuk et al. [118]). Physically, the quantitative difference in the
lifetime of a droplet undergoing pure imbibition in the CR and CA mode arises because
the global imbibition mass flux, given by (2.58), tends to 4/7 in the CR mode, F1 =
47 /(1 — 6), and tends to zero in the CA mode, F{ = 47 R?/(3(1 — R)), as the droplet
imbibes. When combined with the droplet geometry, this reduction in Fj leads to an

extended lifetime in the CA mode.

3.3.5 Evolution and Lifetime in the SS Mode

A droplet undergoing simultaneous evaporation and imbibition in the SS mode evolves

according to (3.39) in the CR phase for 0 < ¢ < t*, where

. TIp
t= Tz (3.47)
and we have introduced the notation
26(1— 0912  &(1-07)
=1—- |14+ ———= _ 4
B [ +—— ] R (3.48)
and according to
1 3RO* 1 36*
2 |tanh ! * e 2/2 _ tanh™! _ ey Q(QZt*)l/le
* 1 *
{1- 22} {1- 22}
(Tt)'/? | 3Re*
12€0* 1/2 gt-i-ﬂ’R( 7 )
+ (1 - ‘; ) log 1 2 ) g, g=g (3.49)
s

N (It*)l/Q 39 9
&t +7T(4(2)1/2 + 33
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in the CA phase for t* < t < tgg, and so has lifetime

B1/2 (17{1712519* }1/2) (
, _7T2I . é 1/2+9*(1+5) B+ =72
SS — 1682 2 T 51/2(1+{17@}1/2)
+ 23/2‘”

1_ 12e0*

L

)—1/2

(3.50)

Figure 3.10 shows the evolutions of R and 6 given by (3.49) and (3.39) with (3.47)

for pure evaporation (dashed line), simultaneous evaporation and imbibition with £ =

Z = 1 (solid line), and pure imbibition (dotted line) plotted as functions of t/tgg

when 0* = 1/2. Figure 3.11 shows tss/tcr given by (3.50) for a range of values of 7

plotted as a function of 8*. In particular, Figure 3.11 illustrates that, in contrast to the

simultaneous evaporation and imbibition of a droplet on an infinitely thick, isotropic,

flooded, porous substrate, tgg is a monotonic function of 8%, and that tgg does always

lie between tcr and tca. In particular, a droplet undergoing pure imbibition in the SS

mode evolves according to (3.41) in the CR phase for 0 < ¢ < t*, where t* = t{ is given

by

(1—06)

h="5

and according to

R=1- % [21/2 <t1/2 - t’fm)] N

in the CA phase for t* <t < tgs, and so has lifetime tsg = tsg1 given by

(1+26%)2

o —
Ss,I 3
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(a) (b)
Figure 3.10: The evolutions of (a) R and (b) 6 for a droplet evolving in the SS mode
given by (3.49) and (3.39) with (3.47) for pure evaporation (dashed line), simultaneous

evaporation and imbibition with £ = Z = 1 (solid line), and pure imbibition (dotted
line) plotted as functions of ¢/tgg when 6* = 1/2.
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Figure 3.11: tsg/tcr given by (3.50) for pure evaporation (dashed line), simultaneous
evaporation £ = 1 and Z = 2" (n = —5,—4,...,5) (solid lines), and pure imbibition
(dotted line) plotted as functions of #*. The dots (e) indicate the values of tca/tcr
obtained when #* = 1, and the arrow indicates the directions of increasing 7.
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3.3.6 Evolution and Lifetime in the SJ Mode

A droplet undergoing simultaneous evaporation and imbibition in the SJ mode evolves

according to

Opin \ V73 16€ 4(2D)Y? /|
_ in _ /2 1/2
R=R, = <9 ax) ;0= Omax — TR (t—tn_1) — 7 (t - tn_1>

(3.54)

in the nth CR phase for ¢, <t <t, (n=1,2,3,...), and ¢,, and tgy are given (3.26)
and (3.27), respectively. As discussed in Section 3.2.4, t,, and tg; must, in general,
be evaluated numerically, which was implemented using Mathematica [238]. Figure
3.12 shows the evolutions of R and 6 given by (3.54) with (3.27) for pure evaporation
(dashed line), simultaneous evaporation and imbibition (solid line), and pure imbibition
(dotted line) plotted as functions of t/tsy when 6, = 1/2. Figure 3.13 shows tgy/tcr
given by (3.27) for a range of values of Z plotted as a function of fy,iy. In particular,
Figure 3.13 illustrates, similarly to the variation of tgg with 6* in the SS mode, that
tgy is a monotonic function of 6, and that tg; does always lie between tcr and tca.

In particular, a droplet undergoing pure imbibition evolves according to

R

R, — <0min ) (nfl)/3, b_g  _ Ri {21/2 (t1/2 o t711/_21>] (3.55)

emax n

in the nth CR phase for t,-1 < t < t, (n = 1,2,3,...) where t, and tgy must, in

general, be evaluated numerically, which was implemented using Mathematica [238].

3.4 Evolution and Final Depth of the Wetting Front

In this section, we determine the evolution, and hence the final depth, of the wetting
front within a finitely thick, anisotropic, initially dry, porous substrate in the CR, CA,
SS, and SJ modes. Following the approach outlined in Section 2.7.2 the evolution of

the wetting front, H(t), for simultaneous evaporation and imbibition is given by
H(t) = (2It)"/? for 0<r<R. (3.56)
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Figure 3.12: The evolutions of (a) R and (b) 6 for a droplet evolving in the SJ mode
given by (3.54) with (3.26) for pure evaporation (dashed line), simultaneous evaporation
and imbibition (solid line), and pure imbibition (dotted line) plotted as functions of
t/tSJ when 0, = 1/2.
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Figure 3.13: tgy/tcr given by (3.27) for pure evaporation (dashed line), simultaneous
evaporation £ = 1 and Z = 2" (n = —5,—4,...,5) (solid lines), and pure imbibition
(dotted line) plotted as functions of fy,in. The dots (e) indicate the values of tca /tcr

obtained in the limit Onin, — 0, = 17, and the arrow indicates the directions of
increasing Z.
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We determine the evolution, and hence the final depth, of the wetting front, denoted by
Hcr = H(ter), Hea = H(tca), Hss = H(tss), and Hsy = H(tgy) in the CR, CA, SS,
and SJ modes, respectively. For a droplet undergoing pure evaporation, H=0 in the
CR, CA, SS, and SJ modes. In contrast for pure imbibition, the wetting front evolves
according to (2.56) in all four modes. Although H depends only on ¢ (and not on r), in
Figure 3.14 we plot H as a horizontal line across the r axis within the substrate. This
representation emphasises that the wetting front is spatially uniform, while allowing

direct visual comparison with the radial variation of the droplet height.

3.4.1 Evolution and Final Depth in the CR Mode

In the CR mode, the contact line is always pinned and, hence, the wetting front advances
downwards between 0 < r < 1. The evolution of H in terms of # is given by solving

(3.39) for ¢t and substituting this expression into (3.56), which yields

£(1—6) 261 — o3\ V2] "*
L+ = - <1 + = > ] 7 (3.57)

_ A
- 23/2¢

and so has final depth

1/2
L /

Hcr

£ 28\ /2
1+ﬂ_<1+ﬂ)

Inspection of (3.57) and (3.58) reveals that, as one would expect, H and Hcgr decrease
as &£ increases. Physically H, and hence Hcg, decrease when the mass loss into the
substrate is less than the mass loss into the atmosphere. In particular, for a droplet

undergoing pure imbibition H evolves according to

H=— 3.59
4 I ( )
and so has final depth Hcr = Hcr,1 given by
1
Hceryp = 1 (3.60)
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Figure 3.14: The evolutions of the free surface z = h(r,t), as given by (2.8), and the
wetting front z = —H (t) plotted as functions of r for pure imbibition in (a) the CR
mode, as given by (3.59), at t/tcr = 1/10,1/5,...,1, (b) the CA mode, as given by
(3.62), at t/tca = 1/10,1/5,...,1, (c) the SS mode, as given by (3.59) and (3.67) with
(3.66), at t/tsg = 1/10,1/5,...,1 when 6* = 1/2, and (d) the SJ mode, as given by
(3.71) with (3.69), at t/tg; = 1/10,1/5,...,1 when Onin = 1/2. The parabolic dashed
line indicates the initial free-surface profile of the droplet, h(r,0) = (1 — r2)/2, the
dotted lines in (c¢,d) correspond to the instant ¢t = ¢* at which the contact line de-pins
in the SS mode and the instants t = ¢, (n = 1,2,3,...) at which the contact line
de-pins and jumps inwards to a lower value R, 1, respectively. The arrows indicate
the directions of increasing t.

Figure 3.14(a) shows the evolutions of the free surface z = h(r,t), as given by (2.8),
and the wetting front z = —H(t), as given by (3.59), plotted as functions of r for
pure imbibition in the CR mode at ¢/tcg = 1/10,1/5,...,1. We note that the same
qualitative shapes arise in the simultaneous evaporation and imbibition problem; only

the depth of the wetting front differs.
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3.4.2 Evolution and Final Depth in the CA Mode

In the CA mode, the contact line of the droplet and, hence, of the wetting front con-
tinually recedes. Inspection of (3.43) reveals that the evolution of ¢, and hence H, in
the CA mode is implicit. We find that, similarly to the CR mode, H is reduced by
evaporation. The final depth is obtained by substituting ¢t = tca given by (3.44) into
(3.56), to yield

1/2(1-2%) 7"

~1 (3.61)

1 (37T\? 7TI<1_{1_%}1/2)
() -

which occurs at r = 0. Inspection of (3.61) reveals that, similarly to the CR mode,
Hcp is reduced by evaporation. In particular, for a droplet undergoing pure imbibition

H evolves according to

3(1-R
PGt il (3.62)
4
and so has final depth Hca = Hca 1 given by
3
Heag = 7 (3.63)

which occurs at r = 0. Figure 3.14(b) shows the evolutions of the free surface z = h(r, t),
as given by (2.8), and the wetting front z = —H(t), as given by (3.62), plotted as
functions of r for pure imbibition in the CA mode at ¢/tca = 1/10,1/5,...,1.

3.4.3 Evolution and Final Depth in the SS Mode

In the SS mode, H evolves according to (3.57) in the CR phase for 0 < ¢ < t*, where
the critical depth in the CR phase H = H* is given by

71_251/2

H" = 5328 "

(3.64)
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Inspection of (3.49) reveals that the evolution of ¢, and hence of H, in the CA phase
for t* < t < tgg is implicit. The final depth is obtained by substituting ¢t = tgg given
by (3.50) into (3.56), to yield

N\ —1/2
12£60
1/2(1-12527)

1/2

ﬁ1/2 (17{17%}1/2)

7 2 pr(14¢ B+
HSS = L ﬁ + é + ( ) Alk 1/2
23/28 2 7T g1/ (14+{1- 1282} / )
+ 23/2

(3.65)

which occurs at » = 0. In particular, for a droplet undergoing pure imbibition H is

given by (3.59) in the CR phase for 0 <t < t*, where H* = H is given by

1-6*
H{ = .
I 1 (3.66)
and according to
30*(1—R)+1—6*
P kD (3.67)
4
in the CA phase for t* <t < tgs, and so has final depth Hgs = Hgs1 given by
14 26*
Hss 1 VR (3.68)

which occurs at »r = 0. Figure 3.14(c) shows the evolutions of the free surface z =
h(r,t), as given by (2.8), and the wetting front z = —H(¢), as given by (3.59) and
(3.67) with (3.66), plotted as functions of r for pure imbibition in the SS mode at
t/tss =1/10,1/5,...,1 when 6* = 1/2. Figure 3.15 shows the evolution of Hss/Hcr 1
given by (3.65) as a function of * for a range of Z values. In particular, Figure 3.15
illustrates that Hgg is a monotonic function of 6*, and that Hgg always lies between

Hcegr and Hea.
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Figure 3.15: Hgg/Hcr,1 given by (3.65) for pure evaporation (dashed line), simul-
taneous evaporation £ = 1 and Z = 2" (n = —5,—4,...,5) (solid lines), and pure
imbibition (dotted line) plotted as functions of 6*. The squares () indicate the values
of Hcr/Hcr,1 obtained when 6* = 0, the dots (e) indicate the values of Hca/Hcr 1
obtained when #* = 1, and the arrow indicates the directions of increasing Z. The
dotted line indicates Hgs1/Hcr,1 given by (3.68) for pure imbibition and the dashed
line indicates H/Hcg, for pure evaporation.

3.4.4 Evolution and Final Depth in the SJ Mode

In the SJ mode, the radius of the droplet, and hence of the wetting front, discontinuously
recedes. The evolution of H in the nth CR phase is given by (3.56) for t,—1 < t <
tn (n=1,2,3,...), and the depth at the end of the nth CR phase H = H,, is given by

H, = (2Tt,)"? (3.69)
in the nth CR phase for t =t, (n =1,2,3,...), and so has final depth
Hgy = (2Ttgy)'/? (3.70)

which occurs at » = 0, i.e., as n — 00, and must, in general, be evaluated numerically,
which we implemented using Mathematica [238]. In particular, for a droplet undergoing

pure imbibition, H evolves according to
H=-"2 """+t H,, (3.71)

in the nth CR phase for ¢t,_1 <t <t, (n =1,2,3,...) and so has final depth Hgy =

Hgj1 which occurs at » = 0, i.e., as n — oo, and must, in general, be evaluated

96



Chapter 3. Evolution and Lifetime of a Thin Sessile Droplet
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Figure 3.16: Hgy/Hcr,1 given by (3.70) for pure evaporation (dashed line), simultane-
ous evaporation £ = 1 and Z = 2" (n = —5,—4,...,5) (solid lines), and pure imbi-
bition (dotted line) plotted as functions of Op,in. The squares (m) indicate the values
of Hor/Hcr,1 obtained when 6* = 0, the dots (e) indicate the values of Hoa/Hcr 1
obtained when 6* = 1, and the arrow indicates the directions of increasing Z. The
dotted line indicates Hgy1/Hcr,1 given by (3.68) for pure imbibition and the dashed
line indicates H/Hcgr,1 = 0 for pure evaporation.

numerically, which was implemented using Mathematica [238]. Figure 3.14(d) shows
the evolutions of the free surface z = h(r,t), as given by (2.8), and the wetting front
z = —H(t), as given by (3.71) with (3.69), plotted as functions of r for pure imbibition in
the SJ mode at t/tsy = 1/10,1/5,...,1 when 0y, = 1/2. Figure 3.16 shows Hsy/Hcr 1
given by (3.70) for a range of values of Z plotted as a function of ,;, when O = 1.
In particular, Figure 3.16 illustrates that, similar to Hgg, Hsy is a monotonic function

of Omin, and that Hgy always lies between Hcgr and Hoa.

3.5 A finitely thick, anisotropic, flooded, porous substrate

In this section, we determine the evolution, and hence the lifetime, of a droplet on a
finitely thick, anisotropic, flooded, porous substrate undergoing simultaneous evapora-
tion and imbibition in the CR, CA, SS, and SJ modes. In particular, the evolution of
a thin sessile droplet undergoing pure evaporation in the CR, CA, SS, and SJ modes
are given in Sections 3.2.1, 3.2.2, 3.2.3, and 3.2.4, respectively.

Substituting the local evaporation mass flux Jg given by (2.32) and the local imbi-

bition mass flux J; given by (2.65) into the evolution equation (2.23) and performing
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the integration yields

d(ffg) = -8R (2: +19> . (3.72)

In situations in which evaporation dominates, as discussed in Section 3.2,

U J t 500kA
£=1 and T=— AI,ref _ JLref _ UBjref _ § PUORY . (373)

UE,ref JE,ref tI,ref D(ésat — éoo)

On the other hand, in situations in which imbibition dominates, as discussed in Section

3.2,

&= 0E,ref _ jE,ref . iI,ref _ D<ésat - éoo) and 7 =1. (374)

UI,ref JLref tE,ref ﬁ@okﬁ/

3.5.1 Evolution and Lifetime in the CR Mode

Setting R = 1 in (3.72) and solving for 6 shows that a droplet undergoing simultaneous

evaporation and imbibition in the CR mode evolves according to

B 28 28
and so has lifetime
1 Ll

Figure 3.17(a) shows the evolution of # given by (3.75) for a range of values of Z
plotted as a function of ¢/tcr. In particular, (3.76) shows that, as expected, increasing
the strength of evaporation and/or imbibition (i.e., increasing £ and/or Z) shortens
the lifetime of the droplet. In particular, a droplet undergoing pure imbibition evolves

according to

R=1, 0=exp(-8t) =0T, (3.77)
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Figure 3.17: The evolutions of (a) # for a droplet evolving in the CR mode given by
(3.75) for € =1 and Z = 2" (n = —15,—14,...,15) plotted as a function of ¢/tcr
and (b) R for a droplet evolving in the CA mode given by (3.78) also for £ = 1 and
Z=2"(n=-15,—14,...,15) plotted as a function of ¢/tca. The arrows indicate the
directions of increasing Z.

and so never completely imbibes, i.e., it has an infinitely long lifetime tcr = tcr,1 = 0.
Similarly to the physical qualitative difference in the behaviour of a droplet undergoing
pure evaporation and pure imbibition on an infinitely thick, isotropic, flooded, porous
substrate in the CR mode discussed in Section 3.2.1, the physical qualitative difference
in the behaviour of a droplet undergoing pure evaporation and pure imbibition in the
CR mode arises because the global evaporation mass flux Fgp = 4 given by (2.33)
remains constant as the droplet evolves because its contact line remains pinned. When
combined with the droplet geometry, this leads to the finite lifetime (3.7) in the case
of pure evaporation, whereas, since the leading-order pressure p(®) = 26 given by (2.9)
tends to zero as the droplet evolves, the global imbibition mass flux F1 = 270 given by
(2.66) also tends to zero. When combined with the droplet geometry, this leads to an

infinitely long lifetime in the case of pure imbibition.

3.5.2 Evolution and Lifetime in the CA Mode

Setting @ = 1 in (3.72) and solving for R shows that a droplet undergoing simultaneous

evaporation and imbibition in the CA mode evolves according to

1 ) 1/2
R:[1—36<I+5)t] L o=1, (3.78)

s
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and so has lifetime

3
tca = ] (3.79)

6(Z+%)
Figure 3.17(b) shows the evolution of R given by (3.78) for a range of values of 7
plotted as a function of ¢/tca, and illustrates that the droplet evolves according to
R =(1- t/tCA)1/2 regardless of the relative strength of £ and/or Z. In particular,
(3.79) shows that, as in the CR mode, increasing £ and/or Z shortens the lifetime of

the droplet. In particular, a droplet undergoing pure imbibition evolves according to

16 \ /2
R— <1 _ 36t> D=1, (3.80)

and so has lifetime tca = tca 1 given by

3
= . .81
toal 6 (3.81)

According to (3.80) R? and V2/3 are both linear in ¢, and so by analogy we could
term these results as the “d? law” and the “2/3 law” of pure imbibition, respectively.
Physically, the qualitative difference in the behaviour of a droplet undergoing pure
imbibition in the CR and CA modes arises because the global imbibition mass flux,
given by (2.66), tends to zero in the CR mode, F1 = 276, as the droplet imbibes. When
combined with the droplet geometry, this leads to an infinitely long lifetime. In the
CA mode, by contrast, the leading-order pressure within the droplet, p =2 /R given
by (2.9), tends to infinity as the droplet imbibes and F] = 27 R tends to zero. When

combined with the droplet geometry, this leads to the finite lifetime (3.81).
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3.5.3 Evolution and Lifetime in the SS Mode

A droplet undergoing simultaneous evaporation and imbibition in the SS mode evolves

according to (3.75) in the CR phase for 0 < ¢t < t*, where

., 1 1+ %
t* = 8—Ilog (9* T (3.82)
and according to
16 26 1/2
R=|1-—|(T+ {t—t*} , =067 (3.83)
3 To*

in the CA phase for t* < t < tgg, and so has lifetime

30" 1+ 2
S CANS—— P )| 3.84
2 (0" + ) g<9*+2§>] (384

Figure 3.18 shows the evolutions of R and 6 given by (3.83) and (3.75) with (3.82)

oo L
SS—8I

for pure evaporation (dashed line), simultaneous evaporation and imbibition with & =
Z =1 (solid line), and pure imbibition (dotted line) plotted as functions of ¢/tgs when
0* = 1/2. Figure 3.19 shows tgs/tcr given by (3.17) for a range of values of Z plotted
as a function of #*. In particular, Figure 3.19 illustrates that tgg is, in general, a non-
monotonic function of §*, and that tgg does not, as might have naively been expected,
always lie between tcr and tca. In particular, a droplet undergoing pure imbibition

evolves according to (3.77) in the CR phase for 0 <t < t*. where t* = t] is given by

tf = < (—log6"), (3.85)

| =

and according to

1/2
R= [1—16(754{)] o= (3.86)
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Figure 3.18: The evolutions of (a) R and (b) 6 for a droplet evolving in the SS mode
given by (3.83) and (3.75) with (3.82) for pure evaporation (dashed line), simultaneous
evaporation and imbibition with £ = Z = 1 (solid line), and pure imbibition (dotted
line) plotted as functions of t/tgs when 6* = 1/2.

t/tss 0 t/t
[tss 0 02 04 06 08 10 [tss

tss/tcr
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1.2}

Figure 3.19: tgss/tcr given by (3.84) for € = 1 and Z = 2" (n = —15,—14,...,15)
plotted as a function of 6*. The dots (e) indicate the values of tca /tcr obtained when
0* = 1, and the arrow indicates the directions of increasing 7.

in the CA phase for t* <t < tgs, and so has lifetime tgg = tsg 1 given by

1
tss1 = 16 (3 —2logh"). (3.87)

3.5.4 Evolution and Lifetime in the SJ Mode

A droplet undergoing simultaneous evaporation and imbibition in the SJ mode evolves

according to

Ouoin \ /3 28 87 26
R = Rn = (emax> y 0= <9max + 7{'1.> exp |:—R2 (t — tn—l):| — 7_‘_7 (388)

n
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in the nth CR phase for t,_1 <t < t, (n = 1,2,3,...), the duration of the nth CR

phase, denoted by 0t, = t, — t,_1, is given by

N\ 2(n—1)/3
- ("mm> log

_ Omax + %
87 emax

2
Ormin + %

(3.89)

and t, and tgy are given (3.26) and (3.27), respectively. As discussed in Section 3.2.4,
t, and tgy must, in general, be evaluated numerically, which was implemented using
Mathematica [238]. Figure 3.20 shows the evolutions of R and 6 given by (3.88) with
(3.26) for pure evaporation (dashed line), simultaneous evaporation and imbibition with
€ =T =1 (solid line), and pure imbibition (dotted line) plotted as functions of ¢/tg;
when O, = 1/2. Figure 3.21 shows tgj/tcr given by (3.27) for a range of values
of Z plotted as a function of Oni,. In particular, Figure 3.21 illustrates, similarly to
the variation of tgg with 6* in the SS mode, that tgy is, in general, a non-monotonic
function of @i, and that tgy; does not, as might have naively been expected, always
lie between tcr and tca. In particular, a droplet undergoing pure imbibition evolves

according to

Hrnax

‘9min (n=1)/3 8
R=R, = < > . 0 = Onax exp [_R2 (t - tn_l)] (3.90)

in the nth CR phase for ¢, 1 <t <t, (n=1,2,3,...), with

1 emin 2n=1)/3 emax
Stp1 =< ( > log (9 > (3.91)

8 emax min

and
. 1 <@)2n/3 .
emax max
tng = 3 —1 - (M 273 log <0min> ) (3.92)
and so has lifetime tg; = tg;1 given by
6?{1/8:,3)( Hmax
tSJ7I = < (02/3 _ 92/3> log <9min> . (3.93)
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Figure 3.20: The evolutions of (a) R and (b) 6 for a droplet evolving in the SJ mode
given by (3.88) with (3.26) for pure evaporation (dashed line), simultaneous evaporation
and imbibition with £ = Z = 1 (solid line), and pure imbibition (dotted line) plotted
as functions of ¢/tsy when O, = 1/2.

tsy/tcr
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Figure 3.21: tgj/tcr given by (3.27) for € = 1 and Z = 2" (n = —15,—14,...,15)
plotted as a function of f,i,. The dots (e) indicate the values of tca /tcr obtained in

the limit Opin — 0.« = 17, and the arrow indicates the directions of increasing 7.

3.6 Conclusions

In Chapter 3 we have analysed mathematical models for the evolution, and hence the
lifetime, of a thin sessile droplet undergoing simultaneous evaporation and imbibition in
the CR, CA, SS, and SJ modes. In particular, analytical expressions for the evolution of
the droplet are obtained for droplets evolving in four different modes, on three different
porous substrates.

In Section 3.2 we determined the evolution, and hence the lifetime, of a thin sessile
droplet on an infinitely thick, isotropic, flooded, porous substrate in the CR, CA, SS,
and SJ modes. A droplet undergoing pure evaporation in the CR mode has a finite

lifetime, whereas a droplet undergoing pure imbibition in the CR mode never completely
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imbibes, i.e., it has an infinitely long lifetime. In the CA mode, the reduction in the
global evaporation mass flux leads to an extended lifetime (when compared with the
CR mode) in the case of pure evaporation, while a droplet undergoing pure imbibition
in the CA mode has a finite lifetime. In the SS and SJ modes the lifetime is, in general,
a non-monotonic function of 8* and O, respectively, and does not always lie between
tcr and tca.

In Sections 3.3 and 3.4 we determined the evolution, and hence the lifetime, of
a thin sessile droplet on a finitely thick, anisotropic, initially dry, porous substrate,
together with the evolution, and hence the final depth, of the wetting front, in the CR,
CA, SS, and SJ modes. In contrast to Section 3.2, where a droplet undergoing pure
imbibition in the CR mode never completely imbibes and hence has an infinitely long
lifetime, a droplet undergoing pure imbibition in the CR mode has a finite lifetime.
Comparison with the experimental results of the investigations of Li et al. [6], Willis et
al. [10], and Richards et al. [11] in the CR mode showed good quantitative agreement
with the model for the evolution of a droplet in the CR mode. Under the experimental
conditions of Li et al. [6], which correspond to a relatively small £, the predicted droplet
lifetime for simultaneous evaporation and imbibition was approximately 1-4% shorter
than that for pure imbibition. Under the experimental conditions of Willis et al. [10]
and Richards et al. [11], which correspond to a relatively small Z, the predicted droplet
lifetime for simultaneous evaporation and imbibition was 39-56% and approximately
13% shorter than that for pure evaporation, respectively. Furthermore, while in Section
3.2 the SS and SJ mode lifetimes are, in general, non-monotonic functions of #* and
Omin, respectively, in Section 3.3 the SS and SJ mode lifetimes are monotonic functions
of 0* and 6, respectively, and so always lie between tcr and ftca. Analysis of the
evolution of the wetting front showed that the final depth is reduced as the evaporation
number increases (or the imbibition number decreases), and that in the SS and SJ
modes the final depths are monotonic functions of 6* and 6., respectively, and so
always lie between Hcr and Hca. In particular, the shape of the final volume of the
wetting front within the substrate are a cylinder, cone, a combination of both, and a

tiered cylinder in the CR, CA, SS, and SJ modes, respectively.
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In Section 3.5 we determined the evolution, and hence the lifetime, of a thin sessile
droplet on a finitely thick, anisotropic, flooded, porous substrate in the CR, CA, SS,
and SJ modes. Similarly to Section 3.2, a droplet undergoing pure imbibition in the
CR mode never completely imbibes and the SS and SJ mode lifetimes are, in general,
non-monotonic functions of #* and O, respectively. In contrast, the governing laws
for the evolution of R in the CA mode differ between Sections 3.2 and 3.5, in Section
3.2 the evolution of R follows the “d® law”, whereas in Section 3.5, in the same manner
as pure evaporation, it follows the “d? law”. We note that it would be interesting to
experimentally investigate the critical substrate thickness where the transition from
the “d® law” to the “d? law” occurs on a flooded isotropic porous substrate, as the
imbibition problem formulated in Section 2.7.3 also describes a thin, isotropic, flooded,
porous substrate, as discussed in Section 2.7.3.

As shown in Sections 3.3.2 and 3.3.3, the experimental results compared with the
mathematical model for a droplet undergoing simultaneous evaporation and imbibition
on a finitely thick, anisotropic, initially dry, porous substrate in the CR mode, developed
in Section 3.3, show good quantitative agreement. However, the lack of available data
within the literature for the evolution of a droplet undergoing simultaneous evapora-
tion and imbibition prevents further assessment of the mathematical models developed
within Chapter 4. While the evolutionary dynamics of the pure evaporation problem
are firmly established within the current literature, those of imbibition are not, and fur-
ther experimental investigation is required to verify and validate these mathematical
models, which provide a clear and comprehensive starting point for future experimental
investigations. Having determined the evolution, and hence the lifetime, of a thin ses-
sile droplet, in Chapter 4 we consider the implications that the evolutionary dynamics

have on the flow within the droplet and the substrate.
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Chapter 4

Flow Within the Droplet and the
Substrate

4.1 Overview

In this chapter, we determine the flow within the droplet and the substrate in the CR,
CA, SS, and SJ modes. In Section 4.2, we determine the flow within the droplet and the
substrate on an infinitely thick, isotropic, flooded, porous substrate, where the evap-
oration and imbibition problems are described in Sections 2.6 and 2.7.1, respectively.
In Section 4.3, we determine general solutions for the flow within the droplet and the
substrate, where the evaporation problem is described in Section 2.6 and the imbibi-
tion problem is described by a local imbibition mass flux that is spatially uniform. The
general solutions for the flow within the droplet and the substrate encompass (but are
not exclusive to) the imbibition problems described in Sections 2.7.2 and 2.7.3, respec-
tively. Also in Section 4.3, after determining general solutions for the flow within the
droplet and substrate, we then determine the flow within the droplet and the substrate
for a droplet undergoing pure imbibition on a finitely thick, anisotropic, initially dry

or flooded, porous substrate, as described in Sections 2.7.2 and 2.7.3, respectively.
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4.2 An infinitely thick, isotropic, flooded, porous sub-

strate

4.2.1 Flow in the CR Mode

Substituting the expressions for h, Jg, Ji, R, and 0 given by (2.8), (2.32), (2.44), and
(3.4) respectively, into (2.20), and evaluating the integral, the local radial volume flux
Q is given by

2(E +210)

Tr

Q (=)= (=027 (4.1)

and hence from (2.19) the depth-averaged velocity @ is given by

a= HE+2T6) [(1 e r2)} . (4.2)

mor

Evaluating (2.21) using (4.1) the radial and axial components of the velocity within

the droplet v and w are given by

E 0)z
‘T 772;17(" (;—sz))S/z [1 - (1= T2)3/2} [0(1—7%) — 2] (4.3)
and
£ + 2T0)2> 479
w:7;1(9(i3(—1i__27«2>)7/2 [{10—4(1—7“2)3/2}2—99 (1—7"2)] _Wa (4.4)

while evaluating (2.37) using (2.43) the radial and axial components of the velocity

within the substrate U and W are given by

1+r _ 1—r
819([<1+r>2+z52}”2 [(1—r)2+z52}”2)

U =
mpdcr (d2CR - 4)1/2

(4.5)
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and

S 1 _ 1
202 (e ~ i)

Tpdcr (d%R — 4) 1/2

W =

)

where we have introduced the notation

1/2

der = [(1+ 1)+ 22"+ [(1—r)* + 2%

1/2

(4.6)

(4.7)

For a droplet undergoing pure evaporation, equations (4.1), (4.2), (4.3), and (4.4) reduce

to the corresponding expressions as given by several previous authors (see, for example,

Boulogne et al. [79], Gelderblom et al. [16], and Wilson & D’Ambrosio [17]). Note that

Gelderblom et al. [16] define @@ = hur, and so their expression for @ is equivalent to

Q@r in the present work. For a droplet undergoing pure evaporation @ is given by

Q== [a-)" - -7,

r

and hence from (2.19) u is given by

i= o[- - (1= 2)]
Evaluating (2.21) using (4.8) u and w are given by
= i [ 0 )
and
we s [{10-a(-)" 200 (1-17)]
763 (1 — 72)

while U = W = 0. For a droplet undergoing pure imbibition @ is given by

_ 4
o

Q=—[(1-m)" = (-7,
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and hence from (2.19) u is given by
7= 8 [(1 _ ?"2)_1/2 (- 7“2)} . (4.13)

Evaluating (2.21) using (4.13) u and w are given by

R (f8_z7~2)5/2 1= (=) =) 2] (4.14)
and
822 10
w = m [{10 —4 (1 — 7“2)3/2} z— 90 (1 — ﬂ)} - m, (4.15)

while U and W are given by (4.5) and (4.6), respectively, with Z = 1.

We note that @, u, u and w+Z.J; depend on £ and Z in the combination of £ + 270,
while U and W depend linearly on Z6 but are independent of £. Inspection of (4.1),
(4.2), (4.3), and (4.4) reveals that Q@ > 0, u > 0, w > 0, and w < 0, i.e., the flow is
always outwards and downwards in both the droplet and the substrate. In particular,
Q=0()—0"and @ = O(r) = 0T as r — 07 and Q = O((1 — r)"/?) — 0% and
i@ =0((1-7r)""?) = 0o as r — 1~. We note that due to the functional similarities
of Ji and Ji (i.e., both being o (1 — 72)~1/2) the behaviour of Q and % at the centre
and contact line of the droplet for the pure evaporation and imbibition problems are
consistent with the simultaneous evaporation and imbibition problem.

Figure 4.1 shows instantaneous streamlines of the flow within a droplet evolving
in the CR mode calculated from equations (4.3), (4.4), (4.5), and (4.6) for (a) pure
evaporation and (b) simultaneous evaporation and imbibition (solid lines) and pure
imbibition (dotted lines), all for the same value of . Note that, because they are for the
same value of #, the flow within the substrate is identical for the two situations shown
in Figure 4.1(b). Figure 4.2 shows the evolutions of @) as functions of r for a range of
values of @ for (a) pure evaporation, (b) simultaneous evaporation and imbibition, and
(¢) pure imbibition. In particular, Figure 4.2(a) illustrates that @@ does not change (i.e.,

is independent of ¢) as the droplet evolves for a droplet undergoing pure evaporation
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Figure 4.1: Instantaneous streamlines of the flow within the droplet and the substrate
for a droplet evolving in the CR mode calculated from (4.3), (4.4), (4.5), and (4.6) for
(a) pure evaporation and (b) simultaneous evaporation and imbibition with € =7 =1
(solid lines) and pure imbibition (dotted lines), when § = 1/2.
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Figure 4.2: @ given by (4.1) in the CR mode plotted as functions of r for § =
1/10,2/5,...,9/10 for a droplet undergoing (a) pure evaporation, (b) simultaneous
evaporation and imbibition (£ = Z = 1), and (c) pure imbibition. The dashed lines

indicate the initial profile of @ at § = 1 (i.e., at t = 0) and the arrows indicate the
directions of increasing 6.
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Figure 4.3: @ given by (4.2) in the CR mode plotted as functions of r for § =
1/10,2/5,...,9/10 for a droplet undergoing (a) pure evaporation, (b) simultaneous
evaporation and imbibition (£ = Z = 1), and (c) pure imbibition. The dashed lines
indicate the initial profile of w at § = 1 (i.e., at ¢t = 0) and the arrows indicate the

directions of increasing 6.
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and takes its maximum value of @ ~ 0.4177 at r/R ~ 0.6470. In contrast, Figures
4.2(b,c) illustrate that @ decreases as the droplet evolves for a droplet undergoing
simultaneous evaporation and imbibition and pure imbibition, respectively. Figure 4.3
shows the evolutions of @ as functions of r for a range of values of 6 for (a) pure
evaporation, (b) simultaneous evaporation and imbibition, and (c¢) pure imbibition.
In particular, Figures 4.3(a,b) illustrate that @ increases as the droplet evolves for a
droplet undergoing pure evaporation and simultaneous evaporation and imbibition. In
contrast, Figure 4.3(c) illustrates that u does not change (i.e., is independent of t) as
the droplet evolves for a droplet undergoing pure imbibition. Furthermore, Figures
4.2(b) and 4.3(b) illustrate that towards the end of the lifetime of the droplet (i.e., as

t — tog) the evaporation contribution dominates the mean flow within the droplet.

4.2.2 Flow in the CA Mode

Substituting the expressions for h, Jg, Ji, R, and 0 given by (2.8), (2.32), (2.44), and

(3.9) respectively, into (2.20), and evaluating the integral, ) is given by

2(ER+27) 2\ /2 r2 2
=2 (1) ~(vam) ()| e
and hence from (2.19) @ is given by
~ 4(ER+2T) r2\ 2 r2
= R) (e (.17

Evaluating (2.21) using (4.16) v and w are given by

24(ER+27)= 72 r2\ 2 72
T T — "
and
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8(ER + 2T)2> 2 r2\ /2 r2
o (1= 7)

2\ (9 r2\ 2 4T
(2 (2 ()]
while evaluating (2.37) using (2.43) U and W are given by
8 ( R+r 5 — R—r 1/2)
r 2 ZS2 —r 2 ZsQ
U— [(R+7)?+2%] . (R 2)172 ] (4.20)
mpdoa (dCA —4R )
and
8Izs< ! s211/2 ! S 1/2)
W= [(R+7)2+4252] [(R—rl)j;-z 2] 7 (4.21)
modoa (dé, — 4R?)
where we have introduced the notation
dea = [(R+7)2+ 22" 4+ [(R—r)2 + 222 (4.22)
For a droplet undergoing pure evaporation @) is given by
2R P2\ 12 r? r?
=2 (1-=) (1= (1-= 4.23
o=2M(%) () (R)) 0w
and hence from (2.19) u is given by
4 r2\ 2 r?
U= — 1—— — 14+ — 4.24
i [( R2> ( +3R2> (424)

Evaluating (2.21) using (4.23) v and w are given by

24~ r2 r2 1/2
() (- 7)
mR2r (1 — ﬁ) 8K B

R2

w(i-2) ] s
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and

8Rz?2 2( 7“2)1/2( r2>
w= e = T+ —= ]2
R (1- ﬁ)m H AN s

R2
r2 9 r? 1/2
+R<1—R2> {—2—1—4(1—]%2)

while U = W = 0 (see Gelderblom et al. [16] and D’Ambrosio et al. [84]). For a droplet

: (4.26)

undergoing pure imbibition @ is given by

4 r2 1/2 r? r2
and hence from (2.19) u is given by
8 2\ 2 2
U = 11— — — |14+ — 4.2
T TR < R2> ( + 3R2> (4.28)

Evaluating (2.21) using (4.27) u and w are given by

48~ r2 r2 1/2
e A
T R37r <1 — %) 3R B

and

[R <1 - ;;) - z} (4.29)

1627 2( r2>1/2< r2)
w = 5-2(1-— T+t
R (1~ ﬁ)m H AN i
R2
72 9 r2\ /2
+R<1—R2><—2+4<1—R2)

while U and W are given by (4.20) and (4.21), respectively, with Z = 1.

- 4 (4.30)

7rR2( St )1/2’

RQ?

We note that @, u, © and w + ZJ; depend on £ and Z in the combination ER + 27,
while U and W depend linearly on Z but are independent of £. Inspection of (4.16),
(4.17), (4.18), and (4.19) reveals that @ >0, w > 0, uw > 0, and w < 0, i.e., the flow is

always outwards and downwards in both the droplet and the substrate. In particular,
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Figure 4.4: Instantaneous streamlines of the flow within the droplet and the substrate
for a droplet evolving in the CA mode calculated from (4.18), (4.19), (4.20), and (4.21)
for (a) pure evaporation and (b) simultaneous evaporation and imbibition with & =
Z =1 (solid lines) and pure imbibition (dotted lines), when R = 1/2.

Q=0(r) = 0" and @ = O(r) = 0t as r — 0" and Q = O((R — r)"/?) = 0% and
i=O((R—r)"Y2) - 0o as 7 — R~. We note that due to the functional similarities
of Jg and Ji (i.e. both being oc (R? — r2)~1/2) the behaviour of @ and @ at the centre
and contact line of the droplet for the pure evaporation and imbibition problems are
consistent with the simultaneous evaporation and imbibition problem.

Figure 4.4 shows instantaneous streamlines of the flow for a droplet evolving in
the CA mode calculated from equations (4.18), (4.19), (4.20), and (4.21) for (a) pure
evaporation and (b) simultaneous evaporation and imbibition (solid lines) and pure
imbibition (dotted lines), all for the same value of R. Note that, because they are for
the same value of R, the flow within the substrate is identical for the two situations
shown in Figure 4.4(b). Figure 4.5 shows the evolutions of ) as functions of r for a range
of values of R for (a) pure evaporation, (b) simultaneous evaporation and imbibition,
and (c) pure imbibition. In particular, Figure 4.5(a) illustrates that @ is self-similar
and also that the behaviour is identical as the droplet evolves when scaled with /R,
and takes its maximum value of @ ~ 0.1383 at r/R ~ 0.8824. In contrast, Figures
4.5(b,c) illustrate that @ increases as the droplet evolves for a droplet undergoing
pure imbibition or simultaneous evaporation and imbibition. Figure 4.6 shows the
evolutions of @ as functions of r for a range of values of R for (a) pure evaporation, (b)

simultaneous evaporation and imbibition, and (c) pure imbibition. In particular, Figure
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Figure 4.5: @ given by (4.16) in the CA mode plotted as functions of r for R =
1/10,2/5,...,9/10 for a droplet undergoing (a) pure evaporation, (b) simultaneous
evaporation and imbibition (£ = Z = 1), and (c) pure imbibition. The dashed lines
indicate the initial profile of @ at R = 1 (i.e., at t = 0) and the arrows indicate the
directions of increasing R.
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Figure 4.6: @ given by (4.17) in the CA mode plotted as functions of r for R =
1/10,2/5,...,9/10 for a droplet undergoing (a) pure evaporation, (b) simultaneous
evaporation and imbibition (£ = Z = 1), and (c) pure imbibition. The dashed lines
indicate the initial profile of @ at R = 1 (i.e., at ¢ = 0) and the arrows indicate the
directions of increasing R.

4.6 illustrates that u increases as the droplet evolves. In summary, although the CR
and CA modes differ in whether the contact line moves,the flow in both cases remains
directed outwards towards the contact line, so the two flow profiles are qualitatively

similar apart from the distinct contact-line motion.

4.2.3 Flow in the SS Mode

Substituting the expressions for h, Jg, Ji, R, and 6 given by (2.8), (2.32), (2.44), (3.4),

and (3.16) respectively, into (2.20), and evaluating the integral, ) is given by (4.1) in

2\ 1/2 2 2
-2} (1) (-4
R? 3R? R?

the CR phase for 0 < ¢ < ¢* and

 2(ER+2I0%)

wr

Q
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in the CA phase for t* < ¢t < tgg, and hence from (2.19) u is given by (4.2) in the CR

2 -1/2 2
(%) ()

in the CA phase for t* < ¢t < tgs. Evaluating (2.21) using (4.1) and (4.31), v and w are

given by (4.3) and (4.4) in the CR phase for 0 <t < ¢* and
rr(-52) -]

L 2MER T 210z [1 <1+ r2 ) (1 7’2)1/2
- 5/2 |7 2 Y
nrf*3 R3 (1 — %) 3R i

phase for 0 <t < t* and

4(ER + 276%)
TRO*r

u =

(4.32)

(4.33)
and
*\ 2 2\ 1/2 2
w— 8(ER + 216%)z 5_2 L SR O
2\ 7/2 3 R2 R2
77-9*3R5 ( _ %)

. r2 9 r2 1/2 470*

+6R<1_Rz) (—2+4<1—R2> — 1 (4.34)
(1= &)

in the CA phase for t* < t < tgg, while evaluating (2.37) using (2.43) U and W are
given by (4.5) and (4.6) in the CR phase for 0 <t < ¢* and

. Rir — Rr
U= i ([(R+r)2+252]1/2 [(R—r>2+252}”2) (4.35)
rodon (d2CA B 4R2)1/2
and
8T6* 25 o peee
W = ([(R+r)2+z 2] [(R—r)2+2°?] ) (4.36)

medon (d2,, — AR?)M?

in the CA phase for t* < t < tgg. For a droplet undergoing pure evaporation @ is given
by (4.8) in the CR phase for 0 <t < ¢* and (4.23) in the CA phase for t* < t < tgg,
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and hence from (2.19) @ is given by (4.9) in the CR phase for 0 < ¢ < ¢* and

4 r2\ Y2 r?
0= 1- = 1+
T o ( R?) < * 3R2>

in the CA phase for t* < t < tgg. Evaluating (2.21) using (4.8) and (4.23), u and w are

given by (4.10) and (4.11) in the CR phase for 0 < ¢ < ¢* and
(k)]

24~ r2 r2 1/2
()
mr0*3 R2 (1 — %) SE B

(4.37)

(4.38)
and
822 2 r? 1/2 r2
w = 72[{5-(1—2) <7+2> z
TO*3 R4 (1 — %) / 3 R R
2 9 2\ 1/2
+O'R <1 - ;2> (—2 +4 (1 - ;2> (4.39)

in the CA phase for t* < t < tgg, while U = W = 0 in the CR phase and CA phase,
respectively (see D’Ambrosio et al. [84]). For a droplet undergoing pure imbibition Q
is given by (4.12) in the CR phase for 0 < ¢ < ¢* and

2 1/2 2 r2
(%) () (&)

in the CA phase for t* < t < tgg, and hence from (2.19) @ is given by (4.13) in the CR

46

wr

Q (4.40)

phase for 0 <t < t* and

(4.41)
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in the CA phase for t* < ¢t < tgg. Evaluating (2.21) using (4.12) and (4.40), v and w
are given by (4.14) and (4.15) in the CR phase for 0 < ¢ < ¢* and

(i) () Jlrn(-7e)-
u= - (145 ) (1-— OR(1—— ) —=2
2R3 (1 - %)5/2 [ Sh i i

(4.42)
and
1622 2 r? 1/2 r2
sy )

T0*2 RS ( — 2—22) 3 R R

N r2 9 r2 1/2 470*
+9R(1—R2> (—2—#4(1—}%2) — i (4.43)

o (1= 52)

in the CA phase for t* < t < tgg, while U and W are given by (4.5) and (4.6) in the
CR phase for 0 < ¢ < t*, and by (4.20) and (4.21) in the CA phase for t* < ¢t < tgg,
with Z = 1.

We note that the flow within the droplet and the substrate in the CR and CA
phases of the SS mode are qualitatively similar to those in the CR and CA modes,
as discussed in Sections 4.2.2 and 4.2.3, respectively. Figures 4.7 and 4.8 shows the
evolutions of @ and u as functions of r for several R and # values, when 0* = 1/2,
for (a) pure evaporation, (b) simultaneous evaporation and imbibition, and (c) pure
imbibition. In particular, Figures 4.7 and 4.8 illustrate that the mean flow within the
droplet resembles that in the CR mode in the CR phase and that in the CA mode in
the CA phase, respectively. The flow transition between the CR and the CA phase
originates from the de-pinning of the contact line in the CA phase, as discussed in

Section 2.5.

4.2.4 Flow in the SJ Mode

Substitution of the expressions for h, Jg, Ji, R, and 6 given by (2.8), (2.32), (2.44),
and (3.24) respectively, into (2.20), and evaluating the integral, @ in the nth CR phase
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Figure 4.7: @ given by (4.1) and (4.31) in the SS mode plotted as functions of r
for # = 3/5,7/10,...,9/10 in the CR phase and R = 1/10,2/5,...,9/10 in the CA
phase when 6* = 1/2 for a droplet undergoing (a) pure evaporation, (b) simultaneous
evaporation and imbibition (£ = Z = 1), and (c) pure imbibition. The dashed lines
indicate the initial profile of @ at # = 1 (i.e., at ¢ = 0), the dotted lines indicate the
profile of @ at § = 6* = 1/2 (i.e., at t = t*), and the arrows indicate the directions of
increasing R and 6.
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Figure 4.8: @ given by (4.2) and (4.32) in the SS mode plotted as functions of r
for § = 3/5,7/10,...,9/10 in the CR phase and R = 1/10,2/5,...,9/10 in the CA
phase when 6* = 1/2 for a droplet undergoing (a) pure evaporation, (b) simultaneous
evaporation and imbibition (£ = Z = 1), and (c) pure imbibition. The dashed lines
indicate the initial profile of u at § = 1 (i.e., at ¢ = 0), the dotted lines indicate the
profile of w at § = 0* = 1/2 (i.e., at t = t*), and the arrows indicate the directions of
increasing R and 6.
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is given by

(ER,, + 270)

Q=2 (4.44)

r2 1/2 2 2
(1—3,%) ‘(“3%)

for t,1 <t <t, (n=123,...), and hence from (2.19) @ in the nth CR phase is

2 -1/2 2
1—R—121 — 1—R—%

for t,_1 <t <t, (n=1,2,3,...). Evaluating (2.21) using (4.44) v and w in the nth

r

given by

4(ER,, + 210)
m0rR,

u =

(4.45)

CR phase are given by

24(ER, + 210)2 [1__<1_>r2>3ﬂ

7,.2
T3 R3r ( - 1%%) n

n

and

4(ER, + 210)22 2 \ %2 72
w = ) 772 [{10—4<1—R2 2—9(9Rn 1_ﬁ
0 (1- 47 ) n n

4T
_ 0 (4.47)

mR2 (1 - %)1/2

for t,—1 <t <t, (n=1,2,3,...), while evaluating (2.37) using (2.43) U and W in the

nth CR phase are given by

Rn+r _ R,—r
(f—-8IG<KRn+ﬂ2+fﬂ”2 KRn—ﬂ2+»ﬂV2> 4.48
B 2 1/2 (4.48)
Tdsy (d3; — AR2)
and
810" T e
W = (KRn+ﬂ2+z2} (R —r)2+2°2] ) (4.49)

medsy (d2, — 4R2)"?
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for t,—1 <t<t, (n=1,2,3,...), where we have introduced the notation

1/2

dsy = [(Bn+1)%+ 22" 4 [(Ry — )2 + 222 (4.50)
For a droplet undergoing pure evaporation () in the nth CR phase is given by
2R 2\ r2\?
= 1|({1-— —(1-— 4.51
=22 (-m) (&) sy

for t,—1 <t <t, (n=1,2,3,...), and hence from (2.19) u in the nth CR phase is

AN
- R2 RZ

for t,_1 <t <t, (n=1,2,3,...). Evaluating (2.21) using (4.51) v and w in the nth

given by

(4.52)

CR phase are given by

or, (1- RZ) | s

24z 1 1 2\ %2
= 52 |0 \C T R
0 R2r (1- 47 ) B

and

42? < 7‘2>3/2 < 7"2>
w = 10-4(1- — z—90R, |1 — —
05 R (1 B r2>7/2 H R2 R2

Ry

(4.54)

for t,-1 <t < t, (n = 1,2,3,...), while U = W = 0 in the nth CR phase for
th—1 <t <ty (n=1,23,...) (see D’Ambrosio et al. [84]). For a droplet undergoing

pure imbibition @ in the nth CR phase is given by

2 1/2 2 2
(“ma) —(1—331)

49
_’/TT

Q (4.55)
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for t,1 <t <t, (n=123,...), and hence from (2.19) @ in the nth CR phase is

2 —-1/2 2
1—R—?L — 1—R—%

for t,_1 <t <t, (n=1,2,3,...). Evaluating (2.21) using (4.55) v and w in the nth

given by

8

mrR,

u =

(4.56)

CR phase are given by

o (1-2) -] s

and

- - (4.58)

fort,—1 <t<t, (n=1,2.3,...), while U and W in the nth CR phase are given by
(4.48) and (4.49) with T =1, for t,_y <t <t, (n=1,2,3,...).

We note that the flow within the droplet and the substrate in the nth CR phase of
the SJ mode is qualitatively similar to that in the CR mode, as discussed in Section
4.2.1. Figures 4.9 and 4.10 show the evolutions of () and @ as functions of r in several
CR phases for (a) pure evaporation, (b) simultaneous evaporation and imbibition, and
(c) pure imbibition, when 6pnin, = 1/2. In particular, Figures 4.9 and 4.10 illustrate that
the behaviour of the mean flow within the droplet resembles that of the CR mode in
the nth CR phase, as discussed in Section 4.2.1.
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Figure 4.9: @ given by (4.44) in the SJ mode plotted as functions of r at § =
3/5,7/10,4/5,9/10 in each CR phase when 6, = 1/2 for a droplet undergoing (a)
pure evaporation, (b) simultaneous evaporation and imbibition (£ = Z = 1), and (c)
pure imbibition. The dashed and the dotted lines indicate the values at ¢t =,_; and
t=t,(n=1,2,3,...) (i.e., at the start and the end of each CR phase) corresponding to
0 = Omax = 1 and 0 = 6,5, = 1/2, respectively, and the arrows indicate the directions
of increasing n.
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Figure 4.10: @ given by (4.45) in the SJ mode plotted as functions of r at 6 =
3/5,7/10,4/5,9/10 in each CR phase when 6, = 1/2 for a droplet undergoing (a)
pure evaporation, (b) simultaneous evaporation and imbibition (£ = Z = 1), and (c)
pure imbibition. The dashed and the dotted lines indicate the values at ¢, 1 and t = t,,
(n =1,2,3,...) (i.e., at the start and the end of each CR phase) corresponding to
0 = Omax = 1 and 0 = 6, = 1/2, respectively, and the arrows indicate the directions
of increasing n.
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4.3 Spatially Uniform Local Imbibition Mass Flux

4.3.1 Flow in the CR Mode

Substituting the expressions for h, Jg, Ji, R, and 6 given by (2.8), (2.32), (2.57) or
(2.65), and (3.39) or (3.75) respectively, into (2.20), and evaluating the integral, @ is

given by
_ 2 2\1/2 ov2] | LI (1 - 7”2)
Q== |a—rm)"2— -]+ =, (4.59)
and hence from (4.59) u is given by
_ 4& _ Lr
i= 0= - =)+ 2 (4.60)

Evaluating (2.21) using (4.59) v and w are given by

B 24E 2 9\3/2 9 6ZJirz {9 (1 - 7“2) + z}
v 703r(1 — r2)5/2 [1 —(=r) } B(1=r") — 2]+ 63 (1 — r2)?
(4.61)
and
4€2? 2\3/2 2
2 4(1 2 3
+IJI —1 - 6Z 2 ( + T )Zg 9 (462)
62 (1 —r?) 63 (1 —1r?)
while W is given by
7T
gy (4.63)
®

In contrast to Section 4.2, @, u, u, and w + ZJ; do not depend on £ and Z in the
combination of £ + 270. However, W depends linearly on ZJ; but only depends on £
through 6 or ¢ dependence. Inspection of (4.59), (4.60), (4.61), and (4.62) reveals that

Q>0,u>0,u>0,and w <0 (i.e., the flow is always outwards and downwards in both
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Figure 4.11: Instantaneous streamlines of the flow within the droplet and the substrate
for a droplet evolving in the CR mode calculated from (4.61), (4.62), and (4.63) with
Ji given by (2.57) for simultaneous evaporation and imbibition with & =Z =1 (solid
lines) and pure imbibition (dotted lines), when 6 = 1/2.

the droplet and the substrate). We also find that, in the same manner as that discussed
in Section 4.2, the flow within the droplet is the sum of the evaporation and imbibition
contributions. In particular, we find that @ = O(r) — 0" and @ = O(r) — 0" as r —
0F and Q = O((1 = r)%/?) = 0" and @ = O((1 — r)~%/?) — oo as r — 1~. Hence, the
evaporation contribution to @ dominates at the contact line. In particular, for a droplet
undergoing pure imbibition with a spatially uniform imbibition flux @ = O(r) — 0T
and ©w = O(r) - 0T asr - 0" and Q@ = O(1 —r) = 0" and w = O(1) = ZJ;/0 as
r — 17. Figure 4.11 shows instantaneous streamlines of the flow for a droplet evolving
in the CR mode calculated from equations (4.61), (4.62), and (4.63) when Jj is given
by (2.57) for simultaneous evaporation and imbibition (solid lines) and pure imbibition
(dotted lines), all for the same value of 6. Note that, because they are for the same
value 6, the flow within the substrate is identical for the two situations shown in Figure
4.11. We note that the plots of @ and % in the CR mode are similar to those given in
Section 4.2.1 and so are not included. For a droplet undergoing pure imbibition on a

finitely thick, anisotropic, initially dry, porous substrate @) is given by

2
o= (4.64)
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and hence from (2.19) u is given by

_ 4r
u= =0 (4.65)

Evaluating (2.21) using (4.64) u and w are given by

24rz {0 (1 —r?

_ | M0t + 2} (4.66)
03(1—0)(1—1r2)
and
4 622 4 (1 + 7’2) 23

w=—|-1- n , 4.67
1-9[ 02 (1—r2)  03(1—1r2)° (4.67)

while evaluating (4.63) using (2.57) W is given by

4

W=—-————. 4.68
P10 o

Inspection of (4.65) reveals that u = O(1) = 4/(6(1 —6)) as r — 1~ and, hence, is
unimodal in terms of #. Figure 4.12 shows (1, ¢) given by (4.65) as a function of 6. In
particular, Figure 4.12 illustrates that @ — oo as # — 0™ and § — 17, respectively. For
a droplet undergoing pure imbibition on a finitely thick, anisotropic, flooded, porous

substrate @) is given by
Q=0r(1-1r7), (4.69)
and hence from (2.19) u is given by
= 2r. (4.70)

Evaluating (2.21) using (4.69) v and w are given by

C12rz2[0 (1 —1?) + 2]
2 (1—r2)?

u

(4.71)
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Figure 4.12: u(1,t) given by (4.65) in the CR mode as a function of . The dashed
lines indicate the minimum value of @(1,¢) = 16 that occurs at § = 1/2.

and
2 4(1 2\ .3
w=20|-1- 9% ( +T)Z3 , (4.72)
62 (1 —1r?) 63 (1 —1r2)
while evaluating (4.63) using (2.65) W is given by
2
W = ——0. (4.73)
14

Inspection of (4.70) reveals that « = O(1) =2~ as r — 1~ and hence, in contrast to a
finitely thick, anisotropic, initially dry, porous substrate, @ given by (4.65), is constant
(in time) as the droplet evolves. The physical reason for this is that @, given by (4.69),
decreases with 6 in the same manner as h and, hence, the mean flow within the droplet

remains constant as the droplet evolves.

4.3.2 Flow in the CA Mode

Substituting the expressions for h, Jg, Ji, R, and 6 given by (2.8), (2.32), (2.57), (3.43)

respectively, into (2.20), and evaluating the integral, @ is given by

2\ 1/2 2 2
-2} {1+ ) (-5
R? 3R2 R?

) <16_ R%) , o (4T4)

2R
N wr

Q
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and hence from (2.19) u is given by

_ 4€ r2\ Y2 r2 ZJrr
Evaluating (2.21) using (4.74) v and w are given by
24E z 2 r2 1/2 72
()" [1‘ (+5m) (7)) |[*(-F) ]
T R?
2
2L Jirz {R (1 — %) — z}
- R (4.76)
w1~ 5)
and
2 2\ 1/2 2
= 8¢z 7 5_2<1_r2) <7+7’2) z
7rR4( B L22> / 3 R R
R
r? 9 r? 1/2
+R(1—R2>{—2+4<1—R2>
3 r2
2 2 4z 1 + vl
YTH | -1+ : (1) (4.77)

R (1- ;—2)2 3R

—
|
Sps
~—
w

while W is given by (4.63).

Note that, in contrast to Section 4.2.2, @, u, u, and w + ZJ; do not depend on
€ and Z in the combination of ER 4+ 2Z. However, W depends linearly on ZJ; but
only depends on £ through R or t dependence. On one hand, inspection of (4.74),
(4.75), (4.76), and (4.77) reveals that the evaporation contribution to the flow @ > 0,
>0, u >0, and w < 0 (i.e., the evaporation contribution to the flow is always
outwards and downwards in both the droplet and the substrate). On the other hand,
inspection of (4.74), (4.75), (4.76), and (4.77) reveals that the imbibition contribution
to the flow Q@ < 0,2 <0, u <0, and w < 0 (i.e., the imbibition contribution to the

flow is always inwards and downwards in both the droplet and the substrate). Hence,

133



Chapter 4. Flow Within the Droplet and the Substrate

0.1
0
—0.1y
—0.2y
—0.3}
0.4
—0.5}

Figure 4.13: Instantaneous streamlines of the flow within the droplet and the substrate
for a droplet evolving in the CA mode calculated from (4.76), (4.77), and (4.63) with
Ji given by (2.57) for simultaneous evaporation and imbibition with & =Z =1 (solid
lines) and pure imbibition (dotted lines), when R = 1/2.

a droplet undergoing simultaneous evaporation and imbibition (in situations where the
local mass imbibition flux is spatially uniform) will experience regions of outwards,
inwards, and zero flow. In particular, we find that Q@ = O(r) — 0" and @ = O(r) — 0"
asr — 0t and Q = O(R—7)"/?) = 0t and @ = O((R—7)""?) - coasr — R™.
Hence, the evaporation contribution to 7 dominates at the contact line and the flow is
always outwards as r — R™. In particular, for a droplet undergoing pure imbibition
with a spatially uniform imbibition flux Q@ = O(r) = —ZJir/6 — 0~ and u = O(r) =
—ZJir/(3R) - 0" and Q=O(R—1r)=—-ZJi(R—r)/3 -0 and u=O(1) = -Z.J1/3
as 7 — R™. Figure 4.13 shows the instantaneous streamlines of the flow for a droplet
evolving in the CA mode calculated from equations (4.6), (4.76), and (4.77) when
Jr is given by (2.57) for simultaneous evaporation and imbibition (solid lines) and
pure imbibition (dotted lines), all for the same value of R. In particular, Figure 4.13
illustrates that the flow within the droplet has outwards and inwards components for
simultaneous evaporation and imbibition and is always inwards for pure imbibition.
Note that, because they are for the same value of R, the flow within the substrate is
identical for the two situations shown in Figure 4.13. We note that the instantaneous

streamlines for a droplet undergoing simultaneous evaporation and imbibition on a
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finitely thick, anisotropic, flooded, porous substrate are qualitatively similar to those
shown in Figure 4.13. Furthermore, the plots of () and % in the CA mode are similar to
those discussed in Section 4.2.2 and, hence, are not included. For a droplet undergoing
pure imbibition on a finitely thick, anisotropic, initially dry, porous substrate () is given

by

= 4.78
Q=5 (1.78)
and hence from (2.19) u is given by
4dr
U=——r"-. 4.79
“TT9R(1—R) (4.79)
Evaluating (2.21) using (4.78) u and w are given by
8rz|R(1—- 1) — 2
R2
v 7 ( ) 2 ]2 (4.80)
3R3(1 - R) (1 - ﬁ)
and
3 r?
4 9 2 4z 1 + "
v=siom | - - ( 2)3 : (4.81)
w(-g) (1)
while evaluating (4.63) using (2.57) W is given by
41— R)
W=——7-——-7=". 4.82
= (48

For a droplet undergoing pure imbibition on a finitely thick, anisotropic, flooded, porous

substrate @ is given by

Q=-— ™) (4.83)
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and hence from (2.19) u is given by

2r

— (4.84)

’a:

Evaluating (2.21) using (4.83) u and w are given by

drz [R (1 — %) — Z] (4.85)

u=— 2
R (1-47)
and
3 r?
9 2 2 42° (14 57
w= -1+ - ( 3’2)3 : (4.86)
R (1 - ﬁ) 3R3 (1 - ﬁ)
while evaluating (4.63) using (2.65) W is given by
Wt (4.87)
= LR .

Inspection of (4.79) reveals that u = O(1) = —4/(9(1 — R)) as r — R~. In contrast,
inspection of (4.84) reveals that u« = O(1) = —2/(3R) as r — R~. Figure 4.14 shows
u(R,t) as a function of R for a droplet undergoing pure imbibition on a finitely thick,
anisotropic, initially dry, porous substrate (dotted line) and a finitely thick, anisotropic,
flooded, porous substrate (solid line). In particular, Figure 4.14 illustrates that the flow
at the centre and the contact line within the droplet have opposing behaviours on both
substrates, and that @ at the contact line is equal on both substrates when R = 0.6
and u ~ —1.1111. Here the principal difference is that a pinned contact line produces
an outward flow, whereas a moving contact-line generates an inward flow, leading to

qualitatively different flow profiles in the CR and CA modes.

4.3.3 Flow in the SS Mode

Substituting the expressions for h, Jg, R, and 6 given by (2.8), (2.32), (2.57), (3.39),

and (3.49) respectively, into (2.20), and evaluating the integral, @ in the SS mode is
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a(R.1)

Figure 4.14: u(R,t) given by (4.79) (dotted line) and (4.84) (solid line) in the CA mode
as functions of R. The dashed lines indicate the value of w(R,¢) >~ —1.1111 where both
a finitely thick, anisotropic, dry and flooded, porous substrate yield the same value of
@ that occurs at R = 3/5.

given by (4.59) in the CR phase for 0 < ¢ < ¢* and by (4.74) in the CA phase for
t* < t < tgs, and hence from (2.19) @ is given by (4.60) in the CR phase for 0 < ¢ < t*

_ 4& 2\ "2 r?
T <1_Rz> a <1+3R2>

in the CA phase for t* < ¢t < tgg. Evaluating (2.21) using (4.59) and (4.74), v and w

and by

Thr
- — 4.
30*R (4.88)

are given by (4.61) and (4.62) in the CR phase for 0 < ¢ < t* and

(r5e) (- 5) Jle(-5) -
u= 1— (14— ) (1-= OR(1-— ) -2
oo (1 )" [ AN 7

B 2LJirz {H*R (1 - P;z B Z} (4.89)
0*3 R3 ( — %)
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and

8E 22 2 2\ /2 2
208 )
03R4 (1 4 ) / A K

R2
72 9 r2\ 1?2
R1-Z V02 va(1- 2
o R?){ s+ (- 7)
3 r?
YT | -1+ z S — ( ) 21 (4.90)
9*2R2<1—%) 39*3R3< _1%22)

in the CA phase for t* < t < tgg, while W is given by (4.63) in the CR phase and the
CR phase, respectively. For a droplet undergoing pure imbibition on a finitely thick,
anisotropic, initially dry, porous substrate @ is given by (4.64) in the CR phase for

0<t<t*and

2 (1-4)
@=-3 [36* (1 — R) + 1 — 6*] (4.9)

in the CA phase for t* < ¢t < tgg, and hence from (2.19) @ is given by (4.65) in the CR

phase for 0 <t < t* and

_ 4r
30*R[30* (1 — R) + 1 — 6%]

= (4.92)
in the CA phase for t* < t < tgg. Evaluating (2.21) using (4.64) and (4.91), v and w
are given by (4.66) and (4.67) in the CR phase for 0 < ¢ < ¢* and
8rz [H*R (1 — %) — z}
u=— 5 (4.93)
9*3R3[30* (1 — R) +1 — 0%] ( - R%)

and
4 9,2 423 (1 + %)
w = 30*(1—R)+1—0* -1+ b2 (12_ %>2 - 203 g9 ( B %)3 (4.94)
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in the CA phase for t* < t < tgg, while W is given by (4.68) in the CR phase for

0 <t <t and

4

W=—CBra—r+1-0]

(4.95)

in the CA phase for t* < t < tgg. For a droplet undergoing pure imbibition on a finitely
thick, anisotropic, flooded, porous substrate @ is given by (4.69) in the CR phase for
0<t<t*and

0*r (1 — 2—22)

Q=57 (4.96)

in the CA phase for t* < ¢t < tgg, and hence from (2.19) @ is given by (4.70) in the CR
phase for 0 < ¢t < ¢* and by (4.84) in the CA phase for t* < t < tgg. Evaluating (2.21)
using (4.69) and (4.96), v and w are given by (4.71) and (4.72) in the CR phase for

0<t<t*and

_4rz [H*R (1 — ;3—22) — z}

o 0*2 R4 ( _ %)2 (4.97)
and
20* 9,2 423 (1 + %)
W=7 -1+ - ( - %>2 - 30*3R3< - %)3 (4.98)

in the CA phase for t* < t < tgg, while W is given by (4.73) in the CR phase for

0 <t <t and

W = (4.99)

in the CA phase for t* < t < tgg.
We find that the behaviour of the flow within the droplet and the substrate in the
CR and CA phases of the SS mode are qualitatively similar to that in the CR and CA

139



Chapter 4. Flow Within the Droplet and the Substrate

modes, as discussed in Sections 4.3.1 and 4.3.2, respectively.

4.3.4 Flow in the SJ Mode

Substituting the expressions for h, Jg, Ji R, and 6 given by (2.32), (2.57) or (2.65),
and (3.54) or (3.88), respectively, into (2.20), and evaluating the integral, @ in the nth
CR phase is given by

T (1 . R%)
B

2R,

wr

+ (4.100)

Q

2 1/2 2 2
<1‘R%> ‘(1‘Rz>

for t,_1 <t <t, (n=123,...), and hence from (2.19) @ in the nth CR phase is

_de e
- wlr R2 R2

for t,—1 <t <t, (n=1,2,3,...). Evaluating (2.21) using (4.100) u and w in the nth

given by

Thr
0R,

(4.101)

|

CR phase are given by

24z 1 1 r2 3/2
w= 52 |-\t T Rp2
T3 R2r ( — 12722> R

2

6ZLJirz [QRn (1 — 1’%—% - z]

+ ; (4.102)
om (-7
and
4€ 22 2\ %2 2
w = - 10—4<1—> z—99Rn<1—>
2\ 7/2 R2 R2
R} (1~ 7) n n
2 423 (1 + T—z

YT -1 b= ( R") (4.103)

+ -
92R2( _ﬁ)Q 03R3< _i)3
mn R% n R%

for t,—1 <t <t, (n=1,2,3,...), while W in the nth CR phase is given by (4.63) for

th—1 <t <t, (n=1,2,3,...). For a droplet undergoing pure imbibition on a finitely
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thick, anisotropic, initially dry, porous substrate ) in the nth CR phase is given by

(=)
0= o (4.104)

Rn (emax - 6) +4 (2tn—1)
for t,_1 <t <t, (n=123,...), and hence from (2.19) 4 in the nth CR phase is

given by

4
a= ! (4.105)

ORy, | Ry (Omax — 0) + 4 (2tn_1)"?

for t,—1 <t <ty (n=1,2,3,...). Evaluating (2.21) using (4.104) v and w in the nth

CR phase are given by

24rz [GRn <1 — 1’:2 > — z}

u= " 5 (4.106)
03R3 [Rn (O — 0) + 4 (ztn_l)l/ﬂ ( - F)
and
,,,2
4 622 423 (1 + F%)
w:R(H —0) +4(2tn1)"/? o 2 2 r2 2 313 r2 \?
n \Umax n— 9Rn< _R7%> eRn( _Riﬁ)
(4.107)
for t,—1 <t<t, (n=1,2,3,...), while W in the nth CR phase is given by
4
W= — (4.108)

© [ Ry (Omax — 0) + 4 (2tp_1)"/?

for t,—1 <t < t, (n =1,2,3,...). For a droplet undergoing pure imbibition on a

finitely thick, anisotropic, flooded, porous substrate @) in the nth CR phase is given by

Q= W (4.109)
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for t,1 <t <t, (n=123,...), and hence from (2.19) @ in the nth CR phase is

given by

2r
RZ

u =

(4.110)

for t,_1 <t <ty (n=1,2,3,...). Evaluating (2.21) using (4.109) v and w in the nth

CR phase are given by

12rz [HRn <1 — }%—2) — z}

w= — o (4.111)
02 R4 <1 - R%)
and
3 r2
w=—|-1- ° S+ LV (4.112)
[ e R) emGg)
for t,—1 <t <t, (n=1,2,3,...), while W in the nth CR phase is given by
20
W= — (4.113)
oR,

fort,_1 <t<t, (n=1,2,3,...).
We find that the behaviour of the flow within the droplet and the substrate in the
nth CR phase of the SJ mode are qualitatively similar to that in the CR mode, as

discussed in Section 4.3.1.

4.4 Conclusions

In Chapter 4 we have analysed mathematical models for the flow within the droplet
and substrate on three different porous substrates in the CR, CA, SS, and SJ modes.

In Section 4.2 we determined the flow within the droplet and an infinitely thick,
isotropic, flooded, porous substrate in the CR, CA, SS, and SJ modes, where the evap-

oration and imbibition problems are described in Sections 2.6 and 2.7.1, respectively.
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We found that the flow within the droplet is the sum of the evaporation and imbibi-
tion contributions, and is always outwards and downwards in both the droplet and the
substrate in the CR, CA, SS, and SJ modes.

In Section 4.3 we determined the flow within the droplet and the substrate in the
CR, CA, SS, and SJ modes, where the evaporation problem is described in Section 2.6
and the imbibition problem is described by a local imbibition mass flux which is spa-
tially uniform. The general solutions for the flow within the droplet and the substrate
encompass (but are not limited to) the imbibition problems described in Sections 2.7.2
and 2.7.3, respectively. We found that the flow within the droplet is the sum of the
evaporation and imbibition contributions, with the evaporation contribution dominat-
ing at the contact line, and that the flow within the substrate is always downwards in
the CR, CA, SS, and SJ modes. In the CR mode, similarly to Section 4.2, the flow
is always outwards and downwards within the droplet. In the CA mode, in contrast
to Section 4.2, the flow within the droplet is always inwards and downwards, while
for simultaneous evaporation and imbibition there are regions of outward, inward, and
zero flow within the droplet, with the flow always being outwards at the contact line,
so long as £ > 0. In the SS mode the behaviour of the flow within the droplet and
the substrate in the CR and CA phases is qualitatively similar to the behaviour in CR
and CA modes, respectively, and in the SJ mode the behaviour of the flow within the
droplet and the substrate in the nth CR phase is qualitatively similar to the CR mode.

The results described in Chapter 4 indicate that the evaporation contribution to the
mean flow dominates at the contact line on anisotropic porous substrates. However,
since in reality evaporation cannot ever be completely turned off, experimentalists
working with flooded, isotropic, porous substrates may struggle to distinguish whether
evaporation or imbibition is responsible for the increased mean flow at the contact
line. This ambiguity does not arise on an anisotropic porous substrate. We note that
the flow within the droplet and the substrate could be visualised using the methods
discussed in Sections 1.2 and 1.3, respectively, providing experimental routes to verify
and validate the analytical expressions determined within Chapter 4. Moreover, the

finding that a spatially uniform local imbibition mass flux produces inwards flow within
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the droplet in the CA mode provides a testable prediction, and offers another layer of
model verification and validation, on top of the standard comparison for the evolution
of the droplet via R and/or 6, as discussed in Chapter 3. Having determined the flow
within the droplet and the substrate, in Chapter 5 we consider the implications that
the flow dynamics have on the transport and deposition of particles within a thin,

particle-laden, sessile droplet.
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Chapter 5

Transport and Deposition of

Particles

5.1 Overview

In this chapter, we determine the transport, and deposition onto the substrate, of the
particles within a droplet undergoing simultaneous evaporation and imbibition in the
CR, CA, SS, and SJ modes, as formulated in Section 2.8, under the crucial condition
that ég < Pe* <« 1. In Section 5.2 we determine the transport, and deposition onto the
substrate, of the particles on an infinitely thick, isotropic, flooded, porous substrate,
where the evaporation and imbibition problems are described in Sections 2.6 and 2.7.1,
respectively. In Section 5.3 we determine the transport, and deposition onto the sub-
strate, of the particles on a finitely thick, anisotropic, dry or flooded, porous substrate,
where the evaporation and imbibition problems are described in Sections 2.6 and 2.7.1
or 2.7.2, respectively.
Substituting Uyer = ﬁE’ref given by equations (2.25) into (2.68) shows that

A A

GOD(ésa‘n - Coo)

Pe* = — (5.1)
pDp

for situations in which evaporation dominates, while substituting Uref = ULref given by
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equations (2.35), (2.48), and (2.60), respectively, into (2.68) shows that

23 P o3
Pe* = — OYA , Pe'= S[j <, and Pe*= Aoﬁi (5.2)
RopDy, Dy, fid Dy,

for situations in which imbibition dominates on the three porous substrates described

in Sections 2.7.1, 2.7.2, and 2.7.3, respectively.

5.2 An infinitely thick, isotropic, flooded, porous sub-

strate

In this section, we describe the transport of, and deposition onto the substrate of,
the particles. Specifically, we determine the evolution of the concentration of particles
within the droplet, ¢, and the mass of particles within the droplet, Mgy, and deposited
onto the substrate, M;ing or Myings and/or Mgist, and (where appropriate) the final
density per unit area of the distributed deposit of particles on the substrate, @qiss.
Note that many of the expressions obtained in this section do not depend explicitly
on £ and Z when they are written in terms of R and/or 6 (although they do, of
course, depend implicitly on both £ and Z when they are written in terms of t). As
a consequence, although they differ when expressed as functions of ¢, a number of the
expressions given below coincide with those recently obtained by D’Ambrosio et al. [84]
in their work on the effect of contact-line motion on the deposition of particles from a

droplet undergoing pure evaporation.

5.2.1 CR Mode

For a droplet evolving in the CR mode, the characteristic equations (2.78) may be

expressed as
@7¢>(5JE+IJI) and dr @
d9 hde/dt dg — de/dt’

(5.3a,b)
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Substituting the expressions for h, Jg, Ji, R, 6, and @ given by equations (2.8), (2.32),
(2.44), (3.4), and (4.2), respectively, into (5.3b) and solving for ry yields

1/2
rog = {1 —91/? {0*3/4 -1+ (1 — r2)3/2}2/3} . (5.4)

Setting 7 = 1 in (5.4) shows that the initial position of a particle that has travelled to

the pinned contact line is given by

ro(1,¢) = [1 - (1- 93/4)2/3} " (5.5)

Substituting the expression for the evolution of # in the CR mode given by (3.4)
into (5.5) we find that the time for a particle that is at the initial position r = 7o to

reach the pinned contact line, denoted by ¢ = tiing = tring(r0), is given by

0 E+27
tring = oo 1Og 1/ (56)
/3
521 e+2r{1- (1-13)*}
In particular, for a droplet undergoing pure evaporation
4/3
lring = = |:1 - {1 - (1 - r(2))3/2} :| ) (57)
16
while for a droplet undergoing pure imbibition
T 2\3/2\ 74/3
tring = 5 10g [{1 - (=) (5.8)

Figure 5.1(a) shows t.ing/tcr plotted as a function of 7 for a range of values of Z. In
particular, Figure 5.1(a) shows that ¢,i,s decreases monotonically from tns = tcr at
ro = 0 to ting = 0 at 1o = 1, i.e., particles that are initially near the contact line are
deposited (in the ring deposit) before those that are initially near the centre of the
droplet.

Substituting the expression for r given implicitly by (5.4) into (5.3b) and solving
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2‘/ring/tCR tdist /tCA
1.0 1.0
0.8 0.8
z

0.6 0.6
0.4 0.4

0.2 0.2

To 0

0
0 0.2 0.4 0.6 0.8 1.0 0 0.2 0.4 0.6 0.8 1.0

(a) (b)

Figure 5.1: (a) tring/tcr given by (5.6) and (b) tgist/tca given by (5.18) plotted as
functions of rg for £ =1 and Z = 2" (n = —15,—14,...,15). The arrows indicate the
directions of increasing 7.

for ¢ shows that
o=[1+ (6% =1) (1—rd) "] o (5.9)

Using (5.4) to eliminate ro yields
_3/911/3
o=[1+ (07 =1) (1= 7] o (5.10)

and hence
0(1—r2 B —3/9711/3
éh = (2) 1+ (6734 =1) (1-1%)7""] (5.11)

(see, for example, Zheng [65] and D’Ambrosio et al. [82]). Figure 5.2 shows (a) ¢ and
(b) ¢h plotted as functions of r for a range of values of §. In particular, Figure 5.2(a)
illustrates that ¢ is a monotonically increasing function of r that takes its minimum
value at the centre of the droplet according to ¢ = O(1) = #~/* as r — 0T and is
singular at the contact line according to ¢ = O((1 — r)~%/?) — oo as r — 17, and
a monotonically decreasing function of 6 (i.e., a monotonically increasing function of
t). On the other hand, Figure 5.2(b) illustrates that ¢h is a monotonically decreasing
function of r that takes its maximum value at the centre of the droplet according to
oh = O(1) = 63/*/2 as r — 01 and goes to zero at the contact line according to
¢h = O((1 — r)'/?) = 0T as r — 1, and is a monotonically increasing function of

0 (i.e., a monotonically decreasing function of t) near the centre of the droplet but a
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0.57----- A

04—

0.3—

0.2————

0.1-

0 T 0 : - : L T
0 0.2 0.4 0.6 0.8 1.0 0 0.2 0.4 0.6 0.8 1.0

(a) (b)

Figure 5.2: (a) ¢ given by (5.10) and (b) ¢h given by (5.11) in the CR mode plotted
as functions of r for § = 1/10,1/5,...,9/10. The dashed lines indicate the initial
values ¢o(r) = 1 and ¢o(r)h(r,0) = (1 —r?) /2 corresponding to § = 1, and the arrows
indicate the directions of increasing 6.

non-monotonic function of # (i.e., a non-monotonic function of ¢) near the contact line.
In particular, ¢h — 07 everywhere within the droplet as § — 07 (i.e., as t — tgg),
showing that all of the particles eventually leave the droplet, and in this mode are
eventually transferred to the ring deposit at » =1 (i.e., at the pinned contact line).
Substituting the expression for ro(1,¢) given by (5.5) into (2.80) and (2.84) shows

that Mgyop and M,ing are given by
4/3
Mgrop = My [1 — (1 _ 93/4) ] (5.12)

and
4/3

Mying = Mo (1 - 93/4) (5.13)

respectively (see, for example, Deegan et al. [53], Boulogne et al. [79], and D’Ambrosio et
al. [82]), together with Mgisc = 0. Figure 5.3(a) shows the evolutions of Mgyop/Mo and
Miing /My plotted as functions of ¢/tcr for a range of values of Z. In particular, Figure
5.3(a) illustrates how, as in the extensively studied situation of a droplet undergoing
pure evaporation in the CR mode, all of the particles initially within the droplet are

eventually transferred to the ring deposit at r = 1.
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Af[ring / A/IO

Figure 5.3: The evolutions of (a) Marop/Mo and M,ing /Mo plotted as functions of t/tcr
in the CR mode and (b) Mop/Mo and Mgis; /Mo plotted as functions of ¢t/tca in the
CA mode for € = 1 and Z = 2" (n = —15,—14,...,15). The arrows indicate the
directions of increasing 7.

5.2.2 CA Mode

For a droplet evolving in the CA mode, the characteristic equations (2.78) may be
expressed as
d¢ ¢ (EJe +I) dr u

and

_ ar_u 14
dR h dR/dt dR ~ dR/dt (5-142,b)

Substituting the expressions for h, Jg, Ji, R, 6, and @ given by equations (2.8), (2.32),
(2.44), (3.9), and (4.17), respectively, into (5.14b) and solving for r yields

20 /2] 3 2
ro= |1— R3? R‘9/4—1+<1—R2> : (5.15)

Setting 7 = R in (5.15) shows that the initial position of a particle that has travelled

to the unpinned contact line is given by
2/371/2
ro(R, ) = [1 - (1 - R9/4> } . (5.16)

The expression for the evolution of R in the CA mode given by (3.9) is implicit, but
an explicit expression for the time for a particle that is at the initial position r = rg

to reach the unpinned contact line, denoted by t = tqist = tqist(70), can be obtained by
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rearranging (5.16) for R in terms of ry to yield
9\ 3/2 4/9
R= [1— (1-72) ] (5.17)
and substituting (5.17) into (3.9) to yield tqist given by

8T log E+21 -
E1—(1—r3)32]"" 421

+E (1 - [1 (1 r8)3/2] 4/9> (& ([1 (1 7"8)3/2} g 1) _ 41}] . (5.18)

o = ST
dist — 32£3

In particular, for a droplet undergoing pure evaporation

3 8/9
taiss = 5 [1 _ (1 —(1- 7“(2))3/2> } : (5.19)

while for a droplet undergoing pure imbibition

faist = ?% [1 _ (1 - (1- r8)3/2)4/3] : (5.20)

Figure 5.1(b) shows tqist/tca plotted as a function of r¢ for a range of values of Z. In
particular, Figure 5.1(b) shows that ¢4y decreases monotonically from ¢4y = tca at
ro = 0 to tqist = 0 at r9 = 1, i.e., particles that are initially near the contact line are
deposited (in the distributed deposit) before those that are initially near the centre of
the droplet.
Substituting the expression for r given implicitly by (5.15) into (5.14a) and solving
for ¢ shows that
o=[1+ (R =1) (1=03) ] o (5.21)

Using (5.15) to eliminate r( yields

7»2 —3/2 1/3
o= |1+ (R—9/4 —~ 1) (1 - R2) ] : (5.22)
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Figure 5.4: (a) ¢ given by (5.22) and (b) ¢h given by (5.23) in the CA mode plotted as
functions of r for R =1/10,1/5,...,9/10. The dashed lines indicate the initial values
¢o(r) = 1 and ¢o(r)h(r,0) = (1 —r?) /2 corresponding to R = 1, and the arrows
indicate the directions of increasing R.

and hence

2 2\ —3/2 1/3
dh = g (1—;2> 1+ (R—9/4—1) (1—;2> ] : (5.23)

Figure 5.4 shows (a) ¢ and (b) ¢h plotted as functions of r for a range of values of R.

In particular, Figure 5.4(a) illustrates that ¢ is a monotonically increasing function of r
that takes its minimum value at the centre of the droplet according to ¢ = O(1) = R~3/*
as r — 0% and is singular at the contact line according to ¢ = O((R — r)~'/?) as
r — R~ , and a monotonically decreasing function of R (i.e., a monotonically increasing
function of ¢). On the other hand, Figure 5.4(b) illustrates that ¢h is a monotonically
decreasing function of r that takes its maximum value at the centre of the droplet
according to ¢h = O(1) = RY*/2 as r — 0T and goes to zero at the contact line
according to ¢h = O((R — r)'/?) — 0% as » — R~, and is a monotonically increasing
function of R (i.e., a monotonically decreasing function of ). In particular, ¢ph — 0T
everywhere within the droplet as R — 0%, i.e., as t — tcoas showing that all of the
particles eventually leave the droplet, and in this mode are eventually transferred to
the distributed deposit in 0 < r < 1.

Substituting the expression for ro(R,t) given by (5.16) into (2.80) and (2.87) shows
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that Mgyop and Mgis; are given by
4/3
Mgrop = Mo [1 — (1 - R9/4> ] (5.24)

and

4/3
Mo = Mo (1= R¥) 7, (5.25)

respectively, together with M, = 0. Figure 5.3(b) shows the evolutions of Mgyp/Mo
and Myist /Mo plotted as functions of ¢/tca for a range of values of Z. In particular,
Figure 5.3(b) illustrates how, as in the situation of a droplet undergoing pure evapo-
ration in the CA mode studied by D’Ambrosio et al. [84], all of the particles initially
within the droplet are eventually transferred to the distributed deposit in 0 < r < 1.
Substituting the expressions for h, g, and ¢ given by equations (2.8), (5.15), and
(5.22), respectively, into (2.88) shows that the final density per unit area of the dis-

tributed deposit of particles on the substrate, ¢qiss, is given by

3rl/4 0/4\1/3
= _ 94
¢dlst 3 (1 r ) (526)

(see D’Ambrosio et al. [84]), i.e., the final density of the distributed deposit in the CA
mode is zero at both the centre of the droplet and at the initial position of the contact
line, and takes its maximum value of ¢gisr = 3%/32735/9 ~ 0.2921 at r = 278/9 ~ (0.5400.
Note that, perhaps rather unexpectedly, the final density of the distributed deposit
¢aist (but not, of course, the temporal evolution towards it) is independent of the
values of £ and Z, i.e., is independent of both the nature and the strength of the
physical mechanism(s) driving the mass loss from the droplet. We find that for a
droplet undergoing simultaneous evaporation and imbibition on an infinitely thick,
isotropic, flooded, porous substrate in the CA mode the nature of the final deposit is

near-uniform, as sketched in Figure 1.7(e).
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5.2.3 SS Mode

For a droplet evolving in the SS mode, the characteristic equations are given by (5.3)
in the CR phase for 0 < ¢ < t* and (5.14) in the CA phase for t* < ¢t < tgg. Hence
the solution for rg is given by (5.4) in the CR phase and (5.15) in the CA phase, and
the corresponding expressions for e and tgis; can be calculated in the same way as
described previously for the CR and CA modes, respectively. The solution for ¢,ing in

the CR phase is given by (5.6) for 0 < ¢ < t* and tg;s; in the CA phase is given by

S0 log £+ 216 -
E[1— (1 —r3)32]"" + 2706

+5(1 - [1 (11— r8)3/2]4/9> {g<[1 (- r8)3/2]4/9 + 1) —419*}]

T E+27
T 5z 10 (5 ¥ 229*) (5:27)

3mo*

taist = W

for t* < t < tgg. In particular, for a droplet undergoing pure evaporation tgis in the

CA phase is given by

L 9\ 3/218/9 (1 —6%)
tdist = 39 (1 — [1 — (1 — 7’0) ] ) + T (528)

for t* < t < tgg, while for a droplet undergoing pure imbibition t4i5; in the CA phase is
given by

™ 3/2 4/3 T *
tist = 3 (1 - [1 —(1=13) } ) ~ 35 log 6 (5.29)

for t* <t < tgs. Figures 5.5, 5.6, and 5.7 show (a) tying/tss and (b) tqist/tss plotted as
functions of ry for a range of values of 6* for a droplet undergoing pure evaporation,
simultaneous evaporation and imbibition, and pure evaporation in the CR phase and
CA phase of the SS mode, respectively. In particular, Figures 5.5, 5.6, and 5.7 illustrate
that both quantities inherit their corresponding behaviours in the CR and CA modes

in the corresponding phases.
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Figure 5.5: (a) ting/tss given by (5.7) and (b) tgist/tss given by (5.28) plotted as
functions of ry for a droplet undergoing pure evaporation, for * =1/10,1/5,...,9/10.
The dashed lines in (a,b) indicate the CR and CA mode solutions for tne/tcr and
taist/tca, respectively. The arrows indicate the directions of increasing 6*.

tring/tSS tdist/tSS
1.0 1.0

0.8 0.8

0.6 0.6

0.4 0.4

0.2 0.2

To

Figure 5.6: (a) tying/tss given by (5.6) and (b) tgist/tss given by (5.27) plotted as
functions of r¢ for a droplet undergoing simultaneous evaporation and imbibition (£ =
Z =1) and 6* = 1/10,1/5,...,9/10. The dashed lines in (a,b) indicate the CR and
CA mode solutions for tying/tcr and tgist/tca, respectively. The arrows indicate the
directions of increasing 6*.
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tring/tSS tdist/tSS
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Figure 5.7: (a) ting/tss given by (5.8) and (b) tgist/tss given by (5.29) plotted as
functions of ry for a droplet undergoing pure imbibition, for #* = 1/10,1/5,...,9/10.
The dashed lines in (a,b) indicate the CR and CA mode solutions for ting/tcr and
taist/tca, respectively. The arrows indicate the directions of increasing 6*.

Solving for ¢ yields (5.10) in the CR phase and

1/3
oy o= 5.0
1+ (R4 —1) (1 —r2) %7 '
in the CA phase. Hence ¢ is given by (5.10) in the CR phase and
F2\ T3/2 1/3
o= |1+ (0*—3/41%—9/4 - 1) (1 - R2> ] (5.31)
in the CA phase, and ¢h is given by (5.11) in the CR phase and
_3/971/3
0"R r? *—3/4 p—9/4 2\

oh = = (1—R2> 1+<0 /AR /—1)<1—R2> (5.32)

in the CA phase. Figure 5.8 shows (a) ¢ and (b) ¢h plotted as functions of r for a
range of values of 0 in the CR phase and R in the CA phase. In particular, Figure 5.8
illustrates that both quantities inherit their corresponding behaviours in the CR and
CA modes in the corresponding phases. In particular, ¢h — 0T everywhere within the
droplet as R — 07, i.e., as t — tgy, showing that all of the particles eventually leave
the droplet, and in this mode are eventually transferred to either the ring deposit at

r = 1 or the distributed deposit in 0 < r < 1.
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Figure 5.8: (a) ¢ given by (5.10) and (5.22) and (b) ¢h given by (5.11) and (5.23) in
the SS mode plotted as functions of r for 6 = 3/5, 7/10, 4/5, 9/10 in the CR phase and
R =1/10,1/5,...,9/10 in the CA phase when 6* = 1/2. The dashed lines indicate
the initial values ¢o(r) = 1 and ¢o(r)h(r,0) = (1 — r?) /2 corresponding to 8 = 1, the
dotted lines indicate the solution at ¢ = t* corresponding to # = 6* = 1/2, and the
arrows indicate the directions of increasing 6 and R.

Marop, Mring and Mgis are given by (5.12), (5.13) and Mgist = 0 in the CR phase,

and by
4/3
Merop = Mo [1 - (1 - 0*3/41%9/4) / } , (5.33)
4/3
Mring = Mring(t*) = MO (1 - 9*3/4> y (534)
and
4/3 4/3
Maist = My [(1 - 9*3/439/4) " (1 - 9*3/4) / ] (5.35)

in the CA phase. Figures 5.9(a,b,c) show the evolutions of (a) M4rop/Mo, (b) Mring/Mo,
and (¢) Mgist /Mo plotted as functions of ¢/tgg for pure evaporation (dashed line), simul-
taneous evaporation and imbibition with & = Z = 1 (solid line), and pure imbibition
(dotted line) when 6* = 3/10, while Figure 5.9(d) shows the final (scaled) masses
in the deposit ring, M;ing(tss)/Mo (= Muing(t*)/Mp), and in the distributed deposit,
Maist (tss) /My, plotted as functions of 6*. In particular, Figure 5.9(d) illustrates that
there is a greater mass of particles in the final deposit ring than in the final dis-
tributed deposit (i.e., Mying(tss) > Maist(tss)) when 0 < 6* < 67, and vice versa (i.e.,
Mying(tss) < Maist(tss)) for 0%, < 0* < 1, where 0, = (1 —273/4)4/3 ~ 0.3000 is the
critical value of §* for which Miing(tss)/Mo = Maist(tss)/Mo = 1/2.
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Mrirlg/MO
10
0.8
0.6
..... .
o L
' 0.2 ..»4......‘:.,:,’ ; , .
.t/tss 0" 02 04 06 08 10° s
(b)
Maise /Mo Miing(tss) /Mo e
10 1.0
0.8 |
0.6 |
04 . E
0.2 |
0 0 : *
b 02 01 o6 os 1o !/tss 0 020-.04 06 08 )
| (d)

Figure 5.9: The evolutions of (a) Mgrop/Mo, (b) Mying/Moy, and (c) Mgist/Mo in the
SS mode plotted as functions of t/tgg for pure evaporation (dashed line), simultaneous
evaporation and imbibition with £ = Z = 1 (solid line), and pure imbibition (dotted
line) when 6* = 3/10. The dots in (a) denote the time at which the CR phase ends, i.e.,
t =1t*. (d) Miying(tss)/Mo (= Muing(t*)/Mo) and Magist (tss)/Mo plotted as functions of
6* in the SS mode . The dashed lines in (d) indicate the critical value of §* = 7., =
(1 —273/4)4/3 ~ 0.3000 for which Mying(tss)/Mo = Maist (tss)/Mo = 1/2.
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Figure 5.10: ¢gist given by (5.36) in the CA phase of the SS mode plotted as a function
of r for * = 1/10,1/5,...,9/10. The dashed line indicates the solution in the CA
mode given by (5.26) corresponding to #* = 1, and the arrow indicates the directions
of increasing 6*.

Substituting the expressions for h, g, and ¢ given by equations (2.8), (5.15), and
(5.31), respectively, into (2.92) shows that in the CA phase of the SS mode ¢gist is

given by
39*3/47,1/4

1/3
_ px3/4,.9/4
- (1 §*3/4; ) (5.36)

qbdist =

(see D’Ambrosio et al. [84]). Figure 5.10 shows ¢qist given by (5.36) plotted as a function
of r for a range of values of 6*, including the solution in the CA mode given by (5.26)
corresponding to 8* = 1. In particular, Figure 5.10 illustrates that the final density of
the distributed deposit in the SS mode is zero at the centre of the droplet, and takes
its maximum value of ¢qis; = 30*3/4(1 —0*3/4)1/3 /8 at r = 1 (i.c., at the initial position
of the contact line) for 0 < §* < 0*, = 2-8/3 ~ (.1575 and Pdist = 34/39-35/99*2/3 ~

0.2921 0*2/3 at r = 278/99*=1/3 ~ 0.54000* /3 for #*

r i < 0 < 1. Note that, as in
the CA mode and discussed in Section 5.2.2; a cleaved near-uniform deposit forms in
the CA phase of the SS mode and the final density of the distributed deposit ¢gist is
independent of the values of £ and Z, i.e., is independent of both the nature and the

strength of the physical mechanism(s) driving the mass loss from the droplet.
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5.2.4 SJ Mode

For a droplet evolving in the SJ mode, the characteristic equations are given by (5.3)

in the nth CR phase for t,_1 <t <t, (n=1,2,3,...). Hence the solution for rq,, is

g \1/2 g\ 34 22\ 3/2 2/37 /2
o[ () () e (- ) )

for t,—1 <t <ty, (n=1,2,3,...). Setting r = R,, shows that

1/2

o \1/2 g 3/ 2/3
rO,n(Rmt) =R, [1—- (9 ) { <0 ) — 1} (5.38)
max max

for t,_1 <t <t, (n=12.3,...). The corresponding expression for the time for a

particle that is at the initial position r = rp, to reach the nth pinned contact line,
denoted by t = tringn = tring,n(70,n) can be calculated in the same way as described

previously for ting in the CR mode (see D’Ambrosio et al. [84]), and is given by

TR3 ER,, + 270 ax

5.39
r2 3/2 4/3 ( )
E Ry + 2T0rmas [1 -(1-#) ]

for t,—1 <t <t, (n=1,23,..). Note that, as discussed in Section 3.2, ¢,, must be
evaluated numerically for a droplet undergoing simultaneous evaporation and imbibi-

tion. In particular, for a droplet undergoing pure evaporation, t;ing, is given by

T (Omax — Omin) (1 B (gm>2(n—1)/3)

tringn =
’ 2/3
emin
16 (1 - (K) >
3/2 4/3
Rzemax 702n
+”276 1-— 1—(1—}%’2> (5.40)
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for t,—1 < t < t, (n = 1,2,3,...), while for a droplet undergoing pure imbibition,

tring,n,1 18 given by

<1 <9 . >n1)
L I 9 3 r2
log ( max) + Ueif log 1-— <1 — 0’”)

tring,n = 0
32 (1 — g )

max

gmin

(5.41)

for t,—1 <t <t, (n=1,2,3,...). Figure 5.11 shows ting n/tss plotted as functions of

ro,n for a droplet undergoing (a) pure evaporation, (b) simultaneous evaporation and

imbibition, and (c) pure evaporation in each CR phase when 6, = 1/2. In particular,

Figure 5.11 illustrates that t,ing , inherits the corresponding behaviour in the CR mode

in each CR phase, i.e., particles that are initially near the nth contact line are deposited

(in the nth ring deposit) before those that are initially near the centre of the droplet.
Solving for ¢ in the nth CR phase yields

g \3/4 2 ~3/27 ~1/3
¢ = an,max(ro,n) 1+ { <9 ) - 1} (1 - ;’;) (5.42)

for t,—1 <t < t, (n=1,2,3,...), where ¢pmax(ron) = ¢(ron—1,tn—1) denotes the

concentration of particles within the droplet at the end of the (n — 1)th CR phase.

Hence ¢ is given by

o=

n

r2 0\ ~3/2 1/3
1+ (0—3/4}2,;9/4 - 1) <1 - R2> ] (5.43)

for t,—1 <t<t, (n=1,2,3,...) and ¢h is given by

0R,, r2
o= (1 - R%)

for t,_1 <t < t, (n=1,2,3,...). Figure 5.12 shows (a) ¢ and (b) ¢h plotted as

n

2\ —3/211/3
T
L4 (07RO~ 1) (1 - R2) ] (5.44)

functions of r for a range of values of 6 in each CR phase. In particular, Figure 5.12

illustrates that both quantities inherit their corresponding behaviour in the CR mode
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Figure 5.11: tyingn/tsy plotted as functions of rg, in each CR phase for (a) pure evap-
oration, (b) simultaneous evaporation and imbibition (£ =Z = 1), and (c) pure imbi-
bition when 6, = 1/2. The dashed lines in (a,b) indicate the solutions for tring Jtcr
in the CR mode and the dotted lines in (a,b,c) indicate the solutions for tgist/tca in
the CA mode, respectively. The arrows indicate the directions of increasing n.

Figure 5.12: (a) ¢ given by (5.42) and (b) ¢h given by (5.44) in the SJ mode plotted
as functions of r at 6 = 3/5, 7/10, 4/5, 9/10 in each CR phase when i, = 1/2. The
dashed and the dotted lines indicate the values at t = ¢,_; and t =1¢, (n =1,2,3,...)
(i.e., at the start and the end of each CR phase) corresponding to 6 = 0y,x = 1 and
0 = Omin = 1/2, respectively, and the arrows indicate the directions of increasing n.
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Figure 5.13: The evolutions of (a) Mgrop/Mo and (b) Myings/My in the SJ mode plotted
as functions of t/tg; for pure evaporation (dashed line), simultaneous evaporation and
imbibition with £ =7 =1 (solid line), and pure imbibition (dotted line) when Omin =
1/2. The dots in (a) and (b) denote the times at which the nth CR phase ends,
ie,t=1t, (n=1,2,3,...). (¢) Myngn(tsy)/Mo (= Myingn(tn)/Mp) in the SJ mode
plotted as a function of 0,y for n = 1,2, 3, ..., and the arrow indicates the directions
of increasing n.

in each CR phase. In particular, ¢h — 0" everywhere within the droplet as ¢t — tss
showing that all of the particles eventually leave the droplet, and in this mode are
eventually transferred to the (theoretically infinite number of) ring deposits at r = R,
(n=1,2,3,...).

Mrop and Mying » are given by
4/3
Marop = Mo [1 — (1 — 93/43,%/4) } (5.45)

for t,_1 <t<t, (n=1,2,3,...) and

max

Miing,n = Mo [(1 - 93/4Rg/4)4/3 _ (1 —g3/4 Rg/4>4/3] (5.46)
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for t,-1 <t < t, (n = 1,2,3,...), together with Mings, which is determined by
summing the non-zero values of Myingr, and Mgyis = 0. Figures 5.13(a,b) show the
evolutions of (a) Mayop/Mo and (b) Miings/Mo plotted as functions of ¢/tsy for pure
evaporation (dashed line), simultaneous evaporation and imbibition with £ =7 =1
(solid line), and pure imbibition (dotted line) when Onin = 1/2, while Figure 5.13(c)
shows the final (scaled) mass of particles in the nth deposit ring, Mingn(tsy)/Mo (=
Miing n(tn)/Mo), plotted as a function of O, for n =1,2,3,.... In particular, Figure
5.13(c) illustrates that, as D’Ambrosio et al. [84] pointed out, Miingn(tsy) decreases
monotonically with n for 0 < Onin < Omin,erit = (23/ 4_ 1)4/ 3 ~ 0.6001, but is non-

monotonic for Omin crit < Omin < 1.

5.3 Spatially Uniform Local Imbibition Mass Flux

In this section, we describe the transport of, and deposition onto the substrate of, the
particles within a droplet undergoing imbibition on a porous substrate with a spatially
uniform local imbibition mass flux. Specifically, we determine the evolution of the
concentration of particles within the droplet, ¢, and the mass of particles within the
droplet, Mgyop, and deposited onto the substrate, Ming or Miings and/or Mgis, and
(where appropriate) the final density per unit area of the distributed deposit of parti-
cles on the substrate, ¢gist. Note that many of the expressions obtained in this section
for a droplet undergoing pure imbibition on a finitely thick, anisotropic, dry or flooded,
porous substrate substrate also coincide with those for a droplet undergoing simulta-
neous evaporation and imbibition in situations where the evaporation is described by
a spatially uniform local evaporative mass flux,when they are written in terms of R
and/or € (although they do, of course, depend implicitly on both £ and Z when writ-
ten in terms of t). The evolution of ¢, Marop, Mring and/or Myings, Maist, and Paist
for a droplet undergoing simultaneous evaporation and imbibition on a finitely thick,
anisotropic, dry or flooded, porous substrate must be evaluated numerically, which we
implemented using Mathematica [238] routine NDSolve[]. Specifically, we used the

automatic solver feature, which selects an appropriate numerical integration method
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based on problem stiffness and structure, and confirmed convergence under refinement.
We note that due to the computational expense we have chosen not to numerically
evaluate ¢, Marop, Mring and/or Mrings, Mist, and ¢gis¢ for a droplet undergoing si-
multaneous evaporation and imbibition on a finitely thick, anisotropic, dry or flooded,
porous substrate in the SS and SJ modes. However, we carried out preliminary analysis
which suggests that the behaviours are qualitatively similar to those in the CR and CA

modes, as discussed in Sections 5.3.1 and 5.3.2, respectively.

5.3.1 CR Mode

Substituting h, Jg, Ji, R, 6, and @ given by equations (2.8), (2.32), (2.57) or (2.65),
(3.39) or (3.75), and (4.60), respectively, into (5.3b) we find that ro must be evaluated
numerically for a droplet undergoing simultaneous evaporation and imbibition in the
CR mode. For a droplet undergoing pure imbibition on a finitely thick, anisotropic,

dry or flooded, porous substrate rq is given by
ro = ro'/*. (5.47)
Setting r = 1 in (5.47) shows that
ro(1,t) = 61/4, (5.48)

We find that #;i, must be evaluated numerically for a droplet undergoing simultaneous
evaporation and imbibition. In particular, substituting the expression for the evolution
of 6 in the CR mode given by (3.41) into (5.48) we find that ¢,ing for a droplet undergoing
pure imbibition on a finitely thick, anisotropic, initially dry, porous substrate is given

by

tring = T, (5.49)

while substituting the expression for the evolution of € in the CR mode given by (3.77)

into (5.48) we find that ¢,i,s for a droplet undergoing pure imbibition on a finitely thick,
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Figure 5.14: (a) ting/tcr and (b) tgist/tca plotted as functions of r¢ for pure evap-
oration (dashed lines), simultaneous evaporation and imbibition £ = 1 and Z = 2"
(n=—-5,—4,...,5) (solid lines), and pure imbibition (dotted lines) on a finitely thick,
anisotropic, initially dry, porous substrate. The arrows indicate the directions of in-
creasing 7.

anisotropic, flooded, porous substrate is given by
1
tring = —5 log Tro. (5.50)

Figures 5.14(a) and 5.15(a) show ting/tcr as a function of rg for a droplet undergo-
ing simultaneous evaporation and imbibition on a finitely thick, anisotropic, dry and
flooded, porous substrate, respectively. In particular, Figures 5.14(a) and 5.15(a) il-
lustrate that the behaviour of ¢, for a droplet undergoing simultaneous evaporation
and imbibition on a finitely thick, anisotropic, dry or flooded, porous substrate is qual-
itatively similar to the behaviour of ¢, given by (5.6), as discussed in Section 5.2.1,
i.e., particles that are initially near the contact line are deposited (in the ring deposit)
before those that are initially near the centre of the droplet.

We find that ¢ must also be evaluated numerically for a droplet undergoing si-
multaneous evaporation and imbibition in the CR mode, as discussed in Section 5.1.
Substituting the expression for r given implicitly by (5.47) into (5.3a) and solving for

¢ shows that for a droplet undergoing pure imbibition on a finitely thick, anisotropic,
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Figure 5.15: (a) tring/tcr and (b) tgist/tca plotted as functions of 7 for simultaneous
evaporation and imbibition £ = 1 and Z = 2™ (n = —15, —14,...,15) on a finitely thick,
anisotropic, flooded, porous substrate. The arrows indicate the directions of increasing
7.

dry or flooded, porous substrate

1—rd
¢=—r"s. (5.51)
61/2 — 2
Using (5.47) to eliminate r( yields
9-1/2 _ 2
¢ = Tz (5.52)
and hence
00~/ —r?)
oh = ————. (5.53)

We note that (5.53) is the same solution (when written in terms of ) as that for a
droplet undergoing pure evaporation according to a spatially uniform local evaporative
mass flux, as discussed in Section 1.7 (see, for example, Zheng et al. [65], Zigelman &
Manor [176], and D’ Ambrosio et al. [82]). Figure 5.16 shows (a) ¢ and (b) ¢h plotted as
functions of r for a range of values of # for pure evaporation (dashed lines), simultaneous
evaporation and imbibition (£ = Z = 1) (solid lines), and pure imbibition (dotted
lines) on a finitely thick, anisotropic, initially dry, porous substrate. In particular,

Figure 5.16(a) illustrates that ¢ is a monotonically increasing function of r that takes
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Figure 5.16: (a) ¢ and (b) ¢h in the CR mode plotted as functions of r for pure evap-
oration (dashed lines), simultaneous evaporation and imbibition (solid lines), and pure
imbibition (dotted lines) on a finitely thick, anisotropic, initially dry, porous substrate,
for 8 = 1/5,2/5, ..., 4/5. The dashed lines indicate the initial values ¢o(r) = 1 and
¢o(r)h(r,0) = (1 —r?) /2 corresponding to # = 1, and the arrows indicate the direc-
tions of increasing 6.

its minimum value at the centre of the droplet and is singular at the contact line, and
a monotonically decreasing function of 6 (i.e., a monotonically increasing function of
t). In particular, for a droplet undergoing pure evaporation we recover the behaviour
of ¢ and ¢h discussed in Section 5.2.1, while for a droplet undergoing pure imbibition
¢ =01) =602 asr - 0t and ¢ = O((1 —r)"') = 0o as r — 1~ and, as one
would expect, for a droplet undergoing simultaneous evaporation and imbibition the
behaviour of ¢ at the centre and contact line of the droplet always lies between the
two distinguished limits of a droplet undergoing pure evaporation or pure imbibition.
Furthermore, Figure 5.16(b) illustrates that, in contrast to pure evaporation, for pure
imbibition ¢h is a monotonically decreasing function of r that takes its maximum value
at the centre of the droplet according to ¢h = O(1) = 0'/2/2 as r — 0" and is non-zero
at the contact line according to ¢h = O(1) = (6/2) (9_1/2 —1)asr — 17, and is a
monotonically increasing function of 6 (i.e., a monotonically decreasing function of t)
near the centre of the droplet but a non-monotonic function of € (i.e., a non-monotonic
function of t) near the contact line. We note that this behaviour is qualitatively similar
for a droplet on a finitely thick, anisotropic, flooded, porous substrate, and hence, we

have not plotted ¢ and ¢h in this situation.
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Physically, the contrast between the pure evaporation and imbibition behaviour of
¢h at the contact line is due to the advection of particles towards the contact line
being balanced by the mass flux of particles into the ring deposit for pure evaporation,
whereas for pure imbibition the advection of particles towards the contact line exceeds
the mass flux of particles into the ring deposit. Furthermore, Figure 5.16(b) illustrates
that for simultaneous evaporation and imbibition ¢h is always zero at the contact line,
as the evaporation contribution to advection always dominates as r — 17, as discussed
in Section 4.3.1, and hence so long as £ > 0 the advection of particles towards the
contact line is balanced by the mass flux of particles transferred to the ring deposit.
In particular, ph — 0 everywhere within the droplet as @ — 07 (i.e., as t = tog),
showing that (similarly to Section 5.2.1) all of the particles eventually leave the droplet,
and in this mode are eventually transferred to the ring deposit at r = 1 (i.e., at the
pinned contact line).

We find that Mg,op and Mg must be evaluated numerically for a droplet under-
going simultaneous evaporation and imbibition. Substituting the expression for ro(1,t)
given by (5.48) into (2.80) and (2.84) shows that for a droplet undergoing pure imbibi-

tion Mgrop and Miing are given by
Marop = My (291/2 - 9) (5.54)
and
Miing = My [1 _ (291/2 - 9)} , (5.55)

respectively, together with Mgy = 0 (see, for example, D’Ambrosio et al. [82] where
(5.54) and (5.55) were given in the context of a droplet undergoing pure evaporation
with a spatially uniform evaporative flux, as discussed in Section 1.7). Figures 5.17(a)
and 5.18(a) shows the evolutions of Mayop/Mo and Miing /Mo plotted as functions of
t/tcr for a range of values of Z for a droplet undergoing simultaneous evaporation and
imbibition on a finitely thick, anisotropic, dry and flooded, porous substrate, respec-

tively. In particular, Figures 5.17(a) and 5.18(a) illustrate that, as discussed in Section
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Aldrop /J\/[O Mring/]\/[O A/[drop /A/IO ]\/jdist /A/IO

t/tca

Figure 5.17: The evolutions of (a) Mgrop/Mo and M,ing /Mo plotted as functions of
t/tcr in the CR mode and (b) Mayop/Mo and Mgis /Mo plotted as functions of t/tca
in the CA mode for £ =1 and Z = 2" (n = —5,—4,...,5) for a droplet undergoing
simultaneous evaporation and imbibition on a finitely thick, anisotropic, initially dry,
porous substrate. The arrows indicate the directions of increasing Z.

5.2.1, all of the particles initially within the droplet are eventually transferred to the
ring deposit at = 1. Hence, the results presented in this section are in qualitative
agreement with the experimental investigations of Dou & Derby [187] and Li et al. [6],

as discussed in Section 1.7.

5.3.2 CA Mode

Substituting h, Jg, Ji, R, 6, and % given by equations (2.8), (2.32), (2.57) or (2.65),
(3.43) or (3.78), and (4.75), respectively, into (5.14b) we find that ro must be evaluated
numerically for a droplet undergoing simultaneous evaporation and imbibition in the
CA mode. For a droplet undergoing pure imbibition on a finitely thick, anisotropic,

dry or flooded, porous substrate rq is given by

ro(r,t) = rR™1/4, (5.56)
Setting r = R in (5.56) shows that

ro(R,t) = R¥*, (5.57)

We find that tqi¢ must be evaluated numerically for a droplet undergoing simul-

taneous evaporation and imbibition. In particular, substituting the expression for the
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Mring/]\/[O A/[drop /A/IO

Figure 5.18: The evolutions of (a) Mgrop/Mo and M,ing /Mo plotted as functions of
t/tcr in the CR mode and (b) Mayop/Mo and Mgis /Mo plotted as functions of t/tca
in the CA mode for £ =1 and Z = 2" (n = —15,—14,...,15) for a droplet undergoing
simultaneous evaporation and imbibition on a finitely thick, anisotropic, flooded, porous
substrate. The arrows indicate the directions of increasing 7.

evolution of R in the CA mode given by (3.45) into (5.57) we find that ¢4 for a
droplet undergoing pure imbibition on a finitely thick, anisotropic, initially dry, porous

substrate is given by

<1 — 7‘3/3)2

e (5.58)

taist =

while substituting the expression for the evolution of R in the CA mode given by (3.45)
into (5.57) we find that ¢4 for a droplet undergoing pure imbibition on a finitely thick,

anisotropic, flooded, porous substrate is given by

3 (1 — rg/?’)

= (5.59)

taist =

Figures 5.14(b) and 5.15(b) show tqis;/tca plotted as functions of r¢. In particular,
Figures 5.14(b) and 5.15(b) illustrate that the behaviour of tqis for a droplet undergoing
simultaneous evaporation and imbibition on a finitely thick, anisotropic, dry or flooded,
porous substrate is qualitatively similar to the behaviour of tq;st given by (5.18), i.e.,
particles that are initially near the contact line are deposited (in the distributed deposit)
before those that are initially near the centre of the droplet, as discussed in Section

5.2.2.
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We find that ¢ must also be evaluated numerically for a droplet undergoing simul-
taneous evaporation and imbibition in the CA mode. Substituting the expression for r
given implicitly by (5.56) into (5.14b) and solving for ¢ shows that for a droplet under-

going pure imbibition on a finitely thick, anisotropic, dry or flooded, porous substrate

1-— 7“8
= Fsp_ 2 s (5.60)
Using (5.56) to eliminate r¢ yields
R3/2 _ 12
b=——= B (5.61)
T R?
and hence
R _3/2 T2

We note that this is the same solution, when written in terms of R as for a droplet
undergoing evaporation according to a spatially uniform local evaporative mass flux
(see, for example, D’Ambrosio et al. [84]). Figure 5.19 shows (a) ¢ and (b) ¢h plotted as
functions of r for a range of values of R for pure evaporation (dashed lines), simultaneous
evaporation and imbibition (€ = Z = 1) (solid lines), and pure imbibition (dotted
lines) for a droplet on a finitely thick, anisotropic, initially dry, porous substrate. In
particular, Figure 5.19(a), illustrates that ¢ is a monotonically increasing function of r
that takes its minimum value at the centre of the droplet and is singular at the contact
line, and a monotonically decreasing function of R (i.e., a monotonically increasing
function of ¢). In particular, for a droplet undergoing pure evaporation we recover the
behaviour of ¢ and ¢h as discussed in Section 5.2.2, while for a droplet undergoing pure
imbibition ¢ = O(1) = R™%? as r — 0T and ¢ = O(R —7)"!) = 0o as 7 — R~ and,
as one would expect, for a droplet undergoing simultaneous evaporation and imbibition
the behaviour of ¢ at the centre and contact line of the droplet always lies between the
two distinguished limits of a droplet undergoing pure evaporation or pure imbibition.

Furthermore, Figure 5.19(b) illustrates that, in contrast to pure evaporation, for pure
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Figure 5.19: (a) ¢ and (b) ¢h in the CA mode plotted as functions of r for pure
evaporation (dashed lines), simultaneous evaporation and imbibition (£ = Z = 1)
(solid lines), and pure imbibition (dotted lines) on a finitely thick, anisotropic, initially
dry, porous substrate, for R = 1/5, 2/5, ..., 4/5. The dashed lines indicate the initial
values ¢o(r) = 1 and ¢o(r)h(r,0) = (1 — r?) /2 corresponding to R = 1, and the arrows
indicate the directions of increasing R.

imbibition ¢h is a monotonically decreasing function of r that takes its maximum value
at the centre of the droplet according to ¢h = O(1) = R='/2/2 as r — 0T and is non-
zero at the contact line according to ¢ph = O(1) = (R"Y/2 — R)/2 asr — R~, and is a
non-monotonic function of R (i.e., a non-monotonic function of ¢) near the centre of the
droplet but a monotonically decreasing function of R (i.e., a monotonically increasing
function of ¢) near the contact line. We note that this behaviour is qualitatively similar
to that for a droplet on a finitely thick, anisotropic, flooded, porous substrate, and
hence, we have not plotted ¢ and ¢h for this situation.

Physically, the contrast between the behaviour of ¢h for pure evaporation and
imbibition behaviour of ¢h at the contact line is due to the advection of particles
towards the contact line being balanced by the mass flux of particles into the distributed
deposit for pure evaporation, whereas for pure imbibition the advection of particles
towards the centre of the droplet exceeds the mass flux of particles into the distributed
deposit. Furthermore, Figure 5.19(b) illustrates that for simultaneous evaporation and
imbibition ¢h is always zero at the contact line, as the evaporation contribution to
advection always dominates as r — R™, as discussed in Section 4.3.3, and hence so

long as £ > 0 the advection of particles towards the contact line is balanced by the
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mass flux of particles transferred to the distributed deposit. In particular, ¢h — 0T
everywhere within the droplet as R — 07 for pure evaporation (i.e., as t — ta A7E),
as discussed in Section 5.2.2. In contrast, ¢h — oo everywhere within the droplet as
R — 0% for pure imbibition (i.e., as t — ta AJ). Physically, particles are swept inwards
and towards the centre of the droplet for pure imbibition, as discussed in Section
4.3.2. However, the contact line recedes at a faster rate than the maximum inward
velocity, |dR/dt| = 4|u(R,t)|, and hence all of the particles are eventually captured
by the contact line, and in this mode are eventually transferred to the distributed
deposit in 0 < r < 1. For simultaneous evaporation and imbibition the behaviour of
¢h will depend on both the nature and strength of physical mechanism(s) driving the
mass loss from the droplet, with evaporation contributions dominating at the contact
line and imbibition contributions dominating at the centre of the droplet, respectively.
Nevertheless, all of the particles eventually leave the droplet, and in this mode are
eventually transferred to the distributed deposit in 0 < r < 1.

We find that Mg,op and Mgis, must be evaluated numerically for a droplet undergo-
ing simultaneous evaporation and imbibition. Substituting the expression for ro(R,t)
given by (5.57) into (2.80) and (2.87) shows that for a droplet undergoing pure imbibi-
tion on a finitely thick, anisotropic, dry or flooded, porous substrate Mg,op and Myigt

are given by
Mgrop = My [1 (- R3/2)2} (5.63)
and
Maio, = My |(1 = R¥2)?] . (5.64)

respectively, together with Min, = 0 (see, for example, D’Ambrosio et al. [84]) where
(5.63) and (5.64) were given in the context of a droplet undergoing pure evaporation
according to a spatially uniform local evaporative mass flux, as discussed in Section

1.8.2). Figures 5.17(b) and 5.18(b) shows the evolutions of Mgyop/Mo and Mais /Mo

plotted as functions of ¢/tca for a range of values of Z for a droplet undergoing simul-
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taneous evaporation and imbibition on a finitely thick, anisotropic, dry and flooded,
porous substrate, respectively. In particular, Figures 5.17(b) and 5.18(b) illustrate
that, similarly to that discussed in Section 5.2.2, all of the particles initially within the
droplet are eventually transferred to the distributed deposit in 0 < r < 1.

We find that ¢g;st must be evaluated numerically for a droplet undergoing simulta-
neous evaporation and imbibition. Substituting the expressions for h, rg, and ¢ given
by equations (2.8), (5.56), and (5.61), respectively, into (2.88) shows that for a droplet
undergoing pure imbibition on a finitely thick, anisotropic, dry or flooded, porous sub-

strate @gist i given by

3
Gdist = W(l —r3/2) (5.65)

(see Freed-Brown [66] and D’Ambrosio et al. [84]) where (5.65) was given in the con-
text of a droplet undergoing pure evaporation according to a spatially uniform local
evaporative mass flux, as discussed in Section 1.8.2. In contrast to Section 4.3.2, the
final density of the distributed deposit ¢qgisy is dependent on the values of £ and Z,
i.e., is dependent on both the nature and the strength of the physical mechanism(s)
driving the mass loss from the droplet. However, we note that had we described the
local evaporative mass flux as spatially uniform then this would not be the case and the
final density of the distributed deposit ¢qis; (but not, of course, the temporal evolution
towards it) would be independent of the values of £ and Z, i.e., would be independent
of both the nature and the strength of the physical mechanism(s) driving the mass loss
from the droplet.

Figure 5.20(a) shows ¢qist plotted as a function of r for pure evaporation (dashed
line), simultaneous evaporation and imbibition £ =1 and Z = 2", n = —5,—4,...,5
(solid lines), and pure imbibition (dotted line) on a finitely thick, anisotropic, initially
dry, porous substrate. In particular, Figure 5.20(a) illustrates that the final deposit
does not, as one might have naively expected, always lie between the two distinguished
limits of a droplet undergoing pure evaporation or pure imbibition, as the interplay
between outward, inward, and zero regions of flow influences the nature of the final

deposit. Furthermore, Figure 5.20(a) illustrates that ¢qis — 0T at the centre of the
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¢dist

2.5/

2.0t

Figure 5.20: ¢qist in the CA mode plotted as a function of r for simultaneous evapora-
tion and imbibition on a (a) finitely thick, anisotropic, initially dry, porous substrate
(E=1and Z = 2" n = —5,—4,...,5) and (b) finitely thick, anisotropic, flooded,
porous substrate (£ = 1 and Z = 2", n = —15,—14,...,15). The dashed and dotted
lines indicate the pure evaporation and imbibition solutions given by (5.26) and (5.65)
respectively.

droplet, this is due to the evaporation contributions dominating the mean flow at later
times, and hence there are larger regions of outwards flow (than those of inwards and
zero flow, respectively) and the nature of the final deposit tends towards that of pure
evaporation (i.e., a cleaved near-uniform deposit), as t — £, .

Figure 5.20(b) shows ¢g;st plotted as a function of r for pure evaporation (dashed
line), simultaneous evaporation and imbibition £ = 1 and Z = 2", n = —5,—4,...,5
(solid lines), and pure imbibition (dotted line) on a finitely thick, anisotropic, flooded,
porous substrate. In particular, Figure 5.20(b) illustrates that, similarly to that on a
finitely thick, anisotropic, initially dry, porous substrate, the final deposit does not,
as one might have naively expected, always lie between the two distinguished limits
of a droplet undergoing pure evaporation or pure imbibition, as the interplay between
outwards, inwards, and zero regions of flow influences the nature of the final deposit.
Furthermore, Figure 5.20(b) illustrates that, in contrast to that on a finitely thick,
anisotropic, initially dry, porous substrate, ¢q;t — oo at the centre of the droplet, this
is due to the imbibition contributions dominating the mean flow at later times, and
hence there are larger regions of inwards flow (than those of outwards and zero flow,

respectively) and the nature of the final deposit tends towards that of pure imbibi-
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tion (i.e., a peak deposit), as t — t;,. For simultaneous evaporation and imbibition
the behaviour of ¢gist will depend on both the nature and the strength of the physi-
cal mechanism(s) driving the mass loss from the droplet. Nevertheless, we find that
the nature of the final deposit transitions from a cleaved near-uniform deposit (pure
evaporation) to a peak deposit (pure imbibition). More generally, the nature of the
final deposit spans a range of various final deposits, including cleaved near-uniform,
near-uniform /uniform, volcano, dome, and peak, as sketched in Figures 1.7(e,f,g,h,i),

respectively.

5.3.3 SS Mode

For a droplet undergoing simultaneous evaporation and imbibition the transport and
deposition of particles must be evaluated numerically, as discussed in Section 5.1. In
particular, for a droplet undergoing pure imbibition in the SS mode, the characteristic
equations are given by (5.3) in the CR phase for 0 < ¢ < ¢* and (5.14) in the CA
phase for t* < t < tgg. Hence the solution for ry is given by (5.4) in the CR phase
and (5.15) in the CA phase. For a droplet undergoing pure imbibition on a finitely
thick, anisotropic, initially dry, porous substrate the solution for ¢,i,s in the CR phase

is given by (5.49) for 0 < ¢ < t* and tg;st in the CA phase is given by
1 2
tas = 55 | (2= 35/°) 0" +1] (5.66)

for t* < t < tgg, while for a droplet undergoing pure imbibition on a finitely thick,
anisotropic, flooded, porous substrate the solution for ¢,i,s in the CR phase is given by
(5.50) for 0 <t < t* and tqis; in the CA phase is given by

faist = % [3 (1 —¥ 3) —2log 0*] (5.67)

for t* <t < tgs. Figures 5.21 and 5.22 show (a) tying/tss and (b) tqist/tss plotted as
a function of rg for a range of values of * for a droplet undergoing pure imbibition
on a finitely thick, anisotropic, dry and flooded, porous substrate in the CR phase
and CA phase of the SS mode. In particular, Figures 5.21 and 5.22 illustrate that
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Figure 5.21: (a) tring/tss given by (5.49) and (b) tgist/tss given by (5.66) plotted as
functions of rg for a droplet undergoing pure imbibition on a finitely thick, anisotropic,
initially dry, porous substrate, for * = 1/10,1/5,...,9/10. The dashed lines in (a,b)
indicate the CR and CA mode solutions for ting/tcr and tqis;/tca, respectively. The
arrows indicate the directions of increasing 6*.

both quantities inherit their corresponding behaviours in the CR and CA modes in the
corresponding phases.

Solving for ¢ yields (5.51) in the CR phase and

(1 _ 7“8) (9*71/2 _ T8R1/2)

RGO

(5.68)

in the CA phase for a droplet undergoing pure imbibition on a finitely thick, anisotropic,
dry or flooded, porous substrate. Hence ¢ is given by (5.52) in the CR phase and
(R1/2 _ 7“2) (1 _ 7“20*1/2)

O AR (R - ) (5:69)

in the CA phase, and ¢h is given by (5.53) in the CR phase and

9*1/2 (R1/2 _ 7,2) (1 _ r26*1/2)
B 2(1—r2)R

oh (5.70)

in the CA phase. Figure 5.23 shows (a) ¢ and (b) ¢h plotted as functions of r for a
range of values of # in the CR phase and R in the CA phase for a droplet undergoing
pure imbibition on a finitely thick, anisotropic, dry or flooded, porous substrate. In

particular, Figure 5.23 illustrates that both quantities inherit their corresponding be-
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tring/tss taist/tss

1.0/ 1.0

0.8 0.8

0.6- 0 0.6/

0.4 0.4/

0.2 0.2

% 02 04 06 o0s 100 % oz o4 06 o8 1070

(a) (b)

Figure 5.22: (a) tring/tss given by (5.50) and (b) tgist/tss given by (5.67) plotted as
functions of rg for a droplet undergoing pure imbibition on a finitely thick, anisotropic,
flooded, porous substrate, for * = 1/10,1/5,...,9/10. The dashed line in (b) indicates
the CA mode solution for tgis;/tca. The arrows indicate the directions of increasing
0*.
haviours in the CR and CA modes in the corresponding phases. In particular, ¢h — oo
everywhere within the droplet as R — 0%, i.e., as t — tggp- Physically, as in the CA
mode and discussed in Section 5.3.2, particles are swept inwards and towards the centre
of the droplet for pure imbibition. However, the contact line recedes at a faster rate
than the maximum inward velocity, |dR/dt| = 4|u(R,t)|, and hence all of the particles
are eventually captured by the contact line in the CA phase showing that all of the
particles eventually leave the droplet, and in this mode are eventually transferred to
either the ring deposit at » = 1 or the distributed deposit in 0 < r < 1.

Marop, Mying and My are given by (5.54), (5.55) and Mgjsx = 0 in the CR phase,
and by

Mgrop = My |2R0*Y? — RO*(R? — 2RY? 4 2)
20*1/2 .
7 {(1 — R'Y?)(1 = 0"1/%)log(1 - R2)} : (5.71)
Mring = Mring(t*) = MO 1— (29*1/2 _ 9*)] 7 (572)
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Figure 5.23: (a) ¢ given by (5.52) and (5.69) and (b) ¢h given by (5.53) and (5.70) in
the SS mode plotted as functions of r for 6 = 3/5, 7/10, 4/5, 9/10 in the CR phase and
R =1/10,1/5,...,9/10 in the CA phase when 6* = 1/2. The dashed lines indicate
the initial values ¢o(r) = 1 and ¢o(r)h(r,0) = (1 —r?) /2 corresponding to 8 = 1, the
dotted lines indicate the solution at ¢ = t* corresponding to # = 6* = 1/2, and the
arrows indicate the directions of increasing 6 and R.

and
Muyisy = Mo | — 2R6*Y/? + RO <R2 —2R'Y? 4 2)
x1/2

in the CA phase for a droplet undergoing pure imbibition on a finitely thick, anisotropic,
dry or flooded, porous substrate. Figures 5.24(a,b,c) show the evolutions of (a) Mgrop/Mo,
(b) Mying/Mo, and (c) Maist/Mo plotted as functions of t/tgg for pure imbibition
on a finitely thick, anisotropic, initially dry, porous substrate for a range of val-
ues of 0*, while Figure 5.24(d) shows the final (scaled) masses in the deposit ring,
Miing (tss) /Mo (= Miing(t*)/Mp), and in the distributed deposit, Mgt (tss)/Mo, plot-
ted as functions of 6* for pure imbibition on a finitely thick, anisotropic, dry or flooded,
porous substrate. In particular, Figure 5.24(d) illustrates that there is a greater mass of
particles in the final deposit ring than in the final distributed deposit (i.e., Mying(tss) >
Maist (tsg)) when 0 < 0% < 0%, and vice versa (i.e., Mying(tss) < Maist(tss)) for

crit?
f*
cri

Miing (tss) /Mo = Magist(tss)/Mo = 1/2. Figures 5.25(a,b,c) show the evolutions of (a)

. < 0% <1, where 6%, = 3/2 — 21/2 ~ 0.0858 is the critical value of 6* for which

crit
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Figure 5.24: The evolutions of (a) Marop/Mo, (b) Mying/Mo, and (c) Mais /My in the SS
mode plotted as functions of ¢/tgg for pure imbibition on a finitely thick, anisotropic,
initially dry, porous substrate when #* = 1/10,1/5,...,9/10. The dots in (a) denote
the time at which the CR phase ends, i.e., t = t*. (d) Muying(tss)/Mo (= Mying(t*)/Mo)
and Myist (tss) /My in the SS mode plotted as functions of 6* for pure imbibition on a
finitely thick, anisotropic, dry or flooded, porous substrate. The dashed lines in (a,b)
indicate the CR mode solutions for Mgyop/Mo and Mying /My, respectively, and the
dashed lines in (d) indicate the critical value of §* = 6%, = 3/2 — 2/2 ~ 0.0858 for
which Miing(tss)/Mo = Magist(tss)/Mo = 1/2. The dotted lines in (a,c) indicate the
CA mode solutions for Myop/Mo and Mgist /Mo, respectively. The arrows indicate the
directions of increasing 6*.
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Figure 5.25: The evolutions of (a) Marop/Mo, (b) Mying/Mo, and (c) Mais; /Mo in the SS
mode plotted as functions of ¢/tgg for pure imbibition on a finitely thick, anisotropic,
flooded, porous substrate when 6* = 1/10,1/5,...,9/10. The dots in (a) denote the
time at which the CR phase ends, i.e., t = t*. The dashed lines in (a,b) indicate the
CR mode solutions for Mgrop/Mo and M,ing /Mo, respectively. The dotted lines in (a,c)
indicate the CA mode solutions for Mayep/Mo and Maisi /Moy, respectively. The arrows
indicate the directions of increasing 6*.

Marop/Mo, (b) Mying/Mo, and (c) Maist/Mo plotted as functions of ¢/tsg for pure im-
bibition on a finitely thick, anisotropic, flooded, porous substrate for a range of values
of 6.

Substituting the expressions for h, 79, and ¢ given by equations (2.8), (5.56), and
(5.69), respectively, into (2.92) shows that in the CA phase of the SS mode @qist is

given by
30* (9*—1/2 _ 7“2) (1 _ 7“3/2)
¢dist = 1/2 2
8rl/2 (1 —r2)

(5.74)

Figure 5.26 shows ¢qist given by (5.74) plotted as a function of r for a range of values
of 6*, including the solution in the CA mode given by (5.65) corresponding to * = 1.
In particular, Figure 5.26 illustrates that the final density of the distributed deposit in
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Figure 5.26: ¢gist given by (5.74) in the CA phase of the SS mode plotted as a function
of r for * = 1/10,1/5,...,9/10. The dashed line indicates the solution in the CA
mode given by (5.65) corresponding to #* = 1, and the arrow indicates the directions
of increasing 6*.

the SS mode tends to infinity at the centre of the droplet and takes its minimum value
of daist = (9/32) (6* — 0*1/2) at r = 1 (i.e., at the initial position of the contact line).
Note that, as in the CA mode and discussed in Section 5.3.2, a peak deposit forms in
the CA phase of the SS mode for a droplet undergoing pure imbibition on a finitely

thick, anisotropic, dry or flooded, porous substrate.

5.3.4 SJ Mode

For a droplet evolving in the SJ mode, the characteristic equations are given by (5.3)
in the nth CR phase for ¢, <t <t, (n=1,2,3,...). Hence the solution for rg , for

a droplet undergoing pure imbibition on a finitely thick, anisotropic, dry or flooded,

o \ A
Tonm =T ( > (575)

gmax

porous substrate is

for t,—1 <t<t, (n=1,2,3,...). Setting r = R,, shows that

Hmax

ro,n(Rn,w:Rn( ’ )1/4 (5.76)

for t,1 <t < t, (n = 1,2,3,...). In particular, for a droplet undergoing pure

imbibition on a finitely thick, anisotropic, initially dry, porous substrate the solution
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Figure 5.27: tyingn/tss plotted as functions of rg,, in each CR phase for pure imbibition
on a (a) finitely thick, anisotropic, initially dry, porous substrate and (b) finitely thick,
anisotropic, flooded, porous substrate when 6y, = 1/2. The dashed and dotted lines
in (a,b) indicate the CR and CA mode solutions for tying/tcr and tgist/tca, respec-
tively. The arrows indicate the directions of increasing n.

for tying,n is given by

2

(5.77)

7fring,n =

R, ro;n )" 1/2
1—( = t
4(2)1/2 { (Rn> }+ n—1

for t,—1 <t <t, (n=1,2,3,...), while for a droplet undergoing pure imbibition on a

finitely thick, anisotropic, flooded, porous substrate the solution for tg,, is given by

R} ro
tring,n =tp-1— 7 0og <]%n> (578)

for t,—1 <t <t, (n=1,2,3,...). Figure 5.27 shows tying/tsy plotted as functions of
ro,n in each CR phase for pure imbibition on a (a) finitely thick, anisotropic, initially
dry, porous substrate and (b) finitely thick, anisotropic, flooded, porous substrate when
Omin = 1/2. In particular, Figure 5.27 illustrates that tring,n inherits the corresponding
behaviour in the CR mode in each CR phase, i.e., particles that are initially near the
nth contact line are deposited (in the nth ring deposit) before those that are initially
near the centre of the droplet.

Solving for ¢ in the nth CR phase for a droplet undergoing pure imbibition on a
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finitely thick, anisotropic, dry or flooded, porous substrate yields

2
1— o (L)
) R% gmax
2
0 _ T(Q)fm
Omax R?L

for t,—1 <t < t, (n = 1,2,3,...) where ¢pmax(ron) = &(ron—1,tn—1) denotes the

¢ = ¢n,max(7"0,n (5-79)

concentration of particles within the droplet at the end of the (n — 1)th CR phase.

Hence ¢ is given by
_ 2
971/2Rn3/2 _ 1%%
b= (5.80)

2
1— 2
Ry

for t,—1 <t<t, (n=1,2,3,...) and ¢h is given by

ORy (12032 T
oh=—" <9 12R-3/2 _ R%) (5.81)
for t,_1 <t <ty (n =1,2,3,...). Figure 5.28 shows (a) ¢ and (b) ¢h plotted as
functions of r for a range of values of 6 in each CR phase. In particular, Figure
5.28 illustrates that both quantities inherit their corresponding behaviour in the CR
mode in each CR phase. However, in contrast to the CR mode, ¢h is a monotonically
increasing function of n everywhere within the droplet that takes its maximum value
at the centre of the droplet according to ¢h = O(1) = 91/2R771/2/2 as r — 0T and
is non-zero at the nth contact line according to ¢h = O(1) = (91/2R;1/2 —0R,)/2
as r — R . In particular, in contrast to a droplet undergoing pure imbibition on an
infinitely thick, isotropic, flooded, porous substrate in the SJ mode, as discussed in
Section 5.2.4, ¢h — oo everywhere within the droplet as t — tg;~, however, all of the
particles eventually leave the droplet, and in this mode are eventually transferred to
the (theoretically infinite number of) ring deposits at r = R,, (n =1,2,3,...).

Mgrop and Myiyg » are given by

Mdrop = MO <2R7?;/201/2 - Rig) (582)
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Figure 5.28: (a) ¢ given by (5.80) and (b) ¢h given by (5.81) in the SJ mode plotted
as functions of r at 6§ = 3/5, 7/10, 4/5, 9/10 in each CR phase when Op,in = 1/2. The
dashed and the dotted lines indicate the values at t = ¢,_1 and t = ¢, (n =1,2,3,...)
(i.e., at the start and the end of each CR phase) corresponding to 6 = Oy,x = 1 and
0 = Omin = 1/2, respectively, and the arrows indicate the directions of increasing n.

fort,_1 <t<t, (n=1,2,3,...) and
Myingn = Mo |23/ (032 — 0/ = R, (Bunax — ) (5.83)

for t,—1 <t < t, (n = 1,2,3,...), together with My,g, which is determined by
summing the non-zero values of Mingn, and Mgy = 0. Figures 5.29(a,b) show the
evolutions of (a) Marop/Mo and (b) Myings/Mo plotted as functions of t/tsy for pure
imbibition on a finitely thick, anisotropic, initially dry, porous substrate when 6, =
1/2, while Figure 5.29(c) shows the final (scaled) mass of particles in the nth deposit
ring, Mying,n(tss)/Mo (= Miing,n(tn)/Mo), plotted as a function of Oy, forn =1,2,3, ...
for a droplet undergoing pure imbibition on a finitely thick, anisotropic, dry or flooded,
porous substrate. In particular, Figure 5.29(c) illustrates that Mying(tsy) decreases
monotonically with n for 0 < Omin < Omin,crit = 3 — 23/2 ~ 0.1716, but is non-monotonic
for Omin,crit < Omin < 1. Figures 5.30(a,b) show the evolutions of (a) Marop/Mo and
(b) Miyings/My plotted as functions of t/tg; for pure imbibition on a finitely thick,

anisotropic, flooded, porous substrate when 6,;, = 1/2.
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Figure 5.29: The evolutions of (a) Myrop/Mo and (b) Myings/My in the SJ mode plotted
as functions of t/tgy for pure imbibition on a finitely thick, anisotropic, initially dry,
porous substrate when 6, = 1/2. The dots in (a) and (b) denote the times at
which the nth CR phase ends, ie., t = ¢, (n = 1,2,3,...). (¢) Mngn(tss)/Mo (=
Ming,n(tn)/Mp) in the SJ mode plotted as a function of Oy for n = 1,2,3,.... The
dashed lines in (a,b) indicate the CR mode solutions for Mgyop/Mo and Miing /Mo,
respectively. The dotted lines in (a,c) indicate the CA mode solutions for Mgyop/Mo
and Mgist /Mo, respectively. The arrows indicate the directions of increasing n.
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Figure 5.30: The evolutions of (a) Myrop/Mo and (b) Myings/My in the SJ mode plotted
as functions of t/tgy for pure imbibition on a finitely thick, anisotropic, flooded, porous
substrate when i, = 1/2. The dots in (a) and (b) denote the times at which the nth
CR phase ends, i.e., t =t, (n = 1,2,3,...). The dotted lines indicate the CA mode
solutions for Myyop/Mo and Mais /Mo, respectively.
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5.4 Conclusions

In Chapter 5 we have analysed mathematical models for the transport and deposition
of particles within the droplet and onto the substrate in the CR, CA, SS, and SJ modes
in the regime in which diffusion of particles is faster than axial advection but slower
than radial advection of particles.

In Section 5.2 we determined the transport and deposition of particles within the
droplet and onto an infinitely thick, isotropic, flooded, porous substrate in the CR,
CA, SS, and SJ modes, where the evaporation and imbibition problems are described
in Sections 2.6 and 2.7.1, respectively. We showed that in this situation the final
deposit from a droplet evolving in the CR, CA, SS, and SJ modes (namely a ring
deposit, a distributed deposit, a combined ring and distributed deposit, and multiple
ring deposits, respectively) is independent of both the nature and the strength of the
physical mechanism(s) driving the mass loss from the droplet. Furthermore, we showed
that the distributed deposit in this situation is a cleaved near-uniform deposit in the
CA mode and the CA phase of the SS mode, respectively.

In Section 5.3 we determined the transport and deposition of particles within the
droplet and onto a finitely thick, anisotropic, dry or flooded, porous substrate in the
CR and CA modes, where the evaporation and imbibition problems are described in
Sections 2.6 and 2.7.2 or 2.7.3, respectively. In contrast to Section 5.2, we showed that
in this situation the final deposit from a droplet evolving in the CR and CA modes
(namely a ring deposit and a distributed deposit, respectively) is dependent on both
the nature and the strength of the physical mechanism(s) driving the mass loss from
the droplet, and that the final deposit in the CA mode encompasses a cleaved near-
uniform deposit, near-uniform/uniform deposit, volcano deposit, dome deposit, and
peak deposit. Furthermore, we showed that for a droplet undergoing pure imbibition
on a finitely thick, anisotropic, dry or flooded, porous substrate that the distributed
deposit is a peak deposit in the CA mode and the CA phase of the SS mode.

The results described in Chapter 5 indicate that, as shown experimentally (see, for

example, Dou and Derby [187] and Li et al. [6]), evaporation and imbibition have the
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same qualitative effect on the transport of particles in the CR mode, with the evolution
towards the ring deposit based on the relative strength of evaporation and/or imbibi-
tion. We have also demonstrated that the quantitative differences in the local imbibition
mass flux, as described in Sections 2.7.1, 2.7.2, and 2.7.3, lead to the same final deposits
in the CA mode as those obtained when contrasting a diffusion-limited local evapora-
tive mass flux with a spatially uniform equivalent, namely a cleaved near-uniform and
peaked final deposit, respectively. Furthermore, we showed that for a droplet under-
going simultaneous evaporation and imbibition on a finitely thick, anisotropic, initially
dry, porous substrate the evaporation contributions to the mean flow dominate at late
times, and hence, the final deposit is always cleaved at the centre, while for a droplet
undergoing simultaneous evaporation and imbibition on a finitely thick, anisotropic,
flooded, porous substrate the imbibition contributions to the mean flow dominate at
late times, and hence, the final deposit is always peaked at the centre. We note that
the transport and deposition of particles could be experimentally investigated using the
methods discussed in Section 1.2, providing experimental routes to verify and validate
the analytical expressions and numerical results determined in Chapter 5. Moreover,
the finding that a droplet undergoing simultaneous evaporation and imbibition on an
infinitely thick, isotropic, flooded, porous substrate and finitely thick, anisotropic, dry
or flooded, porous substrate leads to a different final deposit provides a useful tool to
control the final deposit. Having determined the transport and deposition of particles
in the regime in which diffusion of particles is faster than axial advection but slower
than radial advection of particles, in Chapter 6 we consider the alternative regime in
which diffusion of particles is slower than both radial and axial advection of particles

and compare the behaviours in each regime.
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Particle Paths

6.1 Overview

In Chapter 5, we considered the transport of, and deposition onto the substrate of, the
particles in the regime ég < Pe* <« 1 in which diffusion of particles is faster than axial
advection but slower than radial advection of particles, and hence at leading order axial
diffusion causes the concentration of particles to be independent of z. In this chapter,
we calculate the paths of the particles within the droplet in the alternative regime in
which diffusion of particles is slower than both radial and axial advection of particles,
and hence at leading order diffusion of particles plays no role and the transport of
particles is purely advective. Specifically, we consider the regime in which the reduced
Péclet number satisfies Pe* > 1, and hence at leading order the path taken by any

particle, denoted by (r, z) = (r(t), z(t)), is determined by solving

%:u and %:w for 0<z<h and 0<r <R, (6.1)
subject to initial conditions of the form (7(0), 2(0)) = (ro, 20), where (79, 20) is the initial
position of the particle. Only the CR and CA modes will be considered in this chapter,
however, in principle, such analysis could be extended to other modes (including the
SS and SJ modes).

Following the same approach as Kang et al. [78], D’ Ambrosio et al. [82], and Coombs

et al. [182] we assume that if a particle reaches the (descending) free surface of the

190



Chapter 6. Particle Paths

droplet then it remains on it until the droplet has completely evaporated and/or im-
bibed. We refer to this as free-surface capture. Once a particle has been captured, it

moves along the free surface according to
—=u and —=w—-EJg=—+u— on z=h for 0<r <R, (6.2)
T

and is eventually transported to the contact line. We also assume that once a particle
reaches the surface of the substrate it remains there (i.e., it does not enter the substrate
or move along its surface) until the droplet has completely evaporated and/or imbibed.
We refer to this as substrate capture. In addition, we assume that the presence of
particles on the free surface does not disrupt the shape of the droplet or the flow
within it, and that the presence of particles on the surface of the substrate does not
inhibit the flow of liquid through it (this latter assumption could readily be relaxed in
future work if required, as discussed in Chapter 7). Equations (6.1) and (6.2) must, in
general, be solved numerically, which we implemented using Mathematica [238] routine
NDSolve[]. Specifically, we used the method of lines and confirmed convergence under
refinement by varying the discretisation parameters and ensuring that the resulting
particle trajectories were insensitive to further tightening of the numerical tolerances.

In Sections 6.2, 6.3, and 6.4 we consider the particles paths in this regime for
a droplet undergoing simultaneous evaporation and imbibition on an infinitely thick,
isotropic, flooded, porous substrate, a finitely thick, anisotropic, initially dry, porous
substrate, and finitely thick, anisotropic, flooded, porous substrate in the CR and CA

modes.

6.2 An infinitely thick, isotropic, flooded, porous sub-

strate

6.2.1 Particle Paths in the CR Mode

The equations governing the paths of the particles within a droplet evolving in the CR

mode are obtained by substituting the expression for u given by (4.3) and the expres-
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Figure 6.1: Plots of (a,c,e) the paths of a selection of representative particles and (b,d,f)
the locus of the initial positions of particles that are captured by either the free surface
(dotted lines) or the substrate (solid lines) for a droplet evolving in the CR mode
at t = (1/10,1/5,...,9/10) x tcr for (a,b) pure evaporation and (c,d) simultaneous
evaporation and imbibition with € =Z =1, and at t = 2" x 7 (n = —10,-9,...,0) for
(e,f) pure imbibition. In (a,c,e) the dots (e) denote the initial positions of the particles
and the squares (M) denote the positions at which free-surface capture occurs. The
parabolic dashed line indicates the initial free-surface profile of the droplet, h(r,0) =
(1 —r?) /2, the dashed line in (c,d) indicates the critical watershed curve on which free-
surface and substrate capture occur simultaneously, and the arrows in (b,d,f) indicate
the directions of increasing t.
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sion for w given by (4.4) into (6.1) and (6.2). Figures 6.1(a,c,e) show the paths of a
selection of representative particles and Figures 6.1(b,d,f) show the locus of the initial
positions of particles that are captured by either the free surface (dotted lines) or the
substrate (solid lines) at various times for (a,b) pure evaporation, (c,d) simultaneous
evaporation and imbibition with € = Z = 1, and (e,f) pure imbibition. In particu-
lar, Figure 6.1 shows that in the regime Pe* > 1 the particles are always advected
by the flow within the droplet radially outwards (i.e., towards the contact line) and
downwards (i.e., towards the substrate) and always captured by either the free surface
or the substrate. Specifically, Figures 6.1(a,b) show that for pure evaporation all of
the particles are eventually captured by the free surface and then transported to the
contact line, forming a ring deposit at the (pinned) contact line, as sketched in Figure
2.7(a) (see, for example, D’Ambrosio et al. [82]). This behaviour is qualitatively the
same as that in the regime 9% < Pe* « 1, as discussed in Sections 2.8 and 5.2. On
the other hand, Figures 6.1(e,f) show that for pure imbibition all of the particles are
eventually captured by the substrate, forming a distributed deposit within the initial
footprint of the droplet, as sketched in Figure 2.7(b). This behaviour is qualitatively
different to that in the regime §2 < Pe* < 1. Figures 6.1(c,d) show that for simulta-
neous evaporation and imbibition both kinds of capture occur and there is a critical
“watershed” curve (i.e., a locus of initial positions of the particles) on which free-surface
and substrate capture occur simultaneously and above which the particles are captured
by the free surface and below which they are captured by the substrate, forming a
combined ring and distributed deposit as sketched in Figure 2.7(c). Again, this be-
haviour is qualitatively different to that in the regime ég < Pe* <« 1. The watershed
curve was computed using two complementary procedures. First, we integrated the
particle-path equations forward in time from a finely discretised set of initial positions
across the droplet footprint and recorded whether each trajectory first intersected the
free surface or the substrate. Second, we integrated the equations backwards in time
from points located on the substrate surface at the droplet’s lifetime to determine their
corresponding initial positions. Both approaches were repeated over a range of spatial

and temporal discretisations, and we found that the resulting watershed curve was in-
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Figure 6.2: Plots of (a) the path of a representative particle and (b) the critical water-
shed curve for £ =1 and Z = 2", n = —15,—14,...,15 within a droplet undergoing si-
multaneous evaporation and imbibition on an infinitely thick, isotropic, flooded, porous
substrate in the CR mode. The dots and squares in (a) represent the initial position
and the point at which free-surface capture occurs, respectively, for each representative
particle. The dashed line in (b) indicates the initial free-surface profile of the droplet
h(r,0) = (1 —1r%)/2.

sensitive to further refinement, with no meaningful changes observed at the resolutions
considered.

Figures 6.2(a,b) shows the paths of a representative particle and the critical wa-
tershed curve for a range of values of Z. In particular, Figures 6.2(a,b) shows that,
as expected, increasing the strength of evaporation and/or imbibition (i.e., increasing
& and/or 7) leads to a particle either being captured by the free surface or substrate.
Furthermore, we find that the shape of the critical watershed curve is dependent on the
relative strength of evaporation and/or imbibition and the locus of the initial positions
of particles for which free surface and substrate capture occur simultaneously, as shown
in Figure 6.1(d) for € = Z = 1. Additionally, in this situation evaporation contributions
dominate the flow at later times (i.e., ast — t-y), as discussed in Section 4.2.1. Hence,
particles which are initially closer to the centre of the droplet are captured by the free

surface.

6.2.2 Particle Paths in the CA Mode

The equations governing the paths of the particles within a droplet evolving in the

CA mode are obtained by substituting the expression for u given by (4.18) and the
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Figure 6.3: Plots of (a,c,e) the paths of a selection of representative particles and
(b,d,f) the locus of the initial positions of particles that are captured by either the free
surface (dotted lines) or the substrate (solid lines) for a droplet evolving in the CA
mode at t = (1/10,1/5,...,9/10) x tca for (a,b) pure evaporation, (c,d) simultaneous
evaporation and imbibition with & = Z = 1, and (e,f) pure imbibition. In (a,c,e) the
dots (e) denote the initial positions of the particles, and in (a,c) the squares (l) denote
the positions at which free-surface capture occurs. The parabolic dashed line indicates
the initial free-surface profile of the droplet, h(r,0) = (1 —r?) /2, the dashed line in
(c,d) indicates the critical watershed curve on which free-surface and substrate capture
occur simultaneously, and the arrows in (b,d,f) indicate the directions of increasing ¢.
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Figure 6.4: Plots of (a) the path of a representative particle and (b) the critical water-
shed curve for £ =1 and Z = 2", n = —15,—14, ..., 15 within a droplet undergoing si-
multaneous evaporation and imbibition on an infinitely thick, isotropic, flooded, porous
substrate in the CA mode. The dots and squares in (a) represent the initial position
and the point at which free-surface capture occurs, respectively, for each representative
particle. The dashed line in (b) indicates the initial free-surface profile of the droplet
h(r,0) = (1 —1r%)/2.

expression for w given by (4.19) into (6.1) and (6.2). Figure 6.3, which is analogous to
Figure 6.1 but for a droplet evolving in the CA mode, shows that the particle paths
are qualitatively the same as those for a droplet evolving in the CR mode (i.e., the
particles are advected towards the (unpinned) contact line). However, the motion of the
(unpinned) contact line means that the particles are always deposited as a distributed
deposit within the initial footprint of the droplet, as sketched in Figure 2.7(b). This
behaviour is qualitatively the same as that in the regime ég < Pe* « 1, as discussed
in Sections 2.8 and 5.2.

Figures 6.4(a,b) shows the paths of a representative particle and the critical water-
shed curve for a range of values of Z. In particular, Figures 6.4(a,b) shows that the
particle paths and the critical watershed curves are qualitatively the same as those for
a droplet evolving in the CR mode and (again) that the critical watershed curve profile
is dependent on the relative strength of evaporation and/or imbibition and the initial
positions of particles for which free surface and substrate capture occur simultaneously,
as shown in Figure 6.3(d) for £ = Z = 1, and that, in contrast to that discussed in
Section 6.2.1, particles which are initially positioned closer to the centre of the droplet

experience stronger imbibition contributions to the flow at later times (i.e., as t — 5, ),
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Figure 6.5: Plots of (a,c) the paths of a selection of representative particles and (b,d)
the locus of the initial positions of particles that are captured by either the free surface
(dotted lines) or the substrate (solid lines) for a droplet evolving in the CR mode
at t = (1/10,1/5,...,9/10) x tcr. In (a,c) the dots (e) denote the initial positions
of the particles and the squares (M) denote the positions at which free-surface capture
occurs. The parabolic dashed line indicates the initial free-surface profile of the droplet,
h(r,0) = (1 — %) /2, the dashed line in (c,d) indicates the critical watershed curve on
which free-surface and substrate capture occur simultaneously, and the arrows in (b,d)
indicate the directions of increasing t.

as discussed in Section 4.2.2.

6.3 A finitely thick, anisotropic, initially dry, porous sub-

strate

6.3.1 Particle Paths in the CR Mode

The equations governing the paths of the particles within a droplet evolving in the

CR mode are obtained by substituting the expression for u given by (4.61) and the
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Figure 6.6: Plots of (a) the path of a representative particle for pure evaporation
(dashed line), simultaneous evaporation and imbibition for €& = 1 and 7T = 27",
n = —5,—4,...,5 (solid lines), and pure imbibition (dotted line) and (b) the critical
watershed curve within a droplet undergoing simultaneous evaporation and imbibition
for E =1and Z =2", n= —5,—4,...,5 on a finitely thick, anisotropic, initially dry,
porous substrate in the CR mode. The dots and squares in (a) represent the initial
position and the point at which free-surface capture occurs, respectively, for each rep-
resentative particle. The dashed line in (b) indicates the initial free-surface profile of
the droplet h(r,0) = (1 —172)/2.

expression for w given by (4.62) into (6.1) and (6.2), with J; given by (2.57). Figure
6.5, which is analogous to Figure 6.1, but for a droplet evolving in the CR mode on a
finitely thick, anisotropic, initially dry, porous substrate (with those of pure evaporation
given by Figures 6.1(a,b)), shows that the paths of particles and the critical watershed
curve exhibit qualitatively similar behaviour to that discussed in Section 6.2.1. Again,
this behaviour is qualitatively different to that in the regime ég < Pe* <« 1. Figure
6.6, which is analogous to Figure 6.2, but for a droplet evolving in the CR mode on
a finitely thick, anisotropic, initially dry, porous substrate, shows that, in contrast to
that discussed in Section 6.2.1, imbibition contributions dominate the flow at earlier

times (i.e., as t — 07), as discussed in Section 4.3.1.

6.3.2 Particle Paths in the CA Mode

The equations governing the paths of the particles within a droplet evolving in the
CA mode are obtained by substituting the expression for u given by (4.76) and the
expression for w given by (4.77) into (6.1) and (6.2), with J; given by (2.57). Figure
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Figure 6.7: Plots of (a,c) the paths of a selection of representative particles and (b,d)
the locus of the initial positions of particles that are captured by either the free surface
(dotted lines) or the substrate (solid lines) for a droplet evolving in the CA mode at
t=1(1/10,1/5,...,9/10) x tca for (a,b) simultaneous evaporation and imbibition with
& =7 =1, and (c,d) pure imbibition. In (a,c) the dots (e) denote the initial positions
of the particles, and in (a) the squares (W) denote the positions at which free-surface
capture occurs. The parabolic dashed line indicates the initial free-surface profile of the
droplet, h(r,0) = (1 —r?) /2, the dashed line in (a,b) indicates the critical watershed
curve on which free-surface and substrate capture occur simultaneously, and the arrows

in (b,d) indicate the directions of increasing ¢.
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Figure 6.8: Plots of (a) the path of a representative particle for pure evaporation
(dashed line), simultaneous evaporation and imbibition for €& = 1 and 7T = 27",
n = —5,—4,...,5 (solid lines), and pure imbibition (dotted line) and (b) the critical
watershed curve within a droplet undergoing simultaneous evaporation and imbibition
for E =1and Z =2", n= —5,—4,...,5 on a finitely thick, anisotropic, initially dry,
porous substrate in the CA mode. The dots and squares in (a) represent the initial
position and the point at which free-surface capture occurs, respectively, for each rep-
resentative particle. The dashed line in (b) indicates the initial free-surface profile of
the droplet h(r,0) = (1 —172)/2.

6.7, which is analogous to Figure 6.5 but for a droplet evolving in the CA mode, shows
that the particle paths are qualitatively different from those for a droplet evolving
in the CR mode. In particular, Figure 6.7 illustrates that, in contrast to Sections
6.2.2 and 6.3.1, the particles experience radially inwards and outwards flow as the
droplet evolves due to the interplay between evaporation and imbibition contributions
to the flow, with imbibition contributions dominating at earlier times (i.e., as t — 07),
as discussed in Section 4.3.2. However, similarly to Section 6.2.2, the motion of the
(unpinned) contact line means that the particles are always deposited as a distributed
deposit within the initial footprint of the droplet, as sketched in Figure 2.7(b). This
behaviour is qualitatively the same as that in the regime ég < Pe* « 1, as discussed
in Sections 2.8 and 5.2. Figure 6.8, which is analogous to Figure 6.4, but for a droplet
evolving in the CA mode on a finitely thick, anisotropic, initially dry, porous substrate,
shows that, in contrast to that discussed in Section 6.2.2, imbibition contributions

dominate the flow at earlier times (i.e., as t — 07).
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6.4 A finitely thick, anisotropic, flooded, porous substrate

6.4.1 Particle Paths in the CR Mode

The equations governing the paths of the particles within a droplet evolving in the
CR mode are obtained by substituting the expression for u given by (4.61) and the
expression for w given by (4.62) into (6.1) and (6.2), with J given by (2.65). Figure 6.9,
which is analogous to Figures 6.1 and 6.5, but for a droplet evolving in the CR mode on
a finitely thick, anisotropic, flooded, porous substrate (with those of pure evaporation
given by Figures 6.1(a,b)), shows that the paths of particles and the critical watershed
curve exhibit qualitatively similar behaviour to that discussed in Sections 6.2.1 and
6.3.1. We note that Figures 6.5(c) and 6.7(c) are identical as u/w, where u is given by
(4.66) or (4.71) and w is given by (4.67) or (4.72), is independent of Ji. Again, this
behaviour is qualitatively different to that in the regime é(Q] < Pe* <« 1. Figure 6.10,
which is analogous to Figures 6.2 and 6.6, but for a droplet evolving in the CR mode
on a finitely thick, anisotropic, flooded, porous substrate, shows that, similarly to that
discussed in Section 6.2.1, evaporation contributions dominate the flow at later times

(ie.,ast —tqg).

6.4.2 Particle Paths in the CA Mode

The equations governing the paths of the particles within a droplet evolving in the
CA mode are obtained by substituting the expression for u given by (4.76) and the
expression for w given by (4.77) into (6.1) and (6.2), with J; given by (2.65). Figure
6.11, which is analogous to Figure 6.9 but for a droplet evolving in the CA mode, shows
that the particle paths are qualitatively different than those for a droplet evolving in
the CR mode. In particular, Figure 6.11 illustrates that, similarly to Section 6.3.2, the
particles experience radially inwards and outwards flow as the droplet evolves due to the
interplay between evaporation and imbibition contributions to the flow, with imbibition
contributions dominating at later times (i.e., as t — £, ) as discussed in Section 4.3.2.
However, similarly to Sections 6.2.2 and 6.3.2, the motion of the (unpinned) contact

line means that the particles are always deposited as a distributed deposit within the
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Figure 6.9: Plots of (a,c) the paths of a selection of representative particles and (b,d)
the locus of the initial positions of particles that are captured by either the free surface
(dotted lines) or the substrate (solid lines) for a droplet evolving in the CR mode at
t=1(1/10,1/5,...,9/10) x tcg for (a,b) simultaneous evaporation and imbibition with
E=Z=1,and at t =2" x4 (n = —10,-9,...,0) for (c,d) pure imbibition. In (a,c)
the dots (e) denote the initial positions of the particles and the squares (H) denote
the positions at which free-surface capture occurs. The parabolic dashed line indicates
the initial free-surface profile of the droplet, h(r,0) = (1 —r?) /2, the dashed line in
(a,b) indicates the critical watershed curve on which free-surface and substrate capture
occur simultaneously, and the arrows in (b,c) indicate the directions of increasing ¢.
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Figure 6.10: Plots of (a) the path of a representative particle and (b) the critical wa-
tershed curve for £ =1 and Z = 2", n = —15,—14,...,15 within a droplet undergoing
simultaneous evaporation and imbibition on a finitely thick, anisotropic, initially dry,
porous substrate in the CR mode. The dots and squares in (a) represent the initial
position and the point at which free-surface capture occurs, respectively, for each rep-
resentative particle. The dashed line in (b) indicates the initial free-surface profile of
the droplet h(r,0) = (1 —r?)/2.

initial footprint of the droplet, as sketched in Figure 2.7(b). We note that Figures
6.7(c) and 6.9(c) are identical as u/w, where u is given by (4.80) or (4.85) and w is
given by (4.81) or (4.86), is independent of J;. This behaviour is qualitatively the same
as that in the regime 9(2) < Pe* <« 1, as discussed in Sections 2.8 and 5.2. Figure
6.12, which is analogous to Figure 6.10, but for a droplet evolving in the CA mode
on a finitely thick, anisotropic, flooded, porous substrate, shows that, similarly to that
discussed in Section 6.2.2, imbibition contributions dominate the flow at later times

(ie.,ast —tog).

6.5 Conclusions

In Chapter 6 we have analysed mathematical models for the transport and deposition
of particles within the droplet and onto the substrate in the CR and CA modes in the
alternative regime in which diffusion of particles is slower than both radial and axial
advection of particles, and hence at leading order diffusion of particles plays no role and
the transport of particles is purely advective. In particular, we determined the paths of

particles within a droplet undergoing simultaneous evaporation and imbibition in the
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Figure 6.11: Plots of (a,c) the paths of a selection of representative particles and (b,d)
the locus of the initial positions of particles that are captured by either the free surface
(dotted lines) or the substrate (solid lines) for a droplet evolving in the CA mode at
t=1(1/10,1/5,...,9/10) x tca for (a,b) simultaneous evaporation and imbibition with
& =7 =1, and (c,d) pure imbibition. In (a,c) the dots (e) denote the initial positions
of the particles, and in (a) the squares (W) denote the positions at which free-surface
capture occurs. The parabolic dashed line indicates the initial free-surface profile of the
droplet, h(r,0) = (1 —r?) /2, the dashed line in (a,b) indicates the critical watershed
curve on which free-surface and substrate capture occur simultaneously, and the arrows
in (b,d) indicate the directions of increasing ¢.
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Figure 6.12: Plots of (a) the path of a representative particle and (b) the critical wa-
tershed curve for £ =1 and Z = 2", n = —15,—14,...,15 within a droplet undergoing
simultaneous evaporation and imbibition on a finitely thick, anisotropic, initially dry,
porous substrate in the CA mode. The dots and squares in (a) represent the initial
position and the point at which free-surface capture occurs, respectively, for each rep-
resentative particle. The dashed line in (b) indicates the initial free-surface profile of
the droplet h(r,0) = (1 —r?)/2.

CR and CA modes.

In Section 6.2 we determined the paths of particles within a droplet undergoing si-
multaneous evaporation and imbibition on an infinitely thick, isotropic, flooded, porous
substrate in the CR and CA modes, where the evaporation and imbibition problems
are described in Sections 2.6 and 2.7.1, respectively. We showed that the final de-
posit is a single ring for a droplet undergoing pure evaporation. In contrast, for a
droplet undergoing simultaneous evaporation and imbibition the final deposit consists
of a combination of a ring deposit and a distributed deposit, while for pure imbibition
the deposit is a distributed deposit. These results are qualitatively different from the
regime discussed in Chapter 5 for simultaneous evaporation and imbibition and for pure
imbibition, respectively. We also showed that in the CA mode a distributed deposit is
formed for a droplet undergoing pure evaporation, simultaneous evaporation and imbi-
bition, and pure imbibition, respectively. These results are qualitatively different from
those discussed in Chapter 5.

In Section 6.3 we determined the paths of particles within a droplet undergoing
simultaneous evaporation and imbibition on a finitely thick, anisotropic, initially dry,

porous substrate in the CR and CA modes, where the evaporation and imbibition
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problems are described in Sections 2.6 and 2.7.2, respectively. We again showed that
in the CR mode for a droplet undergoing simultaneous evaporation and imbibition the
final deposit is a combination of a ring deposit and a distributed deposit, whereas for
pure imbibition the final deposit is a distributed deposit. We also showed that in the CA
mode a distributed deposit is formed for a droplet undergoing simultaneous evaporation
and imbibition and for pure imbibition, respectively. The findings in Section 6.3 are
qualitatively similar to those in Section 6.2.

In Section 6.4 we determined the paths of particles within a droplet undergoing
simultaneous evaporation and imbibition on a finitely thick, anisotropic, flooded, porous
substrate in the CR and CA modes, where the evaporation and imbibition problems are
described in Sections 2.6 and 2.7.3, respectively. We again showed that in the CR mode
for a droplet undergoing simultaneous evaporation and imbibition the final deposit is
a combination of a ring deposit and a distributed deposit, whereas for pure imbibition
the final deposit is a distributed deposit. We also showed that in the CA a distributed
deposit is formed for a droplet undergoing simultaneous evaporation and imbibition and
for pure imbibition, respectively. The findings in Section 6.4 are qualitatively similar
to those in Sections 6.2 and 6.3.

The results described in Chapter 6 indicate that, in contrast to the results described
in Chapter 5, in the alternative regime (i.e., Pe* > 1) evaporation and imbibition have
a qualitatively different effect on the transport of particles in the CR mode, with the
evolution towards the ring deposit and distributed deposit based on the relative strength
of evaporation and/or imbibition, respectively. We have also demonstrated that the
quantitative differences in the local imbibition mass flux, as described in Sections 2.7.1,
2.7.2, and 2.7.3, lead to similar distributed deposits in the CR and CA modes, however,
the time at, and mechanism of capture in, which particles are deposited onto the surface
of the substrate differs for each local imbibition mass flux, respectively. In Chapter 7,
we will discuss potential directions of further work to quantify the nature of the final
deposit in this alternative regime for the three situations discussed in Sections 6.2, 6.3,
and 6.4, respectively, in the CR and CA modes, as well as further work and conclusions

for the mathematical models and subsequent results developed throughout this thesis.

206



Chapter 7

Conclusions and Future Work

7.1 Conclusions

Throughout this thesis we have developed and analysed mathematical models that
describe the evolution of, flow within, and deposition of particles from, a thin particle-
laden sessile droplet undergoing simultaneous evaporation and imbibition on three
porous substrates, namely an infinitely thick, isotropic, flooded, porous substrate, a
finitely thick, anisotropic, initially dry, porous substrate, and a finitely thick, anisotropic,
flooded, porous substrate. Motivated by the fact that evaporation and imbibition have
largely been studied separately, the work presented within this thesis provides a de-
scription of their combined influence on the evolution of, flow within, and deposition of
particles from a thin particle-laden sessile droplet. Overall, this thesis provides the first
comprehensive lubrication-theory based framework that considers evaporation, imbibi-
tion, droplet evolution, flow within the droplet and the substrate, and particle transport
in multiple modes of evolution, porous substrates, and particle transport regimes.

In Chapter 2, we formulated a mathematical model for a thin, particle-laden, sessile
droplet undergoing simultaneous evaporation and imbibition on a porous substrate.
The governing equations for the droplet geometry, flow within the droplet, and global
mass balance were derived using a lubrication-theory based approach, together with
the corresponding boundary conditions at the free surface, contact line, and solid-liquid

interface, respectively. The chapter also introduced the porous substrate models used
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in the remainder of this thesis, namely an infinitely thick, isotropic, flooded, porous
substrate, finitely thick, anisotropic, dry and flooded, porous substrate. Furthermore,
we formulated a mathematical model for the particle transport and deposition problem.
The model formulated in Chapter 2 provides the foundation for the subsequent analysis
of droplet evolution, flow within the droplet and the substrate, and particle transport
in Chapters 3-6.

In Chapter 3, we determined the evolution, and hence the lifetime, of a thin sessile
droplet in the CR, CA, SS, and SJ modes on the three porous substrates considered in
this thesis. For an infinitely thick, isotropic, flooded substrate, we identified contrasting
behaviours between pure evaporation and pure imbibition, including the infinite lifetime
associated with pure imbibition in the CR mode and the non-monotonic dependence
of the SS and SJ lifetimes on the critical angle and de-pinning angle, respectively (i.e.,
0* and 6;,). For a finitely thick, anisotropic, initially dry substrate, all modes exhibit
finite lifetimes, the SS and SJ lifetimes are monotonic, and the evolution, and hence
the final depth, of the wetting front were characterised for each mode, respectively.
For a finitely thick, anisotropic, flooded substrate, scaling laws for the CA mode were
identified, with the “d? law” being true regardless of the relative strengths of evapora-
tion and/or imbibition. Together, these results provide a comprehensive description of
droplet evolution on three different porous substrates and highlight the need for further
experimental verification and validation of such models.

In Chapter 4, we determined the flow within the droplet and the substrate in the
CR, CA, SS, and SJ modes, for the three porous substrates considered in this the-
sis. Building on previous work on evaporating droplets on non-porous substrates, we
showed that the flow within the droplet is the sum of the evaporation and imbibition
contributions. For an infinitely thick, isotropic, flooded substrate the flow is always
directed outwards and downwards, while for finitely thick, anisotropic substrates with
a spatially uniform local imbibition mass flux the flow exhibits qualitatively different
behaviour across the modes, including regions of inwards, outward, and zero flow in the
CA mode. Furthermore, the behaviour of the flow within the droplet and the substrate
in the CR and CA phases of the SS mode and the nth CR phase of the SJ mode are
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qualitatively similar those in the CR and CA mode, and the CR mode, respectively.
Furthermore, these results provide analytical expressions that can be directly compared
with experimental measurements.

In Chapter 5, we determined the transport and deposition of particles in the regime
where diffusion is faster than axial advection but slower than radial advection (i.e.,
Pe* <« 1). For an infinitely thick, isotropic, flooded, porous substrate we showed
that the final deposit pattern in each mode (i.e., a ring deposit, a distributed deposit,
a combined ring and distributed deposit, and multiple ring deposits, as sketched in
Figure 2.7) is, perhaps unexpectedly, independent of the mechanism driving mass loss,
with the nature of the distributed deposit taking the form of a cleaved near-uniform
deposit in the CA and SS modes. For finitely thick, anisotropic substrates, the final
deposit in the CA modes depends on both the nature and strength of evaporation and
imbibition, and encompass a wide range of final deposit patterns, including cleaved
near-uniform, uniform, volcano, dome, and peak final deposit patterns. Furthermore,
we demonstrated that evaporation and imbibition have the same qualitative effect on
particle transport in the CR mode, while quantitative differences in the local imbibition
mass flux determine the nature of the final deposit pattern in the CA mode. These
results provide a clear framework for understanding how substrate properties and mass
loss mechanisms determine the nature of the final deposit pattern and offer further
routes for experimental verification and validation of the results described in this thesis.

In Chapter 6, we determined the transport of particles in the regime where diffusion
is slower than both radial and axial advection, so that particle transport is purely ad-
vective at leading order. We calculated the particle paths in the CR and CA modes for
droplets undergoing pure evaporation, pure imbibition, and simultaneous evaporation
and imbibition on the three porous substrates considered in this thesis. Specifically, we
showed that pure evaporation produces a single ring in the CR mode, pure imbibition
produces a distributed deposit, and simultaneous evaporation and imbibition produces
a combination of the two, whilst, in the CA mode all situations led to a distributed
deposit. These results are in contrast with those of Chapter 5, demonstrating that evap-

oration and imbibition have a qualitatively different influence on particle transport in
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the advection-dominated regime, with the final deposit in the CR mode determined by
the relative strength of evaporation and imbibition. Although the distributed deposits
in the CR and CA modes are similar for the different local imbibition mass fluxes con-
sidered, the time at which particles are captured differs. These findings provide an
enhanced understanding of deposition in both regimes and motivate further work on
quantifying final deposit patterns in this regime: a preliminary analysis of such deposits
is discussed in Section 7.2.

Overall, the results presented in this thesis advance the understanding of evaporat-
ing and imbibing droplets, clarify the influence of evaporation and imbibition on particle
deposition, and establish a lubricated theory modelling framework that can be modified
to incorporate additional physical processes (such as, multiple droplets, particle inter-
actions, and multicomponent droplets). The final section outlines several opportunities
for future work, including extensions to porous substrate modelling, further analyses
of particle transport, and the incorporation of particle interactions. These directions
highlight the breadth of possible extensions and underscore the potential for continued
progress in understanding the complex interplay between evaporation, imbibition, and
particle deposition; processes that remain central to both fundamental understanding

and practical applications in a wide variety of contexts.

7.2 Future Work

Whilst the present work offers new insight into the simultaneous effects of evaporation
and imbibition on particle transport, several aspects of the problem remain open to
further study. In particular, the behaviour of multiple droplets evaporating and/or
imbibing on porous substrates, the evolution of non-thin droplets or droplets with non-
circular footprints, and situations in which the effect of gravity is not negligible all
present natural extensions of the analysis performed in this thesis. These examples
illustrate the breadth of possible future directions, and the remainder of this section

outlines several further opportunities for extending the present work.
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7.2.1 Extensions to the Droplet Modelling

The lubrication-theory based approach used throughout this thesis is asymptotically
valid in the limit of small contact angles, although, as demonstrated in numerous studies
of evaporating droplets, thin-film models often remain accurate beyond their formal
range of validity (see, for example, Deegan [52], Hu & Larson [59], Wray et al. [71],
and Larsson & Kumar [111]). Nevertheless, extending the analysis presented within
thesis to consider droplets with larger contact angles would be a natural direction for
future work. Such an extension would require replacing the thin-film approximation
with a more sophisticated modelling approach or direct numerical simulation of the
full Navier—Stokes equation. Furthermore, the current analysis within this thesis could
be extended to consider multicomponent (or multisolvent) droplets and, hence, the
influence of solutal Marangoni flows on particle transport (see, for example, Rocha et
al. [214,239]). This would be particularly relevant in the context of ink droplets, which
often consist of complex liquid mixtures and suspended particles (see, for example,

Lohse [168]).

7.2.2 Extensions to the Porous Substrate Modelling

The porous substrate models developed in Chapter 2 focus on idealised geometries,
including an infinitely thick, isotropic, flooded, porous substrate and a finitely thick,
anisotropic, dry or flooded, porous substrate. While these models capture the essen-
tial physics of imbibition, several generalisations merit further investigation. Firstly,
the model for imbibition on an infinitely thick, flooded substrate could be extended
to consider multiple droplets undergoing competitive imbibition. Analogous to the
competitive evaporation of multiple thin sessile droplets (see, for example, Wray et
al. [71,72] and Iqtidar et al. [240]), neighbouring droplets on a porous substrate may
compete for pore space and one could reasonably expect similar competitive effects
for evaporating and/or imbibing droplets. Such an extension would be particularly
relevant to applications which include arrays of droplets in close proximity (such as

printing, coating, and additive manufacturing). Secondly, the present models do not
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account for substrate deformation or swelling. Extending the analysis to deformable or
swellable porous substrates (such as hydrogels, polymer networks, or biological tissues)
would require coupling Darcy flow with poro-elastic or multiphase mechanics (see, for
example, Anderson [138] and Boulogne et al. [154]). Furthermore, extending the model
developed for a finitely thick, anisotropic, initially dry, porous substrate to also consider
flow in the radial direction (and, hence, make the substrate isotropic) may offer insight
into the inner (on the surface) and outer (within the substrate) ring experimentally

investigated by Li et al. [6], and shown in Figure 1.8.

7.2.3 Extensions to the Particle Transport Modelling

Particle-substrate adsorption effects may play a significant role across a variety
of applications and situations, as discussed in Section 1.8.4. We will briefly sum-
marise some preliminary work that describes the deposit in CR mode in the presence
of particle-substrate adsorption. Building on the works of Zigelman & Manor [176],
D’Ambrosio et al. [83], and Moore et al. [184] who considered the effect of particle—
substrate adsorption on a droplet undergoing pure evaporation in the CR mode, we
consider the effect of particle-substrate adsorption on the transport and deposition of
particles from a droplet undergoing simultaneous evaporation and imbibition on an
infinitely thick, isotropic, flooded, porous substrate in the CR mode. Following the

approach of D’Ambrosio et al. [83], we find that ¢ is given by

= s |:(1—S)2(1+80+8(2))
C0V/4sy | (1 — s0)2(1 + 5 + s2)

X exp[ mDa arctan( (3)1/2 (50 = 5) )] ) (7.1)

2(3)1/2 (€ + 2706) 2450+ s+ 2sps

:| wDa/[12(E4210)]

where s = s(r, t) is given by

s =04 {9_3/4 —1+4+(1- 1“2)3/2] e , (7.2)

so = s(r,0) = (1 — r>)'/2, and Da (= O(1)) is the appropriately defined Damkéhler

number that characterises the ratio of particle-substrate adsorption and advective
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timescales (see, for example, Zigelman & Manor [176], D’Ambrosio et al. [83], and
Moore et al. [184]), Setting Da = 0 in (7.1) recovers the solution for ¢ in the absence
of particle—substrate adsorption given by equation (5.10). Similarly, the solution for
¢ for a droplet undergoing pure evaporation and pure imbibition are recovered in the
respective limits.

The density of particles adsorbed onto the surface of the substrate, denoted by

Gads = Gads(r, t) and non-dimensionalised by O Robret, is given by
t
GDads = Da/ o(ryt)r dt for 0<r <1, (7.3)
0

and the mass of particles on the surface of the substrate, denoted by Mygqs = Maqs(t)

and non-dimensionalised by 90]%8q3ref, is given by

1
Mogs = 27r/ QPadsr dr. (7.4)
0

We note that ¢adqs, Mdrop, Mring, and M,gs must be determined numerically, which we
implemented using the Mathematica [238] routine NIntegrate[]. Figures 7.1(a,b,c)
show the evolutions of Myop/Mo, Mying/Mo, Mags/Mo, respectively, plotted as func-
tions of t/tcr for simultaneous evaporation and imbibition (£ = Z = 1) on an infinitely
thick, isotropic, flooded, porous substrate for a range of value of Da. Figure 7.1(d)
shows M,qs(tcr)/Mp plotted as a function of Da for € = 1 and 7 = 271 (dashed line),
& =T =1 (solid line), and € = 271 and Z = 1 (dotted line). In particular, Figure
7.1 illustrates that, as in the situation of a droplet undergoing pure evaporation in the
CR mode in the presence of particle-substrate adsorption, all of the particles initially
within the droplet are eventually transferred to either the ring deposit at » = 1 or the
distributed deposit in 0 < r < 1. We note that a similar analysis could be performed
for the CA, SS, and SJ modes, as well as for other porous substrates, such as a finitely
thick, anisotropic, dry or flooded, porous substrate.

Building on the results in Chapter 6, we show results from preliminary investigation
of the final deposit pattern in the advection-dominated regime by calculating the density

of particles distributed on the surface of the substrate, denoted by ¢qist N = Paist, N (7),
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Figure 7.1: The evolutions of (a) Marop/Mo, (b) Mying/Mo, and (c) Maqs/My in the
CR mode plotted as functions of t/tcr for simultaneous evaporation and imbibition
on an infinitely thick, isotropic, flooded, porous substrate for £ = Z = 1 and Da =
2", n = —2,—1,...,2. The dots in (b,c) denote the values of M;ing(tcr)/Mo and
Mags(tcr) /Mo, respectively. (d) Mags(tcr)/Mo (=1 —Mring(tCR)/MO) in the CR mode
plotted as functions of Da for simultaneous evaporation and imbibition an infinitely
thick, isotropic, flooded, porous substrate for £ = 1 and Z = 27! (dashed line),
& =T =1 (solid line), and €& = 271 and Z = 1 (dotted line). The dashed lines in (a,b)
indicate the solutions for Mgyop/Mo and M,ing /Mo in the absence of particle-substrate
adsorption (i.e., Da = 0) given by (5.12) and (5.13), respectively.
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in both the CR and CA modes for a droplet undergoing simultaneous evaporation and
imbibition on an infinitely thick, isotropic, flooded, porous substrate. A uniformly
spaced grid of 8 x 10* points (i.e., initial particles) is generated in the region 0 < r < 1
and 0 < z < 0.5. From this set, we retain only those points within region bounded by
the initial free surface of the droplet (53,470 points) or, in the simultaneous evaporation
and imbibition problem in the CR mode, those located within the region bounded by
the watershed curve (16,350 points). In the CA mode, all particles are transported to
a distributed deposit, so the number of points is always 53,470 points. Each particle is
then advected to its final position, and ¢gis, v is calculated by fitting a normalisation
constant. Specifically, when all particles are transported to the distributed deposit,
the total mass is taken to be My = 7/4; when only particles bounded by the critical
watershed curve contribute, the total mass is obtained by integrating the bounded
region over the droplet footprint. This ensures that the values of ¢qist, v are consistent
across both regions and can be compared quantitatively. We note that, similarly to ¢gigt,
¢dist, N does not capture particles that are transported to the contact line. To calculate
¢dist,N, the final particle positions are binned into 100 uniformly spaced intervals over
0 < r < 1, with particles whose final positions lie between r = 0 and r = 0.01 grouped
into the bin centred at r = 0.005, and so on.

Figure 7.2(a) shows ¢gist, v plotted as a function of r in the CR mode for simul-
taneous evaporation and imbibition (solid line) and pure imbibition (dotted line). In
particular, Figure 7.2(a) illustrates that, as expected, fewer particles are distributed
onto the surface of the substrate for the simultaneous evaporation and imbibition prob-
lem than that of pure imbibition, and that ¢qis; v increases as » — 17, consistent with
the flow always being outwards. Figure 7.2(b) shows ¢gis; ;v plotted as a function of
r in the CA mode for pure evaporation (dashed line), simultaneous evaporation and
imbibition (solid line), and pure imbibition (dotted line). In particular, Figure 7.2(b)
illustrates that ¢qis; v is qualitatively similar for pure evaporation, simultaneous evap-
oration and imbibition, and pure imbibition, and that the nature of the final deposit
pattern resembles that of a dome deposit type, as sketched in Figure 1.7(h).

As with any numerical evaluation of this nature, the smoothness of ¢gjst, v is limited
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Figure 7.2: ¢gist, v in the regime Pe* > 1 for (a) the CR mode for simultaneous
evaporation and imbibition (€ = Z = 1) (solid line) and pure imbibition (dotted line)
and (b) the CA mode for pure evaporation (dashed line), simultaneous evaporation
and imbibition (£ =Z = 1) (solid line) and pure imbibition (dotted line). The dashed-
dotted line in (b) indicates the solution for ¢gis; given by (5.26) in the regime Pe* <« 1.

by the number of sampled points. If a larger number of points were used, we would
expect the residual noise in ¢gjs;, ;v to diminish and the corresponding distribution to
become smoother. Moreover, the behaviour of ¢gis;, ;4 depends not only on the number
of sampled points but also on the binning scheme, such as whether the bin widths
are uniform or varying. Preliminary analysis shows that increasing the number of
bins enhances the resolution but also amplifies residual noise, while using fewer bins
suppresses noise at the cost of detail. These considerations must be taken into account
when interpreting the results obtained and, hence, such results should be regarded
as more qualitative than quantitative descriptions of the nature of the final deposit
pattern.

Additionally, many practical systems involve particles that are anisotropic or non-
uniform in size. Such particles experience strong, long-range particle-particle attractive
interactions and the final deposit pattern does not coincide with those predicted by the
models presented in Chapters 5 and 6 (see, for example, the experimental investigation
of Yunker et al. [9]). Finally, a further direction concerns droplets containing biological
or active particles, which introduce several additional mechanisms that are absent from
the neutrally-buoyant and hydrodynamically passive particles considered in this thesis

(see, for example, Carreén et al. [163] and Wilting et al. [241]).
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Chapter 7. Conclusions and Future Work

In conclusion, the modelling, results, and analysis presented in this thesis establish
a comprehensive lubrication-theory based mathematical framework for understanding
the behaviour of a thin particle-laden droplet undergoing simultaneous evaporation and
imbibition on a porous substrate, whilst also identifying several directions for future

investigations.

217



Bibliography

1]

M. Pack, H. Hu, D.-O. Kim, X. Yang, and Y. Sun. Colloidal drop deposition on
porous substrates: competition among particle motion, evaporation, and infiltra-

tion. Langmuir, 31(29):7953-7961, 2015.

L. Espin and S. M. Kumar. Droplet spreading and absorption on rough, permeable
substrates. Journal of Fluid Mechanics, 784:465-486, 2015.

M. Léang, L. Pauchard, L.-T. Lee, and F. Giorgiutti-Dauphiné. Imbibition
on a porous layer: dynamical and mechanical characterization. Soft Matter,

15(10):2277-2283, 2019.

J. B. Lee, A. I. Radu, P. Vontobel, D. Derome, and J. Carmeliet. Absorption
of impinging water droplet in porous stones. Journal of Colloid and Interface

Science, 471:59-70, 2016.

J. Gonzélez-Gutiérrez, O. Moctezuma, V. Angeles, R.-R. Maricarmen, S. Zetina,
A G. Marin, and R. Zenit. Pattern formation by droplet evaporation and imbi-

bition in watercolor paintings. arXiv preprint arXiv:1909.09098, 2019.

W. Li, W. Ji, D. Lan, K. Wu, and Y. Wang. Absorption induced ordered
ring and inner network structures on a nanoporous substrate. RSC Advances,

10(38):22595-22599, 2020.

S. F. Shimobayashi, M. Tsudome, and T. Kurimura. Suppression of the coffee-
ring effect by sugar-assisted depinning of contact line. Scientific Reports, 8:17769,
2018.

218



Bibliography

8]

[9]

[11]

[12]

[13]

H. Hu and R. G. Larson. Marangoni effect reverses coffee-ring depositions. The

Journal of Physical Chemistry B, 110(14):7090-7094, 2006.

P. J. Yunker, T. Still, M. A. Lohr, and A. G. Yodh. Suppression of the coffee-
ring effect by shape-dependent capillary interactions. Nature, 476(7360):308-311,
2011.

M. P. Willis, B. A. Mantooth, and T. A. Lalain. Novel methodology for the esti-
mation of chemical warfare agent mass transport dynamics. Part II: absorption.

The Journal of Physical Chemistry C, 116(1):546-554, 2012.

M. N. Richards, M. Bell, R. Srinivasan, A. Borhan, and R. Nagarajan. An
approximate analytical approach to estimate the diffusivity of toxic chemicals in
polymer barrier materials from the time evolution of sessile drop profiles. Polymer

Bulletin, 76(1):339-364, 2019.

Z. Chen, K. Peng, and B. Xu. Material assembly by droplet drying: from me-
chanics theories to applications. Droplet, 2(4):76, 2023.

R. Zenit. Some fluid mechanical aspects of artistic painting. Physical Review

Fluids, 4(11):110507, 2019.

P. Tseng, C. Murray, D. Kim, and D. Di Carlo. Research highlights: printing the
future of microfabrication. Lab on a Chip, 14(9):1491-1495, 2014.

D. Brutin and V. M. Starov. Recent advances in droplet wetting and evaporation.

Chemical Society Reviews, 47(2):558-585, 2018.

H. Gelderblom, C. Diddens, and A. G. Marin. Evaporation-driven liquid flow in
sessile droplets. Soft Matter, 18(45):8535-8553, 2022.

S. K. Wilson and H.-M. D’Ambrosio. Evaporation of sessile droplets. Annual
Review of Fluid Mechanics, 55:481-509, 2023.

L. A. Dombrovsky, V. Y. Levashov, S. Shoval, and E. Bormashenko. Progress
in understanding of evaporation of droplets: fundamentals and applications. Ad-

vances in Colloid and Interface Science, 344:103605, 2025.

219



Bibliography

[19]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

28]

R. C. Daniel and J. C. Berg. Spreading on and penetration into thin, permeable
print media: application to ink-jet printing. Advances in Colloid and Interface

Science, 123:439-469, 2006.

T. Gambaryan-Roisman. Liquids on porous layers: wetting, imbibition and trans-
port processes. Current Opinion in Colloid and Interface Science, 19(4):320-335,
2014.

P. Johnson, A. Trybala, and V. M. Starov. Kinetics of spreading over porous
substrates. Colloids and Interfaces, 3(1):38, 2019.

A. Oron, S. H. Davis, and S. G. Bankoff. Long-scale evolution of thin liquid films.
Reviews of Modern Physics, 69(3):931-981, 1997.

R. V. Craster and O. K. Matar. Dynamics and stability of thin liquid films.
Reviews of Modern Physics, 81(3):1131-1198, 2009.

S. H. Davis. The importance of being thin. Journal of Engineering Mathematics,

105(1):3-30, 2017.

A. M. J. Edwards, J. Cater, J. J. Kilbride, P. Le Minter, C. V. Brown, D. J.
Fairhurst, and F. F. Ouali. Interferometric measurement of co-operative evapo-

ration in 2D droplet arrays. Applied Physics Letters, 119(15):151601, 2021.

P. J. Jaijus and A. Singh. Flow visualization and solute transport in evaporating

droplets. AIChE Journal, 56(7):1674-1683, 2010.

J. Li and J. Hong. Three-dimensional internal flow evolution of an evaporating
droplet and its role in particle deposition pattern. Physics of Fluids, 36(5):052103,
2024.

S. Manukyan, H. M. Sauer, I. V. Roisman, K. A. Baldwin, D. J. Fairhurst,
H. Liang, J. Venzmer, and C. Tropea. Imaging internal flows in a drying sessile
polymer dispersion drop using spectral radar optical coherence tomography (SR-

OCT). Journal of Colloid and Interface Science, 395:287-293, 2013.

220



Bibliography

[29]

J. Li, S. R. McDougall, and K. S. Sorbie. Dynamic pore-scale network model
(PNM) of water imbibition in porous media. Advances in Water Resources,

107:191-211, 2017.

X. Yin, H. Aslannejad, E. T. de Vries, A. Raoof, and S. M. Hassanizadeh. Droplet
imbibition into paper coating layer: pore-network modeling simulation. Transport

in Porous Media, 125(2):239-258, 2018.

R. G. Larson. Derivation of generalized Darcy equations for creeping flow in
porous media. Industrial & Engineering Chemistry Fundamentals, 20(2):132-137,
1981.

S. Whitaker. Flow in porous media i: a theoretical derivation of Darcy’s law.

Transport in Porous Media, 1(1):3-25, 1986.

H. Darcy. Recherches expérimentales relatives au mouvement de I'eau dans les
tuyaux. In Les fontaines publiques de la ville de Dijon: exposition et application
des principes a suivre et des formules a employer dans les questions de distribution

d’eau, pages 590-594. Victor Dalmont, Paris, 1856.

J. Bear. Flow of immiscible fluids. In Dynamics of fluids in porous media, pages

440-445. Dover, New York, 1988.

S. H. Davis and L. M. Hocking. Spreading and imbibition of viscous liquid on a
porous base. I. Physics of Fluids, 11(1):48-57, 1999.

S. H. Davis and L. M. Hocking. Spreading and imbibition of viscous liquid on a
porous base. II. Physics of Fluids, 12(7):1646-1655, 2000.

A. Marmur. The radial capillary. Journal of Colloid and Interface Science,

124(1):301-308, 1988.

A. Borhan and K. Rungta. An experimental study of the radial penetration
of liquids in thin porous substrates. Journal of Colloid and Interface Science,

158(2):403-411, 1993.

221



Bibliography

[39]

[40]

[41]

[42]

V. M. Starov, S. R. Kostvintsev, V. D. Sobolev, M. G. Velarde, and S. A. Zhdanov.
Spreading of liquid drops over dry porous layers: complete wetting case. Journal

of Colloid and Interface Science, 252(2):397-408, 2002.

J. Hyvaluoma, P. Raiskinméki, A. Jasberg, A. Koponen, M. Kataja, and J. Tim-
onen. Simulation of liquid penetration in paper. Physical Review E, 73(3):036705,
2006.

M. Heinz, P. Stephan, and T. Gambaryan-Roisman. Influence of nanofiber coating
thickness and drop volume on spreading, imbibition, and evaporation. Colloids

and Surfaces A: Physicochemical and Engineering Aspects, 631:127450, 2021.

M. Heinz, I. U. Chowdhury, P. Stephan, and T. Gambaryan-Roisman. Water
drops on nanofiber-coated substrates: influence of wall temperature and coating

thickness on hydrodynamics and wall heat flux distribution. International Journal

of Heat and Mass Transfer, 222:125117, 2024.

Z. Zheng. Growth of a fluid-infused patch from droplet drainage into a thin
porous layer. Journal of Fluid Mechanics, 946:A46, 2022.

G. Desie and C. Van Roost. Validation of ink media interaction mechanisms for
dye and pigment-based aqueous and solvent inks. Journal of Imaging Science

and Technology, 50(3):294-303, 2006.

J. Zhang, J. Tuohey, N. Amini, D. A. V. Morton, and K. P. Hapgood. Liquid
imbibition into 3D printed porous substrates. Chemical Engineering Science,

245:116967, 2021.

D. J. Bouchard and S. Chandra. Infiltration of impacting droplets into porous
substrates. Ezperiments in Fluids, 61(11):235, 2020.

R. F. Mangel and E. Baer. The evaporation of water drops from a “Teflon”

surface. Chemical Engineering Science, 17(9):705-706, 1962.

R. G. Picknett and R. Bexon. The evaporation of sessile or pendant drops in still

air. Journal of Colloid and Interface Science, 61(2):336-350, 1977.

222



Bibliography

[49]

K. S. Birdi, D. T. Vu, and A. Winter. A study of the evaporation rates of
small water drops placed on a solid surface. The Journal of Physical Chemistry,

93(9):3702-3703, 1989.

C. Bourges-Monnier and M. E. R. Shanahan. Influence of evaporation on contact

angle. Langmuir, 11(7):2820-2829, 1995.

R. G. Larson. Transport and deposition patterns in drying sessile droplets. AIChE
Journal, 60(5):1538-1571, 2014.

R. D. Deegan, O. Bakajin, T. F. Dupont, G. Huber, S. R. Nagel, and T. A.
Witten. Capillary flow as the cause of ring stains from dried liquid drops. Nature,

389(6653):827-829, 1997.

R. D. Deegan, O. Bakajin, T. F. Dupont, G. Huber, S. R. Nagel, and T. A. Witten.

Contact line deposits in an evaporating drop. Physical Review E, 62(1):756, 2000.

R. D. Deegan. Pattern formation in drying drops. Physical Review F, 61(1):475,
2000.

G. J. Dunn, S. K. Wilson, B. R. Duffy, S. David, and K. Sefiane. A mathematical
model for the evaporation of a thin sessile liquid droplet: comparison between ex-
periment and theory. Colloids and Surfaces A: Physicochemical and Engineering

Aspects, 323(1-3):50-55, 2008.

G. J. Dunn, S. K. Wilson, B. R. Duffy, S. David, and K. Sefiane. The strong
influence of substrate conductivity on droplet evaporation. Journal of Fluid Me-

chanics, 623:329-351, 2009.

H. Hu and R. G. Larson. Evaporation of a sessile droplet on a substrate. Journal

of Physical Chemistry B, 106(6):1334-1342, 2002.

H. Hu and R. G. Larson. Analysis of the microfluid flow in an evaporating sessile

droplet. Langmuir, 21(9):3963-3971, 2005.

H. Hu and R. G. Larson. Analysis of the effects of Marangoni stresses on the

microflow in an evaporating sessile droplet. Langmuir, 21(9):3972-3980, 2005.

223



Bibliography

[60]

[61]

[62]

[63]

E. Sultan, A. Boudaoud, and M. B. Amar. Diffusion-limited evaporation of thin
polar liquid films. Journal of Engineering Mathematics, 50(2-3):209-222, 2004.

E. Sultan, A. Boudaoud, and M. B. Amar. Evaporation of a thin film: diffusion of
the vapour and Marangoni instabilities. Journal of Fluid Mechanics, 543:183-202,
2005.

H. Masoud, P. D. Howell, and H. A. Stone. Evaporation of multiple droplets.
Journal of Fluid Mechanics, 927:R4, 2021.

N. J. Shirtcliffe and M. I. Newton. Analysis of droplet evaporation on a super-
hydrophobic surface. Langmuir, 21(24):11053-11060, 2005.

Y. O. Popov. Evaporative deposition patterns: spatial dimensions of the deposit.

Physical Review E, 71(3):036313, 2005.

R. Zheng. A study of the evaporative deposition process: pipes and truncated

transport dynamics. The Furopean Physical Journal E, 29(2):205-218, 20009.

J. Freed-Brown. Evaporative deposition in receding drops. Soft Matter,

10(47):9506-9510, 2014.

J. M. Stauber, S. K. Wilson, B. R. Duffy, and K. Sefiane. On the lifetimes of
evaporating droplets. Journal of Fluid Mechanics, 744:R2, 2014.

J. M. Stauber, S. K. Wilson, B. R. Duffy, and K. Sefiane. Evaporation of droplets
on strongly hydrophobic substrates. Langmuir, 31(12):3653-3660, 2015.

J. M. Stauber, S. K. Wilson, B. R. Duffy, and K. Sefiane. On the lifetimes of
evaporating droplets with related initial and receding contact angles. Physics of

Fluids, 27(12):122101, 2015.

A. W. Wray, D. T. Papageorgiou, R. V. Craster, K. Sefiane, and O. K. Matar.
Electrostatic suppression of the “coffee stain effect”. Langmuir, 30(20):5849-5858,
2014.

224



Bibliography

[71]

[72]

[77]

[78]

A. W. Wray, B. R. Duffy, and S. K. Wilson. Competitive evaporation of multiple
sessile droplets. Journal of Fluid Mechanics, 884:A45, 2020.

A. W. Wray, P. S. Wray, B. R. Duffy, and S. K. Wilson. Contact-line deposits
from multiple evaporating droplets. Physical Review Fluids, 6(7):073604, 2021.

M. R. Moore, D. Vella, and J. M. Oliver. The nascent coffee ring: how solute
diffusion counters advection. Journal of Fluid Mechanics, 920:A54, 2021.

M. R. Moore, D. Vella, and J. M. Oliver. The nascent coffee ring with arbitrary
droplet contact set: an asymptotic analysis. Journal of Fluid Mechanics, 940:A38,
2022.

F. G. H. Schofield, S. K. Wilson, D. Pritchard, and K. Sefiane. The lifetimes of
evaporating sessile droplets are significantly extended by strong thermal effects.

Journal of Fluid Mechanics, 851:231-244, 2018.

F. G. H. Schofield, A. W. Wray, D. Pritchard, and S. K. Wilson. The shield-
ing effect extends the lifetimes of two-dimensional sessile droplets. Journal of

Engineering Mathematics, 120(1):89-110, 2020.

X. Du and R. D. Deegan. Ring formation on an inclined surface. Journal of Fluid

Mechanics, 775:R3, 2015.

J. S. Kang, V. Vandadi, J. D. Felske, and H. Masoud. Alternative mechanism
for coffee-ring deposition based on active role of free surface. Physical Review E,

94(6):063104, 2016.

F. Boulogne, F. Ingremeau, and H. A. Stone. Coffee-stain growth dynamics on

dry and wet surfaces. Journal of Physics: Condensed Matter, 29(7):074001, 2017.

F. Boulogne and B. Dollet. Convective evaporation of vertical films. Soft Matter,

14(9):1665-1671, 2018.

H.-M. D’Ambrosio, T. Colosimo, B. R. Duffy, S. K. Wilson, L. Yang, C. D. Bain,
and D. E. Walker. Evaporation of a thin droplet in a shallow well: theory and
experiment. Journal of Fluid Mechanics, 927:A43, 2021.

225



Bibliography

[82]

[89]

[90]

H.-M. D’Ambrosio, S. K. Wilson, A. W. Wray, and B. R. Duffy. The effect of
the spatial variation of the evaporative flux on the deposition from a thin sessile

droplet. Journal of Fluid Mechanics, 970:A1, 2023.

H.-M. D’Ambrosio, A. W. Wray, and S. K. Wilson. The effect of particle—substrate
adsorption on the deposition of particles from a thin evaporating sessile droplet.

Journal of Engineering Mathematics, 151(1):1, 2025.

H.-M. D’Ambrosio, S. K. Wilson, B. R. Duffy, and A. W. Wray. The effect of
contact-line motion on the deposition of particles from an evaporating sessile

droplet. To appear in Journal of Fluid Mechanics, 2026.

C. Seyfert, J. Rodriguez-Rodriguez, D. Lohse, and A. G. Marin. Stability of
respiratory-like droplets under evaporation. Physical Review Fluids, 7(2):023603,
2022.

M. R. Moore and A. W. Wray. Gravitational effects on coffee-ring formation
during the evaporation of sessile droplets. Journal of Fluid Mechanics, 967:A26,
2023.

A. W. Wray and M. R. Moore. Evaporation of non-circular droplets. Journal of
Fluid Mechanics, 961:A11, 2023.

A. W. Wray and M. R. Moore. High-order asymptotic methods provide accurate,
analytic solutions to intractable potential problems. Scientific Reports, 14:4225,
2024.

A. W. Wray and M. R. Moore. A novel asymptotically consistent approximation
for integral evaporation from a spherical cap droplet. Journal of Engineering

Mathematics, 146(1):4, 2024.

E. Yariv. Lifetime of evaporating two-dimensional sessile droplets. Physical Re-

view E, 107(6):L063101, 2023.

226



Bibliography

[91]

[93]

[94]

[95]

[96]

[97]

(98]

[101]

A. K. Erdem, F. Denner, and L. Biancofiore. Numerical analysis of the dis-
persion and deposition of particles in evaporating sessile droplets. Langmusir,

40(26):13428-13443, 2024.

J. E. O’Brien, K. L. Maki, X. Li, and M. J. Schertzer. Quantifying evaporative-
driven flow inside drying droplets with pinned contact lines. Journal of Engineer-

ing Mathematics, 150(1):9, 2025.

Y. Mei and X. Zhou. Evaporation dynamics of wavy sessile droplets. Journal of

Fluid Mechanics, 1010:A38, 2025.

D. Jeon, G. Oh, S. Mun, J. S. Park, and B. M. Weon. Acceleration of sessile
droplet evaporation by wind. Physics of Fluids, 37(7):072130, 2025.

D. Khilifi, W. Foudhil, K. Fahem, S. Harmand, and S. Ben Jabrallah. Study
of the phenomenon of the interaction between sessile drops during evaporation.

Thermal Science, 23(2B):1105-1114, 2019.

J. P. Burelbach, S. G. Bankoff, and S. H. Davis. Nonlinear stability of evaporat-
ing/condensing liquid films. Journal of Fluid Mechanics, 195:463-494, 1988.

D. M. Anderson and S. H. Davis. The spreading of volatile liquid droplets on
heated surfaces. Physics of Fluids, 7(2):248-265, 1995.

M. R. E. Warner, R. V. Craster, and O. K. Matar. Surface patterning via evapora-
tion of ultrathin films containing nanoparticles. Journal of Colloid and Interface

Science, 267(1):92-110, 2003.

V. S. Ajaev. Viscous flow of a volatile liquid on an inclined heated surface. Journal

of Colloid and Interface Science, 280(1):165-173, 2004.

V. S. Ajaev, T. Gambaryan-Roisman, and P. Stephan. Static and dynamic contact
angles of evaporating liquids on heated surfaces. Journal of Colloid and Interface

Science, 342(2):550-558, 2010.

N. Murisic and L. Kondic. On evaporation of sessile drops with moving contact

lines. Journal of Fluid Mechanics, 679:219-246, 2011.

227



Bibliography

[102]

103

[104]

[105]

[106]

107]

[108]

[109]

[110]

[111]

[112]

A.-M. Cazabat and G. Guéna. Evaporation of macroscopic sessile droplets. Soft

Matter, 6(12):2591-2612, 2010.

K. L. Maki and S. Kumar. Fast evaporation of spreading droplets of colloidal
suspensions. Langmuir, 27(18):11347-11363, 2011.

G. Karapetsas, K. C. Sahu, and O. K. Matar. Evaporation of sessile droplets laden
with particles and insoluble surfactants. Langmuir, 32(27):6871-6881, 2016.

V. S. Ajaev and O. A. Kabov. Heat and mass transfer near contact lines on heated

surfaces. International Journal of Heat and Mass Transfer, 108(A):918-932, 2017.

V. Charitatos and S. Kumar. Droplet evaporation on soft solid substrates. Soft

Matter, 17(41):9339-9352, 2021.

V. Charitatos, T. Pham, and S. Kumar. Droplet evaporation on inclined sub-

strates. Physical Review Fluids, 6(8):084001, 2021.

T. Pham and S. Kumar. Drying of droplets of colloidal suspensions on rough

substrates. Langmuir, 33(38):10061-10076, 2017.

T. Pham and S. M. Kumar. Imbibition and evaporation of droplets of colloidal

suspensions on permeable substrates. Physical Review Fluids, 4(3):034004, 2019.

S. Kumar and V. Charitatos. Influence of surface roughness on droplet evapo-
ration and absorption: insights into experiments from lubrication-theory-based

models. Langmuir, 38(51):15889-15904, 2022.

C. Larsson and S. Kumar. Quantitative analysis of the vertical-averaging approx-
imation for evaporating thin liquid films. Physical Review Fluids, 7(9):094002,
2022.

C. Larsson and S. Kumar. Comparison of one-sided and diffusion-limited evap-
oration models for thin liquid droplets. Journal of Fluid Mechanics, 976:A25,
2023.

228



Bibliography

[113]

[114]

[115]

[116]

[117]

[118]

[119]

[120]

[121]

[122]

S. Hartmann, C. Diddens, M. Jalaal, and U. Thiele. Sessile drop evaporation in
a gap: crossover between diffusion-limited and phase transition-limited regime.

Journal of Fluid Mechanics, 960:A32, 2023.

V. M. Starov, S. R. Kosvintsev, V. D. Sobolev, M. G. Velarde, and S. A. Zhdanov.
Spreading of liquid drops over saturated porous layers. Journal of Colloid and

Interface Science, 246(2):372-379, 2002.

N. Alleborn and H. Raszillier. Spreading and sorption of droplets on layered
porous substrates. Journal of Colloid and Interface Science, 280(2):449-464,
2004.

A. Marmur. Drop penetration into a thin porous medium. Journal of Colloid

and Interface Science, 123(1):161-169, 1988.

A. Marmur. Penetration of a small drop into a capillary. Journal of Colloid and

Interface Science, 122(1):209-219, 1988.

M. Denesuk, G. L. Smith, B. J. J. Zelinski, N. J. Kreidl, and D. R. Uhlmann.
Capillary penetration of liquid droplets into porous materials. Journal of Colloid

and Interface Science, 158(1):114-120, 1993.

J. M. Bell and F. K. Cameron. The flow of liquids through capillary spaces. The
Journal of Physical Chemistry, 10(8):658-674, 1906.

R. Lucas. Ueber das zeitgesetz des kapillaren aufstiegs von fliissigkeiten. Kolloid-

Zeitschrift, 23:15-22, 1918.

E. W. Washburn. The dynamics of capillary flow. Physical Review, 17(3):273-283,
1921.

A. Marmur and R. D. Cohen. Characterization of porous media by the kinetics of
liquid penetration: the vertical capillaries model. Journal of Colloid and Interface

Science, 189(2):299-304, 1997.

229



Bibliography

[123]

[124]

[125]

[126]

[127]

[128]

[129]

[130]

[131]

[132]

S. M. Kumar and A. P. Deshpande. Dynamics of drop spreading on fibrous porous
media. Colloids and Surfaces A: Physicochemical and Engineering Aspects, 277(1—
3):157-163, 2006.

H. Tan. Absorption of millimeter- and micrometer-sized droplets on nylon pow-

der. Ezxperiments in Fluids, 63(12):187, 2022.

D. Danino and A. Marmur. Radial capillary penetration into paper: limited and
unlimited liquid reservoirs. Journal of Colloid and Interface Science, 166(1):245—
250, 1994.

M. S. Selim, V. F. Yesavage, R. Chebbi, S. H. Sung, J. Borch, and J. M. Olson.
Drying of water-based inks on plain paper. Journal of Imaging Science and

Technology, 41(2):152-158, 1997.

S. Middleman. Capillary penetration dynamics. In Modeling axisymmetric flows:
dynamics of films, jets, and drops, pages 211-240. Academic Press, San Diego,
1995.

L. Bacri and F. Brochard-Wyart. Droplet suction on porous media. The Furopean

Physical Journal E, 3(1):87-97, 2000.

K. L. Yip, A. R. Lubinsky, D. R. Perchak, and K. C. Ng. Measurement and
modeling of drop absorption time for various ink-receiver systems. Journal of

Imaging Science and Technology, 47(5):388-393, 2003.

A. Clarke, T. D. Blake, K. Carruthers, and A. Woodward. Spreading and imbi-
bition of liquid droplets on porous surfaces. Langmuir, 18(8):2980-2984, 2002.

R. K. Holman, M. J. Cima, S. A. Uhland, and E. Sachs. Spreading and infiltration
of inkjet-printed polymer solution droplets on a porous substrate. Journal of

Colloid and Interface Science, 249(2):432-440, 2002.

V. M. Starov, S. A. Zhdanov, and M. G. Velarde. Spreading of liquid drops over

thick porous layers: complete wetting case. Langmuir, 18(25):9744-9750, 2002.

230



Bibliography

[133]

[134]

[135]

[136]

[137]

[138]

[139]

[140]

[141]

[142]

K. P. Hapgood, J. D. Litster, S. R. Biggs, and T. Howes. Drop penetration into
porous powder beds. Journal of Colloid and Interface Science, 253(2):353-366,
2002.

A. Marmur. Kinetics of penetration into uniform porous media: testing the

equivalent-capillary concept. Langmuir, 19(14):5956-5959, 2003.

N. Alleborn and H. Raszillier. Spreading and sorption of a droplet on a porous

substrate. Chemical Engineering Science, 59(10):2071-2088, 2004.

N. Alleborn and H. Raszillier. Dynamics of films and droplets spreading on porous

substrates. Tappi Journal, 6(3):16-23, 2007.

G. Desie, G. Deroover, F. De Voeght, and A. Soucemarianadin. Printing of dye
and pigment based aqueous inks onto porous substrates. Journal of Imaging

Science and Technology, 48(5):389-397, 2004.

D. M. Anderson. Imbibition of a liquid droplet on a deformable porous substrate.

Physics of Fluids, 17(8):087104, 2005.

A. Zadrazil, F. Stepanek, and O. K. Matar. Droplet spreading, imbibition and
solidification on porous media. Journal of Fluid Mechanics, 562:1-33, 2006.

T. Nguyen, W. Shen, and K. Hapgood. Drop penetration time in heterogeneous
powder beds. Chemical Engineering Science, 64(24):5210-5221, 2009.

S. Mendez, E. M. Fenton, G. Gallegos, D. Petsev, S. S. Sibbett, H. A. Stone,
Y. Zhang, and G. P. Lépez. Imbibition in porous membranes of complex shape:
quasi-stationary flow in thin rectangular segments. Langmuir, 26(2):1380-1385,

2010.

J. Xiao, H. A. Stone, and D. Attinger. Source-like solution for radial imbibition
into a homogeneous semi-infinite porous medium. Langmuir, 28(9):4208-4212,

2012.

231



Bibliography

[143]

[144]

[145]

[146]

[147]

[148]

[149]

[150]

[151]

D. P. Siregar, J. G. M. Kuerten, and C. W. M. van der Geld. Numerical simulation
of the drying of inkjet-printed droplets. Journal of Colloid and Interface Science,
392:388-395, 2013.

A. Oko, D. M. Martinez, and A. Swerin. Infiltration and dimensional scaling of
inkjet droplets on thick isotropic porous materials. Microfluidics and Nanoflu-

idics, 17(2):413-422, 2014.

D. Bhattacharjee, H. Nazaripoor, B. Soltannia, F. Ismail, and M. Sadrzadeh. An
experimental and numerical study of droplet spreading and imbibition on micro-
porous membranes. Colloids and Surfaces A: Physicochemical and Engineering

Aspects, 615:126191, 2021.

S. Krainer and U. Hirn. Short timescale wetting and penetration on porous sheets
measured with ultrasound, direct absorption and contact angle. RSC Advances,

8(23):12861-12869, 2018.

S. Krainer and U. Hirn. Contact angle measurement on porous substrates: effect
of liquid absorption and drop size. Colloids and Surfaces A: Physicochemical and

Engineering Aspects, 619:126503, 2021.

R. Chebbi. Absorption and spreading of a liquid droplet over a thick porous
substrate. ACS Omega, 6(7):4649-4655, 2021.

R. T. van Gaalen, C. Diddens, D. P. Siregar, H. M. A. Wijshoff, and J. G. M.
Kuerten. Absorption of surfactant-laden droplets into porous media: a numerical

study. Journal of Colloid and Interface Science, 597:149-159, 2021.

D. A. Schlachter, M. D. Lennox, B. D. Favis, D. Therriault, and J. R. Tavares.
Physicochemical limitations of capillary models applied to high-concentration

polymer solutions. ACS Omega, 7(7):5636-5645, 2022.

C. Waldner and U. Hirn. Modeling liquid penetration into porous materials based
on substrate and liquid surface energies. Journal of Colloid and Interface Science,

640:445-455, 2023.

232



Bibliography

[152]

[153]

[154]

[155]

[156]

[157]

[158]

[159]

[160]

[161]

H. Song, J. Lao, H. Yang, B. Pan, L. Liu, and C. Xie. The pinning dynamics
of a non-wetting droplet penetrating a permeable substrate. Physics of Fluids,

35(6):021701, 2023.

J. F. Oliver, L. Agbezuge, and K. Woodcock. A diffusion approach for modelling
penetration of aqueous liquids into paper. Colloids and Surfaces A: Physicochem-

ical and Engineering Aspects, 89(2-3):213-226, 1994.

F. Boulogne, F. Ingremeau, J. Dervaux, L. Limat, and H. A. Stone. Homoge-
neous deposition of particles by absorption on hydrogels. Furophysics Letters,

112(4):48004, 2015.

F. Boulogne, F. Ingremeau, L. Limat, and H. A. Stone. Tuning the receding
contact angle on hydrogels by addition of particles. Langmuir, 32(22):5573-5579,
2016.

P. Van de Velde, N. Fabre-Parras, C. Josserand, C. Duprat, and S. Protiere.
Spreading and absorption of a drop on a swelling surface. Furophysics Letters,

144(3):33001, 2023.

J. Crank. Infinite and semi-infinite media. In The mathematics of diffusion, pages

28-37. Oxford University Press, Oxford, 1979.

S. Hartmann and U. Thiele. Gradient dynamics model for drops of volatile liquid

on a porous substrate. Physical Review Fluids, 10(1):014003, 2025.

C. Christodoulou, E. Sorensen, S. Garcia-Munoz, and L. Mazzei. Mathematical
modelling of water absorption and evaporation in a pharmaceutical tablet during

film coating. Chemical Engineering Science, 175:40-55, 2018.

C. Waldner, A. Ritzer, and U. Hirn. Modeling inkjet dots from drop spreading,
absorption and evaporation: an engineering approach. Colloids and Surfaces A:

Physicochemical and Engineering Aspects, 674:131986, 2023.

P. He and B. Derby. Controlling coffee ring formation during drying of inkjet
printed 2D inks. Advanced Materials Interfaces, 4(22):1700944, 2017.

233



Bibliography

[162]

[163]

[164]

[165]

[166]

167]

[168]

[169]

[170]

[171]

[172]

V. Dugas, J. Broutin, and E. Souteyrand. Droplet evaporation study applied to
DNA chip manufacturing. Langmuir, 21(20):9130-9136, 2005.

Y. J. P. Carreén, M. Rios-Ramirez, R. E. Moctezuma, and J. Gonzélez-Gutiérrez.
Texture analysis of protein deposits produced by droplet evaporation. Scientific

Reports, 8:9580, 2018.

M. Layani, M. Gruchko, O. Milo, I. Balberg, D. Azulay, and S. Magdassi. Trans-
parent conductive coatings by printing coffee ring arrays obtained at room tem-

perature. ACS Nano, 3(11):3537-3542, 2009.

K. Sefiane. Patterns from drying drops. Advances in Colloid and Interface Sci-
ence, 206:372-381, 2014.

D. Mampallil and H. B. Eral. A review on suppression and utilization of the

coffee-ring effect. Advances in Colloid and Interface Science, 252:38-54, 2018.

M. Parsa, S. Harmand, and K. Sefiane. Mechanisms of pattern formation from

dried sessile drops. Advances in Colloid and Interface Science, 254:22—-47, 2018.

D. Lohse. Fundamental fluid dynamics challenges in inkjet printing. Annual

Review of Fluid Mechanics, 54:349-382, 2022.

S. P. Thampi and M. G. Basavaraj. Drying drops of colloidal dispersions. Annual
Review of Chemical and Biomolecular Engineering, 14:53-83, 2023.

A. G. Marin, H. Gelderblom, D. Lohse, and J. H. Snoeijer. Order-to-disorder
transition in ring-shaped colloidal stains. Physical Review Letters, 107(8):085502,
2011.

A G. Marin, H. Gelderblom, D. Lohse, and J. H. Snoeijer. Rush-hour in evapo-
rating coffee drops. Physics of Fluids, 23(9):091111, 2011.

T. A. H. Nguyen, A. V. Nguyen, M. A. Hampton, Z. P. Xu, L. Huang, and
V. Rudolph. Theoretical and experimental analysis of droplet evaporation on

solid surfaces. Chemical Engineering Science, 69(1):522-529, 2012.

234



Bibliography

[173]

[174]

[175]

[176]

[177]

[178]

[179]

[180]

[181]

[182]

J. Freed-Brown. Deposition from evaporating drops: power laws and mew mor-

phologies in coffee stains. PhD thesis, The University of Chicago, 2015.

X. Man and M. Doi. Ring to mountain transition in deposition pattern of drying

droplets. Physical Review Letters, 116(6):066101, 2016.

A. Zigelman and O. Manor. A model for pattern deposition from an evaporating
solution subject to contact angle hysteresis and finite solubility. Soft Matter,

12(26):5693-5707, 2016.

A. Zigelman and O. Manor. The deposition of colloidal particles from a ses-
sile drop of a volatile suspension subject to particle adsorption and coagulation.

Journal of Colloid and Interface Science, 509:195-208, 2018.

X. Yang, Z. Jiang, P. Lyu, Z. Ding, and X. Man. Deposition pattern of drying
droplets. Communications in Theoretical Physics, 73(4):047601, 2021.

R. T. van Gaalen, C. Diddens, H. M. A. Wijshoff, and J. G. M. Kuerten.
Marangoni circulation in evaporating droplets in the presence of soluble surfac-

tants. Journal of Colloid and Interface Science, 584:622-633, 2021.

R. T. van Gaalen, H. M. A. Wijshoff, J. G. M. Kuerten, and C. Diddens. Com-
petition between thermal and surfactant-induced Marangoni flow in evaporating

sessile droplets. Journal of Colloid and Interface Science, 622:892-903, 2022.

A. Matavz, U. Ursi¢, J. Moéivnik, D. Richter, M. Humar, S. Copar, B. Mali¢, and
V. Bobnar. From coffee stains to uniform deposits: significance of the contact-line

mobility. Journal of Colloid and Interface Science, 608(2):1718-1727, 2022.

O. Schumacher, C. Ates, M. Bornhorst, R. Koch, and P. Stephan. Deposit forma-
tion from evaporating urea-water droplets on substrates of different wettability.

Journal of Colloid and Interface Science, 634:1-13, 2023.

N. C. J. Coombs, J. E. Sprittles, and M. V. Chubynsky. Colloidal deposits from
evaporating sessile droplets: coffee ring versus surface capture. Physical Review

Fluids, 9(6):064304, 2024.

235



Bibliography

[183]

[184]

[185]

[186]

187]

188

[189]

[190]

[191]

[192]

N. C. J. Coombs, M. V. Chubynsky, and J. E. Sprittles. Colloidal deposits from
evaporating sessile droplets: a computationally efficient framework for predicting

the final deposit shape. Physical Review E, 110(6):064607, 2024.

M. R. Moore, H.-M. D’Ambrosio, and A. W. Wray. Making a deposit: the role
of substrate adsorption in coffee-ring formation in sessile evaporating droplets.

Journal of Fluid Mechanics, 1025:A29, 2025.

C. N. Kaplan and L. Mahadevan. Evaporation-driven ring and film deposition

from colloidal droplets. Journal of Fluid Mechanics, 781:R2, 2015.

R. Dou, T. Wang, Y. Guo, and B. Derby. Ink-jet printing of zirconia: coffee
staining and line stability. Journal of the American Ceramic Society, 94(11):3787—
3792, 2011.

R. Dou and B. Derby. Formation of coffee stains on porous surfaces. Langmuir,

28(12):5331-5338, 2012.

K. N. Al-Milaji, R. L. Hadimani, S. Gupta, V. K. Pecharsky, and H. Zhao. Inkjet
printing of magnetic particles toward anisotropic magnetic properties. Scientific

Reports, 9:16261, 2019.

Y. Hwang, S. Kim, C. Lee, S. Kwak, G. Lee, and J. Kim. Monte Carlo simulation
of the coffee-ring effect on porous papers. Theoretical and Computational Fluid

Dynamics, 37(5):627-637, 2023.

A. Kumar, D. Sen, A. Das, and J. Bahadur. Pattern of an evaporated colloidal
droplet on a porous membrane dictated by competitive processes of flow and

absorption. Langmuir, 38(23):7121-7128, 2022.

M. G. Wijburg, S. Wang, and A. A. Darhuber. Transport and evaporation of
aqueous co-solvent solutions in thin porous media. Colloids and Surfaces A:

Physicochemical and Engineering Aspects, 656(A):130268, 2023.

S. Wang and A. A. Darhuber. A numerical model for the transport and drying

of solutions in thin porous media: coffee-stain effect and solute ring formation.

236



Bibliography

193]

[194]

[195]

[196]

197]

[198]

199

200]

Colloids and Surfaces A: Physicochemical and Engineering Aspects, 682:132839,
2024.

J. Niu, L. Qi, H. Lian, J. Luo, R. Zhang, and X. Chao. Revisiting the inhomo-
geneity in drop-on-demand printing of graphene: an effective route for overcoming

the coffee-ring effect. Surfaces and Interfaces, 46:104036, 2024.

M. Holz, S. R. Heil, and A. Sacco. Temperature-dependent self-diffusion coeffi-
cients of water and six selected molecular liquids for calibration in accurate 1H
NMR PFG measurements. Physical Chemistry Chemical Physics, 2(20):4740—
4742, 01 2000.

M. T. Tyn and T. W. Gusek. Prediction of diffusion coefficients of proteins.
Biotechnology and Bioengineering, 35(4):327-338, 1990.

C. Ullmann, F. Babick, and M. Stintz. Microfiltration of submicron-sized and
nano-sized suspensions for particle size determination by dynamic light scattering.

Nanomaterials, 9(6):829, 2019.

W. Stober, A. Fink, and E. Bohn. Controlled growth of monodisperse silica
spheres in the micron size range. Journal of Colloid and Interface Science,

26(1):62-69, 1968.

J. Turkevich, P. Cooper Stevenson, and J. Hillier. A study of the nucleation and
growth processes in the synthesis of colloidal gold. Discussions of the Faraday

Society, 11:55-75, 01 1951.

J. Cho, Y.-J. Park, H. Sun, S. Kim, and Y. Yoon. Measurements of effective sizes
and diffusivities of nano-colloids and micro-particles. Colloids and Surfaces A:

Physicochemical and Engineering Aspects, 274(1-3):43-47, 2006.

C. C. Miller. The Stokes-Einstein law for diffusion in solution. Proceedings of
the Royal Society of London. Series A, Containing Papers of a Mathematical and
Physical Character, 106(740):724-749, 1924.

237



Bibliography

[201]

[202]

203]

[204]

205]

206]

207]

208]

J. Fukai, H. Ishizuka, Y. Sakai, M. Kaneda, M. Morita, and A. Takahara. Effects
of droplet size and solute concentration on drying process of polymer solution
droplets deposited on homogeneous surfaces. International Journal of Heat and

Mass Transfer, 49(19-20):3561-3567, 2006.

M. Kaneda, H. Ishizuka, Y. Sakai, J. Fukai, S. Yasutake, and A. Takahara. Film
formation from polymer solution using inkjet printing method. AIChE Journal,

53(5):1100-1108, 2007.

T. Kajiya, C. Monteux, T. Narita, F. Lequeux, and M. Doi. Contact-line recession
leaving a macroscopic polymer film in the drying droplets of water-poly(N, N-

dimethylacrylamide) (PDMA) solution. Langmuir, 25(12):6934-6939, 2009.

S. Biswas, S. Gawande, V. Bromberg, and Y. Sun. Effects of particle size and
substrate surface properties on deposition dynamics of inkjet-printed colloidal
drops for printable photovoltaics fabrication. Journal of Solar Energy Engineer-

ing, 132(2):021010, 2010.

N. D. Patil, P. G. Bange, R. Bhardwaj, and A. Sharma. Effects of substrate
heating and wettability on evaporation dynamics and deposition patterns for
a sessile water droplet containing colloidal particles. Langmuir, 32(45):11958—

11972, 2016.

S. Das, A. Dey, G. Reddy, and D. D. Sarma. Suppression of the coffee-ring effect
and evaporation-driven disorder to order transition in colloidal droplets. The

Journal of Physical Chemistry Letters, 8(19):4704-4709, 2017.

H. H. Lee, S. C. Fu, C. Y. Tso, and C. Y. H. Chao. Study of residue patterns
of aqueous nanofluid droplets with different particle sizes and concentrations on
different substrates. International Journal of Heat and Mass Transfer, 105:230—
236, 2017.

A. K. Thokchom, Q. Zhou, D.-J. Kim, D. Ha, and T. Kim. Characterizing self-
assembly and deposition behavior of nanoparticles in inkjet-printed evaporating

droplets. Sensors and Actuators B: Chemical, 252:1063-1070, 2017.

238



Bibliography

209]

[210]

[211]

212]

[213]

[214]

[215]

[216]

[217]

[218]

D.-O. Kim, A. Rokoni, P. Kaneelil, C. Cui, L.-H. Han, and Y. Sun. Role of surfac-
tant in evaporation and deposition of bisolvent biopolymer droplets. Langmusir,

35(39):12773-12781, 2019.

K. Lee and T. Kim. Numerical simulation of particle deposition patterns in evapo-
rating droplets. Journal of Micromechanics and Microengineering, 31(10):105007,
2021.

P. J. Sdenz, K. Sefiane, J. Kim, O. K. Matar, and P. Valluri. Evaporation of sessile
drops: a three-dimensional approach. Journal of Fluid Mechanics, 772:705-739,
2015.

R. T. van Gaalen, C. Diddens, H. M. A. Wijshoff, and J. G. M. Kuerten. The
evaporation of surfactant-laden droplets: a comparison between contact line mod-

els. Journal of Colloid and Interface Science, 579:888-897, 2020.

A. G. L. Williams, G. Karapetsas, D. Mamalis, K. Sefiane, O. K. Matar, and
P. Valluri. Spreading and retraction dynamics of sessile evaporating droplets

comprising volatile binary mixtures. Journal of Fluid Mechanics, 907:A22, 2021.

D. Rocha, P. L. Lederer, P. J. Dekker, A. G. Marin, D. Lohse, and C. Did-
dens. Evaporating sessile droplets: solutal Marangoni effects overwhelm thermal

Marangoni flow. Journal of Fluid Mechanics, 1013:A39, 2025.

E. Widjaja and M. T. Harris. Particle deposition study during sessile drop evap-
oration. AIChE Journal, 54(9):2250-2260, 2008.

D. P. Siregar. Numerical simulation of evaporation and absorption of inkjet

printed droplets. PhD thesis, Eindhoven University of Technology, 2012.

A. Crivoi and F. Duan. Elimination of the coffee-ring effect by promoting particle

adsorption and long-range interaction. Langmuir, 29(39):12067-12074, 2013.

A. Crivoi, X. Zhong, and F. Duan. Crossover from the coffee-ring effect to the uni-
form deposit caused by irreversible cluster-cluster aggregation. Physical Review

E, 92(3):032302, 2015.

239



Bibliography

[219]

[220]

[221]

[222]

[223]

[224]

[225]

[226]

[227]

J. Ren, A. Crivoi, and F. Duan. Disk-ring deposition in drying a sessile nanofluid
droplet with enhanced Marangoni effect and particle surface adsorption. Lang-

muir, 36(49):15064-15074, 2020.

P.-F. Sung, L. Wang, and M. T. Harris. Deposition of colloidal particles during
the evaporation of sessile drops: dilute colloidal dispersions. International Journal

of Chemical Engineering, 2019:7954965, 2019.

P.-G. De Gennes, F. Brochard-Wyart, and D. Quéré. Capillarity: deformable
interfaces. In Capillarity and wetting phenomena: drops, bubbles, pearls, waves,

pages 17-27. Springer, New York, 2003.

Z. Wang, L. Espin, F. S. Bates, S. Kumar, and C. W. Macosko. Water droplet
spreading and imbibition on superhydrophilic poly(butylene terephthalate) melt-
blown fiber mats. Chemical Engineering Science, 146:104-114, 2016.

M. Gongalves, J. Kim, K. Yeseul, N. Rubab, N. Jung, T. Asai, S. Hong, and
B. M. Weon. Droplet evaporation on porous fabric materials. Scientific Reports,

12:1087, 2022.

T. Nguyen, M. Hampton, and A. Nguyen. Evaporation of nanoparticle droplets
on smooth hydrophobic surfaces: the inner coffee ring deposits. The Journal of

Physical Chemistry C, 117(9):4707-4716, 2013.

H. Gelderblom, H. A. Stone, and J. H. Snoeijer. Stokes flow in a drop evaporating
from a liquid subphase. Physics of Fluids, 25(10):102102, 2013.

A. Trybala, A. Okoye, S. Semenov, H. Agogo, R. G. Rubio, F. Ortega, and
V. M. Starov. Evaporation kinetics of sessile droplets of aqueous suspensions
of inorganic nanoparticles. Journal of Colloid and Interface Science, 403:49-57,

2013.

240



Bibliography

[228]

[229]

[230]

[231]

[232]

233]

[234]

[235]

[236]

J. R. Moffat, K. Sefiane, and M. E. R. Shanahan. Effect of TiO2 nanoparticles
on contact line stick-slip behavior of volatile drops. The Journal of Physical

Chemistry B, 113(26):8860-8866, 2009.

M. E. R. Shanahan and K. Sefiane. Kinetics of triple line motion during evapo-
ration. In Contact angle, wettability and adhesion, volume 6, pages 19-31. CRC
Press, London, 2009.

D. Orejon, K. Sefiane, and M. E. R. Shanahan. Stick—slip of evaporating
droplets: substrate hydrophobicity and nanoparticle concentration. Langmusir,

27(21):12834-12843, 2011.

T. C. Chao, A. Trybala, V. Starov, and D. B. Das. Influence of haematocrit
level on the kinetics of blood spreading on thin porous medium during dried
blood spot sampling. Colloids and Surfaces A: Physicochemical and Engineering
Aspects, 451:38-47, 2014.

A. Kumar, J. Kleinen, J. Venzmer, A. Trybala, V. Starov, and T. Gambaryan-
Roisman. Spreading and imbibition of vesicle dispersion droplets on porous sub-

strates. Colloids and Interfaces, 3(3):53, 2019.

HS Carslaw and JC Jaeger. The flow of heat in regions bounded by surfaces of
the cylindrical coordinate system. Chapter VHJ in Conduction of Heat in Solids.
Ozford University Press, London, page 216, 1959.

J. Kozeny. Ueber kapillare leitung des wassers im boden. Sitzungsberichte der

Akademie der Wissenschaften in Wien, 136:271-306, 1927.

P. C. Carman. Fluid flow through granular beds. Transactions of the Institution

of Chemical Engineers, 15:150-156, 1937.

O. E. Jensen and J. B. Grotberg. The spreading of heat or soluble surfactant
along a thin liquid film. Physics of Fluids A: Fluid Dynamics, 5(1):58-68, 1993.

241



Bibliography

[237] S. K. Wilson and B. R. Duffy. Mathematical models for the evaporation of sessile
droplets. In Drying of complex fluid drops: fundamentals and applications, pages
47-67. The Royal Society of Chemistry, London, 2022.

[238] Wolfram Research Inc. Mathematica, Version 13.0.0. Champaign, IL, 2026.

[239] D. Rocha, D. Lohse, and C. Diddens. Marangoni-flow-driven hysteresis and az-
imuthal symmetry breaking in evaporating binary droplets. Journal of Fluid

Mechanics, 1018:A11, 2025.

[240] A. Igtidar, J. J. Kilbride, F. F. Ouali, D. J. Fairhurst, H. A. Stone, and
H. Masoud. Drying dynamics of sessile-droplet arrays. Physical Review Fluids,
8(1):013602, 2023.

[241] T. J. S. Wilting, A. W. B. P. Reijnier, M. H. M. Brebels, A. Villié, R. Colin,
and H. Gelderblom. Active bacterial pattern formation in evaporating droplets.

arXiv preprint arXiw:2511.09344, 2025.

242



	Abstract
	List of Figures
	List of Tables
	Acknowledgements
	Introduction
	Motivation
	A Sessile Droplet
	A Porous Substrate
	Droplet Evaporation on a Solid Substrate
	Diffusion-limited Evaporation
	One-sided Evaporation

	Droplet Imbibition on a Porous Substrate
	A Flooded Porous Substrate
	An Initially Dry Porous Substrate

	Droplet Evaporation and Imbibition on a Porous Substrate
	A Flooded Porous Substrate
	An Initially Dry Porous Substrate

	The Coffee-Ring Effect
	Suppressing the Coffee-Ring Effect
	Porous Substrates
	Contact-line De-pinning
	Marangoni Flows
	Particle Interactions

	Thesis Outline
	Publications and Presentations

	Mathematical Model of Droplet Evaporation and Imbibition
	Overview
	Droplet Wetting
	Problem Formulation
	The Hydrodynamic Problem
	Modes of Evolution
	The Evaporative Problem
	The Imbibition Problem
	An infinitely thick, isotropic, flooded, porous substrate
	A finitely thick, anisotropic, initially dry, porous substrate
	A finitely thick, anisotropic, flooded, porous substrate

	The Particle Transport and Deposition Problem
	Particle Deposition in the CR Mode
	Particle Deposition in the CA Mode
	Particle Deposition in the SS Mode
	Particle Deposition in the SJ Mode


	Evolution and Lifetime of a Thin Sessile Droplet
	Overview
	An infinitely thick, isotropic, flooded, porous substrate
	Evolution and Lifetime in the CR Mode
	Evolution and Lifetime in the CA Mode
	Evolution and Lifetime in the SS Mode
	Evolution and Lifetime in the SJ Mode

	A finitely thick, anisotropic, initially dry, porous substrate
	Evolution and Lifetime in the CR Mode
	Experimental Comparisons in the CR Mode: Imbibition Dominates
	Experimental Comparisons in the CR Mode: Evaporation Dominates
	Evolution and Lifetime in the CA Mode
	Evolution and Lifetime in the SS Mode
	Evolution and Lifetime in the SJ Mode

	Evolution and Final Depth of the Wetting Front
	Evolution and Final Depth in the CR Mode
	Evolution and Final Depth in the CA Mode
	Evolution and Final Depth in the SS Mode
	Evolution and Final Depth in the SJ Mode

	A finitely thick, anisotropic, flooded, porous substrate
	Evolution and Lifetime in the CR Mode
	Evolution and Lifetime in the CA Mode
	Evolution and Lifetime in the SS Mode
	Evolution and Lifetime in the SJ Mode

	Conclusions

	Flow Within the Droplet and the Substrate
	Overview
	An infinitely thick, isotropic, flooded, porous substrate
	Flow in the CR Mode
	Flow in the CA Mode
	Flow in the SS Mode
	Flow in the SJ Mode

	Spatially Uniform Local Imbibition Mass Flux 
	Flow in the CR Mode
	Flow in the CA Mode
	Flow in the SS Mode
	Flow in the SJ Mode

	Conclusions

	Transport and Deposition of Particles
	Overview
	An infinitely thick, isotropic, flooded, porous substrate
	CR Mode
	CA Mode
	SS Mode
	SJ Mode

	 Spatially Uniform Local Imbibition Mass Flux 
	CR Mode
	CA Mode
	SS Mode
	SJ Mode

	Conclusions

	Particle Paths
	Overview
	An infinitely thick, isotropic, flooded, porous substrate
	Particle Paths in the CR Mode
	Particle Paths in the CA Mode

	A finitely thick, anisotropic, initially dry, porous substrate
	Particle Paths in the CR Mode
	Particle Paths in the CA Mode

	A finitely thick, anisotropic, flooded, porous substrate
	Particle Paths in the CR Mode
	Particle Paths in the CA Mode

	Conclusions

	Conclusions and Future Work
	Conclusions
	Future Work
	Extensions to the Droplet Modelling
	Extensions to the Porous Substrate Modelling
	Extensions to the Particle Transport Modelling



